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Supplementary Figure 1. Relationship between the phases of the 2D and 3D models introduced in this work. The 2D T-
symmetric Hamiltonian in SEq. (1) can be tuned between trivial and and topological crystalline insulating (TCI) phases. From
the TCI phase, breaking M. and keeping time-reversal (7), accomplished by the introduction of Vi, (k) in Supplementary
Equation (SEq.) (3), results in a phase with “fragile” topology' '®. Conversely, starting in the TCI phase and breaking 7~ while
keeping the product M, x T, accomplished through the introduction of U (k) in SEq. (4), results in a quadrupole insulating (QI)
phase. By introducing the magnetic potential U (k) into the fragile topological phase, or by introducing the M. x T-breaking
potential Vs, (k) into the QI in p4/m’mm, a QI can be realized in the type-I magnetic group'?? p4mm. In this work, this
M. x T-broken QI is realized in 2D Brillouin zone (BZ) planes indexed by k. # 0,7 in Fig. 3(e,h) of the main text. In 3D,
an M. x T-symmetric magnetic Dirac semimetal with higher-order Fermi arcs (HOFAS) is realized by Hu1(k) (SEq. (5)), and
a T- and M.-symmetric centro- (Z-) symmetric Dirac semimetal with HOFAs is realized by Hu2(k) (SEq. (6)). Finally, the
T- and M.-symmetric HOFA semimetal phase of H2(k) (SEq. (6)) can be reduced to a noncentrosymmetric HOFA Dirac
semimetal without surface states through the introduction of Vi, (k) in SEq. (3). For both the 2D and 3D phases, the layer
and space groups are listed, respectively, using the expanded Shubnikov magnetic group notation'®2°. The specific parameters
used to realize the 2D and 3D phases highlighted in this work are listed in Supplementary Tables 1 and 2, respectively.
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Supplementary Figure 2. Obstructed atomic limits and Wannier center homotopy in 1D and 2D. (a) The Wannier center
homotopy for the spinful, T-broken (magnetic) SSH chain?*? in magnetic rod group (pl)rc (Supplementary References
(SRefs.) 20 and 23 and Supplementary Note (SN) 12). In the trivial phase, one Wannier orbital at the la position is occupied.
If a gap closes between two bands from spin-up s and p orbitals at 1la, then there are sufficient Wannier orbitals to “slide” them
out along the general position (x) to the 1b position in an Z-symmetric manner; the location x of the two Wannier centers is a
gauge-dependent quantity®*2®. (b) When the two orbitals are slid to the 1b position and the bulk gap is reopened, a Wannier
description of just the lower band is again allowed. When the lower band is again occupied, the resulting state now exhibits
a dipole moment (SEq. (47)) of e/2 (modulo e) per unit cell (dashed rectangle in (b)). (c) The Wannier center homotopy for
a QI in magnetic wallpaper group pdm. In the trivial phase, two Wannier orbitals at the la position are occupied. If a gap
closes between four bands from pairs of spinful s and d orbitals at the la position, then there are sufficient Wannier orbitals
to “slide” them out along along the 4d position (Fig. 2(a) of the main text) to the 1b position in a pdm-invariant manner.
When the gap is closed, the location of the four Wannier centers at 4d (x,z) again becomes a gauge-dependent quantity®*2°.
(d) When the four orbitals are slid to the 1b position and the gap between the lower two and upper two bands is reopened, a
Wannier description of just the lower two bands is again allowed. When these lower two bands are occupied, the resulting state
exhibits trivial z- and y-directed dipole moments (modulo €) (SEq. (50)), and a nontrivial 2y quadrupole moment (SEq. (52))
of e/2 (modulo e) per unit cell (dashed square in (d)), in agreement with the value obtained for the spinless, flux-threaded QI
introduced in SRef. 26.
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Supplementary Figure 3. Trivialized fragile-phase Wilson loops. (a-c) The bulk bands and (d-f) z-directed Wilson loop, (g-i)
(z + y)-directed Wilson loop, and (j-1) (2 + y)-directed Wilson loop over the lower six bands (Ps) of Hr (k) in SEq. (68) with
additional Kramers pairs of s orbitals placed at the 2c position of wallpaper group pdml’ (Fig. 2(a) of the main text) and
coupled through SEq. (69). Figures are plotted for ve = 0,4, and 8 in SEq. (69), respectively. In the inset panels, we show
narrowly avoided crossings in the energy and Wilson spectra. These three Wilson loops span the set of symmetry-inequivalent
Wilson loops (where only one Wilson loop without edge-projecting symmetries®”, the (2z + y)-directed Wilson loop, is plotted
for simplicity). We observe that the addition of 2¢ orbitals trivializes all of the six-band Wilson loops of this model, even
though the bands from the 2c¢ orbitals remain separated from the original two occupied bands (P2 in (c)) by an energy gap,
which is explicitly shown along high-symmetry lines in (b) and (c), and was additionally numerically confirmed throughout the
BZ interior.
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Supplementary Figure 4. Schematic of the hopping terms added in Ve (k) (SEq. (69)) to trivialize the fragile valence bands F'
of SEq. (68) (SFig. 3). The symbols at each Wyckoff position of T-symmetric wallpaper group p4m1’ represent Kramers pairs
of spinful orbitals; there are two s and two d orbitals at 1a, and two s orbitals at each site of the 2¢ position. The hopping
terms ve and ves in SEq. (69) couple the d orbitals at 1a to the s orbitals at 2¢; there are no terms that couple the s orbitals
at la to the s orbitals at 2c.
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Supplementary Figure 5. Wilson loops of isolated fragile bands. (a) The z-directed, (b) (z+y)-directed, and (c) (2z+y)-directed
Wilson loops over the fragile valence bands of SEq. (68) (P, in SFig. 3(c)), which remain separated from additional bands from
the 2¢ position by an energy gap (this is shown along high-symmetry lines in SFig. 3(c), and was additionally numerically
confirmed throughout the BZ interior). Figures are plotted using the same parameters as SFig. 3(c). All three Wilson loops
(a-c) still wind®, even though the Wilson loops over the lower 6 bands (Ps) have become trivialized by the additional trivial
bands from the 2¢ position (SFig. 3(f,i,1)).
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Supplementary Figure 6. Time-reversal-symmetric Dirac semimetals in tetragonal space group 123 P4/mmm1’ with four Dirac
points. The transition between 2D trivial insulating and QI phases can be driven by band inversion at either k, = ky, = 0
or at ky = ky = 7 (SN 3 and SRefs. 26 and 28). Therefore, in a 3D system with BZ planes invariant under type-I magnetic
wallpaper group p4m or its supergroup p4/m’mm, such as a crystal in SG 123 P4/mmm1’, 3D Dirac points along both T'Z and
M A represent quadrupole transitions. Therefore, a z-directed rod (Fig. 1(a) of the main text) of either (a) a Dirac semimetal
with two Dirac points along I'Z (and two related by T symmetry along ZT') or of (c) a Dirac semimetal with one Dirac point
along I'Z and one along M A (in addition to their time-reversal partners), will exhibit (b,d) HOFAs spanning the projections
of the 3D bulk Dirac points as its only boundary modes.
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Supplementary Figure 7. BZ and hopping schematic for SEq. (84). (a) The BZ** 3! of SG 123 P4/mmm1’. (b) Schematic of
the hoppings of the model of a p — d-hybridized HOFA semimetal in SEq. (84). Only one set of hoppings is shown per term in
SEq. (84); the full set of hoppings is generated by transforming the arrows in (b) under the symmetries of SG 123 P4/mmm1’.
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Supplementary Figure 8. Bulk, surface, and hinge states in s — d- and p — d-hybridized HOFA Dirac semimetals in SG 123
P4/mmm]’. (a) Bulk bands of the s — d,2_,2-hybridized, Z-, M-, and T-symmetric Dirac semimetal described by H 2 (k) in
SEq. (6) and highlighted in the main text, plotted using the parameters in Supplementary Table 2. Here, all of the occupied
bands at k. = 0 have the same inversion eigenvalues, and this plane is QSH-trivial. However, because spin-1/2 corepresentations
and spin-3/2 corepresentations with the same inversion eigenvalues and opposite pairs of Cy, eigenvalues (ﬁ;{7 in SEqgs. (82)
and (83)) are inverted at I' relative to those at M, the Hamiltonian of the k. = 0 plane is equivalent to a mirror TCI with
mirror Chern number®?3* Cy;, = 2 (Supplementary Table 5), as indicated by (b) the 2-directed Wilson spectrum and (c)
(100)-surface states. In the surface spectrum in (c), the only surface-localized states are a time-reversed pair of TCI cones at
k. = 0; the remains of four Fermi arcs (and their time-reversal partners), which appear in four tightly grouped pairs (white
arrows), can be seen connecting the TCI cones at k. = 0 to the projections of the bulk Dirac points (red arrows). As there is no
topological invariant that requires these surface Fermi arcs to cross the Fermi energy®* 37, they can be gapped out; here that
is accomplished by the bulk quadrupolar SOC term U (k) sin(k.) in SEq. (6). (d) z-directed rod bands of the s — d-hybridized
semimetal; HOFA states are clearly visible connecting the hinge projections of the bulk Dirac points to the projections of the
topological surface cones. (e) Bulk bands of the p. — d,2_,2-hybridized, Z-, M-, and T-symmetric Dirac semimetal described
by SEq. (84). Here, states with opposite inversion eigenvalues (5, and pi in SEqs. (82) and (83)) are inverted at T relative
to those at M (SEq. (91)), and therefore by the Fu-Kane parity criterion®®, the Hamiltonian of the k. = 0 plane is equivalent
to a 2D TI (Supplementary Table 4), as indicated by its (f) z-directed Wilson spectrum and (g) (100)-surface states. In the
surface spectrum in (g), the only surface-localized state is a TI cone at k. = 0, k, = 7; the (extremely) faint remains of two
Fermi arcs (and their time-reversal partners) (white arrows) can be seen connecting the T1I cones to the projections of the bulk
Dirac points (red arrows). These surface Fermi arcs have been almost completely gapped out by bulk quadrupolar SOC (vg1,2
in SEq. (84)). (h) z-directed rod bands of the p — d-hybridized semimetal; HOFA states are clearly visible connecting the hinge
projections of the bulk Dirac points to the projections of the topological surface cones, as they were in (d).
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Supplementary Figure 9. Schematic energy spectra of QIs with and without particle-hole symmetry and open boundary
conditions (OBC). (a) The corner modes of the QI can be considered two Jackiw-Rebbi solitons and two antisolitions in the
particle-hole-symmetric limit that mJ is the only nonzero mass in SEq. (135). In this limit, there are therefore (N/2) —2 states
in the valence and conduction manifolds, where N is the total number of states. When the four zero modes are half-filled, they
exhibit a charge distribution (SEq. (155)) with an e/2 quadrupole moment about r = 0 (SEq. (159)). (b) When one of the
Mo, 4, terms in SEq. (135) is perturbatively introduced, particle-hole symmetry I1(6) (SEq. (123)) is broken and all four 0D
modes are uniformly raised in energy (SEq. (164)); this is the same effect as introducing an identity term in the basis of the four
0D modes. However, if this pattern of boundary modes remains half-filled throughout the breaking of particle-hole symmetry,
then the four modes still exhibit an e/2 quadrupole moment; only the chemical potential has shifted such that EFr # 0. The
QI phase can thus be identified in a T-broken, spinful, pdm-symmetric insulator by drawing a line across a gap in the energy
spectrum calculated with OBC and counting the number of states below the gap®®, and then by comparing that number to the
number of states below the same gap calculated with periodic boundary conditions (PBC). If the difference in the number of
states below the gap is 2 + 4a, where a € Z, then the system is a QI (SEq. (159)). In (a) and (b), we depict schematic OBC
spectra of a QI; in both cases, the number of states below the four corner modes is (IN/2) — 2, whereas the number of states
below the gap in the PBC spectrum is implied to be N/2 in both (a) and (b). The difference of 2, combined with the presence
of spinful 4mm symmetry, indicates that the bulk is a QI.

Supplementary Figure 10. The Wyckoff positions of point group?® 4mm, generated by M., and Cy,. Mirrors are indicated
by dashed lines. In point groups, the first Wyckoff position is labeled 1o, to highlight that the origin is a special fixed point
in polar (cylindrical) and spherical coordinates. The general position, 8¢, is not pictured. In 4mm, there is only one maximal
Wyckoff position®®: the 1o position (site-symmetry group 4mm); the 4a and 4b positions (site-symmetry group m) are non-
maximal, because m is a subgroup of 4mm. This is different than in wallpaper group®®:?” pdm, which is generated by adding
2D translations to 4mm, in which there are two maximal Wyckoff positions with site-symmetry group 4mm (la and 1b in
Fig. 2(a) of the main text).



Supplementary Figure 11. Schematic energy spectra of magnetically gapped, pdm-symmetric, s — p,-hybridized 2D TIs with
and without particle-hole symmetry and open boundary conditions (OBC). (a) For an s — p.-hybridized 2D TI with p4m
symmetry, quadrupolar magnetism can generically result in the presence of 8a,a € Z (SEq. (190)) edge solitons (including
zero in the case where m{ is the only nonzero mass term in SEq. (189)). All of these symmetry-allowed soliton configurations
exhibit the same, trivial (net-zero) zy and z* — y* quadrupole moments (SEgs. (199) and (200)). (a) As an example, consider
the case in which mj is, at first, the only nonzero mass term in SEq. (189). This results in eight Jackiw-Rebbi 0D bound states
at 0, = nm/4 (SEq. (193)), in the presence of particle-hole symmetry (SEq. (184)). However, when particle-hole symmetry
is relaxed as other symmetry-allowed mass terms are reintroduced, half of the modes can float up and half can float down in
energy in a 4mm-symmetric manner (SEq. (201)). In both (a) and (b), the occupied 0D modes do not exhibit a topological
quadrupole moment (SEgs. (199) and (200)).
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Supplementary Figure 12. The z-directed ribbon bands of the s — d,2_,2 2D TCI described by SEq. (1), plotted*! in the limit
that tpg = 0, t1 = vm = —t2 = v5/2 = 2. As indicated by the ribbon spectrum, the two occupied bands of this T'CI exhibits a
mirror Chern number Cys, = 2, which can also be determined by direct computation using SEq. (94). Unlike in the (diagonal-
mirror-symmetric BZ plane of the) experimentally confirmed TCI phase in SnTe*?, the TCI phase of SEq. (1) is driven by a
band inversion between states at k, = ky, = 0 with the same parity eigenvalues and different C4. eigenvalues. Conversely, in
SnTe (both in monolayer form*® and in the diagonal-mirror-symmetric BZ plane of a 3D crystal*®**), the Chs, = 2 phase is
instead driven by band inversion at (kz, ky,) = (m,0) and (0,7) between bands with opposite parity eigenvalues. Therefore, as
shown in SN 9, even though the two Cas, = 2 TCI phases are topologically equivalent, they will gap into different corner-mode
phases when M, and Z are relaxed, because they exhibit different C4. eigenvalues.
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Supplementary Figure 13. Schematic for our analysis of the bulk, edge, and corner spectra of related QI, fragile, and s — d-
hybridized TCI phases (SN 1). Even though the 2D Car, = 2 TCI in p4/mmml’ examined in SN 9 originates from s — d
hybridization (SEqgs. (203) through (206)), when the symmetries are lowered to p4/m’mm, it transitions into a particle-hole-
(II-) symmetric QI whose linear k-p theory (SEq. (213)) can be mapped to the k-p theory of a (magnetically gapped) p. —d,2_,2
TI (SEq. (95)), which we previously analyzed in SN 7. We can therefore schematically work backwards from this II-symmetric
QI phase (black arrows) to avoid performing the more complicated analysis of the edge and corner modes of the quadratic k- p
theory of a II-symmetric Car, = 2 TCI (SEq. (203) and SFig. 12). This allows us to exploit the previous analytic expressions
for the boundary (corner) modes and quadrupole moments of a II-symmetric QI in SN 7 to infer the evolution of the edge
and corner spectra of our 2D models in SN 1 through the direct transition from the II-symmetric TCI to the II-symmetric QI
(white arrow), as well as through the transition from a Il-broken QI to a 7-symmetric fragile TI in p4m1’ with fractionally
charged corner modes (SFig. 14).
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Supplementary Figure 14. Schematic open-boundary-condition (OBC) energy spectra for the transition from a p4m- and
particle-hole- (II-) symmetric QI to a pdm- and T-symmetric fragile phase with broken II symmetry. (a) The half-filled corner
modes of a II-symmetric QI, characterized by v # 0 and var, = 0 in SEgs. (1), (3), and (4) (SFig. 9(a)). In terms of M,
and 7 symmetries, both u and vy, break M., whereas u (v, ) breaks (respects) 7 symmetry; both u and M, respect the
symmetries of pdm (SEq. (2)). (b) Keeping u # 0, we can introduce eight more corner modes by breaking II-symmetry through
the introduction of nonzero vy, in SEq. (3). These eight modes are equivalent to the QI-trivial corner states of the 2D s — p.-
hybridized TI gapped with pdm-symmetric magnetism shown in SFig. 11(b); as shown in the text surrounding SEq. (201),
the eight trivial modes generically appear in two energetically-split sets of four 4mm-symmetry-related states. (c) Further
breaking II symmetry and reducing the strength of v in SEq. (4), we return the four empty, QI-trivial corner modes to the
conduction manifold, and push the four occupied trivial corner modes closer to the half-filled (QI-nontrivial) modes in energy.
We numerically observe this process in the rod bands near k. = 0 in Fig. 3(h) of the main text, in which a trivial set of
HOFAs from the valence manifold begins to approach the HOFAs at the spectral center. (d) Turning uw completely to zero
while keeping var, # 0, we keep the bulk and edge gap open and restore 7 symmetry, resulting in the fragile phase detailed
in SN 4. The restoration of 7 symmetry forces the corner modes to become doubly degenerate, as they characterize spinful
electrons (Fig. 3(h) of the main text). However, as we have not closed a bulk or edge gap, the filling of the corner modes
persists from the II-symmetric QI phase in (a), resulting in quarter-filled (and quarter-empty) corner modes that exhibit the
same xy quadrupole moment, taken modulo e, as the corner modes of a magnetic QI in pdm (SN 7). This is consistent with
our determination in SEq. (208) that the specific s — d-hybridized TCI phase of SEq. (1) exhibits the same nontrivial (e/2)
quadrupole moment as a p — d-hybridized 2D TI when the edge states of the two insulators are respectively gapped. The eight
corner modes in (d) modes are not pinned to E = 0, as II is strongly broken. Nevertheless, as there are eight corner modes and
the valence and conduction manifolds differ by four states, acting on the modes with a chemical potential that pushes them
into one of the bulk manifolds while preserving the bulk and edge gaps will not resolve the (anomalous'”*®) mismatch between
the number of states in the valence and conduction manifolds.
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Supplementary Figure 15. (a) The Wyckoff positions of point group®® 4, generated by Cs,. The 4a position characterizes
four points at Cjy.-related angles with an overall free angular parameter ¥. (b) Breaking M, , while preserving Cj. for the QI
(SFig. 9), allows the four corner modes to rotate freely as a set; however, as long as the bulk and edge gaps remain open and Cy.
is preserved, there will remain an anomalous absence of LE! = 24 4n, n € Z (SEq. (139)) states from the valence manifold of
the open-boundary-condition (OBC) spectrum relative to the spectrum calculated with periodic boundary conditions (PBC).
(c) Breaking M, , while preserving C4, and T for the fragile phase in p4m1’ described in SN 9 similarly allows the four,
three-quarters-filled (or quarter-filled) Kramers pairs of corner states to freely rotate as a set; however, if a bulk or edge gap is
not closed and Cy, and 7 are preserved, there will remain an anomalous absence of 6 + 8n (or 2 4 8n) states from the valence
manifold of the OBC spectrum relative to the PBC spectrum.
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Supplementary Figure 16. Numerical demonstration of the absence of additional surface states in HOFA Dirac semimetals.
(a) Energy spectrum of the 7-broken Dirac semimetal in SEq. (5), plotted as a function of k. in the vicinity of kq for a Dirac
point located at k; = ky, = 0, k. = kq, and restricting to the 64 states closest to the center of the spectrum F = E;. Above
and below Eg4, the spectrum at each k point exhibits N/2 states, where N is the total number of states in a slab with N/4
layers, where the factor of 4 originates from the two spin-1/2 s and two spin-1/2 d orbitals in each unit cell. We take k, = 0
for all calculations. Two pairs of gapped surface Fermi arc states, whose splitting 7 in energy (a) scales as usin(kq — k) in
SEq. (5), can be observed at k. < kq. At fixed values of k. less than kq (but still closer to kg than to k. = 0), the surface
Fermi arc states also exhibit an increasing energy gap with increasing |k, | (not pictured). (b) Orbital-summed wavefunction
magnitude >3  , [4|? of states in (a) at ks, plotted as a function of layer index along z, the finite direction of the slab; exactly
four states can be observed localized on the two +z-normal boundaries, corresponding to the gapped Fermi arc states in (a).
(¢) Orbital-summed wavefunction magnitude of the states at k. in (a); all of these states are localized in the bulk; i.e. they are
centered about layer index 250 and decay as layer index approaches the boundary values of 1 and 500. (d) Orbital-summed
wavefunction magnitude of the states exactly at the bulk Dirac point at k4. All of the system states are perfectly delocalized;
we do not detect additional surface states.
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Supplementary Figure 17. The boundary states of finite-sized QI discs and HOFA Dirac semimetal rods. (a) In 2D, a finite-
sized region in position space with the bulk topology of a QI will exhibit corner states bound to reflection-fixed angles (i.e.
6224 in SEqs. (227) and (228) and SFig. 10) if the point group of the QI region has 4mm (or higher) symmetry (SN 6).
(b) Extrapolating to 3D, a Dirac semimetal with bulk 4mm (or higher) symmetry will exhibit HOFA states that are fixed
to @ = 1% if in position space, it is cut into a rod that has a fourfold axis (either a rotation or a screw axis) and two
perpendicular reflections (either mirrors or glides whose fractional translations are parallel to the fourfold axis). This implies
that the rod is symmetric under the action of a rod group®® that is a supergroup of either (pdmm)ra, (p42cm)ra, (pd2me)ra,
or (pdcc)ra. The T-symmetric rod supergroups of these (magnetic®’) rod groups are provided in Supplementary Table 6. Note
that unlike a nanorod of a higher-order topological insulator!'!-27:28:39:46-50 'the HOFA semimetal nanorod in (b) is gapless in
its interior (and possibly also on its faces (SN 5)), because of its bulk (and possible surface) nodal points. Nevertheless, in the
limit that translation in the z direction is still approximately preserved, the HOFA states depicted in (b) may still be detected
through momentum-resolved probes along the hinges of the rod.
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Supplementary Figure 18. The bulk Brillouin zones (BZs), highlighting the k-paths from SRef. 29 and labeling according to
the BCS convention®>3!| of the space groups that support Dirac semimetals with HOFA states (Supplementary Table 7). The
lattices of these space groups are (a) primitive tetragonal, (b) body-centered tetragonal, (c¢) primitive cubic, (d) face-centered
cubic, and (e) body-centered cubic.
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Supplementary Figure 19. Termination dependence of the edge BZ and Fermi arcs in graphene. (a) The position-space 2D
honeycomb lattice of graphene, which can be terminated with either zigzag or armchair edges®'. For the zigzag termination of
graphene, the edge lattice vector ¢tz is the same as the bulk lattice vector t2. However, for armchair-terminated graphene, the
edge lattice vector ty is equal to a linear combination of bulk lattice vectors 2t1 4+ t2. (b) The 2D bulk and edge Brillouin Zones
(BZs) of graphene. The termination dependence of the edge lattice vector in graphene is reflected in where the bulk high-
symmetry BZ points project in the edge BZ. For a zigzag-terminated edge, the Dirac points at K and K’ project to different
points (triangles) on the 1D edge BZ. These projections are spanned by boundary polarization modes, i.e., arc-like flat-band
edge states®®®, that are the “first-order” analogs of the HOFA states analyzed in this work. However, on armchair-terminated
edges, the K and K’ points both project to the same surface TRIM point I', and therefore, as there is no region between the
projections of the bulk Dirac points in the 1D armchair edge BZ, there are no edge Fermi arcs®®.
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Supplementary Figure 20. Hinge projection of the bulk BZ in body-centered tetragonal crystals. (a) The full 3D bulk BZ?*3!
(b) the bulk BZ slice at k. = 0, and (c) the bulk BZ slice at k. = 7/c of a body-centered tetragonal crystal, where c is the
lattice periodicity in the z direction (though, as shown in SEq. (233), k. = 27/c is not a reciprocal lattice vector). (d) In the
1D hinge BZ of a z-directed rod, all of the points in the planes at k. = 0,2m/c project to the hinge TRIM point I', and all of
the points at k, = 47 /c project to the hinge TRIM point Z. As long as Dirac points along a fourfold axis in the BZ do not
lie exactly in the k., = £7/c planes, there will be a finite distance between their projections in the 1D hinge BZ, allowing for
the presence of HOFA states under the symmetry conditions used to obtain Supplementary Table 8..
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Supplementary Figure 21. The electronic structure of KMgBi in SG 129 P4/nmml1’ as calculated from first principles. Bands
(a) without and (b) with spin-orbit coupling (SOC), labeled by the single- and double-valued corepresentations, respectively,
of point group 4/mmm]1’ (Da4y), to which the little co-groups at I' and Z are isomorphic. In (a), the highest valence band
comes from an antibonding combination of Bi p orbitals, and the lowest conduction band comes from a K s orbital. In (b),
the effects of SOC drive a band inversion along I'Z, resulting in a time-reversed pair of symmetry-stabilized Dirac points at
ke = ky = 0, k. = kg, where kf = 0.06085 (27/c). (c) Bands fitted from the k - p Hamiltonian in SEq. (237) (red) to the
bands obtained from first-principles calculations (black). (d) The nested Wilson loop of the k-p Hamiltonian in SEq. (237) with
the parameters in Supplementary Table 9. To obtain the nested Wilson phase 62(k.) in (d), we first calculate the z-directed
Wilson loop Wi(ky, k) over the lower two bulk bands, and then calculate the y-directed nested Wilson loop*™26:28 oyer the
lower Wilson band of Wi(ky, k). The resulting nested Wilson loop Wa(k.) has only a single eigenvalue 02 (k) at each value
of k., and indicates a nontrivial nested Berry phase of 7 for the values of k. with HOFA states in Fig. 4(d) of the main text
(0 < |ks| < ES).
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ky (271/c)

Supplementary Figure 22. The band structure of a square, z-directed rod of a tight-binding model obtained from the k-p theory
in SEq. (237) and fit to the first-principles electronic structure of KMgBi in the vicinity of the I" point (SFig. 21(c)) using the
parameters in Supplementary Table 9. Because the rod preserves spinful Z x 7 symmetry (or alternatively, because the rod
preserves the spinful z and y reflection symmetries of SEq. (237), whose representations anticommute), the bands are doubly
degenerate'®®°. Fixing the rod filling to that of the bulk Dirac points, we label the two highest valence (lowest conduction)
bands in red (blue). Though the hinge projection of the bulk Dirac point at k = 0.06085 (27/c) is split by finite-size effects,

we still observe four, half-filled HOFA states at 0 < |k.| < k¢ (which are split into two occupied (red) and two unoccupied
(blue) HOFA states by finite-size effects).
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Supplementary Figure 23. The electronic structure of a”’-CdzAss in SG 137 P45 /nmcl’ calculated from first principles. Bands
(a) without and (b) with spin-orbit coupling, labeled by the single- and double-valued corepresentations, respectively, of point
group 4/mmm1’ (Day), to which the little co-group at T is isomorphic. (c¢) Bands fitted from the k-p Hamiltonian in SEq. (237)
(green) to the bands obtained from first-principles calculations (black).
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Supplementary Figure 24. The band structure of a square, z-directed rod of a tight-binding model obtained from the k - p
theory in SEq. (237) and fit to the first-principles electronic structure of a”’-CdszAs, in the vicinity of the " point (SFig. 23(c))
using the parameters in Supplementary Table 10. Because the rod preserves spinful Z x 7 symmetry (or alternatively, because
the rod preserves the spinful z and y reflection symmetries of SEq. (237), whose representations anticommute), the bands are
doubly degenerate'?%®. Fixing the rod filling to that of the bulk Dirac points at k., = kS, where kS = 0.125 (27/c), we label
the two highest valence (lowest conduction) bands in red (blue). We observe four, half-filled HOFA states connecting the hinge
projection of the surface TI cone at k. = 0 to hinge projection of a bulk Dirac point.
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Supplementary Figure 25. The electronic structure of 8’-PtO2 in SG 136 P4>/mnml’. Bands (a) without and (b) with spin-
orbit coupling, labeled by the single- and double-valued corepresentations, respectively, of point group 4/mmm1’ (D), to
which the little co-group at I" is isomorphic. (c¢) Bands fitted from the k - p Hamiltonian in SEq. (243) (red) to the bands
obtained from first-principles calculations (black). The Dirac points in 8’-PtO2 lie along I'Z in (b,c).
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Supplementary Figure 26. The band structures of square, z-directed rods of tight-binding models obtained from the k- p theory
in SEq. (243) and fit to the first-principles electronic structure of 8’-PtO2 in the vicinity of the T' point (SFig. 25(c)) using
the parameters in Supplementary Table 11. The bands in (a,b) were respectively calculated in the absence and presence of an
external electric field modeled by setting D = 0.04 (eV A~') in SEq. (245). Because the rod in (a) preserves spinful Z x T~
symmetry (or alternatively, because the rod in (a) preserves the spinful z and y reflection symmetries of SEq. (243), whose
representations anticommute), the bands in (a) are doubly degenerate'®®%; in (b), even though Z x T is broken by the external
electric field, the anticommuting = and y reflections are still preserved, and the rod bands remain doubly degenerate. In (a,b),
fixing the rod filling to that of the bulk Dirac points, we label the two highest valence (lowest conduction) bands in red (blue),
and label the next two highest valence (lowest conduction) bands in green (orange). In (a), the TCI surface states at k. = 0
are split by finite-size effects (blue arrows in (a) at k. = 0), but we still observe eight hinge-localized surface states spanning
from k. = 0 to the hinge projection of the bulk Dirac point at kS = 0.1663 (27 /c); these eight bands correspond to the bands
labeled in red, blue, and orange, as well as the black pair of conduction bands immediately above the orange pair of bands. Of
these eight states, only two (the red bands) are filled. When the effects of an external field are incorporated in (b), the TCI
surface states split in the hinge spectrum calculated through hinge Green’s functions (Fig. 5(c) of the main text), but the rod
spectrum remains nearly identical to (a) ((a) and (b) are only distinguished by the growing gap at k. = 0 between the red
and green pairs of bands, and by the shrinking gap at k. = 0 between the orange pair of bands and the lowest black pair of
conduction bands). In (b), we interpret the eight HOFA states identified in (a) as connecting to four, quarter-filled Kramers
pairs of states at k. = 0 (blue circles in (b) at k, = 0) whose eightfold degneracy is split in the rod spectrum by finite-size
effects, and which correspond to the Kramers pairs of hinge states at k. = 0 in the hinge Green’s function shown in Fig. 5(c)
of the main text.
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SUPPLEMENTARY TABLES

Parameters for the 2D Models in Fig. 2 of the Main Text

Phase ‘Panels‘ Equations ‘tl‘ to ‘ Um, tpH‘ Vs

vnM, | U

Trivial Insulator (c-e) (1) 215 =5 0.1(1.3 0 | O

M- and T-Symmetric Cp;, = 2 TCI| (f-h) (1) 211.5/—=1.5{0.111.3] 0 | O
T-Symmetric, M.-Broken Fragile TI| (i-k) [(1) and (3)|2|1.5|—1.5/ 0.1 [1.3] 0.4 | O
M. x T-Symmetric Quadrupole (-n) |(1) and (4)|2|1.5|—1.5/ 0.1 |1.3| 0 |0.5

Supplementary Table 1. Parameters used in SEgs. (1), (3), and (4) to realize the 2D insulating phases shown in Supplementary
Figure (SFig.) 1 and in Fig. 2 of the main text.

Parameters for the 3D Models in Fig. 3 of the Main Text

Phase ‘Panels‘ Equations ‘ t1 ‘ ta ‘ Um ‘tpH‘ vs |tH ‘u (’HHl)‘u (HHQ)"U]\/[Z

M. x T-Symmetric Magnetic HOFA Dirac (c,f) (5) 1]2|-15/0.1]1.3|2.8] 0.5 0 0

M- and T-Symmetric HOFA Dirac (d,g) (6) 1]2|-15/0.1]1.3/2.8 0 0.5 0
T-Symmetric HOFA Dirac without 2D Surface States| (e,h) |(6) and (3)|1.5(0.4|—1.5| 0.1 |1.3|2.3 0 0.5 0.3

Supplementary Table 2. Parameters used in SEgs. (3), (4), (5), and (6) to realize the 3D semimetallic phases shown in SFig. 1
and in Fig. 3 of the main text.

Spinful Atomic Site-Symmetry Wyckoff Representation | Representation
Orbitals Representation of 4mm|Position of p4dm |Subduced at I'|Subduced at M
S El la pr P17
dy2_,2 Ey la D6 D6
s Er 1b o7 06
dw27y2 EQ 16 P6 p7

Supplementary Table 3. The elementary band representations (EBRs) induced into type-I magnetic wallpaper group p4m from
the double-valued site symmetry representations that transform as spinful s and d,2_,2 orbitals at the la and 10 Wyckoff
positions (Fig. 2(a) of the main text), and the resulting subduced little group representations at I' and M (Fig. 2(b) of the
main text), employing the notation in SEgs. (31) and (32). Band inversion at I" or M between irreducible representations pg
and p7 for bands induced from orbitals at the 1a position results in a set of occupied bands with the same symmetry eigenvalues
as an EBR induced from the 1b position. All representations were obtained using the point group?® and BANDREP2457 59
tools on the Bilbao Crystallographic Server (BCS).
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Number of Each Occupied Corepresentation in SEq. (94) for
the p — d-Hybridized HOFA Dirac Semimetal in SEq. (84)
k: =0 |n0,0,0(p7) |10,0,0(P8 ) [10,0,0(Pg ) [ 117,7,0(7 ) | e .0 () | Mo .0 (B ) | 0,0 (85 )
Number 1 0 0 0 1 0 1
Cun,(0) mod 4 =1, 2(0) =1

kz =TT n0,0,ﬂ'(ﬁ’;) n0,0,ﬂ'(ﬁg) n0,0,ﬂ'(ﬁg) n7r,7r,7'r(p7 ) nw,w,ﬂ(ﬁé) "’Lw,w,w(ﬁg) nTr,O,Tr(@g)
Number 0 1 0 0 1 0 0
Cu, (m) mod 4 =0, z2(w) =0

Supplementary Table 4. The number of occupied corepresentations, mirror Chern numbers Cay, (k.) (modulo 4)**% (SEq. (94)),
and 2D TT indices®® z5(k.) (Car. mod 2) for the p — d-hybridized HOFA Dirac semimetal in SEq. (84) with the parameters in
SEq. (88). The Hamiltonian of the k. = 0 plane is equivalent to a 2D TI, whereas the Hamiltonian of the k. = 7 plane exhibits
the same symmetry eigenvalues as a trivial insulator33:49:60-62

Number of Each Occupied Corepresentation in SEq. (94) for
the s — d-Hybridized HOFA Dirac Semimetal in the Main Text (SEq. (6))

ks =0 |10,0,0(p7) |10,0,0(Pg ) | 10,0,0(5 ) | Por,m,0 (7 ) | 7m0 (P4 ) | Poe,m,0 (P ) | 7w ,0,0(25 )

Number 0 1 0 0 0 0 0

CMz (0) mod 4 = 2, 22(0) =0

ke =7 10,02 (P7) 10,07 (P4 ) |170.0,7 (P ) | P, (P7 ) | Mo, (P | 1, (B ) | 1w 0, (85)

Number 0 0 0 0 0 0 0
Cum, (m) mod 4 =0, z2(7) =0

Supplementary Table 5. The number of occupied corepresentations, mirror Chern numbers Cay, (k.) (modulo 4)**% (SEq. (94)),
and 2D TT indices®® 22(k.) (Ca, mod 2) for the s — d-hybridized HOFA Dirac semimetal highlighted in the main text (SEq. (6)
with the parameters in Supplementary Table 2). The Hamiltonian of the k. = 0 plane is equivalent to a 2D TCI with

Cum, mod 4 = 2, whereas the Hamiltonian of the k., = 7 plane exhibits the same symmetry eigenvalues as a trivial insula-
tor3349,60-62

T-Symmetric Rod Groups with Point Group 4mm1’ or 4/mmm1’
RG Symbol ‘RG Number|Isomorphic SG Number‘ ‘ RG Symbol ‘RG Number‘lsomorphic SG Number
(pdmm1')ra 34 99 (p4/mmml’)ra 39 123
(pd2em1’)ra 35 101 (pd2/mmel’)ra 38 131
(p4amcl’)ra 105 (pd2/mem1’)ra 132
(pdeel’)ra 36 103 (p4/mccl )ra 40 124

Supplementary Table 6. Crystallographic rod groups®® with 7 symmetry and whose point groups contain 4mm. We also list the
numbers of their isomorphic space groups under the addition of in-plane lattice translations T, and T, (SEq. (226)). Because
the rod groups are subperiodic groups that are finite in all directions in the zy-plane and infinite in the z (c) direction®®, they
do not distinguish between symmetries such as the glide reflections g» = {M|00%} and gz4, = {M.1,[003}. For example, rod
group 35 can either characterize a rod with g, = {M,|001} symmetry ((pd2cm1’)rg) or a rod with g = {M.[003} symmetry
((p42mecl’) pa), which are listed under different “settings” of rod group 35 on the BCS®**:*!. However, when in-plane lattice
translations are added to a rod group to convert it into a space group, ¢g. and g.+, are no longer related by a translation-
preserving unitary transformation. Therefore, one rod group can become two different space groups depending on the orientation
of its in-plane crystal symmetries®>3%3! relative to the added in-plane lattice translations. In all of the nonsymmorphic rod
groups in this table (i.e. those whose symbols contain the letter c), the glide reflections and screw symmetries only contain
fractional translations in the z direction (along the rod axis), because translations in the xy-plane are not symmetries of
z-directed rods.
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Space Groups Admitting Dirac Points with Reflection-Fixed HOFA States

SG Symbol |[SG Number‘ ‘ SG Symbol ‘SG Number‘ ‘SG Symbol‘SG Number
Pamml’ 997 P4/mccl’ 1247 I4/mmml1’ 139
P4seml’ 1017 P4/nmml’ 129 I4/mem1’ 140
Pdccl 1037 P4 /nccl’ 130 Pm3ml’ 221*
Pdymel’ 1057 P4y /mmecl’ 1317 Pm3nl’ 223%
I4mm1’ 107 P4y /mem1’ 1321 Fm3m1’ 225
I4eml’ 108 P4y /nmcl’ 137 Fm3cl’ 226
P4/mmm1’ 1231 P43 /neml’ 138 Im3m1’ 229

Supplementary Table 7. Space groups that admit Dirac points with HOFA states derived from the QI introduced in Supple-
mentary Reference (SRef.) 26 and pinned to reflection-fixed rod hinges (i.e to #:** in SEqs. (227) and (228) and in SFig. 10).
These groups comprise the supergroups of the isomorphic space groups listed in Supplementary Table 6, obtained using MIN-
SUP on the BCS**3163, For all of these SGs, HOFA Dirac points are always allowed to form along I'Z in tetragonal SGs (I'M
if body-centered) and I'X in cubic SGs (I'H if face-centered) (SFig. 18). In a subset of the primitive tetragonal groups, denoted
with 1, HOFA Dirac points may also form along M A. In a subset of the primitive cubic groups, denoted with {, HOFA Dirac
points may also form along M R. Quadrupolar HOFA states are also supported in Dirac semimetals in additional SGs, if we
relax that constraint that the HOFA states at each QI-nontrivial rod k point are bound to #4%** (SEgs. (227) and (228)); a
complete tabulation of all SGs supporting Dirac semimetals with free-angle HOFA states is provided in Supplementary Table 8
and is reproduced in Table 2 of the main text.

Space Groups Admitting Dirac Points with HOFA States
Point Group Name‘Point Group Symbol| SG Numbers

Cay dmm1’ 99 — 110
Dayy, 4/mmm1’ 123 — 142
Oy m3ml’ 221 - 230

Supplementary Table 8. Space groups that admit Dirac points with HOFA states derived from the QI introduced in SRef. 26.
This list includes all of the SGs listed in Supplementary Table 7, which contains the more restrictive set of SGs for which
Dirac semimetals can be cut into rods that exhibit HOFA states pinned to the high-symmetry rod hinges at § = 024 in
SEgs. (227) and (228) and SFig. 10. In addition to those SGs, this table also includes SGs whose reflections contain in-plane
lattice translations, such that they are either glide reflections with in-plane fractional lattice translations (e.g., g= = {Mz|%%0}
in SG 100 P4bm1’) or mirror reflections that do not coincide with the bulk fourfold axes (e.g., Moty = {Maty|: 20} and
C4. = {C4-|000} in SG 100 P4bm1’), neither of which can be preserved in a rod geometry that also preserves a fourfold axis.
For all of the SGs in this table, semimetals with Dirac points along lines with 4mm or 4/m’mm symmetry will exhibit intrinsic
HOFA states when cut into nanorods that preserve fourfold axes and are thick compared to the in-plane lattice spacing. This
list is reproduced in Table 2 of the main text.

Supplementary Table 9. The parameters used to fit the bands of the k - p theory in SEq. (237) to the first-principles electronic
structure of KMgBi in the vicinity of the I" point (SFig. 21(c)).

Co (eV)|C1 (eV A2)|Co (eV A2)|A (eV A1) | Mo (eV)| My (eV A~2)| M, (eV A~2)| By (eV A?)|B, (eV A~3)
-0.06595| 31.58273 | 7.89568 | 2.51327 |-0.06595| -31.58273 | -13.42266 | -124.0251 | 0

Supplementary Table 10. The parameters used to fit the bands of the k- p theory in SEq. (237) to the first-principles electronic
structure of o’-CdsAss in the vicinity of the I' point (SFig. 23(c)).

Co (eV)|C1 (eV A=2)|Cs (eV A=2)[ A (eV A1) My (V)| My (eV A2 [ M (eV A2)| By (eV A=%)| By (eV A~?)
-0.066 | 9.8696 | 1223831 | 0.62832 | -0.07 | -18.16007 | -18.94964 | 124.025106 | 0

Supplementary Table 11. The parameters used to fit the bands of the k- p theory in SEq. (243) to the first-principles electronic
structure of 8’-PtOs in the vicinity of the I' point (SFig. 25(c)).

co (eV)|er (eV A2)|es (eV A2) | My (eV)[ My (eV A-2)|[ Mo (eV A2)|A (eV A Y)|B (eV A H)|C (eV A
004 | 23 | 4023 | 045 | 49 | 8046 | 16 | 13 | 04
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SUPPLEMENTARY NOTES
1. Tight-Binding Parameters for Figures 2 and 3 of the Main Text

Here, we list the specific model parameters used to generate the figures in the main text. All plots shown in this
paper were generated using the tight-binding, slab (ribbon), and Wilson loop functionality of the PYTHTB package®!.
The nested Wilson loop shown in Fig. 3(b) of the main text was calculated by modifying the PYTHTB functions
relating to Wannier centers and Berry phase. For convenience, we reproduce in this supplement the Hamiltonians and
potentials introduced in |red the main text of this work. First, in the main text, we formulated a 2D time-reversal-
(T-) symmetric Hamiltonian (Eq. (1) of the main text):

H(k) = t177[cos(ky) + cos(ky)] + taT¥[cos(ky) — cos(ky)] + v T?
+ tpul, s[cos(ky) + cos(ky)] + vsT¥0” sin(k,) sin(k, ), (1)

that was invariant under layer group??-23,27,56,64

M H(kw, k)Mt = 0"H(—ky, ky)o™, M H(ke, k)Mt = 0"H(ky, ky)o?,

pd/mmml’, whose generating symmetries are represented by:

]lo' iz ]10 -z B .
C4z7'l(kz7ky)cz:zl =7 (\/50) H(ky, —ka)7* (;;;) o TH(ka, ky)T L= oV H (ks —ky)a. (2)

We also introduced the M,- (and Z-) breaking, 7-symmetric potential Vi (k) (Eq. (3) of the main text),
Vi, (k) = v, [T70Y sin(k,) — 770 sin(ky)], (3)

and the M-, Z-, and T-breaking, M, x T- (and Z x T-) symmetric quadrupolar magnetic potential U(k) (Eq. (4) of
the main text):

U(k) = u[rYc?sin(k,) + 7707 sin(ky)). (4)

In Supplementary Figure (SFig). 1, we show the relationships between the 2D insulating phases highlighted in Fig. 2
of the main text, which are realized using the parameters listed in Supplementary Table 1. Beginning with the trivial
(uninverted) phase of the M,- and T-symmetric 2D Hamiltonian in Supplementary Equation (SEq.) (1), we tune vy,
to invert bands with different Cy, eigenvalues and the same parity eigenvalues at I', while keeping the bulk bands
uninverted at the other TRIM points. This induces a 2D spinful topological crystalline insulator (TCI)3?4* with
mirror Chern number Cjs, = 2. This TCI phase can be reduced to an insulating phase with “fragile” topology! 18
through the introduction of nonzero vy, in the M,- and Z-breaking, T-symmetric potential Vi, (k) in SEq. (3). The
Cyr. = 2 TCI phase can also be reduced to a T-broken quadrupole insulating (QI) phase?¢:28:39:65-73 through the
introduction of nonzero u in the 7-, M-, and Z-breaking potential U (k) in SEq. (4). Crucially, although these fragile
and QI phases are topologically distinct, we show in Supplementary Note (SN) 9 that they both exhibit quadrupolar
0D corner modes with charges +e/2 mod e when half filled, even though the occupied bands of the fragile phase
are not Wannierizable, i.e., they do not admit a description in terms of symmetric, exponentially localized Wannier
functions®?+7 7 By introducing the magnetic potential U (k) into the fragile topological phase, or by introducing
the M, x T-breaking potential Vj, (k) into the QI in p4/m/mm, a QI can be realized in the type-I magnetic group*®2°
pdmm. We do not explicitly show an Z x T-broken QI phase in 2D, but we do present in Fig. 3(e,h) of the main text
a 3D model of a Dirac semimetal in which an Z x T-broken QI phase occurs in 2D Brillouin zone (BZ) planes indexed
by k, # 0, 7.

For the 3D semimetallic phases shown in Fig. 3 of the main text, we used the parameters listed in Supplementary
Table 2 in the 3D Hamiltonians:

Hui(k) = H(k) + Uk) + ty7* cos(k.) (5)
Hpa(k) = H(k) + U(k)sin(k,) + tg77 cos(k.). (6)

SEq. (6) is invariant under the symmetries of space group (SG) 123 P4/mmml1’, whose generating symmetries are
represented by:

M H (kg by, k)M = 0" H(—ky, ky, k2 )o™, M H (ks ky, k)M = 02 H(ky, ky, —k2)o7,

1, —i0* 1, +i0”

CrH(ky, by, k,)OL! = 77 <\/§> H(ky, —ky, k)77 (\/5) y TH(ky, by, k)T = 0VH* (—ky, —ky, —k2)0Y,
(7)
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whereas SEq. (5) is only invariant under magnetic SG P4/m’'mm (123.341 in the BNS notation®’), whose generating
symmetries are M, Cy,, and M, x T as represented in SEq. (7). Additionally, in Fig. 3(e,h) of the main text, we
show a noncentrosymmetric Dirac semimetal in SG 99 P4mml1’ that results from breaking M, (and Z) symmetry
while keeping the other symmetries of SG 123 in P4/mmm1’ through the addition of SEq. (3) to SEq. (6).

All three of the Dirac semimetal phases listed in Supplementary Table 2 exhibit higher-order Fermi arcs (HOFAs)
along their 1D hinges. The M, x T-symmetric magnetic Dirac semimetal (Hg1(k) in SEq. (5)) and the M,- and
T-symmetric Dirac semimetal (Hp2(k) in SEq. (6)) both exhibit twofold band degeneracies at generic k points due
the presence of the combined antiunitary symmetry Z x 7. Of these, the 7T-symmetric semimetal also exhibits a
topologically nontrivial plane at k, = 0, for which the 2D mirror Chern number Cj;, = 2. Finally, by relaxing M,
(and 7) symmetry while keeping 7 by adding SEq. (3) to SEq. (6), we realize a previously uncharacterized variant of
topological Dirac semimetal®? without topological surface states, but with topological hinge states connected to the
0D corner states of a 2D fragile phase (Fig. 3(h) of the main text). Specifically, for the noncentrosymmetric Dirac
semimetal phase of SEgs. (3) and (6), the Hamiltonian of the k., = 0 plane exhibits fragile topology and Kramers
pairs of corner modes, and the k, planes between k., = 0 and the Dirac points are equivalent to M, x T-broken QIs in
wallpaper group pdm (layer group pdmm). This “fragile” topological Dirac semimetal therefore represents a gapless
tuning cycle between a 2D fragile phase and a trivial insulator, similar to the gapped pumping cycles between 2D
fragile and trivial phases that characterize higher-order TIs (HOTIs)!”. Like with the (magnetic) HOTIs analyzed in
Supplementary Reference (SRef.) 17, when trivial bands are added to the fragile topological Dirac semimetal phase of
SEgs. (3) and (6), the Hamiltonian of the k, = 0 plane no longer describes a fragile phase, but instead characterizes an
obstructed atomic limit with the same corner modes as the fragile phase from which it originated (SN 4 and SRefs. 11
and 17).

2. Topological Equivalence of the Spinful s-d Hybridized Model and Spinless Flux-Threaded Model of
Quadrupole Insulators

Here, we show that the spinful s — d,2_,2-hybridized model of a QI introduced in this paper (Egs. (1) and (4) of
the main text, reproduced in SEgs. (1) and (4), respectively) is topologically equivalent to the spinless QI model with
threaded flux introduced in SRef. 26. We begin with the 7-broken Hamiltonian formed by adding SEqgs. (1) and (4):

Har(k) = H(k) + U(k). (8)
SEq. (8) is invariant under the action of the type-III magnetic layer group p4/m/mm, which is generated by:

as well as the 2D lattice translations T}, ,. Throughout this work, we have employed the magnetic group labeling
convention of SRefs. 19 and 20, for which the combined operation of mirror and time-reversal (for this layer group, the
operation M, x T) is denoted as m’. The dispersion relation of SEq. (8) can be calculated explicitly and compared
to that of the quadrupole model in SRef. 26 (Eq. (6) in SRef. 26). Because the QI model introduced in SRef. 26 is
particle-hole symmetric, we begin by tuning the quadrupole model introduced in this work (SEgs. (1) and (4)) to the
particle-hole symmetric limit in which tpg = vy = 0, while keeping all of the other symmetries of p4/m’mm. In this
limit, the spectrum of SEgs. (1) and (4) is given by:

F?(k) = t? [cos®(kz) + cos?(k,) + 2 cos(k,) cos(ky)] + vp, + t2 [cosz(kx) + cos?(ky) — 2 cos(kz) cos(ky)]
+ 2t10y, [cos(kz) + cos(k,)] + u? [sinz(kw) + sinQ(ky)] , (10)

where bands are doubly degenerate due to the presence of the combined antiunitary symmetry Zx7 = M, M,(M.xT).
In the limit that:

1
tl :tQ = —u:t, (11)

S

SEq. (10) reduces to:
E?(k) = 4t + v2, + 2tv,, [cos(k;) + cos(ky)] . (12)
We can perform the substitution:

t= %7 Uy = V2, (13)
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under which the dispersion relation of this spinful s — d-hybridized model (SEq. (12)) becomes exactly equal to that
of the spinless, flux-threaded model of a QI in SRef. 26 (Eq. (6) in SRef. 26). As with the earlier QI model in
Eq. (6) in SRef. 26, our model displays gap closures at I' for v/A = —1 and at M for v/X = 1. Calculating the
nested Wilson loop of the lower two bands of SEq. (8), we confirm that they exhibit a nested Berry phase of 0
for |v/A| > 1 and a nested Berry phase of « for |y/A| < 1. This nested Berry phase is also symmetry-indicated
by the eigenvalues of Cy, of the occupied corepresentations at I' and M?2®. In both models, the representations of
the mirror symmetries M, and M, anticommute at all four TRIM points, such that states at the TRIM points are
twofold degenerate despite the absence of time-reversal symmetry. In the trivial insulating phases of both models, the
occupied bands at both Cy.-invariant TRIM points have the same Cy, eigenvalues: A¢,. (T') = Ao, (M) = (1+4)/v/2
or A, () = Ag,. (M) = —(1 £4)/v/2. In the QI phases of both models, either I" or M has an occupied pair of
states with Cy, eigenvalues A\c,, = (1 & 14)/v/2, whereas the other Cy,-invariant TRIM point has an occupied pair
with Ac,, = —(1 4 14)/v/2. This can also be understood from the elementary band representations (EBRs) induced
from the site-symmetry representations of spinful s and d orbitals? 6:24:28,57-60,62,76-78 (g6 SN 3).

Furthermore, we can show that within each of the two phases of SEq. (8), there exist points in parameter space at
which both models are unitarily related through a k-independent transformation. As the QI phase is distinguished
from a trivial insulator with Wannier orbitals located on the unit-cell atoms (i.e. an unobstructed atomic limit?4) by
a Zs topological invariant?%:28, it follows that all points in parameter space with the same symmetry are in topolog-
ically equivalent phases as long as one can tune between them without closing a gap?!:22:247475,79-86 - Therefore, to
demonstrate the overall topological equivalence between the two models, we only need to demonstrate the topological
equivalence between them at one point in parameter space within each of the two gapped phases of the different
models.

We begin in the limit that both models have the same dispersion relations. The model of a QI introduced in Eq. (6)
of SRef. 26 can be written as:

H'(k) = (v + Acos(ksz))T1 + (v + Acos(ky)) T2 + Asin(ky,)T's + Asin(ky )Ty, (14)
whereas the T-broken s — d-hybridized model in SEq. (8) with the substitutions in SEqgs. (11) and (13) can be written

as

Hy (k) = <*y\/§ + %[cos(kx) + cos(k:y)]) I+ \;\i (cos(kx) - cos(ky)) Ty + Asin(k,)T3 + Asin(k, )Ty, (15)

where {T;} and {T';} are sets of four-component Dirac matrices that each separately form a Clifford algebra. Without
loss of generality, we choose the matrix representations:

I; =Ty, fori=1to 5, (16)

and develop for each phase an exact transformation matrix at one point in parameter space. We note that, because
the coefficients of I's 4 and I's 4 in SEqs. (14) and (15), respectively, are proportional to the same functions of k, we
expect that the k-dependence of the unitary transformation that maps #H'(k) to Hps (k) will lie in the subspace of
I'1,2 for generic values of k.

We first consider relating the two models’ trivial (normal) insulating (NI) phases, defined as exhibiting a nested
Berry phase of 0. The quadrupole moments of the insulating phases of both Hamiltonians are entirely determined by
a single parameter: the ratio |y/A|. Both models are gapless only when |y| = |A|, and both are topologically trivial
for |y] > |A|. We first consider the limit A — 0, which defines:

Hir(k) = (7)1 + (7)T2, (17)

and
Harvi(k) = (W)L, (18)
Expressing the Hamiltonians as vectors of coefficients of the Dirac matrices:
Har(k) = v(k) - T, H'(k) = v/(k) - T, (19)

it is trivial to show that for v/ = Vv,
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where R (%) is an orthogonal rotation matrix in the 2 x 2 I'; 5 subspace:

™ [ 1/V2 —1/V/2
R(Z) - (1/\/5 1/v2 ) @)

As V is k-independent, both models’ trivial phases are topologically equivalent.
We now relate the QI phases of both models. A characteristic point within this phase can be obtained by choosing
~v/A = 0, which defines:
Her(k) = Acos(ky )Ty + Acos(ky)T2 + Asin(k,)T'3 + Asin(ky )Ty (22)

and

7 (cos(kyz) + cos(ky)) 'y + % (cos(kz) — cos(ky)) T'a 4+ Asin(k; )3 + Asin(ky)Ta. (23)

Again expressing the transformation matrix V in terms of the vectors of the coefficients of the Dirac matrices
(SEq. (19)) for each Hamiltonian, the transformation v’ = Vv is satisfied by:

V:<S(D0>, (24)

Harqr(k) =

0 1

where S (%) is an orthogonal rotoinversion matrix in the 2 x 2 I'; » subspace:

T 1/vV2 1/V2
(- (12 0%) &

As V is here also k-independent, both models’ QI phases are topologically equivalent.

3. Quadrupole Insulators in Spinful Magnetic Wallpaper Group p4m as Obstructed Atomic Limits

We analyze the EBRs?24:5759.76.77 of the four-band, T-broken model of a s—d,2_,2-hybridized quadrupole insulator
(QI) introduced in this paper (SEgs. (1) and (4)). In this section, we show that the QI phase of this model, and
consequently the QI phase of the topologically equivalent model introduced in SRef. 26 (SN 2), is an obstructed
atomic limit?* of a 2D magnetic wallpaper (or layer) group. Our model consists of two spin-1/2 s and two spin-1/2
dg2_,2 orbitals at the 1la Wyckoff position of type-I magnetic wallpaper group p4m, which is generated by Cy4, and
M,:

as well as the 2D lattice translations T3, ,. Our analysis in this section will also apply to the type-III magnetic layer
group?® p4/m’mm, which has an additional Z x T symmetry:

{ZT|00}, (27)
such that:

p4d/m'mm = (E)pdm U (Z x T )pdm, (28)
where F is the identity operation. By examining all momentum space (co)representations of these two groups!?:24:57-59
we find that the additional generator that separates them, Z x 7, does not increase the connectivity of any of the
double valued EBRs of either 2D magnetic group. More specifically, because the little co-groups of the I' and M points
are isomorphic to 4mm, and the little co-group of the X point is isomorphic to mm?2 (Fig. 2(b) of the main text), the
double-valued (co)representations at all of the TRIM points are already twofold degenerate whether or not Z x T is
present; the additional antiunitary symmetry simply serves in p4/m’mm to enforce twofold band degeneracies at all
of the other points in the BZ (and to make the Wilson loop particle-hole symmetric at each k point?78799). Here,
and throughout this work, the little co-group is defined as the little group modulo lattice translations'?24. We also
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note that, in position space, the addition to p4m of {Z7|00} does not change the locations, multiplicities, or group-
subgroup relations of the site-symmetry groups of any of the Wyckoff positions. Therefore, we can perform the more
general analysis here of the Wannier description of band representations of wallpaper group p4m, and conclude that
the same analysis applies to its supergroup p4/m’mm. As the original model of a QI is topologically equivalent to a
spinful model in p4/m/mm (SN 2), and as the models introduced in this work (SN 1) describe QIs in both p4/m’mm
(SEgs. (1) and (4)) and p4m ((SEgs. (1), (3), and (4)) our more general analysis in this section of (obstructed) atomic
limits in p4m applies to both the original spinless QI model introduced in SRef. 26 as well as to all of the QI models
introduced in this work.

To understand the band representations that correspond to the QI phase, we first examine the Cj,-invariant,
multiplicity-one maximal Wyckoff positions of the type-I magnetic wallpaper group pdm and the irreducible repre-
sentations of their site-symmetry groups. The site-symmetry groups of the la and 16 Wyckoff positions of pdm are
isomorphic to the point group 4mm, and the site-symmetry group of the 2c¢ position is isomorphic to the point group
mm2 (Fig. 2(a) of the main text). Consulting the point group tables on the Bilbao Crystallographic Server (BCS)?440,
we find that a spinless s orbital transforms as the 1D single-valued irreducible representation A;, whereas a spinless
dy2_,2 orbital, whose wavefunction is odd under diagonal mirror M,+, and Cj., transforms as the irreducible repre-
sentation By. To add spin, we consult the direct product tables of Altmann and Herzig (Table 52.9 on page 491 of
SRef. 91),

A1®E1/2=E1/2EE17 B1®E1/2:E3/25E2» (29)

where for convenience, we provide double-valued irreducible representations in both the notation of Altmann and
Herzig?! (E1/2,3/2) and that of the BCS%%°759 (F; ). The notation of Altmann and Herzig in particular provides
some physical intuition for these representations: [/ corresponds to the spin-1/2 representation of a spinful s
orbital, and E3/2 corresponds to the m; = £3/2 piece of the J = 5/2 representation of spinful d orbitals® 9%, Both
double-valued irreducible representations Fj o are two-dimensional, and their dimension does not double when 7 (or
Z x T) is introduced. These representations correspond to doubly-degenerate pairs of spinful atomic orbitals with
different complex-conjugate pairs of Cy, eigenvalues:

X5, (Car) = 5+ = VR g, (Ca) = — A+t = VR, (30)

where x,(h) is the character of the unitary symmetry h in the irreducible representation p, and is equal to the sum of
the eigenvalues of h in p. The twofold degeneracy of states characterized by Ej o is here enforced by {M,, My} =0,
instead of 7, which is absent for the calculations in this section (we will later also enforce 7 symmetry in SN 4).

Finally, before detailing the EBRs of pdm, we establish the set of possible little co-group representations at the
high-symmetry points in the BZ (Fig. 2(b) of the main text). Because wallpaper group p4m is symmorphic, it is
sufficient to examine the little co-group at each high-symmetry point. The little co-groups of I' and M (Fig. 2(b)
of the main text) are isomorphic to 4mm, which has two double-valued representations, denoted pg 7. When we are
referring to the little co-group representation at I', we will write:

Iy = E, = p7, I'g = Ey = pg, (31)
while at M:

M; = Ey = pr, Mg = E3 = pg, (32)
such, that, incorporating SEq. (30), the characters of the little co-group representations gg 7 are:

Xpe (042) = _\/57 Xpr (042) = \/5 (33)

At the X and X’ points, the little co-groups are isomorphic to the double-valued point group mm2, which has only a
single double-valued irreducible representation E, which is two-dimensional and corresponds to a pair of states with
M, ,, eigenvalues +i. This twofold degeneracy does not require time-reversal symmetry; instead, it is enforced by the
anticommutation relation {M,, M, } = 0.

In the four-band quadrupole Hamiltonian (SEgs. (1) and (4)), the 7-symmetric spin-orbit coupling term
vsTY0? sin(ky) sin(ky) and quadrupolar magnetic term u[rYoY sin(k;) + 7Y0% sin(k, )| vanish at the I' (k, = k, = 0)
and M (k; =k, = m) points, and the Hamiltonian at these points takes the simplified form:

H(F) = (2f1 + Um)TZ + 2tPH]].TO'7 H(M) == (—2t1 + ’Um)Tz - 2tpH]lTa, (34)
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where eigenstates can be indexed by their spinless fourfold rotation eigenvalues. Most precisely, because none of the
terms in SEq. (34) contain ¢ matrices, SEq. (34) exhibits SU(2) spin rotation symmetry, in addition to the spinful
C4, symmetry inherited from SEgs. (1) and (4):

Ch =1 <]1_\/%") . (35)

The combination of SU(2) spin rotation symmetry and spinful Cy, results in an additional spinless fourfold rotation
symmetry, represented at the I' and M points by:

Cys =77 (36)

The states that transform as s (d) orbitals correspond to its positive (negative) eigenvalues. We find that the trivial and
QI phases of the s —d-hybridized model introduced in this work can be distinguished by the irreducible representations
of their occupied bands at T and at M, which are determined by the numerical prefactors of 7% in SEq. (34) using
the values in Supplementary Table 1. The trivial phase displays either p; or pg at both I' and at M; the QI phase
displays pg at I and py at M, or p; at I" and pg at M, in agreement with the results of SRef. 28.

To relate these momentum-space representations to EBRs, we induce the site-symmetry irreducible representations
of spinful s and d,2_,» orbitals (El’g, respectively) at the la and 1b Wyckoff positions into G = pdm and then
subduce onto I" and M. As we have previously shown that the only symmetry indicators in p4m are the pairs of
Cy, eigenvalues within each occupied irreducible representation at I' and at M, we can deduce all of the relevant
information by calculating the character of Cy, in the subduced representations at the I' and M points following the
procedure in SRef. 59. Since the Wyckoff positions are multiplicity-one, the formula simplifies to:

X&(h) = e IR [p({ E| - t}h)], (37)
where:
- _ Jxlp(g)] ifgeGq
RUol9)] = {0 oo (39)
and:
t=hq—q. (39)

In SEgs. (37) — (39), Gq is the site-symmetry group at g, h is an element of the little group at k and R is the
rotational part of h, such that h = {R|v}. Applying SEq. (39) to h = {C4.|00}, we find that for the la position,
t = hqis — 914 = 0, while for the 1b position, t = hqip — q1p = — T, where T, denotes a lattice translation in the x
direction. Thus, from SEq. (37), an EBR induced from the la position has characters:

XF<C4Z) = XM(C4Z) = >~(1a(04Z)a (40)

While for the 1b position,

X' (Cz) = —xM(Cuz) = X1 (C). (41)

The two possible EBRs induced from each site are described in Supplementary Table 3; the same information can be
found using the BANDREP tool on the BCS?457 %9, Each of the EBRs shown in this table is twofold connected, with
nondegenerate bands along all lines and the plane of the BZ away from the TRIM points and with twofold degeneracies
at the TRIM points where M, , intersect and anticommute. In p4/m’mm, the layer supergroup of p4dm, all of the
EBRs maintain the same connectivity and symmetry eigenvalues. In wallpaper group p4m, singly degenerate bands
along the four high-symmetry mirror lines M, , and M+, can be labeled with either 4-¢ mirror eigenvalues and bands
at the TRIM points come in doublets with complex conjugate pairs of mirror eigenvalues. Conversely, in layer group
p4/m’mm, all of the bands along the mirror lines and at the TRIM points come in doublets with complex conjugate
pairs of mirror eigenvalues related by Z x 7 symmetry. Furthermore, in p4/m’mm, bands at generic momenta in
the 2D BZ also appear in doublets protected by Z x 7 symmetry. Therefore, when bands are inverted at I' in our
four-band model in p4/m'mm (SEgs. (1) and (4)), the model is only gapless at a single point in parameter space
at ['. Conversely, for a four-band model in pdm with two occupied bands, depending on the band dispersion, the
model either directly transitions from a trivial phase to a QI (as occurs in the fragile topological Dirac semimetal
in Fig. 3(e,h) of the main text), or instead transitions from a trivial insulator (or QI) into a 2D semimetal with 8n
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twofold degenerate nodal points protected by M, , and My, symmetries®®. In this work, we specifically restrict

consideration to models in p4m that transition between trivial insulators and QIs when bands are inverted at I'.

We now show that the QI phase that results from inverting bands originating from spinful s and d orbitals at
the la position of pdm is an obstructed atomic limit with Wannier centers at the 1b position. From the contents of
Supplementary Table 3, it is clear that when la bands from s and d orbitals are inverted at I' in a four-band model,
the bottom two bands will have the same symmetry eigenvalues as bands from the 1b position (pg at ' and py at M).
To formally show that the resulting insulator is an obstructed atomic limit, we look at the common Wyckoff position
4d (Fig. 2(a) of the main text), which lies at (£z, £x), such that:

G1a NGy = Gyq, (42)

where G4 is isomorphic to point group®?:3140 m_ as its only symmetry is M,4,. For both of the one-dimensional

irreducible representations ' E and 2E of G4q we find that!?57:
("?E)1qa 1 Gra = (E1)1a ® (F2)1a, ("?E)aqa T Gy = (E1) 1 & (E2) 1, (43)

where (7)q is the EBR induced from the site-symmetry representation & of the site-symmetry group of the Wyckoff
position at q. From this we can conclude the equivalence?6.24:57-59,76,77,96.

[E1 @ Es)1a 1 G = [Ey & Eo)1y TG, (44)
where G = pdm. To define just (F3)1, in terms of other EBRs, we introduce the symbol ©,
[E1 @ Es)1a T GO [Er]1n 1 G = B2 TG, (45)

where an equivalence formed with & is only defined if a corresponding equivalence with @ of the form of SEq. (44)
is also defined. From this it is clear that we can realize, via induction of four bands from the la position and band
inversion, an occupied pair of bands that is equivalent to an EBR induced from the 1b position, or an obstructed
atomic limit>24. This highlights the direct similarity between the QI and the nontrivial (obstructed atomic limit)
phase of the SSH model. In the SSH chain, which is a 1D chain with inversion centers at the 1a and 1b positions, the
induction of two bands from the la position and band inversion analogously gives, at half filling, an occupied band
that is equivalent to an EBR induced from the 1b position?* (SFig. 2(a,b)). Furthermore, more physically, the SSH
transition can be expressed as s — p hybridization?'2224, whereas in this section we have shown that the QI phase
results from s — d hybridization.

SEq. (45) shows that the four bands corresponding to spinful s and d orbitals at the la position of pdm can realize
a trivial insulator at half-filling; that is, the valence (and conduction) bands possess localized, symmetric Wannier
functions centered at the la position. When the gap closes and reopens, the valence bands still possess a Wannier
description, but one which instead corresponds to s or d orbitals centered at the 1b position. In the intermediate
gapless regime, it is not well-defined to compute the Wannier functions of only two bands, but one can compute the
Wannier functions of both the valence and conduction bands and observe that they correspond to orbitals centered
at the 4d position (x,z), where x is a gauge-dependent quantity?$2>. We view this entire process as a Wannier
center homotopy, where the gap closing and reopening “slides” the Wannier orbitals along the 4d position in a pdm-
symmetric manner (SFig. 2(c)), ultimately realizing an atomic insulator with Wannier centers lying on a different
Wyckoff position (1b) than the ionic centers (1a) (SFig. 2(d)). This corresponds to an obstructed atomic limit in the
language of SRefs. 2 and 24.

We emphasize that the transition between a trivial insulator and the QI obstructed atomic limit in pdm can only
be realized as a function of a single-parameter in a spinful (double-valued) 2D magnetic group; unlike with the spinful
SSH or Rice-Mele chains?!+?2, there is no analogous 7 -symmetric limit of the quadrupole as an obstructed atomic limit
(as opposed to a bipartite atomic-limit transition) with the symmetries of pdm and single-parameter phase transitions.
Specifically, the singly-degenerate (magnetic spinful or spinless)?!?? and T-symmetric (spinful, nonmagnetic)®” for-
mulations of the SSH chain are both Wannierizable?*, and differ from trivial insulators (unobstructed atomic limits)
by phase transitions characterized by a single parameter?!:2%97 (analogous to /) in the text following SEq. (13)).
Conversely, as we will show in SN 4, the Wannier description of the QI established in this section is no longer valid
when 7 symmetry is restored; instead the analogous set of occupied bands exhibits fragile topology. Since topological
phases that are not Wannierizable do not exist in 1D8798, this fragile phase represents one of the simplest topological
obstructions to forming an obstructed atomic limit (though another commonly cited example occurs in magnetic layer
groups with only Z symmetry!!:12:1417:18.87) "1 fact, the results of SN 4 imply that with both 7 symmetry and the
symmetries of pdm, an obstructed atomic limit from la to 1b can only be realized with a minimum of eight total
bands (specifically because Wannier orbitals at the intermediate 4d (z,x) position must be doubly degenerate). An
example of a closely related obstructed atomic limit with four occupied (and four unoccupied) bands in p41’ (p4dm1’
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with broken M, ,) was introduced in SRef. 39, and is implied in that work to differ from a trivial insulator through
a phase transition that is a function of more than one parameter (when only physical (space/layer group) symme-
tries are enforced). Furthermore, we can show that eight-band phase transitions between la trivial insulators and 1b
obstructed atomic limits in p4m1’ must also be functions of more than one parameter. Specifically, because neither
wallpaper group p4m1’ nor its layer supergroup p4/mmm1’ host symmetry-stabilized four-dimensional corepresenta-
tions!®27:56 (though there is a single four-dimensional (including spin) corepresentation when SOC is neglected!?:°7),
then all band-inversion transitions in p4ml’ and p4/mmml’ involving eight bands must be functions of more than
one parameter, and cannot occur simultaneously without fine tuning. Therefore, instead of being driven by a single
band inversion, like the QI?%2%, an obstructed atomic limit with four valence and four conduction bands from la to 1b
in p4m1’ generically represents an example of a 2D corner-mode phase driven by “double band inversion”, analogous
to the Z-symmetric corner-mode phases analyzed in SRefs. 10, 11, 13, 14, and 17.

Finally, we analyze the multipole moments of the QI phase and compare them to the dipole moment of the spinful,
T-broken (magnetic) SSH chain?!?2. The spinful magnetic SSH chain can be considered a spin-polarized half-filled
1D crystal in magnetic rod group (pl)ra (SRef. 20 and 23 and SN 12), which is generated by:

{zlo}, {EI1}, (46)

where F is the identity operation. We consider this chain to have lattice spacing a and two total bands originating
from spin-up s and p orbitals at the la position (x = 0) with a gap at half filling; the lower (occupied) and upper
(unoccupied) bands each form a Wannier orbital, initially located at the la position (SFig. 2(a)). When a gap is
closed between the occupied and unoccupied bands at a 1D TRIM point, a Wannier description of the valence and
conduction bands taken together is still admitted, and the two Wannier orbitals of these bands may then “slide”
along the general position 2¢ (z) in an Z-symmetric manner. More precisely, the location +x of these two Wannier
orbitals becomes a gauge-dependent quantity?*2°. If the two Wannier orbitals remain at the la position or slide all
the way to the 1b position (z = a/2), a Wannier description of only the lower band in energy is again permitted after a
symmetry-preserving gap is reopened, and specifically characterizes an obstructed atomic limit if the Wannier orbital
of the occupied band occupies the 1b position?*. In this obstructed atomic limit, the inversion eigenvalues of the
occupied band indicate whether it is induced from a spinful s or p orbital at the 1b position?*. To calculate the dipole
moment of each unit cell of the spinful magnetic SSH obstructed atomic limit, we use the charge counting depicted
in SFig. 2(b) in which an uncovered atom (charge +e¢) lies at © = 0 (1a) and an electron occupying a Wannier orbital
(charge —e) lies at x = a/2 (1b):

pSSH — Z giz; = —(e)(a/2) = —ae/2. (47)
We confirm that PSSH is nontrivial by calculating:

(i) P9 mod e = ¢/2, (48)

which coincides with the established value for the polarization of the singly-degenerate (magnetic) SSH chain?!22.
For the QI phase, we now exploit the Wannier center homotopy to perform the analogous analysis. As established
in this section and depicted in SFig. 2(d), the QI is an obstructed atomic limit in magnetic wallpaper group pdm
formed from ions (charge +2e) lying at (z,y) = (0,0) (1a) and two occupied Wannier orbitals (charge —2e) lying at
(a/2,a/2) (1b). First, using SEq. (47), we calculate the z- and y-directed dipole moments of the QI unit cell:

PO — quzz = —2¢e(a/2) = —ae, PyQI Z%yz = —2e(a/2) = : (49)

As in SEq. (48), to determine whether Pa% are nontrivial, we calculate the dipole moments in the units of a (i.e. the
dipole densities) modulo e:

1 1
() P mod e = () P;QI mod e =0, (50)
a a

which reveals that both PQyI exhibit the same values as the trivial phase of the spinful magnetic SSH chain
(SFig. 2(a,b)). We then calculate the bulk quadrupole moment per unit cell using the standard formulation in
SRef. 99:

_ %Zqz 3rart — |r,[25), (51)



29

finding that Q®Y, in particular, is nonzero (SFig. 2(d)):

3 3 [ 2ea? 3a%\ e
zy,QI = — LY = —— = — _— -
Q 9 % qiTiYi B < 4 ) ( 9 ) 9 (52)

As previously with the dipole moments in SEgs. (48) and (50), Q¥ can also be expressed as a multipole (quadrupole)
density with the units of charge?®. Analogously to the simplest dipole, which is a rod centered at the origin with
length a and alternating charges +e on its ends, the simplest xy-quadrupole is a square centered at the origin with
side-length a and alternating charges +e on its corners”, for which Q¥ = 3a?/2 (SEq. (52)). We therefore express

Q™¥?! in the reduced units of 3a2/2 and confirm that it is nontrivial by calculating its value modulo?® e:
2} 097 mod e = ¢/2 (53)
3a? ’

which agrees with the value obtained for the spinless, flux-threaded QI model in SRef. 26.

4. Fragile Topology in Wallpaper Group p4m1’

In this section, we explore the consequences of restoring 7-symmetry to wallpaper group pdm (SN 3). We therefore
analyze the EBRs of the T-symmetric wallpaper group p4ml’, and apply the group theory of band representa-
tions? 6,24,28,57°60,62,76-78 4 5 T_symmetric, M, -broken limit of the 2D model introduced in this work (SEgs. (1)
and (3)). We show that, despite respecting the same unitary symmetries and exhibiting the same eigenvalues as a
QI (SN 3), this model instead hosts two valence and two conduction bands that exhibit “fragile,” topology!'® as a
consequence of the additional presence of 7 symmetry.

We again consider spinful s and d orbitals at the la position of a wallpaper group with Cy, and M, ,. However,

we now also impose T symmetry, such that the symmetry group is instead the wallpaper group:
G = pdml1’, (54)

the type-II nonmagnetic?® (7-symmetric) supergroup of the QI wallpaper group p4m (SN 3). The site-symmetry
groups of the la and 1b positions of G are isomorphic to 4mml1’. The corepresentations of 4mm1’ have the same
symmetry eigenvalues and dimensions as the irreducible representations of its unitary subgroup 4mm, namely E o,
whose Cy, eigenvalues are given in SEq. (33). Therefore, the EBRs induced from these corepresentations display the
same symmetry eigenvalues as those in Supplementary Table 3.

However, we observe an important difference between the T-broken case (SN 3) and the 7-symmetric case. If we
start with a four-band, 7-symmetric model whose two valence (conduction) bands are equivalent to EBRs induced
from s (d) orbitals on the la position and then invert bands at I', the resulting valence (conduction) bands have
the same little group corepresentations at I and at M as the EBRs induced from d (s) orbitals at the 1b position.
Therefore, they display the same little group corepresentations as the valence bands of a 7-broken QI in p4m. However,
when we calculate the z-directed Wilson loop of the 7-symmetric valence bands (Fig. 2(k) of the main text), it now
winds. This winding indicates that the valence bands are not Wannierizable?*747583 and therefore reveals that they
do not characterize an obstructed atomic limit like the QI phase previously analyzed in SN 3. Instead, as we will show
in this section, the presence of T symmetry enforces a Kramers doubling at the 4d Wyckoff position of p4m1’ that
obstructs the formation of the Wannier center homotopy of the QI (SFig. 2(c)). This obstruction prevents the two
occupied bands from being smoothly deformed into EBRs induced from the 1b position. Specifically, unlike previously
in SN 3, the two occupied bands are no longer homotopically equivalent to a 1b atomic limit in the presence of T
symmetry24’59 .

We formally reveal the obstruction by again attempting to form a homotopy through the 4d position at (x,x),
which was previously accomplished successfully in SN 3 for the type-I magnetic wallpaper group p4dm. We again look
at the 4d Wyckoff position, whose site-symmetry group satisfies:

Gi1a N G1p = G- (55)

In the presence of T symmetry, Gyq is isomorphic to m1’. Therefore, unlike in SN 3 where the 4d position admitted
two one-dimensional irreducible representations 2E distinguished by their mirror eigenvalues 44, here 7 symmetry
enforces that G 44 has only a single, two-dimensional corepresentation'®*7 ' E2E. When induced into its site-symmetry
supergroups G1, and Gyy, 1 E2E crucially results in a sum of twice as many EBRs as previously (SEq. (43)):

('E?E)1a T Gra = (2B1)1a ® (2E2)14, ("E*E)4q T G1p = (2E1)15 ® (2E2) 10, (56)
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where (7)q is the EBR induced from the site-symmetry representation & of the Wyckoff position at q, and where:
(QEi)q = (Ei)q & (Ei)q- (57)
From this we can conclude the equivalence of band representations:
[2F, © 2E5)1, 1 G = [2F, © 2E5)1, T G, (58)

SEq. (58) shows that the set of eight bands consisting of EBRs induced from two Kramers pairs of spinful s orbitals
and two Kramers pairs of spinful d orbitals at the 1a position is identical to the eight bands consisting of two Kramers
pairs of spinful s orbitals and two Kramers pairs of spinful d orbitals on the 1b position. However, no such statement
can be made for four bands induced from just one Kramers pair of s orbitals plus one Kramers pair of d orbitals.
Therefore, in p4m1’, if four bands are induced from one Kramers pair of spinful s and one Kramers pair of spinful
d orbitals at the la position, and then a gap is closed and reopened such that the Cy, eigenvalues of the lower two
bands, which we denote as F, are no longer the same at I' and M (which is always generically admitted because
there are no connectivity-4 representation-enforced semimetals?456-58:100 in pdm1’), neither the two valence nor the
two conduction bands will be equivalent to an atomic insulator. This inequivalence holds even though these bands
carry the same symmetry eigenvalues as bands induced from Kramers pairs of s or d orbitals at the 1b position
(Supplementary Table 3).

Formally, this can be understood as a failure of the Wannier center homotopy depicted in SFig. 2(c,d) in the
presence of T symmetry. When 7 symmetry is absent, four Wannier orbitals may slide from the 1a to the 1b position
along the 4d position in a manner that respects the symmetries of type-I magnetic wallpaper group pdm. However,
when T-symmetry is present, four orbitals are insufficient to satisfy the analogous process in p4m1’, as Kramers’
theorem mandates that spinful Wannier orbitals be twofold degenerate at each of the four sites of the 4d Wyckoff
position. As shown in numerous works! 8, if a set of bands fails to satisfy a Wannier center homotopy because of
an insufficient number of occupied Wannier orbitals, then those bands exhibit “fragile” topology. Therefore, the two
bands denoted as F' in the previous paragraph represent a fragile topological phase in p4m1’ that exhibits the same
symmetry eigenvalues as a QI obstructed atomic limit in p4dm (SEq. (45)), which itself exhibits the same symmetry
eigenvalues as an EBR induced from a Kramers pair of spinful d orbitals the 1b position of p4m1’ (Supplementary
Table 3):

F [E1 @ Exlia T GO [Er]n 1 G = [Ea]1, (59)

where G = p4m1’ (unlike previously in SEq. (45)). The symbol Lin SEq. (59) denotes an “irreducible-representation
equivalence” — a weaker form of equivalence than previously employed in SN 3 in which bands simply exhibit the
same set of (co)representations®3>%17:18 =~ A more detailed discussion of these contrasting notions of equivalence will
appear in SRef. 3.

Crucially, unlike the fragile bands previously analyzed in SRefs. 1, 2, 6-8, 14, 15, and 17, F is already irreducible-
representation-equivalent to a linear combination of EBRs with only positive coefficients (as opposed to the & in
SEq. (59)), which was previously determined in SRef. 2 to be a necessary (but not sufficient) condition for a set of
bands to be Wannierizable. We are only able to deduce that F' is not Wannierizable by attempting (and failing) to
derive a four-band Wannier center homotopy between la and 1b in p4dml’ (SEgs. (54) through (58)). F therefore
represents a previously unidentified variant of fragile phase that eludes the symmetry-eigenvalue-based diagnosis
schemes previously employed in SRefs. 1, 2, 6-8, 14, 15, and 17.

Before analyzing F' with tight-binding models, we will demonstrate that when an EBR from the 2c¢ position of
pdm1’, which lies at (1/2,0), (0,1/2), is added to F, the resulting set of bands remains irreducible-representation-
equivalent to a sum of EBRs with only positive coefficients, as well as (when the two fragile conduction bands F are
taken into account) contains the same Cy, symmetry eigenvalues as bands that satisfy the eight-band Wannier center
homotopy from la to 1b in pdm1’ derived in SEgs. (54) through (58). First, we note that SEq. (58) implies that:

[Ey @ Ba)ia 1 G = [By & Ealip 1 G. (60)

Therefore, if F' characterizes the (fragile) valence bands of a four-band model in p4m1’ originating from spinful s
and d orbitals at the la position, then the conduction bands of this model F', which are also fragile (SEgs. (54)
through (58)), satisfy:

F é [El @Egha T1GOF é [Elhlr (61)

Next, we form an equivalence between EBRs induced from the la position of pdml’ and EBRs induced from the
2¢ position. The 2c¢ position is invariant under site-symmetry group mm21’ and has a unique two-dimensional
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corepresentation!®®” E due to the anticommutation relation {M,, M,} = 0. We first examine the 4e position at
(2,0), (0,z), which interpolates between la and 2¢ (Fig. 2(a) of the main text and SRef. 19). The site-symmetry
group Gy of the 4¢ Wyckoff position is isomorphic to point group?® m1’, and therefore, like the 4d position, has a
single corepresentation ! E?E. Gy, satisfies:

Gla N G2c = G4e7 (62)
where:
|G1al/|Gac| = 4, |Gacl/|Gae| = 2, (63)

where |G| is the number of elements in G; thus, |G|/|H| = N indicates that |H| is an index-N subgroup of G. We
also compute:

(*E?E)ye T G1a = (2E1) 10 @ (2E2) 14, (*E?E)ye 1 Goe = (2E)a, (64)
which implies that:
[2E1 D 2E2]1a T G= [ZE]QC T G. (65)

SEq. (65) displays a similar issue as in SEq. (45): we are unable to define an equivalence between bands induced
from 2¢ and single copies of bands induced from the la position. However, we can still use SEq. (65) to define an
irreducible-representation equivalence:

_ _ I -
[El D EQ]la T G = [E]QC T G. (66)
We then combine SEgs. (59), (60), (61), and (66) to deduce that:

FOF®[EltG L [2E1 @ 2E5)1, 1 G. (67)

To conclude, SEq. (67) implies that the fragile valence and conduction bands F' and F , which originated from spinful
s and d orbitals at the la position of p4ml’, along with bands induced from spinful s orbitals at the 2c position of
pdml’; exhibit the same symmetry eigenvalues as eight bands induced from the 1b position. As shown in SEq. (58),
this implies that if those eight bands could also be formed into maximally localized, symmetric Wannier functions at
1b, then they could also be freely “slid” to la while respecting the symmetries of p4ml’.

Though SEq. (67) does not on its own additionally imply that F' @ [Els. T G is Wannierizable, we will also
numerically demonstrate in this section that a tight-binding model in p4m1’ with the occupied bands F & [E]s. 1 G
exhibits trivial winding in all symmetry-inequivalent Wilson loops. Here, we define symmetry-inequivalent Wilson
loops as sets of Wilson loops that that are not related to each other by bulk crystal symmetries, and where in this
section, for convenience, we only sample one Wilson loop (the (2z + y)-directed Wilson loop) that does not preserve
any edge-projecting crystal symmetry?” (aside from perpendicular lattice translations).

To numerically demonstrate the removal of Wilson loop winding, which we here refer to as the “trivialization” of
the Wilson loop, we begin by reproducing the tight-binding model that realizes the two sets of bands with fragile
topology shown in Fig. 2(i-k) of the main text:

Hr(k) = t17%[cos(ks) + cos(ky)] + tam"[cos(ky) — cos(ky)] + vmT?
+ tpal,[cos(ks) + cos(ky)] + vsT¥0” sin(ky) sin(ky)
+ v, [T70Y sin(ky) — 770 sin(ky)] . (68)

Hp(k) is invariant under wallpaper group p4ml’. To tune SEq. (68) into a fragile phase with the occupied bands
F (SEq. (59)), we choose the parameters t; = 5, to = 1.5, v, = —1.5, tpg = 0.1,v, = 1.3, and vp;, = 0.4. In its
fragile phase, the spectrum of Hp(k) exhibits two sets of bands separated by an energy gap at half filling. When
placed on a ribbon geometry, the fragile phase of SEq. (68) exhibits no edge modes (Fig. 2(j) of the main text), but
when placed on a finite-sized square, it exhibits four Kramers pairs of corner modes (SN 9) that, depending on the
energetics (here, the value of t5), can “float” into the gap, as seen at I in Fig. 3(h) of the main text. As shown in
SN 9, even when the corner modes lie within the bulk manifolds, the fragile phase can still be distinguished from a
trivial insulator by counting the number of states above and below the gap in the energy spectrum calculated with
square (open) boundary conditions.

The z-directed Wilson loop over the lower two bands (or alternatively over the upper two bands) of the fragile
phase of SEq. (68) exhibits the same winding as would a TCI with mirror Chern number Cjs, = 2, even though M, is
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broken when vy, # 0 (conversely, when vy, is tuned to zero without closing a bulk gap, an edge gap closes and the
lower two bands actually do characterize a Cyy, = 2 TCI (Fig. 2(f-h) of the main text)). Unlike in a 2D TCI phase,
the z-directed Wilson loop over the lower two bands of the fragile phase of SEq. (68) (Fig. 2(k) of the main text)
exhibits crossings that are not protected by the corepresentations of the (10)-edge line group?®:2327 pm1’. Instead,
the Wilson crossings in Fig. 2(k) of the main text are only protected by bulk symmetries (specifically Co, x T);
more specific details regarding Cs, x T-protected Wilson crossings are discussed in SRefs. 5 and 6. In this work,
we demonstrate, through the addition of spinful s orbitals at the 2¢ position, that the winding Wilson spectrum of
the valence bands of SEq. (68) becomes trivialized, a hallmark of “fragile,” topology!' '®. We choose to place the
additional orbitals at the 2c¢ position, rather than at the 1a position, which we have already demonstrated can relieve
the obstruction to forming an obstructed atomic limit (SEq. (58)), because the particular couplings that trivialize the
set of Wilson spectra in this model are considerably easier to deduce using bands from 2¢, and because bands from
2¢ can be irreducible-representation-equivalent to bands from la (SEq. (66)).

To demonstrate how the winding of the Wilson spectrum of the lower two bands of SEq. (68) is fragile, we introduce
spinful s orbitals at the 2¢ position (SFig. 4) through the addition of the terms:

Ky k o F . (K
Vo(k) = v, Pys + ve [u"f cos <2> + p cos (;)} +ves [ugfoy sin (2) + p5o® sin (;ﬂ ) (69)

where pf (%) represents sublattice hopping between the d,2_,2 orbitals at the la position and the s orbitals at the
x=1/2, y=0 (r =0, y =1/2) site of the 2c position, and where P, is a projection matrix into the 2¢ s-orbital
subspace of the eight-band Hamiltonian Hp(k) + Vo (k). As shown in SFig. 4, ve (ves) represents (spin-) orbital
coupling between Kramers pairs of spinful s orbitals at the 2c position and spinful d,2_,2 orbitals at the la position,
and v, represents a chemical potential on the 2c s orbitals in Hp(k) + Vio(k) (SEgs. (68) and (69)); there is no
hopping between the spinful s orbitals at 1a and the s orbitals at 2c. We then calculate the bulk band structure
and z-, (z + y)-, and (2z + y)-directed Wilson loops over the lower six bands of the eight-band Hamiltonian using
the parameters v, = 8.25v,,; vo = 0,4, and 8; and veg = 0.45v¢ (SFig. 3). As the bulk BZ (Fig. 2(b) of the main
text) has independent mirror lines along k,, = 0,7 and k, = +k,, these three Wilson loops comprise the set of
symmetry-inequivalent Wilson loops that pass through the T point. Aside from the (2x + y)-directed Wilson loop,
there are of course other, low-symmetry Wilson loops, but they will exhibit spectra adiabatically related to that of
the (2z + y)-directed loop. As can be observed in SFig. 3(f,i,1), all possible Wilson spectra over the lower six bands of
this model (Ps in SFig. 3(a-c)) become trivialized when the two fragile bands are coupled to four bands from spinful
s orbitals at the 2c¢ position, even though the bands from these s orbitals are separated from the bands with fragile
topology by an energy gap (which is explicitly shown along high-symmetry lines in SFig. 3(b,c), and was additionally
numerically confirmed throughout the BZ interior). However, if the Wilson projector for the same system is chosen
over just the two fragile valence bands (P, in SFig. 3(c)), then the Wilson loop still winds (SFig. 5), despite the
presence of the additional bands. This is further explored in SRefs. 5 and 17.

5. Alternative Realizations of 7-Symmetric HOFA Semimetals

In the main text, we presented two realizations of T-symmetric Dirac semimetals with HOFAs: in Fig. 3(d,g) of
the main text, we showed a tetragonal Dirac semimetal characterized by a nontrivial plane with mirror Chern number
Cpn. =2 at k., =0, and in Fig. 3(e,h) of the main text, we showed a tetragonal Dirac semimetal with broken M, and
7 symmetries, for which the k, = 0 plane is in the fragile topological phase examined in SN 4. Here, we present two
additional realizations of 7-symmetric Dirac semimetals with HOFA states. There are likely many more semimetallic
systems with other variants of HOFAs, including both those with 4mm-symmetric Dirac points representative of the
quantum critical point of the QI phase?®, and also additional HOFA semimetals with nodal features equivalent to other
2D atomic limit or fragile transitions''3%7®. For simplicity, we will focus in this section on HOFA semimetals within
the same space group (SG 123 P4/mmm1’) that vary by the locations and multiplicities of their Dirac points and by
their bulk symmetry (parity) eigenvalues, and leave for future works the enumeration of all possible 2D one-parameter
atomic-limit and fragile-phase transitions (SN 4), and their corresponding 3D HOFA semimetals.

HOFA Semimetals with Band Inversion on a Line — One of the simplest realizations of a T-symmetric Dirac
semimetal for which the only boundary modes are hinge-localized Fermi arcs occurs when there are multiple inversions
between bands with distinct Cy, eigenvalues along 4mme-invariant lines in a HOFA-supporting SG (SN 12). Though
we do not present material candidates in this work with this band inversion structure, we do formulate in this section
tight-binding models with multiple band inversions, and show that they exhibit HOFAs as their only boundary (surface
and hinge) modes.

To begin, consider a Dirac semimetal in SG 123 (P4/mmm1’) formed from orbitals at the 1la Wyckoff position
({z,y,z} = {0,0,0}) that exhibits four total Dirac points along the k, = k, = 0 line (SFig. 6(a)). Each one of
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these Dirac points is formed by an inversion of the irreducible corepresentations pg 7 of the little group of this BZ
line (SN 3). The Hamiltonian of each 2D plane of the BZ indexed by k, (H(k.)) is therefore characterized by a Z
quantity dictating whether it is equivalent to a 2D trivial insulator or to a QI with corner modes. This Zs number
is determined at each k. by the Cy, eigenvalues of the occupied corepresentations along the two BZ lines with 4mm
symmetry: I'Z (k; =k, = 0) and M A (k, = k, = 7). Specifically, using the results of SN 3, along I'Z and M A, the
occupied bands at a fixed value of k, exhibit the following set of corepresentations:

{ﬁ}o,w(kz) = a(kz)OJFﬁ'? S b(kz>0,7rﬁ67 (70)
where a(ky)o,» and b(k,)o » are integers indicating the multiplicities of corepresentations pr ¢ in the set {p} and where:
CLO’W(]CZ) + bo}ﬂ—(kz) = V/2, (71)

where v/2 is equal to half the number of occupied bands, as dimps = dimp; = 2, and where 0,7 indicate BZ
lines at k, = k, = 0,m, respectively. When ao(k.) = ar(k,) (and hence by(k.) = br(k.)), Supplementary Table 3
implies that the symmetry eigenvalues of this BZ plane indexed by k., match those of a 2D spinful magnetic atomic
insulator with pdm symmetry and v/2 pairs of spinful orbitals at the la position (though again here, as in SN 3, the
spinful orbitals are paired by M, ,, and not by 7). Conversely if ao(k,) # ar(k,) (and hence by(k,) # br(k;)), the
symmetry eigenvalues of the bands in the BZ plane at k, match those of a 2D spinful magnetic atomic insulator with
v/2 — |ag(k,) — ax(k,)| pairs of spinful atomic orbitals at la and |ag(k.) — ax(k.)| pairs at 1b.

Continuing, we consider advancing k, until we encounter a gapless (Dirac) point along either I'Z or M A. A Dirac
point along I'Z changes ag(k.) and bg(k,) by one; similarly a Dirac point along M A changes a,(k.) and b, (k) by
one. Thus, the symmetry eigenvalues of the occupied bands in the 2D planes above or below a Dirac point are the
same as those of 2D atomic insulators which differ by one in their number of Wannier centers at the la position.
Consequently, if there is a Dirac point along I'Z that lies above k,; and below k.o, then:

aO(kZQ) = aO(kzl) + 17 bO(kZZ) = bO(kzl) + 17 aTr(kZZ) = @ﬂ(kzl); bﬂ(kZQ) = bﬂ(kzl)7 (72)

and thus H(k.2) is equivalent to a 2D insulator with one fewer pair of Wannier orbitals at 1la and one more pair at 1b.
Because the values of ag »(k,) and bg - (k,) are not independent (SEq. (71)), we can therefore restrict our discussion to
changes in ag r(k,), which combined with SEq. (71), is sufficient information to determine the (polarization) topology
of k,-indexed planes in this semimetal. If we now assume that ag(k,1) = ar(k,1), then H(k.) will therefore be
nontrivial and exhibit QI corner states. If there is then a second Dirac point along I'Z lying above k.o and below k.3,
then:

ao(kzg) = ao(k‘zg) + 1, aﬂ—(k‘zg) = aﬂ(k‘zg), (73)

leading to an overall relation:
ao(kzg) = ao(kzl) or ao(kzg) = ao(kzl) + 2. (74)

Therefore, H(k,3) is equivalent to a 2D insulator with either the same number of Wannier orbitals at 1a (ag(k.3) =
ag(kz1) = ax(kz3)) as H(k.1), or to one with two pairs of Wannier orbitals at 1b (ag(k.3) = ao(k.1) £2 = ar(k.3) £2).
However, keeping only the symmetries of magnetic wallpaper group p4m or its layer supergroup p4/m’mm (SN 3), a
set of bands containing only trivial bands and two copies of the QI exhibits a net-trivial quadrupole moment?® of e
mod e = 0. Therefore, both of the possibilities in SEq. (74) imply the absence of protected QI corner states at k.3. We
can realize this semimetal by tuning parameters to place two, time-reversed pairs of QI-nontrivial regions at k, values
away from the TRIM points (SFig. 6(b)). If the symmetry indicators at the k, = 0,7 planes are otherwise trivial
(e.g. the symmetry eigenvalues do not indicate 2D quantum spin Hall or mirror Chern Cjp;. = 2 phases32:38:80,101)
and if all the non-symmetry-indicated Wilson loops are trivial (ruling out the case of C;. = 4n where n is a nonzero
integer®?), then this semimetal will not exhibit any topological surface states on its 2D faces®?, and will only exhibit
HOFASs connecting the hinge projections of its four bulk 3D Dirac points. We realize a Dirac semimetal in this phase
(SFig. 6(a,b)) by introducing the term:

VH2 (k) =12 COS(2/€Z), (75)
to Hpyo(k) in SEq. (6), and choosing the parameters:
t =2, to =15, vy =15, tpg=0.1, v, = 1.3, var. =0, tg = 1.6, u(Hys) = 0.5,tms = —4.5.  (76)

A similar configuration of HOFAs can also be achieved in a Dirac semimetal in SG 123 (P4/mmm1’) that is formed
from orbitals at the la Wyckoff position and exhibits a time-reversed pair of Dirac points along k;, = 0 and a
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time-reversed pair along k., = 7 (SFig. 6(c)). To explain this, we follow the same logic as previously and place a
Dirac point along I'Z at a value of k., between k.1 2 where k.o > k.; > 0. The Dirac point between k.; and k.2 has
a time-reversal partner with k, < 0, to which the following arguments also apply. At k.o,

ao(kz2) = ao(kz1) + 1, aﬂ—(kzg) = aw(kzl), (77)

again indicating that H(k.2) is equivalent to a 2D insulator with one fewer pair of Wannier orbitals at 1la and one
pair at 1b, and specifically is equivalent to a QI if ag(k.1) = ar(k.1). We then place a second Dirac crossing instead
along M A (ky =k, = m) above k.2 and below a third momentum k.3 for which k.3 > k.2, such that:

aO(kZS) = aO(kZZ); aﬂ‘(kz3) = a'n'(kz2) + ]-7 (78)

which indicates that H(k,3) is equivalent to a 2D insulator with either the same number of Wannier orbitals at la
(ap(kz3) = ax(k.3)) as H(k.1), or to one with two pairs of Wannier orbitals at 1b (ag(k.3) = ax(k.3) £ 2), both of
which correspondingly carry a trivial quadrupole moment of e mod e = 0 and do not exhibit corner states. The
Dirac point between k.o and k.3 also has a time-reversal partner with k, < 0, to which these arguments also apply.

We realize a semimetal in SG 123 P4/mmm]’ with this configuration of Dirac points (SFig. 6(c)) by choosing in
SEgs. (6) and (75) the parameters:

tl = 2, t2 = 1.5, Um = —1.57 tpH = 0.1, Vg = 1.3, UVpm, = 0, tH = 6.47 ’LL(HHQ) = 0.5,tH2 =0. (79)

Plotting the bands of SEgs. (6) and (75) with the parameters in SEq. (79) on a z-directed rod (SFig. 6(d)), it is
clear that HOFA states connect the projections of the bulk Dirac points along I'Z to those along M A, and that there
are no other boundary modes. Specifically, at k, = 0, m, the Cy, eigenvalues of the occupied bands are the same at
ky = ky = 0,7, and match those of either a trivial insulator or a TCI with®3 Cps. mod 4 = 0. Through calculations
of the a-directed Wilson loop and the (100)-surface states (the results of which are implicit in the rod bands shown
in SFig. 6(d)), we confirm that the Hamiltonians of the k, = 0, 7 planes are topologically trivial (Cjs, = 0).

Finally, for completeness, we note that depending on the values of ag »(k.) and by » (k.), sets of four occupied bands
can exhibit the same symmetry eigenvalues as either superposed atomic limits at the 1a and 1b position of p4m, or a
single, four-band atomic limit at the 2¢ position (SEgs. (60) and (66)). Specifically, because placing pairs of spinful
s orbitals at the 2¢ position of pdm (Fig. 2(a) of the main text) induces four bands with the combined symmetry
eigenvalues of bands from s orbitals at the 1a and 1b positions (SN 3 and SRefs. 24, 57-59), then, for generic numbers
of occupied bands with different complex-conjugate pairs of Cy, eigenvalues, a change of ag . (k.) indicates either
a shift of two occupied (and two unoccupied) Wannier orbitals from 1la to 1b or a shift of four occupied (and four
unoccupied) Wannier orbitals from la and 1b to 2¢. We emphasize this point because the irreducible-representation
equivalence between EBRs from la plus 16 and EBRs from 2¢ in p4m is key to understanding atomic-limit transitions
in nonsymmorphic 2D wallpaper groups2®27, such as pdg, which, while largely beyond the scope of this work, can
also exhibit corner modes'?? that are equivalent to the HOFA states of 4mm-symmetric nonsymmorphic 3D Dirac
semimetals (SN 12).

Dz — dg2_ 2 -Hybridized HOFA Dirac Semimetals — We can also realize a T-symmetric semimetal with HOFA states
in SG 123 P4/mmm1’ by substituting the s orbitals used to form H g2 (k) in SEq. (6) with p, orbitals, still at the la
position. We first discuss how the representations of crystalline symmetries are different under this orbital substitution
than in the s — d-hybridized cases highlighted in the main text, and then demonstrate how this difference affects the
topology in k,-indexed BZ planes.

The site-symmetry group of the 1a position of SG 123 is 4/mmm1’ (Dyp), which is an index-2 supergroup of 4mm1’:

4/mmml’ = (E)4dmml’ U (Z)4dmml’. (80)

As Th = hT for all h € 4mml’, then there are simply twice as many corepresentations of 4/mmm1’ as there are of
4mml’, each of which takes the form E_’LQ /g,u Where g (u) indicates a two-dimensional corepresentation with positive
(negative) inversion eigenvalues!®4%. Specifically, the p, orbitals transform as ELU and the d;2_,2 orbitals transform
as E27g. When these corepresentations are induced into the space group G = P4/mmm]l’ and then subduced onto
the TRIM points at k, = k, = 0,7 (SFig. 7(a)), the resulting little co-group corepresentations are?*>7-59:

(B1ut G) AT = (Br 1 G) L 2= (B 1 G) L M = (Bi 1 G) L A= p7,
(F2g 1 G) LT = (Exg 1 G) L Z = (Ezy 1 G) L M = (Eag 1 G) L A= j¢.,
(81)

where placing Z-odd (E; 2,) (-even (E a,)) orbitals at 1a results in all little co-group corepresentations having negative
(positive) inversion eigenvalues, whose sum is given by the characters:

Xp6+’7(z) = +2, ngj(z) = -2 (82)
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The little co-group corepresentations /Sétj also inherit the Cly, characters of the corepresentations pg 7 of their Z-broken
subgroups 4mm and 4/m'mm (SEq. (33)):

Xpg (Ca) = V2, XpF (Caz) = V2. (83)

Crucially, BZ planes indexed by k, # 0,7 are only invariant under magnetic layer group p4/m’mm, and thus, as
discussed in SN 3 and 5, their Hamiltonians are equivalent to 2D trivial insulators or Qls as indicated only by the
number of occupied bands labeled by g at k; = k, = 0,7 (discussed in the text following SEq. (74)). Therefore,
whether all of the valence bands of a Dirac semimetal in SG 123 P4/mmm1’ have the same inversion eigenvalues
at the Cy,-invariant TRIM points (k; = ky = 0,7, k, = 0,m), or if some of the inversion eigenvalues are different,
the semimetal will still exhibit HOFA states, because the (obstructed-atomic-limit, specifically QI) topology of the
k,-indexed planes away from the TRIM points is unaffected by the topology in high-symmetry planes elsewhere in
the BZ. Consequently, a Dirac semimetal in SG 123 P4/mmm1’ should exhibit HOFA states whether it is formed
from hybridized s and dg2_,2 orbitals or from p, and dg2_,2 orbitals.

To demonstrate this, we form a tight-binding model with p, and d,2_,> orbitals placed at the la position of SG
123 P4/mmm]1’:

H(k) = [t.1 cos(k,) + tocos(k,) X (cos(ky) + cos(ky))] 77 + tay [cos(ky) + cos(ky)] 77
+ tpm cos(ky) o + vs [sin(ky )70 + sin(k, ) 7%0%] + vo17Y sin(k, ) [cos(k,) — cos(ky)]
+ vga7" 0% sin(ky) sin(ky ) sin(k. ), (84)

where 7 indicates the orbital degree of freedom, o indicates the T-odd spin degree of freedom, and where 1., is the
4 x 4 identity. We note that after the submission of this work, it was recognized that SEq. (84) contains the same
terms as the simplified Dirac semimetal model employed in SRef. 103 (as well as additional terms that respect the
symmetries of SG 123 P4/mmm1’). In SEq. (84), all of the terms correspond to nearest-neighbor hopping, except for
the quadrupolar SOC terms vg; and vg2, which correspond to second-neighbor hopping in the xy-plane and third-
neighbor hopping along the xyz diagonal, respectively (SFig. 7(b)). These terms, like U (k) sin(k,) in SEgs. (4) and (6)
for the s — d-hybridized Dirac semimetal, are equivalent to the term employed in SRef. 34 to disconnect the surface
Fermi arcs of Dirac semimetals. Specifically, vg1,2 enforce the breaking of 7- and M, symmetries in k.-indexed BZ
planes away from k, = 0,7, and gap the surface states at generic values of k, # 0,7. When vg; 2 in SEq. (84) (and
u in SEgs. (4) and (6)) are strong, this causes the surface states to close off into rings with a narrow width in &, as
opposed to connecting all the way to the surface projections of the bulk Dirac points (SFig. 8(c,g)). This is allowed
because unlike in Weyl semimetals, the surface Fermi arcs in Dirac semimetals are not protected by a robust bulk
topological invariant, and are rather just a consequence of the continuity of surface states from topological surface
TT and TCI cones to trivial surface states in the vicinities of the projections of bulk Dirac points that can be pushed
away from the Fermi energy by bulk SOC?437. This causes the surface states of Dirac semimetals to either appear
in closed loops disconnected from the projections of the bulk Dirac points (SFig. 8(c,g) and SRefs. 34, 35, and 37), or
allows them to be completely absent, depending on the topology in high-symmetry BZ planes32-36,

The generating symmetries of the p — d-hybridized model in SEq. (84) are represented at the eight TRIM points
by:

T =io'K, T=1%, My, =—ic™V, (85)
and by an additional Cy, symmetry at the four Cy.-invariant TRIM points:
1—1i0?
Cp, =7 —— |, 86
= (5F) 0

where the prefactor of 7% in SEq. (86) reflects that p, (d,2_,2) orbitals are even (odd) under Cy,. SEgs. (85) and (86)
also imply the presence of C, and M, symmetries, which are represented at each TRIM point by:

022 = (042)2 = _i027 Mz = z'-C’2z = —it?0”. (87)

To form a semimetal with broken particle-hole symmetry and Dirac points along I'Z, we choose in SEq. (84) the
parameters:

to1 =09, too =09, toy =1, tpy = 0.1, v, = 0.8, vo1 = 0.6, vy = 0.25. (88)

In SFig. 8, we plot the bulk bands, z-directed Wilson bands at k, = 0, (100)-surface states, and z-directed rod bands
of (a-d) the s — d-hybridized Dirac semimetal highlighted in the main text (SEq. (6)) and of (e-h) the p — d-hybridized
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Dirac semimetal described by SEq. (84). Along the four Cy.-invariant lines of the BZ at k, , = 0,7, SEq. (84) takes
the simplified form:

H(0,0,k.) = [(t21 + 2t.2) cos(k.) + 2tzy|T. + acos(k.)1l s,
H(m,m, ks) = [(t:1 — 2ts2) cos(k,) — 2tyy]Ts + acos(k;)1 s,
H(0,m, k,) = H(m,0,k,) = t,1 cos(k,)T + acos(k,)l g, (89)
which, as,
[TZ? H(Ov Oa kz)] = [Tzv H(ﬂ-v T, kz)] = [7.2, H(Oa T, kz)] = 07 (90)
indicates that the inversion and Cjy, eigenvalues of the occupied states at the TRIM points at half filling in SEq. (84)
in its Dirac semimetallic phase are entirely determined by the signs of the prefactors of 7% in SEq. (89). Defining & (k)
as the corepresentation of the two occupied bands at k, we find that:
o) =p7, 0(Z) =a(M) =5(A) =p§, (X)) =a(X') =05, 6(R) =5(R') = g3, (91)

where the Cy4,-symmetric points I', Z, M, and A have little co-groups isomorphic to 4/mmm]1’ and therefore the
corepresentations in SEq. (81). Conversely, the X and R (and X’ and R') points are not Cy, symmetric, and therefore

they have little co-groups isomorphic to mmm1’, which has two, two-dimensional corepresentations!®:49:57-59;
(B12/gu1G) L X =(E10/9u1TG) L R= o, (92)
with inversion characters:
Xgt (I) = +2. (93)

We observe that the only TRIM points with negative inversion eigenvalues are I', X, and X’, which all lie in the
k. = 0 plane. Using the results of SRefs. 33 and 60, we can express the mirror Chern numbers Cj_ (0, 7) of the
Hamiltonians of the k, = 0, 7 planes in terms of the occupied corepresentations:

Cu. (k. =0,7m) mod 4 = ( (10,0, (57 ) + Nr e ke, (57 )] + 2 [10,0,8. (P) + Nr e (PF)]

+ 3 [10,0,k. (P ) + N, k. (P5 )] + 2nr 0,1 (QE)) mod 4, (94)

where np, r, k. (0) is equal to the number of copies of the corepresentation & that appear in the valence mani-
fold33:49:60°62 at k = (k,, ky, k.), where we restrict k, = 0,7, and where Cjs, mod 2 is equivalent to the Fu-Kane
parity index zp for a 2D TI8. For the p — d-hybridized semimetal described by SEq. (84) with the parameters in
SEq. (88), SEq. (91) implies the values of ng, &, k. (7) shown in Supplementary Table 4. As shown in Supplementary
Table 4, for the p — d-hybridized HOFA Dirac semimetal in SEq. (84), the Hamiltonian of the k, = 0 plane is equiv-
alent to a 2D TI, whereas the Hamiltonian of the k, = 7 plane exhibits the same symmetry eigenvalues as a trivial
insulator3349:60-62 " Thig is the same high-symmetry-plane topology that occurs in many previously identified cen-
trosymmetric 3D Dirac semimetals3?34, such as NagBi'?4 1% and two of the candidate HOFA-semimetals highlighted
in this work (Fig. 4 of the main text and SN 13): KMgBil%7 1% and CdzAs,!1%1t. In SFig. 8(f,g), we show the
z-directed Wilson loop at k., = 0 and the (100)-surface states of SEq. (84), respectively. The Wilson loop exhibits the
characteristic winding of a 2D TI, and the surface spectrum correspondingly consists of a single twofold-degenerate
cone at k., =0, k, = .

Conversely, in the s — d-hybridized HOFA Dirac semimetal highlighted in the main text (SEq. (6)), neither of the
high-symmetry BZ planes indexed by k, is topologically equivalent to a 2D TI. Instead, as shown in Supplementary
Table 5, in the s — d-hybridized HOFA Dirac semimetal in SEq. (6) with the parameters in Supplementary Table 2,
the Hamiltonian of the k, = 0 plane is equivalent to a 2D TCI?? (Cj;, mod 4 = 2). This occurs because, unlike
in the p — d-hybridized semimetal (SEq. (91)), all of the bulk corepresentations & in the s — d-hybridized semimetal
have positive inversion characters xz(Z). In the surface states of both the s — d-hybridized semimetal (SFig. 8(c))
and SEq. (6)) and the p — d-hybridized semimetal (SFig. 8(g) and SEq. (84)), only the gapped remnants of surface
Fermi arcs (white arrows) are visible connecting the TT cones at k, = 0 (TCI cones of the s — d-hybridized model in
(¢)) to the projections of the bulk Dirac points (red arrows). In both models, bulk quadrupolar SOC (U (k) sin(k,) in
SEq. (6) and the vg1,2 terms in SEq. (84)) has gapped the surface Fermi arc states and pushed them away from the
Fermi energy, as described in SRefs. 34-37. Calculating the bands of a z-directed rod of the p—d-hybridized semimetal
described by SEq. (84) (SFig. 8(h)), we observe four HOFA states connecting the projections of the bulk 3D Dirac
points to those of the 2D face cones at k, = 0, the same number observed in the rod bands of the s — d-hybridized
semimetal (SFig. 8(d)).
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6. Summary of Supplementary Notes Detailing the Evolution of the 1D Edge States of 2D TIs to the
Corner Modes of QIs and Fragile Topological Phases

In the next supplementary notes, we will use low-energy field theory to track the evolution of the 1D edge modes
of a 2D TT and TCI in the presence of symmetry-breaking potentials. Specifically, we will show that the presence of
quadrupolar magnetism (i.e., magnetism that preserves type-I wallpaper group?’ p4m) can gap the edge states of a
2D TT and TCI and leave behind zero-dimensional corner modes. In a 3D crystal, the Hamiltonians of 2D planes of
the BZ indexed by k, can characterize 2D TIs and TCIs?? at the T- (or M,-) invariant values of k,. Thus, in a space
group with BZ planes that preserve the crystal symmetries of the QI phase (SN 3), one can consider the Hamiltonian
of a BZ plane indexed by k., # 0,7 as equivalent to a 2D T-broken insulator with bulk quadrupolar magnetism. In
this description, the low-energy theory derived here tracks the evolution in &, of the 2D TI and TCI surface states of
a 3D topological Dirac semimetal into the HOFA states on its 1D hinges as the strength of the effective magnetism
in each 2D plane grows with increasing k.. During the final stages of preparing this complete work, the low-energy
k - p theory of a related QI was also analyzed in SRef. 112, though that work did not relate their & - p theory to T1s,
TCIs, HOFA states, and fragile topology, as we do in this section.

However, it is important to note that not every 2D TT and T'CI can be gapped into a QI; only topological (crystalline)
insulators with the same symmetries and occupied bulk C}, eigenvalues as those of the QI obstructed atomic limit
(SN 3 and 5) can transition into QIs when gapped with quadrupolar magnetism, although other symmetries can
also realize 2D insulators with topological corner states!!:39:65-73.78 = \We will show in SN 7 that a 2D TI formed of
hybridized p. and d,2_,2 orbitals at the la position of wallpaper group p4m1’ or layer group p4/mmm1’ (SN 3) gaps
into a QI under pdm-preserving magnetism. We will then show in SN 8 that a very similar 2D TI, formed instead of
s and p, orbitals, gaps into a trivial insulator under p4dm-preserving magnetism. Then, in SN 9, we will show that
the edge modes of the 2D TCI phase of SEq. (1) can evolve into two different kinds of 0D corner states, depending on
the symmetries that are broken. Specifically, depending on whether 7 or M, are broken while preserving pdm, the
resulting 2D phase is either a QI or a fragile TT with the same corner charges (modulo e) and symmetry eigenvalues
(SEq. (59)) as a QL. If we break T, the resulting phase is a QI, whether or not M, x T is preserved (SN 3), whereas if
we keep 7 and break M,, the resulting phase is fragile (SN 4). We will first show that if M,- and T- symmetries are
broken while pdm is preserved, the edge states of this 2D TCI evolve into the singly degenerate spinful corner states
of a M, x T-broken 2D QI in p4m (SN 1). This M, x T-broken QI phase appears in the k, # 0 planes with HOFAs
in the 3D Dirac semimetal in Fig. 3(e,h) of the main text. Returning to the 2D TCI phase of SEq. (1), we will then
show that if just M, symmetry is broken while preserving p4m1’ (and without closing the bulk gap), the 1D TCI edge
states evolve into the quarter-filled Kramers pairs of corner modes34® of the fragile topological phase!'® discussed
in SN 4 (equivalent to the Hamiltonian of the k, = 0 plane of the fragile topological Dirac semimetal in Fig. 3(e,h) of
the main text). Finally, in SN 10, we will show that the topological corner modes of a 4mm-symmetric QI or fragile
phase remain anomalous when the system is cut into in a geometry that breaks M, , while preserving Cy,. This
is a necessary intermediate step in demonstrating that topological HOFA states are still present in nonsymmorphic
Dirac semimetals (such as the archetypal Dirac semimetal a-CdzAsy in SG 142 (14, /acdl’)3%110:113,114) whoge glide
reflections are formed from the combination of M, , and lattice translations in the zy-plane, which cannot be preserved
in z- (fourfold-axis-) directed nanorod geometries (SN 12).

We will also numerically calculate in SN 11 the position-space localization of the bulk and surface states of a HOFA
Dirac semimetal terminated in a slab geometry. We will show that 2D BZ planes with Hamiltonians equivalent to QIs
bind gapped edge Fermi arc-like states''®, and that 2D planes equivalent to trivial insulators generically have no edge
states. Taking planes at successive values of k, passing through one of the bulk Dirac points, we will demonstrate
that the localization lengths of all surface (and hinge) states diverge exactly at the Dirac point. We therefore find no
evidence supporting the presence of the additional surface cones bound to the 2D face projections of the bulk Dirac
points.

7. Gapping the Edge Modes of a 2D Topological Insulator with Quadrupolar Magnetism

We will first show that a 2D TI in layer group p4/mmm]1’ (equivalent to the Hamiltonian of the k, = 0 plane of
SEq. (84)), formed of p, and d,2_,2 orbitals at the la position (Fig. 2(a) of the main text), gaps into a 2D QI in the
presence of magnetism that preserves the symmetries of 2D point group 4mm. We begin with this p — d-hybridized
2D TI, instead of the s — d-hybridized 2D TCI (Fig. 2(f-h) of the main text and SEq. (1)) that is more closely related
to the original formulation of the QI%®, because the bulk k- p theory of a p — d-hybridized TI is simpler to analyze due
to its linear dispersion. In SN 9, we perform the analogous analysis of the quadratically dispersing s — d-hybridized
TCL In four-band models of both p, — dg2_,2-hybridized 2D TIs and s — d2_,2-hybridized 2D TClIs, the bands of
the two models exhibit the same Cy, eigenvalues (SN 5). Instead, as shown in Supplementary Tables 4 and 5, the
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valence and conduction bands of the two insulators are distinguished by their parity eigenvalues. As we will see in this
section and in SN 9, when Z, M, and 7 symmetries are broken while pdm is preserved, both p, — d,2_,2-hybridized
2D TIs and s — d2_,2-hybridized 2D TCIs (formed from orbitals at the la position of p4/mmm1’ as shown in SN 3
and 5) evolve into QIs.

To demonstrate the presence of the 0D boundary modes in the QI phase that results from gapping a p—d-hybridized
2D TT in layer group p4/mmm]1’, we will first derive the low-energy continuum % - p theory for the bulk of a p — d-
hybridized 2D TI. We will then use this k - p theory to solve a nested pair of Jackiw-Rebbi domain wall problems!!6,
i.e. one for the (gapped) 1D edge states and another for the 0D corner states.

To form the bulk & - p Hamiltonian of a 2D p — d-hybridized TI®®, we begin by expanding SEq. (84) about the I'
point to linear order and fixing k, = 0:

Hr(k) = m7* + vk, 7%0Y + vk, 7707, (95)

where we have taken tpy — 0, have combined all of the terms proportional to 77 into a single coefficient m, and have
relabeled vs — v. We also note that in SEq. (84), we have suppressed factors of the lattice constants as, = a; it
will be useful for future approximations to highlight that most precisely, v = vgsa, where we have specialized to units
where @ = 1. SEq. (95) has the symmetries of the little co-group of the I' point, which is isomorphic to point group
4/mmm1’. The Hamiltonian transforms for each symmetry g € 4/mmm1’ under:

Hr (ko ky) = gHr(gkag™ ", gkyg™ g™, (96)
given in the notation of SRefs. 27, 87, 89, 90, 98, 117, and 118. We summarize this transformation as:
g: gHr(gkeg™ " gkyg g™ (97)

In the notation of SEq. (97), Hr(ks, k,) transforms in the symmetry representation given by:

T 0YHi(—ks, —ky)o?, M, : 770" Hr (ky, ky)T0%, My : 0" Hr(—ke, ky)o®,

i0* 1, + iaz>
- = b

z 1, — z
My, o¥Hr(ky, —ky)o¥, Cop: T (\/ﬁ) Hr(ky, —kz)T ( 7 (98)

where 1, is the 2 x 2 identity in o space. SEq. (98) implies an inversion symmetry 7 = M, M,M, that transforms
Hr(ks, ky) under the representation:

T: T°Hr(—ky, —ky)T>. (99)

The 77 contributions to M., Z, and Cy, in SEgs. (98) and (99) reflect that Hr(k) describes a 2D TI formed of
hybridized p, and d,2_,2 orbitals, as p, (d,2_,2) orbitals are odd (even) under M, and Z and even (odd) under Cj..
Hr (k) also exhibits a unitary particle-hole symmetry:

{Hr(k),11} =0, T =71707, (100)
which we will relax in future steps in this calculation. SEq. (95) also respects a second unitary particle-hole symmetry:
{Hr(k),11} =0, TT =1, (101)
We then Fourier transform #r(k) such that k, , — —i0; ,, and take m to have a spatial dependence m — m(z,y).
Specifically, we choose the bulk gap m(z,y) to be strongly negative within a region bounded by a circle of radius
R > a, and strongly positive for values outside of this circle; we also take m(x,y) to be isotropic in 6 = tan~=!(y/z).
This distribution of m suggests that the position-space Hamiltonian is more naturally described in polar coordinates,
and therefore we transform:
1
0, = cos(0)0, — —sin(0)0p,
r
1
0y = sin(6)0, + — cos(0)0s, (102)
: r

such that the Hamiltonian in SEq. (95) now takes the form:

Hr(r,0) = m(r)r* — ivr® ol (0)0, + %02(9)89 , (103)
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where, through a canonical transformation,

0—1(0) = SiIl(a)()’w + COS(H)O-y - ( iegiQ _igig > i
02(0) = cos(f)o” —sin(f)o?¥ = (
{01(0),0%(0)} = 0, 0 (0)0*(0) = —ic™. (104)

In this section, we employ a similar notation for the position-space, polar-coordinate forms of the symmetries of
Hr(r,0) as we previously employed in SEq. (97); for each symmetry g, the Hamiltonian transforms under:

Hr(r,0) = gHr(grg~", 909~ )g™". (105)
We summarize this transformation as:
g: gHr(grg™", 909~ g™ (106)
In the notation of SEq. (106), Hr(r,8) transforms in the symmetry representation given by:
T: o"Hi(r,0)dY, M, : 7°c*Hr(r,0)7°c”, M, : o"Hp(r,m—0)c”,
My : o'Hp(r,—0)o", Cyp.: 77 (]L,—) Hr(r,0 + 7/2)77 (W> ,

V2 V2
Z: 7*Hr(r,0 + )77, (107)

10”

and both particle-hole symmetries remain in the same form as previously in SEgs. (100) and (101):
{Hr(r,0),11} =0, II = 770", (108)

and:

{Hr(r,0),11} = 0, T =7V, (109)
We search for zero-energy bound states of SEq. (103) on a disc geometry:
Hr(r,0)[¢(r,0)) = 0. (110)

To solve SEq. (110), we separate variables by left-multiplying by 77; after canceling a factor of —i:
[m(r)r + 00 (6)0,] [(r,0)) = —=0(0)Da[(r, 0))- (111)

Because we are only interested in solving SEq. (111) in the (linear) k- p regime, we will use a series of approximations to
find a diagonal solution; though these approximations are not strictly necessary, they provide considerable convenience
in the early stages of this calculation while ultimately not affecting the final (topological) result. First, we recognize
that the bound state |¢(r, 8)) is almost entirely localized at r ~ R, where m(r) — 0. As R > a, where a is the lattice
spacing and v  a, the right-hand side of SEq. (111) vanishes to leading order:

[m(r)ry + Ual(ﬁ)&.] |(r,8)) = 0. (112)

We note that SEq. (111) can still be exactly solved without exploiting this approximation (it is the & - p differential
equation for the edge states of a circular 2D TI, whose exact solution is a 1D Dirac fermion subject to the effects of
curvature!'9129) Nevertheless, for the purpose of the explicit proofs in this section, SEq. (112) is advantageous in
that it can be diagonalized simply by left-multiplying by 7¢¥ and integrating, which allows us to circumvent at this
stage of the calculation some of the complications that arise from the circular geometry (e.g. the fact that 9y acts on
o12(6) and the 1/r dependence of the right-hand side of SEq. (111)):

(. 0)) = e~ B 2L (0) = RO Lok (0), (113
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where the normalization constant N has the units of length squared, as the radial part of the measure in polar
coordinates is rdr:

/OOO rdr|R(r)|* = 1. (114)
In SEq. (113):

Lol (9)) = I7L) @ oL (0)), (115)

where |7,07%,) are the eigenstates with eigenvalues 41 of the 2 x 2 Pauli matrices 7 and 7. To leading order,
SEq. (113) indicates that there are two nondispersing zero modes localized on the boundary of this circle with radius
R, or close to the region where m(r) = 0. We note that, in the limit that the mass m(r’) in SEq. (113) is rapidly

changing in the vicinity of r &~ R (i.e., that ’d%(_,r/) ’ > £z ), the radial component R(r) simplifies:

R)P = L5(r — B). (116)

However, more generally, like with the SSH chain?!:22, the presence or absence of zero modes of the form of SEq. (113)
that are localized in the vicinity of &~ R does not depend on the form of m(r) — it only depends on whether m(r)
changes sign at'?! r = R.

For subsequent calculations, we will find that the symmetries of the edge Hamiltonian appear in a more familiar
form in the rotated basis:

)
= L T T = R(r) O = T
1
0
621, 0)) = = (un(r0)) — fn(r0))) = B | <7 | = Riea0)) (117)
2", — \/i 1\7, 2\, — \/§ 1 — 2 9
0

a transformation that we are free to make because |¢; 2(0)) are degenerate (zero modes) at all values of 0 at this stage
of the calculation.

We now perturbatively restore the angular velocity term from SEq. (103) by projecting it into the basis of the edge
states of |¢1,2(r, 0)), integrating out r, and exploiting SEq. (116):

My 15(6) = —i0(6:(r, 0)] 70" (6)05165(r, )
e r 2
——iv [ rar (R0 (o @lons00) + (sl 0

1
Higye(0) = % (2113 + iszae) : (118)

where s* is a Pauli matrix and 1, is the identity matrix in the 2 x 2 basis of |¢1,2(r,0)), the (( and )) symbols in
the second line indicate f-independent contractions over 4 x 4 matrices. The constant term (v/2R)1; arises due to
the action of dy on |¢1,2(r, 0)) in SEq. (118). The form of this term depends on the choice of gauge in SEq. (117); it
will be useful for future calculations to note that the constant term disappears under the anti- (47-) periodic gauge
transformation:

|§1(r7 6)> - 6_i0/2|§1(r7 9>> = |£1(’I“, 9)>7 |£2(7", 9)> - ei9/2|£2(r7 9)> = |£2('f‘79)>7 (119)
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where |9p€; ) are the positive and negative eigenstates of 7%%(6):

76% 6% 76%
- 1| o . i 0 SR i 0
9)) = —  196E1(0)) = —— , 7202(0)|0p1(0)) = ——
T _ig _i6
e 2 —e 2 —e 2
0 0 0
o) ——=| <y | mdon- | L | reopae) - = | < (120)
2 = \/i 6§ ; 6S2 - 2\/5 6% ) 0S2 2\/§ 76§ ;
0 0 0
such that in SEq. (118):
(&)= (0)|€;(0))) = 0 for i,j = 1,2. (121)
In the basis of |¢1 2(r,0)), the symmetries from SEq. (107) transform H// (f) under the representation:
T: s (Hedqe(‘g))*sy’ MZ ZHedge(e) Z’ Mw : THedqe( 9)81’
1, 1, +is?
My : Hedge( )Sya C4z : ( \/§> Hedge(ﬁ +7T/2) (\/5 > s
7: Hedge(e =+ ﬂ-)a (122)
Crucially, in the basis of |¢1 2(r, 0)), the particle-hole symmetry from SEq. (108) takes a #-dependent form:
(o) = 5(0), (123)
where:
1 . 0 €i9
5(0) = cos(0)s” —sin(0)s¥ = | ., ,
e " 0
9 . . 0 —ie"
57(0) = sin(0)s” +cos(0)s¥ = | . ", ,
e " 0
{s1(0),5%(0)} =0, s'(0)s*(0) = is*. (124)

The 6 dependence of particle-hole symmetry in SEq. (123) and the presence of the constant term (v/2R)1; in
SEq. (118) reflect the extrinsic curvature of the circular boundary. Though (v/2R)14 moves the center of the spectrum
away from FE = 0, the 6-dependent particle-hole symmetry is still preserved, as the Hamiltonian acts on 6:

{Hedge(0),11(0)} = 0, (125)
where specifically:
Dpst(0) = —s%(0) + s(0)0s. (126)

As in SEq. (109), SEq. (118) similarly also respects a second theta-dependent particle-hole symmetry of the form:

i1(6) = $2(0), (127)
where:
3952(0) = 31(9) + 52(9)89. (128)

Though many previous works have demonstrated the presence of localized 0D modes in systems with sharp cor-
ners26.28:39,65-73 " for which the curvature is zero on the edges and singular on the corners, our explicit calculation of
the QI boundary states in a geometry with constant curvature (i.e., on a disc) will allow us to separate the extrinsic
effects of sharp corners from the intrinsic (higher-order) topological bulk-boundary (-corner) correspondence of Qls.
It is also important to note that, as ’Hedqe(ﬂ) describes the edge Hamiltonian at r» ~ R, it is invariant under fewer
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symmetry restrictions than a Hamiltonian localized in a region containing r» = 0 (i.e., the origin of the symmetry
operations of the point group 4/mmm1’). At generic values of 6, ngge(e) (SEq. (118)) is only invariant under the
O-preserving action of T and M, in SEq. (122); the other symmetries of 4/mmm]1’ act at generic angles 6 to relate
HerIqe(G) to its value at another, symmetry-related generic angle #’. Point group 4/mmm1’ also has four mirror lines

in the xy-plane’® (Fig. 2(a) of the main text), M, , and M.+, that fix the angles:

0, =nn/4, n€Z, (129)
such that one of M, , or M, is a symmetry of szlge(ﬂ) at each 0,
M%yHngge(én)Mw_,; or MwinZdIge(én)Ma:ily' (130)

When M, and T symmetries are broken to gap the TI edge states, we will see that QI-nontrivial 0D states become
bound to the 6, i.e., the fixed points (angles) of point group 4mm.

We now gap szlge (9) (SEq. (118)) by introducing quadrupolar (p4dm-preserving) magnetism. We begin by proposing
the most general r-independent bulk potential to add to Hr(r,0) (SEq. (103)):

U@) = Y mh Trrpr(0), (131)
L,=0p=%

where I'l=+# is a 4 x 4 matrix in the basis of 7 ® o and fi () is a real circular harmonic?%1227124;

J7.(6) = cos(L.0), f;(6) =sin(L.0), (132)

with angular momentum L,. The sum in SEq. (131) is taken over all possible products of 4 x 4 matrices and fi (0)
that respect the symmetries of point group 4mm (the point group of p4dm). In terms of the more familiar spherical
harmonics, the functions fLiz (0) derive from the set of “cubic harmonics”!24, i.e., the real-valued linear combinations
of the spherical harmonics that define the angular dependence of the wavefunctions of the atomic orbitals!?3:124,
Specifically, choosing the z-axis to be the plane normal, the real circular harmonics are obtained by taking z — 0
in the subset of cubic harmonics (atomic orbitals) for which the total angular momentum L equals the magnitude
of the z-component of the angular momentum L., which we refer to as the angular momentum of the circular
harmonic?%122-124 (SEq. (132)).

We next explicitly expand SEq. (131) by choosing all possible mass terms that respect the symmetries of 4mm
(SEq. (107)) while containing 4 x 4 matrices I'L='# that anticommute with the Dirac matrix coefficients of the bulk
mass and angular velocity terms in Hr(r,0) (SEq. (103)): m(r)7* and —i(v/r)7%02(0)dy, respectively. This guarantees
that the terms in U(f), when individually added to Hr(r,), strictly enlarge the bulk gap and open an edge gap®’.
Expressing U(6) as a sum of terms that respect the symmetries of 4mm (Cy, and M, , in SEq. (107)):

U(9) = 7%0 [mj sin(260) + mg sin(66) + m7, sin(106) + ... |
+ 7Y [m3 cos(20) + mg cos(60) + mf, cos(100) + ... |
+ 770 (0) [md + m{ cos(46) + mg cos(80) + ... |
+ 7Y0%(0) [my sin(40) + mg sin(86) + mi,sin(120) +... | . (133)
We observe that the terms in U(f) group into circular harmonics of increasing L, multiplied by one of four 4 x 4

matrices. We then project U(6) into the basis of the edge modes |¢1 2(r, 6)), following the procedure in SEq. (118)
and SRef. 50:

Uedge,ij (9) = <¢Z (T’ 9) IU(G) |¢] (7“, 9)>

= > mh (¢ilr,0)[T (5 (r,0)) £ (0), (134)
L.,p
Uecdge(0) = s*(0) [my sin(26) + mg sin(66) + my, sin(100) + ... |
+ 5°(0) [m3 cos(20) + m¢ cos(66) + mf, cos(106) + ... ] . (135)

We observe that the terms in U(6) that commute with 7¥o(6) (m2i+4a) have nonzero edge projections, whereas the
terms that anticommute with 7¢¢'(0) (m%,) project to zero in U.gge(#) and hence do not open an edge gap. The
nonzero terms in Ueqge(0) break Z, M., and T symmetries in the bulk and on the edge, while respecting the combined
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magnetic symmetries Z x T and M, x T (SEq. (122)). To understand this result, we form the expression for the
projector into the positive eigenspace of 7¥a1(#), i.e. the space of eigenvectors with eigenvalues Arvgi(ey = Lt

1+ 7Y%01(0)
Prasms = O, (136)

In order for a generic 4 x 4 matrix I'L=*# to have a nonzero projection into the basis of |¢; 2(r,6)), it must satisfy:

Py TEtpy =1 #0. (137)

‘ryo'l(e): TYo

SEq. (137) can only be satisfied if:
{rYa'(9),TL=1} £ 0. (138)

As the basis of edge states |¢12(r,0)) is formed from linear combinations of the positive eigenstates of 7Y (6)
(SEq. (117)), then SEgs. (136), (137), and (138) imply that the mZ, terms in U(6) (SEq. (133)) project to zero in
Uecage(9) (SEq. (135)). This indicates that, for the p — d-hybridized TI in this section, bulk pdm-preserving magnetism
can only open an edge gap with:

L9 =24 4a, a € Z, (139)

where the m%t terms in SEq. (135), in particular, are proportional to the circular harmonics of d,>_,2 and d,, orbitals,
respectively??122-124,

We next confirm that Uegge(6) is proportional to the representations of M, , and M+, = C£'M, (SEq. (122)) at
the first four mirror-invariant points in 6 (SEq. (129)):

U(O) o sY, U(Z) o (7 —sY), U(g) x —s*, U(T) x (57 +sY), (140)

and thus verify that Ueqge(6) respects the mirror symmetries at those points. We define the edge Hamiltonian of the
QI to be:

Heige (0) = Hidge(0) + Ueage (0)- (141)

edge

If we truncate Ueqge () (SEq. (135)) to its leading two L, = 2 terms, ’nggew) exhibits a gap in the long-wavelength
limit of:

A(8) = 21/ (my )2 sin(26) + (m3 )2 cos? (26). (142)

With this formality established, we now show that SEq. (141) exhibits a quantized quadrupole moment. We will
first demonstrate this in a particle-hole-symmetric limit, after which we will show that the quadrupole moment of
SEq. (141) remains quantized when particle-hole symmetry is relaxed. Particle-hole symmetry as represented in
SEq. (123) (I1(#) = s'(0)) is also a symmetry of all of the sz, mass terms (but not the m o terms) in SEq. (135)

(most generally, as indicated in SEq. (127), there is a also second particle-hole symmetry I1() = s2(6) that is also

a symmetry of szlge and only the m o, mass terms in SEq. (135)). In the specific particle-hole symmetric limit of

SEq. (141) in which the only particle-hole symmetry is I1() = s!(6), we can first choose mj to be the only nonzero
QI

- 96(9) is gapless at 8 = 0,,, where the first four independent values of 6,, are:

mass term in Uegge(6). In this limit, H
0, =n/4+nm/2, ne{0,1,2,3}. (143)

We then solve for the zero modes bound at 6,,, or at the values of 6 at which cos(20) changes sign, by formulating a
Jackiw-Rebbi problem:

2 (i) + mif cos200%0)| 016 =0 (141)

We will solve for the bound states of SEq. (144) in two steps: first we will remove the constant curvature term
(v/2R)1, in SEq. (144) by transforming |©(#)) into the antiperiodic gauge in SEq. (119), which will allow SEq. (144)
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to be solved using the same method that we used for SEq. (112). We will then Taylor expand SEq. (144) around 6,
(SEq. (143)) to solve for 0D bound states at each 6,,.

We first explicitly demonstrate that transforming |©(0)) into a wavefunction |©(6)) in an antiperiodic gauge removes
the constant curvature term in SEq. (144). We express the transformation between |©(6)) and |©(6)) as:

6(0)) = U(6)|0(9)). (145)

In order for the constant term to vanish, |©(6)) must satisfy:
1 .
<2]ls + iszﬁg) |©(9)) = is°0|0(8)), (146)

such that |©(0)) behaves as if it is a f-independent eigenstate of a linear Hamiltonian without curvature!?. SEqs. (145)
and (146) imply that:

is*0pU(0) = %U(@), (147)

which is satisfied by:

i0/2
U(&)( g 6_?9/2>. (148)

The antiperiodicity of SEq. (148) reflects that curvature in a circular (cylindrical) geometry acts as an effective 7
flux'2°, While one might be concerned by the antiperiodic boundary conditions of |©(6)) in SEqgs. (145) and (148), we
note that |©()) will only be used here as the wavefunction of a single 0D bound state that is exponentially localized
within a small vicinity of one of the angles 6, (SEq. (143)). We postulate that, for the wavefunction of each 0D
bound state at 8 = 6,,, 2w periodicity can be restored, by adding a #-dependent local gauge transformation into the
gapped region far away from 6,,. For sufficiently large circular boundaries in the thermodynamic limit, these smooth,
but highly localized, gauge transformations should have a negligible effect on the (gauge-independent) spectrum®*®,
because, for each 0D bound state, the 2w-periodicity-restoring gauge transformation can be placed in a region where
the bound state wavefunction is nearly zero (i.e., at 6,, + m for each bound state at 6,,). By substituting SEq. (145)

into SEq. (144), we remove the constant curvature term:

[i%szag +my COS(29)82(9):| |©(9)) = 0. (149)
We next expand SEq. (149) around 6 = 6, + € (SEq. (143)), where € is a small parameter, to form an angular
Jackiw-Rebbi problem for the zero-energy normalizable bound state at each 6,,:

|i2570 = (=1)"moes(6,) ] 106, €)) = 0, (150)

where 0, is given in SEq. (143) such that s%(6,,) is the matrix s%(#) in SEq. (124) evaluated at 6,,, and where:
my cos[2(6,, + €)] = —2m3 esgn[sin(26,,)] = —(—1)"mge, (151)

where my = 2mg. The factor of —(—1)" in SEq. (150) enforces that, for increasing e, the domain-wall mass
my cos(20) — —(—1)"mge in SEq. (151) exhibits a derivative with the respective signs {—,+,—,+} at 6, =
{m/4,3m /4,57 /4,7r /4}. Next, we solve SEq. (151) for all values of 6,, by left-multiplying by s2(6,,) (exploiting that
SEq. (124) can be rearranged to obtain s*s*(6,) = —is'(6,)), and then integrating (exploiting that ¢*/2 = [ ¢'de¢’).

We find that, over the circumference of the circle, there are four bound states of the form:

1 _ _1\ynm R62
e A E) ()" S |51(3n)>A(9n),

©(0,, €)) Vi

mgR

2 51 () A0) (152)

Vil

1
where we have simplified by exploiting that |s'(6,,))xs,) is the eigenstate of s*(6,) with eigenvalue:

A(6n) = (~1)". (153)
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We therefore find that when mj is the only nonzero mass term in SEq. (135), there are Jackiw-Rebbi zero modes'!
localized to the zeroes 6,, of cos(26):

|©(n/4,€)) o< |s'(w/4))+, 1©(37/4,€)) o |s' (3m/4))—, |©(57 /4, €)) ox |s' (5m/4))+, |©(Tm /4, €)) o |s' (Tm/4))—,
(154)
where all of the coefficients in the proportionalities are real and of the form of the Gaussian exponential in SEq. (152).
As {Cyz,s'(0)} = 0 ({ My, s'(0)} = 0), acting with Cy. (M, ,) on a positive eigenstate of s'(6,,) transforms it to
a negative eigenstate of s'(Cy,0,C.") (s'(Myy0,M; 1)) (SEq. (106)). The set of four states in SEq. (154) is left

invariant under Cy4, and M, ,, and thus the four zero modes as a set respect the symmetries of point group 4mm.
By observing the profile of m3 cos(26) and choosing the convention in which the n = 0 corner mode is positively
charged, we determine that the zero modes in SEq. (154) are (anti-) solitons at 0 = 7 /4,57/4 (3w/4,7mw/4) which
acquire a charge?!22:126:127 1 ¢ /9 (—¢/2) when Cy, is “softly” broken?% to Cy, (SFig. 9(a)). Specifically, in this work,
we use the convention in which valence states, when occupied, carry a charge e, and conduction states, when occupied,
carry a charge —e. The four zero modes in SEq. (154) are formed from a 4mm-symmetry related set of two valence
and two conduction states, each of which is half filled on the average, and can therefore be expressed as fully filled
or empty linear combinations of valence (electron) and conduction (hole) states (i.e., solitons and antisolitons) with
fractional charge?’?2:127. Each 0D bound state then individually carries a charge 4-¢/2, depending on whether its
wavefunction is an even (soliton) or an odd (antisoliton) linear combination of a valence and a conduction state.
However, whereas the energy spectrum of the disc still respects the full point group 4mm, the charge assignment
of the bound states (corner modes) only respects Cy,; like in the SSH chain'?”, we take this symmetry breaking to
be “soft” in the sense that the number of electrons (i.e., the filling of the bound states) does not affect the energy

spectrum itself. This charge distribution can be summarized as:

q(0n) = gn = z(=1)". (155)

The zero modes occupy the 4b Wyckoff positions (£, £x) of point group?® 4mm (SFig. 10). As s!(6,) x s* — (+) s¥
for even (odd) n (SEq. (124)), these four zero modes are eigenstates of the diagonal mirrors M+, (SEq. (140)). In
every direction, this distribution of charge (SEq. (155)) has a zero dipole moment (SEq. (47)). To determine the
zy-quadrupole moment, we reexpress SEq. (52) as the sum of contributions from n charged particles confined to a
ring of radius R:

3 3R? .
Qxy = 5 Z nTnlYn = T Z dn Sln(20n)a (156)

where ¢, is defined in SEq. (155). For the four 0D modes in our calculation, which have fractional charges given by
SEq. (155) and lie at the zeroes of cos(260), SEq. (156) indicates that Q*Y = (3R?)e/2. To compare this with the value
obtained through the Wannier description of the QI in SN 3 of Q®¥ = ¢/2 per square unit cell in the units of 3a2/2,
where a is the lattice spacing, we can imagine that the four 0D states in SFig. 9 occupy the corners of a 2D square
crystal with N unit cells and an overall diagonal length of 2R. For this square, the quadrupole moment of the corner
modes is Q*Y = ¢/2 in the units of 3a®2N/2, or 3a?/2 per unit cell, in agreement with the bulk quadrupole moment
obtained in SN 3.

To see that this ¢/2 quadrupole moment is a general bulk property, and not merely a unique feature of the my
term in SEq. (135), we perform two more analyses: we first consider setting m3 — 0 in SEq. (135) and instead tuning
one of the other mass terms away from zero, and we then demonstrate that the quadrupole moment survives under
the relaxation of particle-hole symmetry via the introduction of multiple nonzero mass terms in SEq. (135).

Before breaking particle-hole symmetry, we first consider how the previous analysis in SEqs. (143) to (156) is
modified by instead taking mg cos(660)s?(6) to be the only nonzero term in SEq. (135). The L, = 6 circular harmonic
cos(60) has 12 zeroes on a circle, which occur at /12 +nn/6 where n is an integer between 0 and 11. More generally,
we can state that for a general circular harmonic cos(L0), it will have 2L, zeroes located at:

0, =7n/(2L,)+nw/L,,ne{0,1,...,20, — 1}. (157)

For the specific case of L, = LYT = 2 + 4a (SEq. (139)) for the mel mass terms in SEq. (135), SEq. (157) implies
that each mass term will individually contribute 2L, = 4 4 8a 0D zero modes. As the first derivative of any circular
harmonic is at an extremum at a zero of that harmonic and alternates in sign at each zero in increasing 6 (SEq. (132)),
then SEgs. (150) and (155) also apply here, without further modification. We can therefore conclude that introducing
m:{ to the p — d-hybridized TT in this section as the only mass term results in a circular boundary with 6 solitons and
6 antisolitions, i.e. 0D modes with alternating charge +e/2 localized at the 6,, in SEq. (157) for L, = 6. This charge
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distribution is still characterized by SEq. (155), with n taken most generally over the range 0 to 2L, — 1, and thus
here specifically from n = 0 to 11. Four of these charges, those with:

Nyp = {03376,9} (158)

lie at the same locations, i.e., the 4b position of 4mm (SFig. 10), as did the four charges with Q®Y = e/2 for the
L, = 2 case in SFig. 9. The remaining 8 charges occupy the general position (8¢) (SFig. 10). We use SEq. (156) to
express the quadrupole moment of these 12 charges (SEq. (155)) as a sum over the contributions from those at 4b
and those at 8c:

oy _ SR? . :
QWY = — Z qn sin(20,,) + Z gn sin(26,,) (159)

4
nen4p né&nap

where by direct computation we confirm that the charges occupying 4b contribute again contribute a @*Y of e/2 in
the units of 3R2, as they did previously for the mJ mass term (see the text following SEq. (156)), and the charges at
8¢ (i.e. those not at 4b) contribute a net-zero Q*Y. This is because, within each quadrant, there are two sites in the 8¢
position with opposite charges te/2 but with the same value for sin(26,,), because the charges are related by My,
which takes § — +m/2 — 6. This implies that any set of 0D modes of alternating charge placed at the 8c position
of 4mm will have a net-zero quadrupole moment. We therefore conclude that the mg term also only provides an
e/2 quadrupole moment if it is the only nonzero term in Uegge(#). Furthermore, as all of the terms proportional to
s%(0) in SEq. (135) are circular harmonics of the form cos(L.6) where L, = L?! (SEq. (139)), then we can conclude
from SEqgs. (157) and (159) that introducing any term proportional to s?(6) in Uegge () results in a collection of 0D
bound states that decomposes into four modes at the 4b position and a remaining multiple of 8 modes at the general
position, for which the overall quadrupole moment Q*¥ = e/2.

We also note the previous analysis of the quadrupole moments of the m;ﬁ mass terms can also, with minor

modifications, be applied to any of the terms in Uegq.(#) proportional to m, q:- Using the transformation s1(0) + s2(0)
in SEgs. (123) to SEq. (150), we can conclude that if the only nonzero mass term in Ueqg.(6) is proportional to s'(6),

it will be proportional to a circular harmonic of the form sin(L.6) where L, = LY (SEq. (139)), and will therefore
exhibit a configuration of 2L, 0D states of alternating charges +e/2 localized on the r = R boundary at:

0; =nn/L,,ne{0,1,...,2L, — 1}. (160)

These states will instead decompose into 4 modes of alternating charges occupying the 4a position (£z,0); (0, +x)
of 4mm*® (SFig. 10) and multiples of 8 states of alternating charge occupying the general position. Plugging the
coordinates and charges (SEq. (155)) of the (anti)solitions at 4a, as well as those at 8¢, into SEq. (156):

3m

Ty _
@ 4

> qusin(20,) + > gusin(26,) | =3R2(040). (161)

NEN4, nényq
However, we can also define an 22 — y? quadrupole moment®® by rotating SEq. (156) by 7/4:

o2 3R?

for which, using the (anti)soliton locations 63 in SEq. (160) and charge assignments in SEq. (155):

Qv = ﬁ Z qn c0s(20,,) + Z ¢n c0s(20,,) | =3R%*(e/2+0). (163)

4
Nn€Engq nénaq

Therefore, as long as there exists a particle-hole symmetry of the form of either s(8) or s2(6), the introduction to a
2D TI of a term in Ueqqe(f) proportional to a circular harmonic with L, = LY! = 2 4 4a will result in a distribution
of boundary zero modes with an e/2 quadrupole moment, be it Q*Y = ¢/2 or Q‘"EQ_yQ =e/2.

Finally, to demonstrate the robustness of this result, we show that the corner-mode quadrupole moment persists
in the presence of multiple nonzero mass terms (both m2i+4a) in Ueqge(6), which generically results in the relaxation
of all particle-hole symmetries. To accomplish this, we begin by keeping mj # 0 and m; 4o = 0 and perturba-
tively introduce one of the other m;+4a terms in Ueqge(€) (SEq. (135)). The added term, which is proportional to
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m3, 4, cos[(2 + 4a)6]s*(0), is equal to zero at the four values of 6,, in SEq. (143) where cos(26) is zero (i.e., the 4b
Wyckoff position in SFig. 10), as well as at 8a additional values of § that correspond to the 8¢ Wyckoff position in
4mm. As shown in SEgs. (159) and (163), respectively, any set of alternating solitons and antisolitons occupying the

8c position of 4mm contribute net-zero Q%Y and le_yz quadrupole moments. Therefore, the additional m§r+4a mass
term does not affect the existing e/2 xy quadrupole moment from the m;' term.

We next, setting all of the m7,,, mass terms in SEq. (135) back to zero except for mj, consider the effect of
adding one of the terms proportional to m3 ,, sin[(2 + 4a)f]s' (). Adding one of these m3, ,, terms explicitly breaks
particle-hole symmetry (SEq. (123)). At each 6,, in SEq. (143), we calculate the first-order energy correction:

Ap(0n) = Mgy e S0[(2 + 4a)00](s" (0) r0,)5" (0n)]s ()2 co.0)
= My 4, M0n) sin[(2 4 4a)6,,]

=My, (=) (=1)"(=1)*
=My 4a(=1)% (164)
where we have exploited that A(6,) = (—1)" (SEq. (153)) and that:
sin[(2 + 4a)0,] = (-1)"(-1)%, (165)

because sin(L210) (SEq. (139)) is always at an extremum at a zero 6,, of cos 26, which are coincident with the zeroes of
cos(L219). SEq. (164) indicates that, beginning with m3 as the only nonzero mass term in SEq. (135), adding any of
the m,, 4, mass terms causes all four (anti)solitons at 6, to shift together in energy in a 4mm-symmetric manner, such
that the spectrum no longer exhibits zero modes (SFig. 9(b)). Nevertheless, if the system is half-filled, then within a
perturbative range in mg 4,, half of the 0D modes will still be occupied under softly broken Cy4, symmetry, resulting in
a charge distribution with an e/2 quadrupole moment (SEq. (156)). We therefore conclude that the 4mm-symmetric
p — d-hybridized TI highlighted in this section can gap into a QI because it admits the presence of a bulk magnetic
term with a nonzero edge projection and which is proportional to a circular harmonic with L, = L%! (SEq. (139)).
The preservation of the quantized quadrupole moment away from the particle-hole-symmetric limit is in agreement
with the conclusions of Wilczek in SRef. 128, in which it is stated that when the masses at Jackiw-Rebbi domain
walls are made complex (i.e. more than one Pauli matrix is present), there will no longer generically be zero-energy
bound states, but the overall distribution of bound charge will remain preserved and reflect the accumulated phase in
the complex mass over the domain wall. This can also be understood from a field-theory perspective by considering
the Goldstone-Wilczek formulation!27:129,

8. Gapping the Edge Modes of a 2D TI into an Magnetic Insulator with Zero Quadrupole Moment

We will now show that a 2D TT in layer group p4/mmml’, formed of s and p, orbitals at the la position (Fig. 2(a)
of the main text), gaps trivially in the presence of magnetism that preserves the symmetries of wallpaper group p4m,
unlike the previous p — d-hybridized TT in SN 7. We will see that this difference arises because, unlike in the previous
p — d-hybridized TI (SEq. (95)), the bulk Cjy, eigenvalues of the occupied bands of an s — p-hybridized TT do not
match those of a QI (SN 3 and 5). The k - p Hamiltonian of a 2D s — p-hybridized TI is:

Hr(k) = m7* + vk, 7%0Y — vk, T 07, (166)

where we have again suppressed factors of the lattice constants a, , = a. We note that SEq. (95) is almost identical
to the previous k - p Hamiltonian of a p — d-hybridized TI (SEq. (95)); the only difference between the two equations
is the minus sign on the k, velocity term. In the notation of SEq. (97), Hr(ks,ky) (SEq. (166)) transforms in the
symmetry representation given by:

T o"Hi(—ks, —ky)o?, M, : 750" Hr(ky, ky)T%0%, My : 0" Hp(—ks, ky)o®,

M, oMy (ke —k,)o, Cy. : (11"\;5”") Hr(ky, —ky) (W) (167)

where 1, is the 2 x 2 identity in ¢ space. SEq. (167) implies an inversion symmetry Z = M, M, M, that transforms
Hr(kg, ky) under the representation:

T: mT°Hr(—ky, —ky)T7. (168)
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The presence of 7% in M, and Z, and the absence of 7% in Cy, in SEgs. (167) and (168) reflect that Hr(k) describes
a 2D TI formed of hybridized s and p, orbitals, as s (p,) orbitals are even (odd) under M, and Z and even under
C}.. Specifically, unlike previously in the symmetry representation of the p — d-hybridized TI in SEq. (98) (and like
in the symmetry representation of the k - p theory of the s — d-hybridized TCI phase of SEq. (1) that will be analyzed
in SN 9), there is no prefactor of 7% in the representation of Cy, in SEq. (167), because the valence and conduction
bands of an s —p,-hybridized TT have the same Cj, eigenvalues (though they have different parity eigenvalues). Hr (k)
also exhibits the same pair of unitary particle-hole symmetries as previously in SEgs. (100) and (101):

{HF(k)’ H} =0, I= Tya (169)
and:
{Hr(k),11} =0, 1T = 7707, (170)

which we will again relax in future steps in this calculation, as we did previously in in SN 7. We note that the choice
of which particle-hole representation to label with a tilde is arbitrary; the choice of II = 7¥ in SEq. (169) is only
distinct from the previous choice in SEq. (100) to simplify notation in expressions that will arise later in this section.

As mentioned previously, SEq. (166), is nearly identical to the k- p Hamiltonian of a p, — d,2_,2-hybridized TI
analyzed in SN 7 (it only differs from SEq. (95) by the minus sign of vk,7%0"). Nevertheless, the two Hamiltonians
cannot be transformed into each other by a unitary transformation that preserves the handedness of the spin and
momentum sectors of rotations about the z axis. Specifically, if we require that Cy, is defined as the transformation:

ke = ky, ky = kg, 0" = 0¥, 0¥ = =07, (171)

then the unitary transformation U = ¢¥ that converts SEq. (166) into SEq. (95) also changes the sign of ¢ in Cy,
in SEq. (167). Under this transformation, Cy, would continue to rotate momentum counterclockwise as specified in
SEq. (171), however it would now rotate the spins clockwise about o%. Therefore we cannot simultaneously transform
SEq. (166) into SEq. (95) while preserving a physical definition of Cy,. This can also be understood by recognizing
that in SEq. (166), unlike in SEq. (95), both the valence and conduction bands have the same complex-conjugate pairs
of Cy. eigenvalues (they can still be inverted because they possess different inversion eigenvalues!'”). We will show
in this section that, unlike previously in SN 7, because the valence and conduction bands of the s — p.-hybridized
TI in SEq. (166) exhibit the same Cy, eigenvalues, then, when SEq. (166) is terminated in a disc geometry and its
edge states are gapped with pdm-symmetric magnetism, the resulting 0D bound states exhibit a topologically trivial
quadrupole moment of Q*Y mod e = sz_yz mod e = 0.

We again Fourier transform k, , — —i0, , and search for Jackiw-Rebbi bound states on the boundary of a circular
region of a large radius R > a for which sgn[m(r)] = sgn(r — R). We note that, because SEgs. (95) and (166) both
describe 2D TIs, then the first (bulk-to-edge) Jackiw-Rebbi calculation performed to obtain the edge zero modes will
be identical in this section to the previous calculation performed SN 7; spectral differences between the two TIs will
only begin to manifest when we gap the edge spectrum with pdm-symmetric magnetism.

The Hamiltonian in SEq. (166), when converted to polar coordinates using SEq. (102), takes the same form as
SEq. (103):

Hr(r,0) = m(r)r? — ivr® {51(9)&0 + :;52(9)89] , (172)

but through a different the canonical transformation than SEq. (104):

- —i0
51(8) = sin(8)0" — cos(6)o" — ( 0 e > ,
—te’ 0
e 0
{51(0),5%(0)} =0, 6*(0)5*(0) = io*. (173)
In the notation of SEq. (106), Hr(r,0) transforms in the symmetry representation given by:
T: oVHp(r,0)0Y, M, : 7°c*Hr(r,0)7°0%, My : c*Hrp(r,m — 0)o”,
My, : o Hr(r,—0)o?, Cu, : (W) Hr(r,0 +7/2) <]IGJ§M) ,
Z: 7°Hr(r,0 + )77, (174)

52(8) = cos(8)o” + sin(f)o? = ( o e ? ) :
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and the particle-hole symmetries remain the same as previously in SEgs. (169) and (170):
{Hr(r,0),11} =0, IT = 7Y. (175)
and:
{Hr(r,0),11} =0, I = 7707 (176)
Once again, we form a Jackiw-Rebbi problem for the bound states of SEq. (172):
Hr(r,0)[¢(r,0)) = 0, (177)
which, following the procedure in SEgs. (110), (111), and (112), we simplify to:
[m(r)T + 05" (0)0,] |¢(r,0)) ~ 0, (178)

by left-multiplying by 7%, canceling a factor of —i, and recognizing that (1/r) ~ (1/R) — 0 for a bound state localized
at the radius R of a large circle with R >> a where a is the lattice spacing. We solve SEq. (178) by left-multiplying
by 7¥ and integrating;:

[1,2(r,6)) = V%e-%~f£m<“>dr’|7m(e>> =R(r)|7LeL(0)), (179)
where:
I7151.(0)) = |%) ® |5L(8)), (180)

where |7, 07, ) are the eigenstates with eigenvalues +1 of the 2 x 2 Pauli matrices 7/ and o7.
As in SN 7, we will find that the symmetries of the edge Hamiltonian appear in a more familiar form in the rotated
basis:

0
- B —ie'? B ~ R(r) et
|$1(r,0)) = 7 ([1(r,0)) — [¥2(r,0))) = 7 )
0
o0
b _ 1 T T _ R() 0
|g2(r,0)) = 7 ([1(r, 0)) + [¢a2(r,0))) = Vo o | (181)
1

where, as previously in SEq. (117), we are free to make this transformation because |¢12(0)) are degenerate (zero
modes) at all values of 8 at this stage of the calculation.

To leading order, SEq. (179) indicates that there are two nondispersing zero modes localized on the boundary of
the circular domain wall with radius R, or close to the region where m(r) = 0. Again, perturbatively restoring the
angular velocity term —i(v/r)7%52(0)0y and projecting into the basis of the edge states |¢; 2(r,6)) using SEq. (118),
we realize the edge Hamiltonian:

1
Hie () = —% (215 + iszag) , (182)

where s* is a Pauli matrix and 1 is the identity matrix in the 2 x 2 basis of |¢1 2(r, 0)), and where, as previously in
SEq. (118), the action of 9y on the edge states |$1 2(r, 0)) results in the presence of a gauge-dependent constant term,
which is —(v/2R)1; for the choice of gauge in SEq. (181). SEq. (182), the edge Hamiltonian of a s — p-hybridized TI,
is identical to SEq. (118), the previous edge Hamiltonian of a p — d-hybridized TI (up to an overall minus sign).

In the basis of |¢1 2(r, 0)), the symmetries from SEq. (174) transform HZ! () under the representation:

edge
T: Sy(HZdIge(a))*sya MZ : SZHZdIge(e)527 Mz : SzHZdIge(’]rie)smv

1g—1is® 1s+41s®
My : syHZdIge(_a)Sy7 C4Z : (\/§> Hgdlge(e +7T/2) (\/Q) )

T: HI] (0+7), (183)

edge
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which is identical to the previous edge symmetry representation in SEq. (122). However, because the bulk repre-
sentations of Cy, are different in SEgs. (107) and (174), we will see that when pdm-symmetric magnetic masses are
added to gap the edge states (SEq. (182)), a different configuration of (quadrupole-trivial) zero modes emerges in the
s — p-hybridized case than previously appeared for the p — d-hybridized 2D TI in SN 7. Specifically, while the bulk
symmetry representations of Cy, are different in the p — d-hybridized 2D TI in SEq. (107) and in the s — p-hybridized
2D TT in SEq. (174), that difference does not carry over into the symmetry representation of the 2 x 2 edge Hamil-
tonians of the two TIs (SEgs. (122) and (183), respectively). This occurs because the edge Hamiltonian of any 2D
TI characterizes a twofold, spin-1/2 fermion in 1D, and because there is, up to unitarily equivalent expressions,
only one way to represent spinful Cy, symmetry in the 2 x 2 basis of spin-1/2 Pauli matrices o (as opposed to in
the 4 x 4 basis of orbital 7¢ and spin ¢! matrices of the bulk Hamiltonians in SEgs. (95) and (166), in which there
are two inequivalent ways to represent Cy.). Nevertheless and crucially, as we will shortly see, the corner spectrum
of a 2D TI gapped with pdm-symmetric magnetism (i.e. the number and quadrupole moment of the 0D modes on its
boundary), depends on the bulk representation of Cy,, and not the edge representation, and thus still distinguishes
between p — d-hybridized TIs and s — p-hybridized TIs.

As previously (SEq. (123)), in the basis of |¢1 2(r, 6)), the particle-hole symmetries from SEqs. (175) and (176) take
f-dependent forms:

11(9) = 5%(9), T1(0) = 5%(0), (184)

where:

—i6
51(0) = cos()s” + sin(f)s¥ = ( ?9 ) ,

. —i0
52(0) = sin(#)s” — cos(f)s¥ = ( Oie v ) ,

(51(0),52(0)} = 0, 5'(0)5%(0) = —is”, (185)

and as previously in SEqs. (125) through (128), the 6 dependence of TI(f) and TI(#) in SEq. (184) maintain both
representations of particle-hole symmetry through the relations:

D95 (0) = —52(0) + 5(0)p, 095%(0) = 5(0) + 52(0)0y. (186)

We now add magnetic terms that preserve the symmetries of pdm. Here, there are manifest differences between
these terms and the corresponding terms in SN 7. We again work in the long-wavelength limit and propose the most
general r-independent bulk mass term U(6) in the form of SEq. (131), whose terms individually anticommute with
the Dirac matrix coefficients of the mass (m(r)7*) and angular velocity (—i(v/r)7%5%(0)dy) terms in SEq. (172) while
respecting the bulk representations of M, , and C4, in SEq. (174). We express U(§) as a sum of terms proportional
to circular harmonics of increasing L, (SEq. (132)):

U(9) = 7%0* [m sin(46) + mg sin(86) + my,sin(126) + ... |
+ 7Y [md +my cos(46) +mg cos(86) + ... ]
+ 7°61(0) [rng + ™y cos(46) + mg cos(86) + ... |
+ 7Y5%(0) [y sin(40) + g sin(86) + i, sin(120) + ... |, (187)

and observe that the terms group into circular harmonics with AL, = 4 multiplied by one of four 4 x 4 matrices. We
then, as was done to generate SEq. (135), project U(6) into the basis of the edge modes |¢1 2(r, 8)):

Uedge,i(0) = (¢ (r, 0)[U(6)|;(r, 0))

= > ml (Gu(r, 0)[TF16,(r,0)) f1(6), (188)
L.,p
Uedge(9) = 51(0) [mz sin(46) + mg sin(86) + mi, sin(126) + . .. ]
+ 5%(0) [md + my cos(46) + mgF cos(80) +... ], (189)

where, in agreement with SEgs. (136), (137), and (138), the terms in U() that commute with 795'(6) (mZ,) have
nonzero edge projections, whereas the terms that anticommute with 7¢5'(8) (mi,) project to zero in Uegge(f). The
nonzero terms in Ugqge(6) break Z, M., and T symmetries, while respecting the combined magnetic symmetries Z x T
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and M, x T (SEq. (183)) (though, as shown in SN 3, the antiunitary magnetic symmetries Z x 7 and M, x T, while
symmetries of the original QI model in SRef. 26, are not necessary to protect the QI phase). As previously in SN. 7,
half of the mass terms in SEq. (189) only respect one of the particle-hole symmetries in SEq. (184) (the m_terms and

I1() = 52(6)) and the other terms only respect the other particle-hole symmetry (the mJer terms and TII(0) = 51(0)).
Therefore, when mass terms from both the mi sets are nonzero, particle-hole symmetry is broken.

Unlike previously in SN 7, SEq. (189) indicates that, for the s —p-hybridized TI in this section, bulk pdm-preserving
magnetism can only open an edge gap with:

LN =44, a € Z, (190)

where the m; and mér terms in SEq. (189), in particular, are proportional to the circular harmonics of g, (2—y2)
and s orbitals, respectively®®:122-124 This result is markedly different than the previous conclusion in SN 7 that, for
a p — d-hybridized TI gapped with pdm-preserving magnetism, L9! = 2 4 4a (SEq. (139)). We label SEq. (190) with
the typical abbreviation for a normal (trivial) insulator (NI) because, as we will shortly demonstrate, it implies that
pdm-preserving magnetism can only gap an s — p,-hybridized TT into a magnetic insulator with a trivial quadrupole
moment.

We define the edge Hamiltonian to be:

Htge (0) = Hedge(0) + Uecage(9)- (191)

If we truncate Ueqge(6) (SEq. (189)) to its leading m; and mg terms, Hgfge(ﬁ) exhibits a gap in the long-wavelength
limit of:

AB) = 2/ (m7)? sin(46) + (i} )2. (192)

We can understand why Hegge(6) does not exhibit a topological quadrupole moment from several perspectives.
First, we can begin in the limit where mg is the only nonzero mass term in SEq. (189). In this limit, Heage(0)
is simply gapped at all values of 0, as opposed to SEq. (142), which binds 0D modes when either mi is nonzero.
As shown previously in SN 7, an edge (and bulk) quadrupole moment is only topological if its value remains fixed
(modulo e and up to a choice of orientation, as shown in the text surrounding SEq. (162)) in the presence of any linear
combination of symmetry-allowed mass terms. If there are no edge solitons at all, then Q%Y = sz_yz = 0 trivially.

We can further understand the absence of a topological quadrupole moment by next beginning in the limit that
my is the only nonzero mass in SEq. (189), and then perturbatively reintroducing other mass terms. When m; is

the only nonzero mass, the system is particle-hole symmetric (SEq. (184)) and the spectrum is gapless at eight values
of 0:

0, = nw/4, for n € {0,2,...,7}. (193)

We search for zero-energy bound states at each of the 6,, by forming the Jackiw-Rebbi problem:

5 (o) mpsnn)s0)] 1) =0, (194)

which we simplify by using the identical procedure in SEgs. (144) to (150) to remove the constant curvature term
—(v/2R)1, and then expanding 6 in a small range € around each angle 6,, in SEq. (193):

im0+ (~1)"moes’ (6,)] (000, ) = 0, (195)

where mg = 4m; . We solve SEq. (195) by left-multiplying by 5'(#) and integrating:

1 _meR 2 _
[O(Bn, €)) = e 152(0n)) 20, (196)

where we have simplified by exploiting that |5%(6,,)) s, is the eigenstate of 52(6,,) with eigenvalue:

AOn) = (—1)". (197)

We therefore find that when mj is the only nonzero mass, there are eight Jackiw-Rebbi zero modes!!® bound to zeroes
of sin(460), in agreement with the result obtained in SEq. (160) for a general edge mass term proportional to a circular
harmonic sin(L,6). These eight modes are alternately, in increasing 6, solitions with charge e/2 and antisolitions with
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charge?!22126.127 _¢ /9 a charge distribution that can still be summarized using SEq. (155) (up to an overall sign

reflecting an offset in indexing between the (anti)solitons in this and the previous problem (SN 7)). The four solitons
(antisolitons) therefore occupy the 4a (4b) Wyckoff position of point group?® 4mm (SFig. 10). For this arrangement
of charges,

n4q = {0,2,4,6}, ngy = {1,3,5,7}, (198)
in SEq. (193). Using SEgs. (155), (156), (162) to calculate the quadrupole moments of these (anti)solitions, both:

Quv = e 3 sin(26,) — Y sin(26,) | =0 (199)
=3 sin(26,, sin(26,,) | =0,

nEnygq nEnap

and:

Qv = 3}2 ¢ ( Z cos(20,,) — Z cos(29n)> =0. (200)

n€nga nengp

The overall quadrupole moment is therefore topologically trivial.

Furthermore, and crucially, we can also show that any linear combination of nonzero mass terms in SEq. (189)
contributes a trivial quadrupole moment (modulo e). First, using the results of SEqs. (160) through (163), we deduce
that if any single term in Ueqge(6) is nonzero while the other terms are zero, the resulting configuration of zero modes
will consist of (up to the overall sign of the charge) four solitions at 4a, four antisolitons at 4b, and multiples of eight
charges at the general position 8¢ (SFig. 10). As SEgs. (159) and (163) show that any set of charges of alternating
sign occupying the general position has Q*Y = QIQ*?”2 = 0, then this, along with SEgs. (199) and (200) implies, that
all of the terms in Uegqqe(0) (SEq. (189)) individually lead to a configuration of zero modes with trivial quadrupole
moments.

We can now explore the effects of adding other mass terms in Ueqge(8) (SEq. (189)) while keeping m; # 0. First,
we consider turning on one of the other mass terms proportional to mj, sin[(4a)6]5'(#). This term will be zero at all
of the 6,, in SEq. (193) where sin(46) is zero, as well as at 8(a — 1) additional values of 6 that correspond to the 8¢
Wyckoff position in 4mm (SFig. 10). Unlike in the previous discussion in the text following SEq. (159), in which the
0D modes at 8¢ had alternating charges, in this case, the 8(a — 1) modes at 8¢ will either all be solitons with charge

e/2 or antisolitons with charge —e/2. However, by direct computation using SEqs. (159) and (163), we confirm that
any set of solitons or antisolitons occupying the 8c position of 4mm contributes net-zero @*Y and sz_yz quadrupole
moments, and therefore the overall quadrupole moment remains trivial.

We next consider, beginning in the limit that m, is the only nonzero mass term in SEq. (189), the effect of
perturbatively introducing a term proportional to mj, cos[(4a)f]5%(f). Adding one of these mj, terms explicitly

breaks particle-hole symmetry (SEq. (184)). At each 6, in SEq. (193), we calculate the first-order energy correction:

Ap(0n) = m, cos[(4a)0,](5%(0n)x(0,)5* (0n)|5° () ac6..)
=mj \(0,,) cos[(4a)6,,]
= mj,(=1)"(=1)"
— it [(—1)r]e, (201)
where we have exploited that A(6,) = (—1)" (SEq. (197)) and that:
cos[(4a)0,] = (—1)", (202)

because cos[(4a)f] is always at an extremum at a zero 6, of sin(46), which are coincident with the zeroes of sin(L.0)
for L, = LY (SEq. (190)). SEq. (201) implies that if @ is even, then the eight 0D states in SFig. 11(a) will split
into two sets of four states in a 4mm-symmetric manner, and that if a is odd, then all eight states will shift together
in energy by the same amount. For example, if a = 0 in SEq. (201), then the sign of Ag(6,) will alternate with
increasing 6, such that four of the modes move down in energy and four of the modes move up in energy while the
Fermi level stays in the center (SFig. 11). As this leads to all four of the lower (upper) 0D modes at either the 4a or
4b (4b or 4a) position being occupied (unoccupied) (SFig. 10), the particle-hole-broken system continues to exhibit
a trivial quadrupole moment at half filling (SEgs. (199) and (200)). Because mass terms proportional to mj, in
SEq. (189) with both odd and even values of a are allowed by symmetry, then generically, the eight corner states in
SFig. 11(a) will always appear split into groups of four states with trivial quadrupole moments.

We therefore conclude that the pdm-symmetric s — p,-hybridized TI highlighted in this section cannot gap into
a QI because it does not admit a bulk magnetic mass term that has a nonzero edge projection and is proportional
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to a circular harmonic with L, = LY! = 2 + 4a (SEq. (139)). This occurs precisely because the valence and
conduction bands of the k-p Hamiltonian (SEq. (166)) have the same complex-conjugate pairs of Cy, eigenvalues, which
forces all possible 4mm-symmetric magnetic mass terms (SEq. (187)) to be proportional to circular harmonics with
L, = LY = 4a (SEq. (190)), which we have shown to generate (anti)solition configurations with trivial quadrupole
moments (SEgs. (199) and (200)).

9. Gapping the Edge Modes of a 2D TCI with Cj;, = 2 with Quadrupolar Magnetism

In this section, we show that the specific 2D TCI*?4* with mirror Chern number Cy;. = 2 in layer group p4/mmm1’
highlighted in this work (SEq. (1)), equivalent to the Hamiltonian of the k, = 0 plane of Hy2(k) in SEq. (6), gaps
into a QI in the presence of magnetism that preserves wallpaper group pdm while breaking M, and 7. We further
schematically and numerically show that this TCI gaps into a fragile phase with fractionally charged, quarter-filled
(or quarter-empty) Kramers pairs of corner modes under a pdm-preserving potential that breaks M, while preserving
T. It is important to note that not every 2D TCI can gap to realize fractionally charged 0D states; only TCIs with
occupied bands with the same bulk Cy, eigenvalues as those of a QI-nontrivial obstructed atomic limit (SN 3 and 5)
can gap into a QI or fragile TI that exhibits the same corner charges (modulo e) as the QI model introduced in
SRef. 26. We also again emphasize that, as stated in the text before SEq. (172), @*Y and QIQ*y2 are only strictly
calculable through SEqs. (156) and (162) for a Cps, = 2 TCI when M, symmetry is relaxed. Therefore, as was done
previously for the TIs in SN 7 and 8, we will show in this section that by counting the Cy, eigenvalues of the occupied
bands of a 2D TCI, we can still determine the quadrupole moment that it will exhibit (modulo e) when M, is relaxed.

First, we note that the 2D TCI phase highlighted in this work is in this sense distinct from other previous examples
of spinful TCIs*?**. Whereas the mirror Chern number Cp;, = 2 in many previously highlighted TCI phases, such
as those in (monolayers?? and mirror-symmetric planes in 3D crystals??44 of) SnTe??, originated from band-inversion
between states with opposite parity eigenvalues at two Cy.-related TRIM points (e.g. (ks,k,) = (7,0) and (0, 7)), in
the T'CI phase of SEq. (1), the bulk topology instead originates from band inversion at a single, Cy,-invariant TRIM
point between states with the same parity eigenvalues and different Cy, eigenvalues (SEq. (94)). In both TCIs, the
band within each M, sector undergoes a direct transition from exhibiting Chern number C' = 0 to C = 4+2. However,
in our model (SEq. (1)), this change in Chern number AC = +2 is driven by a change in the occupied Cy, eigenvalues
at I' ((kz, ky) = (0,0)), without a corresponding change in the occupied parity eigenvalues at I', or at any other TRIM
point. This allows our model to realize a transition from a trivial insulator to a Cps, = 2 TCI while still exhibing
the same Cy, eigenvalues as a QI (as well as the same Cy, eigenvalues as the 2D p — d-hybridized TT highlighted in
SN 7). Therefore, like the previous p — d-hybridized TI, when we break M, and 7 symmetries while keeping pdm,
we will see that the 2D TCI phase of SEq. (1) gaps into a QI. However, as we will also see in this section, unlike
for the previous p — d-hybridized TT in SN 7, we can also realize a corner-mode phase with a nontrivial quadrupole
moment without breaking 7. Specifically, we can gap the edge states of the TCI phase of SEq. (1) by breaking M,
while keeping 7 symmetry, which we will see results in an insulator (which is fragile, and not Wannierizable like the
QI (SN 3 and 4)) that also exhibits corner modes for which Q¥ mod e = ¢/2 or Q* =¥ mod e = ¢/2.

We begin by expanding SEq. (1) about the T' point to quadratic order in k:

Hr (ks ky) = [Um + (2 — %(ki + )T+ Cr(kE — k)T + 203k, ky V07, (203)
where we have set tpy = 0 and:
t=t1, C1 = —ty/2, Cy = v,/2. (204)
In the notation of SEq. (97), Hr(ks, ky) (SEq. (203)) transforms in the symmetry representation given by:
T oYHi(—kg, —ky)o?, M, : 0*Hr(ky, ky)o®, My : o*Hr(—ky, ky)o®,

i0* 1, + iaz)
- = )

z 1, - z
My . O'yHF(k'I, *]{}y)o'y7 C4z LT <\/§> HF(k’y, ka)T ( \/i (205)

where 1, is the 2 x 2 identity in ¢ space. SEq. (205) implies an inversion symmetry Z = M, M, M, that transforms
Hr(kz, ky) under the representation:

T: Hp(—ky, —ky). (206)

The 7% contribution to only Cy, in SEgs. (205) and (206) reflects that SEq. (203) describes a 2D TCI formed of
hybridized s and d,2_,2 orbitals, as s (d,2_,2) orbitals are even under M, , . and 7 and even (odd) under Cl;.
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Unlike in SN 7 and 8, SEq. (203) is quadratic, and thus eludes the (relatively) straightforward Jackiw-Rebbi analysis
performed in those sections. Therefore, to determine the corner modes that result from gapping the TCI edge states,
we will employ two distinct approaches. First, we will use EBRs to show that the particular s — d-hybridized TCI
described by SEq. (1) exhibits the combined quadrupole moments (modulo e) of the p — d- and s — p-hybridized 2D
TIs analytically examined in SN 7 and 8, respectively. Next, to further draw connection between the fragile phase
in p4m1’ examined in SN 4 and the QI, we will use symmetry arguments and the results of numerical calculations,
in conjunction with the analytic results derived in SN 7 and 8, to determine the corner spectrum and charges of the
particle-hole-asymmetric fragile phase from SN 4 by smoothly deforming the corner spectrum of the IT-symmetric
QI phase of SEqs. (1) and (4). We will find in particular that even though this fragile phase is T-symmetric, it
still displays Kramers pairs of corner modes, that, because they originate from an imbalanced number of valence and
conduction states (6 and 2), which is allowed because II symmetry is absent, still exhibit the same quadrupole moment
Q®Y mod e = ¢/2 or Q‘Ez_y2 mod e = e/2 as the corner modes of a magnetic QI in pdm when the overall system is
half filled.

The Quadrupole Moment of an s — d-Hybridized TCI from EBRs — We begin by introducing the EBRs of layer
group20:23:27,56,64,

G = p4/mmm1’, (207)

which we will use to determine the quadrupole moment of the s — d-hybridized TCI highlighted in this work (SEq. (1))
when its edge states are gapped with M,-breaking, p4dm-symmetric magnetism. Using the BANDREP tool on the
BCS?457%9 " we induce the following EBRs from the 1a Wyckoff position of G (Fig. 2(a) of the main text):

(8)1, TG = (ﬁ7+)1“ ® (@;)X S (ﬁ;r)M
(p2)1, TG = (ﬁ;)r ® (@g)x b (ﬁ;)M
(dz"‘fy"‘)m TG= (ﬁg)r ® (@;)X b (ﬁér)M J (208)

where we have employed the shorthand of SRef. 17 in which, in the left-hand side of SEq. (208), (7)q is the EBR
induced from the corepresentation of the site-symmetry group of the Wyckoff position at q that transforms as the
(Kramers pair of) atomic orbitals &, and where, in the right-hand side of SEq. (208), (p)k is the corepresentation
subduced at the TRIM point k. In SEq. (209), all of the position- and momentum-space corepresentations are two-
dimensional, and we do not show corepresentations at the X’ point ((ks,k,) = (0,7)), because they are fixed to be
the same as the corepresentations at the X point ((ks,ky) = (7,0)) by Cs. symmetry. In terms of their Cy, and
parity (Z) eigenvalues, as discussed in SN 5:

Xﬁgj(z) = in Xﬁg: (C4z) = _\@a X,—,;t (C4z) = \/ia X@? (I) = i27 (209)

where x;(h) is the character of the unitary symmetry % in the corepresentation p, and is equal to the sum of the
eigenvalues of & in p, and where X ;= (Cy) does not appear because the X point in p4/mmm1’ is not invariant under
Cus. ’
Next, to form the topological valence bands of the 2D phases analyzed in this section and in SN 7 and 8, we invert
bands at the I" point between pairs of EBRs from SEq. (208):
2D T, _,, ,=(07)r @ (25)x @ (5d)

[2D TI]s—pz = (ﬁ;)r o (55_))( & (157_)]\/[
2D TCH, 4, . = (P7)r©(25)x © (P6) (210)

for which, in the convention of SEq. (94), we calculate the mirror Chern numbers Cjs, and Zy TI indices z5 to be:

Car. ([2D 1] ) mod 4= —1, Cyy. ([ZD I, , ) mod 4= —1, Cy. ([2D TCI], y2> mod 4 = 2,

pz—d,2_ 2 —p= s—d_2_
2 ([2D TI]pzfdxz_lﬂ) ~1, 2 ([2D TI]HZ) —1, 2 ([2D TCI}Sfdﬁ_yg) = 0. (211)
Crucially, SEgs. (208) and (210) imply the equivalence:

2D TI] _ @ [2D T

S—P=z

=D TCY, ,, ,® ()i TG (212)

pz—d,2_,

In SN 7 (8) we showed that 2D T1Is formed from p — d-hybridization (s — p,-hybridization) transition into QIs (trivial
insulators) upon gapping their edge states with p4dm-symmetric magnetism. This implies that when pdm-symmetric
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magnetism is applied to an insulator whose occupied bands are given by the left-hand side of SEq. (212), then this
insulator will transition into a QI (i.e. an insulator whose bulk bands and corner modes exhibit @*Y mod e = e/2 or
Q” =¥ mod e = e/2). Furthermore, because (p.);, T G is an unobstructed (trivial) atomic limit at the la position,
then it will not exhibit a quadrupole moment under the application of p4dm-symmetric magnetism (SN 3). Therefore,
because the left- and right-hand sides of SEq. (212) must characterize equivalent, QI-nontrivial insulators in the
presence of pdm-symmetric magnetism, we conclude that the s — d-hybridized TCI phase of SEq. (1) will transition
into a QI under M, -breaking, pdm-symmetric magnetism.

Fractionally Charged Corner Modes in a Fragile Phase in p4m1’ — In this section, we will use symmetry arguments
bolstered by numerical observations to show that the QI phase of SEgs. (1) and (4) can transition into a fragile T in
pdml’ (SN 4) that exhibits the same corner charges as a QI (taken modulo e). Because we previously showed that
the specific s — d-hybridized TCI in SEq. (203) can transition into a QI under breaking M, and 7T, then this will allow
us to conclude that the same TCI can transition into a fragile phase with corner charges when M, is broken while
preserving T (SFig. 13). We begin by expanding SEgs. (1) and (4) to linear order about the T point:

Hok) = mr* +ur¥(0%k, + 0%ky), (213)

in the limit that tpy = 0 and where m = 2t; + v,,,. SEq. (213) is the bulk k& - p theory of a QI with M, x T and II
symmetries (SN 1); it is specifically invariant under Cy,, M, ,, M, x T, and Z x T in the symmetry representation
in SEgs. (205) and (206). We note that, because SEq. (213) originates from SEgs. (1) and (4), then, in the limit that
u — 0, SEq. (213) reduces to the linear k- p Hamiltonian of the 2D TCI phase of SEq. (1), which is just given by
the m7* terms in SEgs. (203) and (213). As Hg(k) does not contain terms proportional to 7% or 7¥¢*, which only
arise in a quadratic-order expansion of SEq. (1), then it is slightly underconstrained, and exhibits additional, artificial
symmetries:

T - Tzay}[zg(—k)rzay, 7: T*Ho(—k)T7, (214)
in the notation of SEq. (97). Notably, under a unitary transformation:

1 .z
U= 7 (1,5 +i77), (215)

which rotates 7% while preserving 7% and all of the spin matrices o’
S e e T (216)
SEq. (213) transforms into:
Ho(k) = UHQ(K)UT = m7* + ur®(0¥k, + 0%k,), (217)
and the symmetries as represented in SEgs. (205) and (214) transform into:

T+ oVHy(—ka, —ky)o¥, T: T°H(~ke, —ky) 7%, My : 0" Ho(—ka, ky)o®,
~ L (1, —io?\ - L (1, +io?
My : O"UHQ(km, —ky)o'y, C4z T <\/§) HQ(ky,—km)T <\/§> 5
M, : 70" Hg (ks ky)T707, (218)

where M, = TM;'M,'. SEqs. (217) and (218) are exactly equal to, respectively, the k-p Hamiltonian (SEq. (95)) and
the symmetry representation (SEq. (98)) of the 2D p, —d,2_,2-hybridized TI previously analyzed in SN 7. Therefore,
we conclude that when Fourier transformed and placed on a disc geometry, SEq. (217) will only admit bulk, edge-
projecting mass terms with LYY = 2+ 4a (SEq. (139)), and will therefore, exhibit a configuration of 0D (anti)solitons
on its boundary with a nontrivial quadrupole moment Q¥ mod e = €¢/2 (SEq. (156)) or Q" mod e = e/2
(SEq. (163)), as depicted in SFig. 14(a). Because SEq. (213) (and hence SEq. (217)) originated from adding SEq. (4)
to SEq. (1) to gap its TCI edge states without closing a bulk gap, then this implies that the 2D s — d-hybridized
TCI phase of SEq. (1) gaps into the same II-symmetric QI as does a p — d-hybridized 2D TI (SN 7) when their edge
states are gapped by breaking M, and T while preserving pdm, in agreement with the result obtained from EBRs
(SEq. (208)).

Next, we will exploit this result to demonstrate that a 7-symmetric fragile phase in p4m1’ that is connected to a
(T-broken) pdm-symmetric QI without closing a bulk or edge gap also exhibits fractionally charged corner modes.
We will first use symmetry arguments (bolstered by explicit numerical calculations) to track the effects of introducing
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SEq. (3) and tuning vps, to be nonzero. The QI phase of SEq. (1) and (4) is invariant under pdm and M, x T
symmetries (magnetic layer group?:23 p4/m’mm), as well as II symmetry, where specifically the terms proportional
to u in SEq. (4) break 7 and M, symmetries while preserving their product M, x 7. We begin by assuming that
u is large, and that this corresponds to the dominant mass term in SEq. (133) being mg cos(26), giving the L, = 2
distribution of corner charges in SFig. 14(a), which we observe in our numerical calculations (e.g., the hinge states
in Fig. 3(f-h) of the main text). We next break M, x T and particle-hole symmetries by introducing nonzero vy, in
SEq. (3); particle-hole symmetry is specifically broken because, when vy, is nonzero, there are no 4 x 4 matrices that
anticommute with the combination of SEgs. (1), (4), and (3). In the bulk spectrum, because M, , are still enforced,
and Z = MyMyM., vy, also breaks Z x T in the bulk, causing bands to become singly degenerate (observable at
k. # 0,7 in the bulk band structure of the fragile topological Dirac semimetal in Fig. 3(e) of the main text). Tuning
vy, away from zero does not change the filling of the four corner modes, but does allow additional, QI-trivial corner
modes to float into the gap (SFig. 14(b)). We depict this process in SFig. 14(b) as the donation from the valence and
conduction manifolds of eight additional corner charges (four from each manifold), representative of the zero modes
of a QI-trivial L, = 4 mass term (SEq. (190)) split with a p4m-symmetric, II-breaking potential (SFig. 11(b)). More
generally, as shown in SEq. (189), QI-trivial 0D states (i.e. those that do not carry a Q*Y or sz_?f modulo e of
e/2 (SEgs. (159) and (163), respectively)) can appear in any arrangement consistent with a linear combination of
circular harmonics with L, = LY! = 4a (SEq. (190)) (energetically split in a manner respecting the symmetries of
pdm (SFig. 11)); we are in this section only choosing the L, = 4 harmonic to be associated with nonzero vy, because
it is the harmonic with the smallest L, that is consistent with the trivial corner (hinge) states that we observe in our
numerics (Fig. 3(h) of the main text). As with all of the L, # 0 mass terms in SEq. (189), the L, = 4 mass term
creates four (occupied) modes of the same charge (which we here take to be e) at the same angles as the (QI-nontrivial)
my cos(20) term in SEq. (135), as well as four (unoccupied) modes with a different charge (here 0) at four angles that
are offset from the first four angles by 7/4; the eight total 0D boundary modes originating from the L, = 4 mass term
are equivalent to the QI-trivial bound states of an s — p,-hybridized 2D TI gapped with pdm-symmetric magnetism
(SFig. 11(b) and SEq. (208)). We depict this II-breaking arrangement of QI-trivial and non-trivial corner modes in
SFig. 14(b).

Next, we begin to restore 7 symmetry by tuning u towards zero in SEq. (4), while keeping vps, # 0 in SEq. (3);
in our numerical calculations using the parameters in Supplementary Table 1, this causes the four unoccupied QI-
trivial corner modes to return to the conduction manifold and the fully occupied trivial corner modes to approach
the nontrivial 0D states in energy (SFig. 14(c)). This process can specifically be observed in the rod bands near
k. = 0 of the noncentrosymmetric fragile topological Dirac semimetal shown in Fig. 3(h) of the main text, in which
a Ql-trivial set of HOFAs from the valence manifold begins to approach the QI-nontrivial HOFAs at the spectral
center. Specifically, in Fig. 3(h) of the main text, near k, = 0, k, acts exactly like u to break M, and T, because
the SOC term in SEq. (6) is proportional to usin(k,). Next, we set v = 0 while keeping vys, # 0, resulting in the
preservation of the bulk and edge gaps and the restoration of 7 symmetry (SFig. 13). As shown in SN 4, the resulting
insulator has the bulk symmetries of T-symmetric wallpaper group p4m1’, and exhibits fragile topology. To satisfy
Kramers’ theorem in the fragile phase, the trivial corner modes join with the half-filled, nontrivial corner modes to
form 3/4-filled Kramers pairs of corner states, which carry alternating charges 3e/2 and e/2 (SFig. 14(d) and k, =0
in Fig. 3(h) of the main text). Taken modulo e, this is the same charge per corner as the original II-symmetric QI in
SFig. 14(a), indicating that this fragile phase represents a previously unrecognized example of an insulator without
maximally localized symmetric Wannier functions! 6:10-13:17.24.74,75.83 "t with a nontrivial multipole moment25:28,
This is consistent with our determination in SEq. (208) that the specific s—d-hybridized TCI phase of SEq. (1) exhibits
the same nontrivial (e/2) quadrupole moment as a p — d-hybridized 2D TI when their edge states are respectively
gapped. Because II-symmetry can be strongly broken in this fragile phase, then these Kramers pairs of corner states
may not necessarily appear as midgap modes. Nevertheless, because they are accompanied by an anomalous mismatch
in the number of states in the valence and conduction manifolds, their presence in the spectrum can still be detected
by counting the number of states above and below the gap in the energy spectrum of a 2D, p4m1’-symmetric insulator.
Specifically, the corner modes of this fragile phase (or of the obstructed atomic limit that results from adding trivial
bands (SN 4)) can be diagnosed by calculating the energy spectrum with open boundary conditions (OBC) and
periodic boundary conditions (PBC) and comparing the number of states below an energy gap; if the number of
states below the gap in the OBC and PBC spectra differs by 6 + 8Z (or 2 + 8Z) then an anomalous number of
fragile-phase corner modes are present in the spectrum!”4® (though, depending on energetics, the states themselves
may lie within the bulk manifolds) (SFig. 14(d)). Finally, we tune vy;, — 0, which closes the edge gap, restores T,
II, and M, symmetries, and induces a Cjp;, = 2 TCI phase (Fig. 2(f-h) of the main text). Because the topology of
our model is indifferent to the order in which parameters are tuned as long as the bulk gap is not closed and the
symmetries of pdm are not broken, then this process must be equivalent to the reverse of the direct transition from
the TI-symmetric TCI to the IT-symmetric QI with four 0D corner states (SFig. 13, white arrow).

The 3/4-filled corner modes that appear in the p4m1’-symmetric fragile phase (SFig. 14(d)) can also be understood
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from the perspective of the two pairs of helical edge states of the parent mirror TCI phase (SFig. 13). Naively, one
might expect that for all Cys, = 2 TCIs with p4dm symmetry, each pair of edge states gaps under a pdm-symmetric,
M -breaking potential to give four +e/2-charged corner modes, resulting in an overall trivial quadrupole moment
(taken modulo e). However, because the Cy, eigenvalues of the specific 2D TCI in SEq. (1) match those of a QI (as
well as those of a p — d-hybridized 2D TI), as shown in SEq. (212), then the we instead observe that the two pairs
of helical modes gap differently when M, is broken. Specifically, one pair of helical modes gaps to give an anomalous
configuration of corner charges with:

L.y =L% =2+4q, ac, (219)

where L%! is derived in the text surrounding SEq. (139), and the other pair gaps to give a non-anomalous configuration
of corner charges with:

L.o=LY" =4a, a € Z, (220)

where LYT is derived in the text surrounding SEq. (190). When the TCI gaps directly into the QI through the
introduction of u, which breaks M, and 7 while preserving p4m, then L, ; and L, o are free to take their minimum
values of 2 and 0, respectively. However, when the T'CI gaps into a p4ml’-symmetric fragile phase, then 7 symmetry
requires L, to be a nonzero multiple of 4 (SEq. (190)), so that there are fully-filled (or empty) modes at the 4b
position of 4mm (SFig. 10) to pair with the existing QI corner states. These quarter-filled (or quarter-empty) Kramers
pairs of fragile-phase corner modes are depicted in SFig. 14(d) and appear in our numerical calculations (k. = 0 in
Fig. 3(h) of the main text). Our discovery that 2D TCIs with the same number of edge states, depending on their
bulk symmetry eigenvalues, can gap to give different corner-mode phases is reminiscent of a similar phenomenon
that occurs in 3D TCIs and higher-order topological insulators (HOTIs)*%6%:62 Specifically, in a 3D TCI, each 2D
surface is characterized by pairs of twofold Dirac cones from bulk double band inversion, which can be deformed into
unstable fourfold Dirac cones'!:27130 and can therefore be gapped by breaking crystal symmetries while preserving
T11,46,49,60.62  Depending on the bulk symmetry eigenvalues, the pairs of twofold Dirac cones gap to provide either
an integer (non-anomalous) or a half-integer (anomalous) contribution to the surface quantum spin Hall effect®27,
which taken over all Dirac cones and surfaces, determines the presence or absence of intrinsic helical hinge modes,
and thus whether the 3D TCI has transitioned into a HOTI or a trivial insulator. Because HOTIs can be expressed
as pumping cycles of QIs and other 2D corner-mode phases! 7283946 there is likely a more explicit link between the
2D and 3D cases.

Finally, we note that the observation that six (or two) of the eight fragile-phase corner modes (four Kramers pairs)
are filled is subtly in agreement with the results of SN 3 and 4. To see this, we first briefly summarize the details
of the Wannier center homotopy for a half-filled QI, which we will then adapt to analyze the analogous homotopy
of the three-quarters-filled trivialized fragile phase in p4ml’ examined in SN 4. In SN 3, we developed a Wannier
center homotopy of the QI obstructed atomic limit (SFig. 2(c,d)). In this homotopy, four Wannier centers “slide”
from the la to the 1b Wyckoff position of pdm (Fig. 2(a) of the main text), representing the transition between a
trivial insulator with two valence and two conduction bands both originating from orbitals at the la position, and
an obstructed atomic limit with two valence and two conduction bands, which can each be formed into maximally
localized, symmetric Wannier orbitals at the 1b position (SFig. 2(c,d)). When this pattern of Wannier center “sliding”
is terminated on the boundary of a finite-sized QI, four of the bulk Wannier orbitals (one per corner) become the 0D
corner states of the QI. As there are four Wannier orbitals in the Wannier center homotopy, and two orbitals originate
from valence bands if the system remains half-filled, then we conclude that each of the four corner states is half-filled,
in agreement with the results of SN 7.

A similar analysis reveals that the 3/4-filled corner modes of the fragile phase analyzed in this section can also
originate from a Wannier center homotopy, even though they can appear on the corners of an insulator that is
not Wannierizable. When our four-band fragile model in p4m1’ (SEgs. (1) and (3)) is half-filled, the two valence
and two conduction bands each exhibit fragile topology. In SN 4, we proposed through an irreducible-representation
equivalence (SEq. (67)) and demonstrated numerically (SFig. 3) that this obstruction to forming a Wannier description
can be lifted by introducing four (trivial) valence bands. Taken over the now six total valence bands (two fragile and
four trivial) and two fragile conduction bands, a homotopic description of sliding eight Wannier centers from the la
to the 1b position of p4dml’ can be formed (SEq. (58)). When this eight-band pattern of sliding Wannier orbitals is
terminated on the boundary of a finite-sized system, it results in eight corner states (one Kramers pair per corner).
Counting the occupancy of the eight sliding Wannier centers, as stated previously, six originate from valence bands and
two originate from conduction bands, yielding an overall 3/4-filled, eight-band obstructed atomic limit that carries the
same corner degeneracy and charges as the original four-band fragile insulator at half filling (SFig. 14(d)). Specifically,
because unobstructed (trivial) atomic limits do not exhibit corner charges along a boundary with a trivial insulator
with atoms at the same Wyckoff positions (SN 3), then we conclude that the 3/4-filled Kramers pairs of corner modes
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must be a consequence of the (fragile) topology of the two valence bands (and the two conduction bands) of our
original four-band model (SEgs. (1) and (3)). This equivalence between the corner charges of a fragile phase (the
four-band fragile TT in p4m1’ characterized by SEgs. (1) and (3)) at one filling (here 1/2) and those of an obstructed
atomic limit at a (sometimes) different filling (here 3/4) is also explored in SRef. 17, and can be inferred from the
results of SRef. 69.

10. Relaxation of M, , Symmetry in QIs and Related Fragile Phases

In this section, we discuss the consequences of relaxing M, , symmetry while preserving C4, symmetry on the
corner spectra of the previous QI and fragile phases (SN 7 and 9, respectively). First, we begin with the 7-broken
QI phase in p4m, and then later, we subsequently reintroduce 7 symmetry to analyze the fragile phase in p4ml1’
discussed in SN 4 and 9.

In SN 7, we showed that the QI with M, , and C4. symmetries can be diagnosed by observing that LY =2+ 4n,
n € Z (SEq. (139)) states are missing from the valence (and conduction) manifolds of the spectrum of a pdm-symmetric
insulator calculated with 4mm-symmetric open boundary conditions (OBC), relative to the spectrum calculated with
periodic boundary conditions (PBC) (SFig. 9). When the L¢! missing states from the valence manifold appear in the
bulk gap, they, along with L?' states from the conduction manifold, represent four corner modes localized to either
the 4a or the 4b Wyckoff position of point group 4mm (as well as 8n trivial states localized at the general position 8¢
(SFig. 10)). Specifically, because of the in-plane mirrors M, ,, if only four states are present at the same energy in
the OBC spectrum, then they must appear in a finite-sized QI with 4mm at the fixed angles of either M, , (4a):

04 =n7/2, n € Z, (221)
or at the fixed angles of My, (4b):
O =nm/2+7/4, n € Z. (222)

Next, we consider introducing a perturbation that breaks M, , symmetries while preserving C4. and does not
close a bulk gap. Using the point group tables on the BCS°, we determine that this perturbation transforms as the
irreducible representation?”131-133 A, of 4mm, because:

XAz (042) = XA, (CQZ) = ]-a XA, (Mry) = _13 (223)

where x,(h) is the character of the symmetry h in the irreducible representation?®!. Applying an A, perturbation

reduces the point group of the finite-sized QI from 4mm to 4. As shown in SFig. 15(a), point group 4 does not
distinguish between any points on a circle; instead it only hosts a 4a position that labels four Cy,-related angles:

040 = O + 0, (224)

where 0y, refers to the coordinates of the 4b sites of 4mm (SEq. (222)) and 9 is a free angle. Here, we have chosen
¥ with respect to the 4b position of 4mm, rather than the 4a position, because the corner modes of previous QI
models?628 with 4mm appeared at 4b. In terms of the circular harmonics fLiz (0) whose zeroes determine the locations
of the QI corner modes (SEqs. (131) through (154)), the reduction from 4mm to 4 removes the distinction between
fz'z (0) and f; (0), resulting in a new set of circular harmonics given by:

£1.(6) = cos[L.(6— ). (225)

SEq. (225) implies that perturbatively relaxing M, , unpins the four corner modes from the fixed angles of 4mm
(SFig. 15(b)), permitting them to be rotated by a symmetry-allowed boundary term that does not change the bulk
topology. This allows the quadrupole moment of the corner modes (SEgs. (156) and (162)) to freely rotate between
Q™ =e/2, sz_yz =0; Q* =0, Qgﬂ_y? = e/2; and all intermediate values with a total quadrupole moment of e/2.
However, and crucially, because Cy4, symmetry still relates the four corner modes to each other, a bulk-gap-preserving
chemical potential can only move the four corner modes together in energy (and rotate them as a whole about the
origin (1o in SFig. 15(a))), but it cannot lift the anomalous absence of LY states from the valence and conduction
manifolds in the OBC spectrum. Therefore, if a QI is terminated on a boundary that only preserves Cy., but not
M, , it will still exhibit four anomalous corner modes with an e/2 quadrupole moment whose orientation is a free
parameter ¥. This is analogous to the e/2 dipole moment of the inversion- (Z)- and Cs, x T- protected fragile phases
introduced in SRefs. 11 and 17. In the fragile phases in those works, the bulk (fragile or obstructed-atomic-limit)
topology guaranteed the presence of 2 + 4a corner modes that exhibit a net e/2 dipole moment. However, unlike the
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symmetries of 4mm (SFig. 10) neither Z nor Cy, x T fixes any points on the boundary of a circle (they only relate
pairs of points). Therefore, the direction of the anomalous e/2 dipole moment of the corner modes of the fragile
phases in SRefs. 11 and 17 is a free parameter, analogous to ¥ in SEq. (225).

We note that, in this section, we only consider the case in which M, , is perturbatively broken in the bulk. This
guarantees that the bulk gap does not close when M, , is broken, and keeps the bulk bands adiabatically connected to
those of a QI. This also allows us to avoid symmetry-allowed intermediate Chern insulating phases between a trivial
insulator and a QI in wallpaper group?”56 p4, the M, ,-broken subgroup of pdm. Specifically, if the bulk in-plane
mirrors of pdm are preserved, then bands at T' and M remain twofold degenerate, and the (Cy,) eigenvalues of the
occupied bands only distinguish between QI and trivial phases (SN 3). Conversely, if M, , are broken, then bands
at all TRIM points become singly degenerate. With only singly-degenerate bands, then transitions between trivial
insulating and QI phases can only be facilitated through multiple, independent band inversions. However, unlike with
wallpaper group pdm, a system with only Cy, symmetry can generically pass through intermediate Chern insulating
phases when singly-degenerate bands with different Cy, (or Cs,) eigenvalues are inverted3. Therefore, because the
phase boundaries separating trivial, Chern, and quadrupole insulators in p4 are considerably more complicated than
the simple boundary separating trivial and QI phases in pdm (SN 3), we leave the complete analysis of QI transitions
in p4 for future works.

Finally, we note that the arguments in this section also apply to the corner modes of the fragile phase in p4m1’
examined in SN 9 with minimal modification. As shown in SFig. 14, the eight three-quarters-filled (or quarter-empty)
corner modes of a fragile phase in pdm1’ are localized at the 4a or 4b Wyckoff position of 4mm1’ (SFig. 10), the point
group generated by adding T to 4mm. Here, the presence of 7 symmetry requires that all states are at least twofold
degenerate; therefore, the constraints imposed by Cy, and T symmetry require that a bulk-gap-preserving chemical
potential moves all eight corner states together in energy. When M, ,, are relaxed without breaking Cy, or T, then the
point group of the finite-sized system is reduced from 4mm1’ to 41’, and the eight corner modes can be rotated as a set
by a free angle ¥ (SFig. 15(c)). However, as previously with the QI, because a Cy4.- and T-preserving potential that
does not close the bulk or edge gap must move all eight corner modes together in energy, then the valence manifold
of the OBC spectrum will still display an anomalous absence of 6 4+ 8n (or 2 + 8n) states when calculated relative to
the PBC spectrum. Therefore, if this fragile phase is terminated on a boundary that only preserves Cy, and 7, but
not My, it will still exhibit four anomalous Kramers pairs of corner modes with an e/2 quadrupole moment whose
orientation is a free parameter ¥ (though, due to strongly broken particle-hole symmetry, the corner modes may be
buried in the valence or conduction manifolds in the OBC spectrum).

11. Numerical Investigations of the Surface States of HOFA Dirac Points

A Dirac point in a HOFA semimetal represents the bulk quantum critical point between QI and trivial phases
(SN 3 and 5). In previous works, QI phase transitions have been shown to be accompanied by changes in the edge
polarization that correspond to “edge” quantum critical points26:28:115:134 Tt ig therefore natural to ask whether
there are additional states in the surface spectrum (besides the projections of the bulk Dirac points) that would be
representative of a QI edge gap closure, analogous to the surface states of the higher-order “surface-only” semimetals
proposed in SRef. 134, which appeared while this extensive work was in preparation. To accomplish this, we begin
with the 7-broken model of a HOFA semimetal in SEq. (5), and place it on a slab geometry that is infinite in the y
and z directions and finite with 500 layers in the = direction. Here, this semimetallic system, while not particle-hole
symmetric, still features bulk Dirac crossings at k, = k, = 0,k, = ki that lie in the spectral center N/2 (Fig. 3(c) of
the main text), where N = 500 x 4, with the factor of 4 coming from the two spin-1/2 s and two spin-1/2 d orbitals
in each unit cell. This guarantees that, taking F4 to be the energy of the bulk Dirac points at k, = kg, the spectrum
at each k point near k4 exhibits N/2 states with energy F > E; and N/2 states with energy E < E,.

We plot in SFig. 16(b,c,d) the orbital-summed wavefunction magnitude Zs,d,a |2 of the 64 energy eigenstates
nearest £ = Eqg as a function of k,, taking k,=0 (SFig. 16(a)). We define k; (k.) to be a point at k, = 0 with
k. < (>) kq (SFig. 16(a)). We then define a state to be edge localized if more than 75% of its probability density
lies within within the first or the last 100 layers of the slab. If a state exhibits equal probability density on all layers,
we consider it to be delocalized. If a state is neither edge localized nor delocalized, then we consider it to be bulk
localized. At k, = 0, k., = ky, all of the modes are bulk localized, except for two pairs of gapped surface Fermi arc
states (SFig. 16(a,b)), whose splitting 7 in energy scales as usin(kqs —k,) in SEq. (5). Remaining at k, = 0 and taking
increasing values of k, that pass through the bulk Dirac point at kg, all of the states become perfectly delocalized
at k, = kq (i.e., they display equal probability density on all layers), and then become bulk localized at k. > kg
(SFig. 16(a,c,d)). It is clear that, aside from the four surface Fermi arc states at k < kg, which separate into groups
of two arcs on each of the two slab surfaces, there are no additional bound states on the 2D faces of this system; at
k., = kg, all of the modes in the bulk and on the faces and hinges become delocalized. We therefore do not observe
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any signatures of additional surface states bound to the projections of the bulk 3D Dirac points.

12. Space Groups Supporting Dirac Semimetals with Quadrupolar HOFA States

In this section, we deduce the set of 3D space groups (SGs) capable of hosting Dirac semimetal phases with HOFA
states. For the purposes of this work, we restrict consideration to Dirac points equivalent to the critical point between
2D QI and trivial phases, as discussed in SN 3 and 5. Other nodal points equivalent to other 2D critical points
occur in other SGs (both with and without SOCH!7), and if the symmetries that enforce their anomalous corner
(hinge) modes can be preserved on a rod, they will also exhibit HOFAs!'!; we leave the complete enumeration of
such bulk nodal points and variants of HOFA states for future works. First, we will use the symmetries of quasi-one-
dimensional rods, known as the crystallographic “rod groups®3,” to derive a set of SGs in which Dirac semimetals
exhibit HOFA states derived from QIs. In real materials, unlike in the models examined in this work, there are
generically multiple kinds of atoms, each with different valence atomic orbitals, occupying different Wyckoff positions
throughout the unit cell'®®. Therefore, instead of searching for candidate HOFA semimetals by restricting to specific
cases of atomic-orbital hybridization (e.g., s — dy2_y2- or p, — dg2_,2-hybridization at the la position, like the models
in SEgs. (6) and (84) respectively), we will exploit the analysis in SN 7 through 10 to perform the more general
search for topological semimetals whose low-energy theories bind and position-space symmetries protect QI-nontrivial
corner- (hinge-) states. We will find that HOFA states are generically present on the hinges of Dirac semimetals whose
SGs have point group?® 4mm (or higher) when they are cut into rods that preserve a fourfold axis. Then, we will
demonstrate that body-centered Dirac semimetals can also exhibit HOFA states, even though fourfold axes do not
coincide with crystal lattice vectors in body-centered SGs'®. Specifically, when a body-centered Dirac semimetal is
cut into a rod that preserves a fourfold axis, the lattice vectors of the finite-sized rod cannot coincide with the original
lattice vectors of the bulk crystal, and so one might be concerned that HOFA states do not appear along the rod, due to
the same zone-folding effects that negate the presence of edge states on armchair-terminated graphene®' 5. However,
by explicitly performing the BZ folding from a Dirac semimetal in a body-centered SG to a rod that preserves a
fourfold axis, we will show that HOFA states are still generically present on the rod hinges. We find that this
occurs because the 3D HOFA Dirac points examined in this work arise from band inversion (“enforced semimetals”
in nomenclature of SRef. 136), and are thus free to shift in momentum along high-symmetry BZ lines, whereas,
conversely, the Dirac points in graphene are pinned by band connectivity to the high-symmetry BZ points?*°! K and
K' (“enforced semimetal with Fermi degeneracy” in the nomenclature of SRef. 136).

In this work, we define a rod as a 1D crystal that is invariant under 3D symmetry operations; the symmetries of
these systems are given by the rod groups?%23. For our purposes, we specialize to the crystallographic rod groups,
which only contain symmetry elements that are also allowed in the 3D space groups??. We introduce the subscript RG
to distinguish the symbols for rod groups from those for layer groups?:27:26:64 a5 there are rod groups and layer groups
whose symbols are otherwise indistinguishable?®:?3 (e.g., (pdmm1’) e and pdmm1’). Each of the crystallographic rod
groups, when in-plane lattice translations T} , are added to it, is isomorphic to a 3D space group. For example, the
T-symmetric rod group (pdmm]1’)rg is generated by T, Cy., and M,, and is related to SG 99 P4mm1’ by:

Pamm1’ = E(pAmm1’)rg U T, (pdmm1’)ra, (226)

where F is the identity operation and the other in-plane translation T, is generated by Cy, x T}.

We will shortly specifically show that when Dirac semimetals whose SGs have point group3%314% 4mm (or higher)
are cut into a rod whose rod group has point group 4 (or higher), the rod will exhibit quadrupolar HOFA states. From
an experimental perspective, the theoretical process of “cutting a 3D crystal into a quasi-1D rod with point group 4”
is equivalent to growing or cutting a sample into a nanowire whose long axis is coincident with a bulk fourfold axis.
It is possible that HOFA states may also be observable through momentum-resolved probes of the interior hinges of
the pits of C4-symmetric arrangements of step edges, as high-symmetry step edge configurations have been shown in
experiment to exhibit the same d — 2-dimensional hinge states as nanowires®’.

Symmetry Conditions for Dirac Points with HOFA States Derived from @QIs — We will now derive the symmetry
conditions for Dirac semimetals to exhibit anomalous HOFA states originating from QIs. We will divide this process
into two steps, based on the analyses performed in SN 7, 5, and 10. First, we will use the results of SN 7 and 5 to
show the more narrow result that Dirac semimetals whose SGs have point group 4mm or higher will exhibit HOFA
states pinned to the fixed angles of 4mm (i.e., the 4a or 4b position in SFig. 10) if they can be cut into rods with
4mm (or higher) symmetry. In these Dirac semimetals, the HOFA states are pinned to the same angles (the 4a or
4b position in SFig. 10) at all values of k along the rod axis (SFig. 17(b)). Then, we will use the results of SN 10 to
further extend consideration to tetragonal and cubic SGs with bulk 4mm symmetry that cannot be cut into rods with
point group 4mm, but which nevertheless support Dirac semimetals with HOFA states. In these Dirac semimetals,
the quadrupolar HOFAs generically appear at each rod k point at free angles related by fourfold symmetry (SFig. 15).
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The list of SGs supporting HOFA Dirac semimetals obtained here will consequently include the list of SGs supporting
Dirac semimetals with fixed-angle HOFA states; we therefore reproduce the more general list of SGs supporting Dirac
semimetals with free-angle HOFA states in Table 2 of the main text.

Dirac Semimetals with HOFA States Pinned to Fized Angles — We begin by determining the SGs in which Dirac
semimetals, when cut into 4mm-symmetric rods, exhibit HOFA states that are pinned at each QI-nontrivial rod k
point (SN 5) to high-symmetry angles corresponding to the 4a or 4b Wyckoff position of point group 4mm (SFig. 10).
For the 4a position, these angles are3%:31:40:

02 = {0,7/2,7,37/2}, (227)
and for the 4b position, the angles are:
020 = {n/4,3m /4,57 /4, Tn |4} (228)

We note that, as we will subsequently see, the list of SGs obtained here is not the most general list of SGs in which
Dirac semimetals exhibit quadrupolar HOFA states. For completeness, however, we will still here complete the more
restrictive tabulation of the SGs that support Dirac semimetals with HOFAs pinned to 624 (SEqs. (227) and (228))
as an intermediate step towards the complete list that will appear later in this section (and is reproduced in Table 2
of the main text) of SGs supporting Dirac semimetals with HOFA states directly derived from the specific QI phase
introduced in SRef. 26.

To obtain the relevant SGs, we first analyze the conditions that allowed the low-energy theory of the 2D QI in SN 6
to exhibit corner modes pinned to 624 in SEqs. (227) and (228). In SN 6, we demonstrated that the presence of
four corner modes localized to §2%4* in the low-energy theory of a 2D QI occurred under three conditions:

1. The bulk differed from a trivial (unobstructed) atomic limit through a band inversion at a k point whose little
co-group had a subgroup (possibly itself) isomorphic to 4mm.

2. The finite-sized QI region in position space (i.e. in SN 6, the circle whose interior was a QI) was invariant under
the action of point group 4mm (SFig. 17(a)).

3. The valence and conduction bands of the bulk k-p theory had different complex-conjugate pairs of Cy, eigenvalues
(i.e., transformed under different (co)representations of 4mm (SN 3)).

These constraints guarantee that the presence of 0D modes, which localize on the corners of a square geome-
try?6:46:50.131 i 4 consequence of a topological quadrupole moment Q*Y = e/2 or Q””Z_yz = e/2 (SEgs. (156) and (162))
that cannot be removed without breaking a symmetry or closing a bulk gap (SN 6). If Cy, is relaxed, then the bound-
ary mass terms may change locally, allowing for corner modes to be removed by surface gap closures?%28. In this
work, we are only concerned with systems that exhibit boundary states (both edge (surface) and corner (hinge)) as
a consequence of their bulk topology. This focus allows us to predict and analyze robust, intrinsic d — 2-dimensional
modes based on bulk topology, as opposed to predicting extrinsic corner (hinge) states whose presence depends on
surface physics. We therefore exclude 2D insulators whose anomalous corner modes may be removed by closing an
edge (i.e. Wilson) gap without closing a bulk gap, such as the QI phases without fourfold rotation symmetry in
SRefs. 26 and 28. When these constraints are extended to 3D semimetals, we therefore also exclude the “surface-
only” HOFA-semimetal phases introduced in SRef. 134, in which the presence of HOFA states is entirely dependent
on the details of surface potentials, and is thus not a consequence of the bulk topology and difficult to predict in real
materials through density functional theory.

To identify 3D SGs that support Dirac semimetals with HOFA states pinned to 6234 in SEqgs. (227) and (228), we
therefore require three conditions:

1. There exist lines in the BZ whose little groups contain 4mm.

2. When a crystal in this SG is cut into a rod that is finite in two dimensions and infinite along the direction of
the fourfold axis from condition 1, its rod group has a point group that contains 4mm. This implies that the
finite-sized rod is symmetric under the action of a rod group?® that is a (possibly 7-symmetric) supergroup of
one of the type-I magnetic rod groups?®23137 (pdmm)ra, (pdecm)ra, (pdame)ra, or (pdec)rg, as those are
the lowest-symmetry rod groups that contain these symmetries.

3. The BZ line from condition 1 must have at least two distinct two-dimensional (co)representations, characterized
by different complex-conjugate pairs of Cy4, eigenvalues, that can cross to form a symmetry-stabilized Dirac
point. As shown in SN b5, this, along with the reflection symmetries from condition 1, guarantees that this
Dirac point is equivalent to the critical point between 2D trivial and QI phases. This condition excludes, for
example, BZ lines in nonsymmorphic SGs along which additional crystal symmetries beyond 4mm act to make
corepresentations fourfold degenerate!®:56:57,
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In order to cut a 3D crystal into a rod with a point group that contains 4mm, that crystal must have two reflection
planes (mirrors or glides) that intersect on a fourfold axis (rotation or screw); for z-directed rods, this requirement
necessarily excludes glide reflections with translations in the zy-plane, which cannot be preserved on a rod. The rod
group of this rod is a subgroup of the 3D space group of the crystal; cutting an infinite 3D crystal into a rod only
lowers the overall symmetry. Therefore, to identify the relevant SGs, we begin by enumerating the rod groups with
point groups that contain 4mm, of which the nonmagnetic examples are given in Supplementary Table 6.

Three of the rod groups in Supplementary Table 6 are noncentrosymmetric (34 — 36) and three are their cen-
trosymmetric supergroups (38—40). In particular, the three noncentrosymmetric rod groups are isomorphic, under
the addition of in-plane lattice translations, to SGs 99, 101, 103, and 105 (both SGs 101 and 105 have the same
symmetries as rod group 35 under the addition of in-plane lattice translations (Supplementary Table 6)). Conse-
quently, all T-symmetric space groups that characterize crystals that can be cut into rods with point group 4mm1’
or its supergroup 4/mmm1’ are necessarily supergroups of these four space groups. For a Dirac semimetal in one
of these SGs, if the Dirac points lie along an axis of fourfold rotation, then a rod cut from this crystal along the
same axis will exhibit HOFA states, as such a Dirac point is necessarily equivalent to the critical point between 2D
trivial and QI phases (SN 5). We obtain these space groups by using MINSUP on the BCS?0:31:63 to find all of the
supergroups of the space groups listed in Supplementary Table 6. We then impose conditions 1 and 3 explicitly by
using SRefs. 19, 24, 57-59 to identify the BZ lines that admit fourfold Dirac points. Specifically, these lines have
little groups with with 4mm (or higher) symmetry and have at least two, two-dimensional corepresentations; when
bands with different corepresentations cross along these lines, a fourfold Dirac point forms''?. This excludes, for
example, BZ lines in nonsymmorphic SGs along which additional crystal symmetries combine with 4mm to make all
corepresentations four-dimensional!?-%6:57 (e.g., M A in SG 129 P4/nmm1’). The full list of space groups and BZ lines
is listed in Supplementary Table 7.

We note that the preceding arguments contain a subtlety when applied to the space supergroups of the rod groups
in Supplementary Table 6 with fourfold screw axes (rod groups 35 and 38). Along momentum-space lines with a
fourfold screw axis defined by a b/4 fractional lattice translation:

84,2 = Ca Ty 4, (229)

as well as with two orthogonal reflections (e.g., the line I'Z in SG 105 P4amecl’), the symmetries in the basis of the
four bands nearest a Dirac point can be represented by°%130:

]l — z
Sy = T (“\/g") A(ks) = CuA(ks), My, =ic™, (230)

where:

ibky

A(k;) = e 1 = e'kete, (231)

While t; = 1/2 in the units of the z-direction lattice spacing for the 45 screw in SG 105, more generally, the values
ts = 1/4, 3/4 are also allowed in other SGs with fourfold screws!'®. At first, the symmetry representations in SEq. (230)
appear distinct from those employed in SN 7 to characterize the corner modes of a QI (SEq. (98)). However, we
note that, in the absence of antiunitary symmetries, such as 7 or Z x T (which are present in 7- and centro- (Z-)
symmetric SGs), we are free to rotate the phases of the representations of crystal symmetries without changing their
commutation relations®®54. Specifically, here, we are also permitted to employ the symmetry representation:

1, —io*
V2

where we have labeled Cy,. with a bar to emphasize that it is not the representation of a real Cy, symmetry, but is
rather an alternative representation of the fourfold screw symmetry sg4,.. SEq. (232), is identical to the representation
used in SN 7 to predict QI corner modes (SEq. (98)). Therefore, a Dirac point with the nonsymmorphic symmetry
representation in SEq. (230) is described by the same k-p Hamiltonian as a Dirac point with the symmorphic symmetry
representation in SEq. (232), in agreement with the methods employed in SRef. 110 to characterize the band-inversion
Dirac points in the nonsymmorphic Dirac semimetal CdzAss. Furthermore, even though the eigenvalues of screw
symmetries, unlike the eigenvalues of rotations, depend on the choice of BZ (i.e., are not 2m-periodic)27:56:89,90,130
within each BZ, two bands can still be unambiguously labeled with distinct pairs of fourfold screw eigenvalues.
Crucially, because, within each 2D BZ slice (here indexed by k. ), the presence or absence of QI-nontrivial corner modes
(HOFA states) only depends on the difference in fourfold rotation eigenvalues between the valence and conduction
bands (SN 7 and 8), and because we have already shown that symmorphic Dirac semimetals with 4mm (or higher)
point-group symmetry exhibit HOFA states when cut into rods with point group 4mm (or higher), then SEq. (232)

04172 = s4bZA*(kZ) =77 ( ) ) Mz,y =io™Y, (232)
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allows us to conclude that noncentrosymmetric nonsymmorphic Dirac semimetals with point group 4mm also exhibit
HOFA states.

Furthermore, we can show that SEq. (232) also applies in Z- (centro-) and 7T-symmetric nonsymmorphic Dirac
semimetals. Specifically, the HOFA Dirac points analyzed in this work occur away from TRIM points, and therefore,
in an Z- and 7T- symmetric Dirac semimetal, the Hamiltonian in the vicinity of each Dirac point only respects the
combined magnetic symmetry Zx 7T (in addition to 4mm). We can incorporate Z x T into the symmetry representation
in SEq. (232) by choosing a representation for Z x 7 that neither commutes nor anticommutes with® C,,. However,
because, in the bulk, Z x T only serves to make bands doubly degenerate away from?>% kzy =0, and, on the corners,
it does not change the anomalous QI state counting in SFig. 9, then we conclude that Z x 7- and fourfold-screw-
symmetry-enforced Dirac points also exhibit intrinsic HOFA states. This argument only breaks down when both Z
and T are individually enforced, which can only occur at TRIM points, and thus does not apply to the band-inversion
Dirac points discussed in this work. While previous works have also introduced nonsymmorphic-symmetry-enforced
fourfold Dirac56:64:130:138,:139 (an( eightfold double-Dirac®?131) points that are specifically pinned to TRIM points, we
will leave a detailed analysis of potential higher-order topology in these enforced semimetals for future works, though
we do predict that enforced semimetals should also exhibit higher-order topological effects. Additionally, because our
arguments here do not depend on the details of the exact phase A(k,) in SEq. (230), then they will also apply without
further modification to the Dirac semimetals with free-angle HOFA states enforced by 41 (t5 = 1/4) and 43 (t5 = 3/4)
screw symmetries that will be introduced later in this section.

Finally, we note that, as implied from the discussion in the main text and Hp1(k) (SEq. (5)), HOFA states are
also permitted in some magnetic Dirac semimetals. However, as the number of known magnetic structures is small
compared to the number of known materials'3>140 it is relatively difficult to identify magnetic materials candidates.
Therefore, we leave the complete enumeration of all magnetic space groups that admit Dirac semimetals with HOFA
states for future works. However, as examples, by applying the procedure used to generate Supplementary Tables 6
and 7 to the magnetic rod and space groups, we conclude that magnetic Dirac points with HOFAs may form along
I'Z in magnetic SGs P4/m/mm (123.341 in the Belov-Nerenova-Smirnova (BNS) notation?’) and P.4/ncc (130.432
in the BNS notation). The first group is that of our model, H g1 (k) in SEq. (5), and the second group characterizes
the antiferromagnetic (AFM) Dirac semimetal phase of CeSbTe!4!. As the Dirac points in the AFM phase of CeSbTe
lie along lines with 4mm symmetry and its magnetic space group contains P4cc, CeSbTe will exhibit reflection-fixed
HOFA states when cut into a rod with (p4dcc)ge (or higher) symmetry (though the HOFA states may be difficult to
separate from the hinge projections of bulk and surface states in CeSbTe).

Dirac Semimetals with HOFA States at Free Angles — Building upon the previous discussion, we will here develop
the most general list of SGs in which Dirac semimetals exhibit HOFA states derived from the QI model introduced
in SRef. 26. Previously, we showed that if both infinite crystals and finite-sized rods of a Dirac semimetal preserve
fourfold axes and two in-plane reflection symmetries (i.e, have point groups that contain 4mm), then the semimetal
will exhibit HOFA states fixed to the rod hinges at § = 0:%4" in SEqgs. (227) and (228) and SFig. 10. However,
we also previously showed in SN 10 that if a 2D QI is formed from band inversion about a k point whose little
co-group contains 4mm, then its four corner modes remain anomalous when the system is terminated in an M, ,-
breaking, C.-symmetric geometry. In this lower-symmetry geometry with point group® 4, the corner modes become
unpinned from the fixed angles of 4mm, and their e/2 quantized quadrupole moment becomes free to lie at any
intermediate angle between xy and 22 —y? (SFig. 15). Exploiting this result, we will determine in this section a list of
SGs whose bulk crystals support 4mm-symmetric HOFA Dirac points, even though they cannot all be cut into rods
that simultaneously preserve fourfold axes and in-plane reflections. Specifically, in some of these SGs, the in-plane
reflections (mirrors and glides) also contain in-plane translations relative to the fourfold axes; when they are cut into
rods that preserve one of their fourfold axes, their in-plane reflections are necessarily broken. The list of SGs that we
obtain in this section will contain the SGs previously tabulated in Supplementary Table 7, as well as additional SGs
with bulk 4mm symmetry.

First, we will explain our restriction in this section to SGs with point group 4mm or higher, and not to SGs with
point group 4 or higher. In SGs with point group 4mm, bands along at least one fourfold axis are generically twofold
degenerate, because the double-valued (spinful) in-plane reflections of 4mm anticommute (SN 3). Therefore, along a
line with 4mm symmetry, there are two distinct corepresentations with different fourfold rotation eigenvalues, which
can cross to form a symmetry-stabilized Dirac point (SN 5). However in lower symmetry SGs with only point group
4, then absent additional symmetries, bands are generically singly degenerate along fourfold axes away from the
TRIM points, and can only cross to form Weyl points®>142. Additionally, while other SGs with other point groups
(such as393L:40 4 /m1’) also exhibit twofold degenerate corepresentations along fourfold axes that can cross to form
symmetry-stabilized Dirac points, we have not explicitly analyzed QI-nontrivial obstructed atomic limits and fragile
phases in those SGs. We will, for now, consider HOFA states in these SGs beyond the scope of the present work due
to our focus on Dirac semimetals directly derived from the QI phase introduced in SRef. 26. Therefore, we will only
focus in this work on Dirac semimetals whose infinite crystals have point group 4mm, even though our results imply
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that even more semimetallic phases exist with HOFA states derived from other variants of QIs and 2D corner-mode
phases.

To identify 3D SGs that support Dirac semimetals with QI-nontrivial HOFA states at unpinned rod angles, we
will find that, unlike earlier in this section, there is only one independent condition. To see how the three previous
conditions from earlier in this section reduce here to a single independent condition, we focus on the group-subgroup
relations of the rod, point, and space groups.

To begin, we previously established that, in order for 2D BZ planes in the vicinity of a bulk Dirac point to exhibit
the same bulk topology as a QI, the little group along the high-symmetry BZ line of the Dirac point must have 4mm
or higher symmetry (previous condition 1). Therefore, we require that:

1. The SG of the bulk crystal must have point group 4mm or higher.

For the purposes of identifying SGs that support Dirac semimetals with HOFA states, this requirement subsumes the
previous condition 1 from earlier in this section, because BZ lines cannot have 4mm symmetry if the point group of
the SG of the crystal does not contain!® 4mm. Specifically, because we will ultimately here obtain a much larger
list of SGs than previously obtained earlier in this section (Supplementary Table 7), then we will only focus here on
whether or not an SG can support any Dirac point with HOFA states, and will not further determine the specific BZ
lines along which such a Dirac point can form, as we did previously in Supplementary Table 7.

Under this looser restriction, because point groups 4mm and 4/m/mm both host pairs of two-dimensional
(co)representations with different fourfold rotation eigenvalues, then all of the I'-point-intersecting BZ lines in SGs
with point group 4mm or higher also satisfy condition 3 from earlier in this section. Specifically, because translations
only act as phases in momentum space!?°%57:130 then all SGs with point group 4mm or higher contain at least one
fourfold axis in momentum space that intersects the I' point along which & points have little groups that are either
isomorphic to 4mm or to 4/m’mm. For example, taking the fourfold axis to lie along the z direction, whether the
and y (in-plane) reflections of an SG with point group 4mm are mirrors or glides, they can still be represented the
same way along k, = k, = 0 (i.e. along a line intersecting the I" point (k = 0)) because in-plane translations are
represented as exp(iky,,/b) where b depends on the specific SG!?, and because translations along the z axis only act
as an overall phase that can be removed by a unitary transformation away from the TRIM points (SEq. (232)). Using
the TRIM point labeling in SFig. 18, we identify the BZ lines that always support HOFA Dirac points in crystals
in these SGs as 'Z and ' M in primitive and body-centered tetragonal crystals, respectively, and I'X, ' X, and T'H
in primitive, face-centered, and body-centered cubic crystals, respectively. Additionally we note that, as previously
discussed in this section, some SGs host more than one line that satisfies the previous conditions 1 and 3 from earlier
in this section (such as M A in SG 123 P4/mmm1’). However, we also again note that in many nonsymmorphic SGs,
such as SG 100 P4bm1’, some BZ lines with 4mm symmetry instead exhibit a single four-dimensional corepresen-
tation, due to the commutation relations between the nonsymmorphic crystal symmetries'®27:%6. In summary, both
conditions 1 and 3 from earlier in this section are redundant with the requirement that the SG of the bulk crystal
must have point group 4mm or higher.

Finally, for a Dirac semimetal whose SG contains point group 4mm to exhibit HOFA states, we require that when
this semimetal is cut into a rod that is finite in two dimensions and infinite along the direction of its fourfold axis, its
rod group contains enough symmetries to preserve the nontrivial topology of its intrinsic (anomalous) HOFA states.
As discussed earlier in this section, we previously determined in SN 10 that the minimum symmetry requirement
for QI-nontrivial 0D states in 2D is fourfold rotation. When this constraint is applied to HOFA states in 3D rods,
it is promoted to the constraint that the rod respects a rod group with a fourfold (rotation or screw) axis. This
supersedes the more restrictive previous requirement in condition 2 that the rod respects both a fourfold axis as well
as perpendicular in-plane reflections. The requirement that a rod respects a fourfold axis can be reexpressed as the
statement that the rod group?® has a point group that contains point group 4. All of the rod groups with point group
4 or higher are necessarily supergroups of one of the type-I magnetic rod groups?*?*'37 (pd)rq, (p41)rc, (p42)ra,
or (p43)ra, as those are the lowest-symmetry rod groups that contain fourfold axes. Crucially, we find that all SGs
with point group 4mm or higher are supergroups of these four rod groups, and therefore characterize crystals that
can be cut into rods with fourfold axes. Therefore, the requirement that a Dirac semimetal can be cut into a rod
with a fourfold axis, which was obtained by relaxing the reflection-symmetry requirement in condition 2 in SN 10, is
also redundant with the simple restriction in this section to SGs with point group 4mm or higher. Furthermore, as
discussed in the text surrounding SEq. (232), because the representation of fourfold screw symmetry in the vicinity of
Dirac points in screw-symmetric Dirac semimetals can be rotated into the same form as the representation of fourfold
rotation in symmorphic Dirac semimetals, then we predict the presence of HOFA states in both symmorphic and
nonsymmorphic Dirac semimetals whose SGs have point group 4mm or higher. Additionally, later in this section, we
will show that body-centered Dirac semimetals with 4mm symmetry can generically be cut into rods that preserve
a fourfold axis, even though they do not preserve the body-centered lattice vectors of the uncut crystal, and that,
consequently, they also exhibit HOFA states. We have therefore shown that that all semimetals in SGs with point
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group 4mm or higher hosting Dirac points along BZ lines with little groups that contain point group 4mm or 4/m'mm
can be cut into nanorod geometries that exhibit anomalous (i.e. intrinsic) HOFA states. In Supplementary Table 8
we summarize this result and enumerate the SGs with point group 4mm or higher that support Dirac semimetals
with HOFA states derived from Qls.

Though in some of the SGs in Supplementary Table 8 (i.e. those also listed in Supplementary Table 7), the in-
plane reflections coincide with the fourfold axes and do not contain in-plane translations, other SGs (such as SG
100 P4bm1’) contain in-plane glide reflections with in-plane lattice translations (i.e. {M|540}), which cannot be
preserved in a fourfold-symmetric rod geometry. Nevertheless, we can take nanorods in these SGs to be sufficiently
thick for the glide symmetries to be approximately preserved in the bulk, such that 4mm-symmetric Dirac points are
only weakly split when in-plane lattice translations are broken in the finite-sized rod geometry. Specifically, while the
angle ¥ by which the HOFA states are rotated is uncontrollably large (SFig. 15), the weak breaking of glide symmetry
still preserves the bulk band ordering, guaranteeing that the HOFA states remain an intrinsic consequence of the bulk
Dirac points.

We finally note that, more generally, breaking in-plane reflections in the bulk while preserving a fourfold axis will
split a 4mm-symmetric Dirac point into Weyl points whose arrangement and Chern numbers are restricted by fourfold
rotation symmetry'4? (conversely, the Dirac points can be fully gapped by breaking fourfold rotation symmetry in
the bulk). Most interestingly, this implies that if a fourfold-symmetric Weyl semimetal can be deformed into a Dirac
semimetal with HOFA states, then it will also exhibit intrinsic HOFA states at free angles coexisting with topological
surface Fermi arcs if the Dirac point was split into a pair of Weyl points along the fourfold axis. Specifically, in this
Weyl semimetal, taking k., to lie along the fourfold axis and considering 2D BZ planes at increasing values of k., one
will pass first from a trivial insulator into a 2D Chern insulating phase when k, is increased through the first Weyl
point. Then, continuing to increase k,, when one passes over the second Weyl point, one will pass from the Chern
insulating phase into a 2D corner-mode phases that exhibits a free-angle quadrupole moment (SN 10). In the Chern
insulating phase, the surface Fermi arcs are equivalent to the chiral edge states of the intermediate Chern insulating
phases separating trivial and QI phases in wallpaper group p4 discussed in SN 10. Because the band connectivity,
topology, and Fermi surfaces of this HOFA Weyl semimetal are considerably more complicated than those of the
HOFA Dirac semimetals introduced in this work, then we leave the analysis and complete enumeration of HOFA
Weyl semimetals for future works.

HOFA States in Body-Centered Dirac Semimetals — When a body-centered Dirac semimetal is cut into a rod that
preserves a fourfold axis, as was prescribed in earlier in this section to observe HOFA states, the lattice vector of the
finite-sized rod (i.e. the direction and length along which it is periodic) cannot coincide with the original lattice vectors
of the bulk crystal, because fourfold axes and lattice vectors do not coincide in body-centered SGs'®. Therefore, one
might be concerned that HOFA states do not appear on the rod, due to zone-folding effects similar to those that
negate the presence of edge states on armchair-terminated graphene®! 5%, which we will review in this section. We
make this analogy to graphene, because the flat-band-like Fermi arc states in graphene can be considered the “first-
order” analogs of the HOFA states analyzed in this work. However, we will show in this section that body-centered
tetragonal and cubic Dirac semimetals still generically exhibit HOFA states, because their Dirac points are free to
shift along high-symmetry lines, whereas the Dirac points in graphene are pinned to high-symmetry BZ points.

First, we will review how geometry and periodicity explain the absence of flat-band-like edge Fermi arcs in armchair-
terminated graphene. Then, by explicitly performing the BZ folding from a Dirac semimetal in a body-centered SG
to a rod that preserves a fourfold axis, we will show that HOFA states are still generically present on the rod hinges.

We begin by reviewing graphene, a two-dimensional honeycomb carbon lattice®'%. The electronic structure of
graphene is characterized by two spin-degenerate Dirac cones lying at the high-symmetry BZ points®® K and K’
(SFig. 19(b)). Graphene sheets can be terminated with either zigzag or armchair edges (SFig. 19(a)). It has been
extensively demonstrated that while zigzag edges exhibit nearly flat surface Fermi arcs, armchair edges do not exhibit
low-energy boundary modes®? 5%, To explain this phenomenon, we employ arguments from SRef. 55, and analyze the
relationship between edge and bulk periodicity. On zigzag edges, the edge lattice vector (¢z) is the same length and
direction as the bulk lattice vector t5. Consequently, in the edge BZ (SFig. 19(b)), the bulk Dirac points at K and K,
which have different k, momentum coordiantes, project to different points. Due to the presence of bulk mirror and
inversion symmetries, their projections are spanned by Fermi arcs “protected” by the dipole moments of the effective
1D Hamiltonians along the BZ lines that project to them®?5°. Conversely, in armchair-terminated graphene, the edge
lattice vector t; (SFig. 19(a)) spans multiple unit cells; specifically, t; = 21 +t2. Consequently, in the armchair edge
BZ (SFig. 19(b)), the edge reciprocal lattice vector ky is shorter than the bulk reciprocal lattice vector k1, and the K
and K’ points project to the same point: the edge TRIM point I'. Therefore, there is no region in the armchair edge
BZ spanning the projections of the bulk Dirac points, and thus armchair terminations do not exhibit edge states at
low energies®? 5.

We can extend the same arguments to 3D body-centered crystals to calculate the hinge projections of bulk Dirac
points capable of supporting HOFA states. In Supplementary Tables 7 and 8, we show that Dirac points with HOFA
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states may only form in body-centered crystals along the fourfold axis I'Z (I'M) in tetragonal SGs (SFig. 18(a)
and (b), respectively), and along the fourfold axes T'X (I'H) in cubic SGs (SFig. 18(c,d) and (e), respectively).
Therefore, following the arguments employed earlier in this section, HOFAs may form on the hinges of z-directed rods
of semimetals in these SGs (and, up to equivalence, on the hinges of rods oriented along the z, y, and z directions
in cubic systems). However, in body-centered tetragonal and cubic SGs, the k. axis is not parallel to the lattice
vectors'93931  Specifically, in tetragonal SGs, the fourfold axis lies along the z direction, whereas the reciprocal

lattice vectors are:
27 2 2 2 27 2
k, = (0,71-771-)7 ky = <7r,077r), ks — <7T’7T70). (233)
a’ ¢ a c a’ a

Therefore when a crystal with a body-centered tetragonal or cubic SG is cut into a rod that preserves a fourfold axis
and exhibits a lattice periodicity of ¢ in the z direction, distinct points within the bulk BZ will be folded onto the
same point in the rod BZ, analogous to armchair-terminated graphene (SFig. 19(b)).

We show in SFig. 20(b,c) the bulk BZ planes that project to hinge TRIM points (SFig. 20(d)); note that the I' and
M points in successive BZs lie in the same planes at k, = 0,27 /¢, where ¢ is the lattice spacing in the ¢ direction
(though in the bulk crystal, 27 /c is not a reciprocal lattice vector (SEq. (233))). Therefore, all of the points in these
planes project to the hinge TRIM point I' (SFig. 20(d)). The N and P points and their time-reversal and fourfold
rotation partners N’ and P’ also lie in the same bulk BZ planes at k, = +n/c¢ (SFig. 20(c)), and all project to the
same hinge TRIM point Z. Therefore, if a Dirac point along T'M lies ezactly at 7/c, its time-reversal partner will
also lie in the same plane in the next BZ, and both Dirac points will project to Z. This situation is analogous to the
armchair termination of graphene (SFig. 19(b)): because both Dirac points project to the same point in the hinge BZ,
there is no region between their projections for HOFA states to span, and so HOFAs will not be present. However, as
the SGs in Supplementary Table 8 do not contain additional symmetries that can force Dirac points to lie exactly at
k. = 7/c, it is extremely unlikely for band-inversion-driven®®!19 Dirac points in real materials to lie in these planes.
Therefore, HOFAs should still be generic features of fourfold-symmetric rods of body-centered Dirac semimetals with
the SGs listed in Supplementary Table 8.

The difference between armchair-terminated graphene and body-centered HOFA Dirac semimetals can be summa-
rized by recognizing that the 3D HOFA Dirac points analyzed in this section arise from band inversion, and are thus free
to shift in momentum along high-symmetry BZ lines (they are “enforced semimetals” in nomenclature of SRef. 136),
whereas, conversely, the Dirac points in graphene are pinned by band connectivity to the high-symmetry BZ points?4:51
K and K’ (graphene is an “enforced semimetal with Fermi degeneracy” in the nomenclature of SRef. 136). For exam-
ple, if the Dirac points in a body-centered 3D semimetal were instead hypothetically characterized by four-dimensional
corepresentations®® pinned to the P and P’ points (SFig. 20(a,c)), then they would lie exactly at k, = +7/¢c, and
would not exhibit HOFA states (SFig. 20(d)).

13. First-Principles Calculation Details

HOFA States in KMgBi — Among the previously synthesized materials that fulfill the criteria for HOFAs
derived in SN 12 (Supplementary Table 8), we identify the candidate HOFA Dirac semimetal KMgBi in SG
129 (P4/nmm1/)107 199 (Inorganic Crystal Structure Database (ICSD)3® No. 616748, further details available
at?430:3L136 nttps://topologicalquantumchemistry.org/#/detail/616748). We calculate the electronic struc-
ture of KMgBi from first principles with the projector augmented wave (PAW)43 method as implemented in the
VASP package!414% (SFig. 21(a,b) and Fig. 4 of the main text). In KMgBi, the Bi atoms occupy the 2¢ Wyckoff
position and each exhibit an oxidation state of 3—; this implies that all 6 occupied bands near the Fermi energy (Er)
arise from Bi p orbitals in the limit of vanishing spin-orbit coupling (SOC) (SFig. 21(a)). As there are two Bi atoms
per unit cell, these p-orbitals can form bonding and anti-bonding states. In SG 129, the I' and Z points have little
co-groups isomorphic to point group 4/mmml’ (D), and points along the line I'Z have little groups isomorphic
to magnetic point group 4/m'mm (SN 3). We therefore label bands at T' and Z using the notation employed in
SN 3 (SEgs. (31) and (32)) and SN 5 (SEq. (81)) for the irreducible corepresentations of 4/mmm1’ (SEgs. (33), (83),
and (82)). In this notation, p; indicates the i*" irreducible representation of 4mm, the Z- (and Z x T-) broken unitary
subgroup of 4/mmm1’ (and 4/m’mm); bars indicate double-valued (co)representations; and the corepresentations of
4/mmml’ at T and at Z are labeled with additional 4 superscripts to indicate whether they have positive or negative
parity (Z) eigenvalues. Specifically, the numbering for p; is chosen to match the order of irreducible representations
displayed in the REPRESENTATIONS: DBG tool on the BCS?457 for the I point of the unitary subgroup of SG
99 P4mm1’, which is isomorphic to 4mm.

At T" and Z, in the absence of SOC, the bonding and antibonding states nearest the Fermi energy are characterized
by the single-valued corepresentations pf and p; , respectively?9°7:58 (SFig. 21(a)). In terms of the corepresentations
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of point group®® 4/mmm1’:
pi = Ay, ps = E. (234)

In first-principles calculations incorporating the effects of SOC, SOC drives a band inversion in KMgBi at I" between
states labeled by double-valued corepresentations with opposite inversion characters (parity eigenvalues). Specifically,
after this SOC-driven band inversion, the states just above and below Ep at I' are characterized by p; and p7,
respectively (SFig. 21(b)), whose Cy, and Z inversion characters are respectively given by:

147 —-1-3 144 1—4
Xop (Co) = — 5=+ — 5~ Vi
where x,(g) is the character of the unitary symmetry ¢ in the irreducible representation p, and is equivalent to

the trace of the matrix representation of g (i.e., the sum of the symmetry eigenvalues of g in p). In terms of the
corepresentations of point group?® 4/mmm1’:

= —\/5, Xﬁ;r (C4z) = \/57 ng (I) = -2, Xg;r (I) =2, (235)

pe = B, pT = By, (236)

Because, SOC drives bands with opposite parity eigenvalues to become inverted at I', the Hamiltonian of the k, = 0
plane of KMgBi is topologically equivalent to a 2D TI, as occurs in many other topological semimetals®2, such as
NagBi34:35,1047106,146 " hoth the room- () and intermediate-temperature (") phases of Cd3Asy3%1101LIAT148 “qpq
WC9, Specifically, incorporating the effects of SOC in KMgBi, the product of the parity eigenvalues per Kramers
pair up to the Fermi energy is positive at I' and negative at X, X’, and M. The Hamiltonian of the &, = 0 plane is
therefore Zs-nontrival by the Fu-Kane parity index8. As shown in SFig. 21(b), because the bands that cross along
I'Z are labeled by pg and ﬁ;r at the TRIM points, then the Hamiltonian of the k, = 0 plane also exhibits the same
fourfold rotation eigenvalues as a QI in pdm (SN 3 and 7). This indicates that, at intermediate values of k., bands
must be labeled by pg 7, and implies that their crossing (Dirac) points must exhibit HOFA states when projected to
the hinges of fourfold-symmetric nanorods (SN 5 and 12).

To demonstrate the presence of hinge-localized HOFAs in KMgBi, we form a pdm, Z-, and T -symmetric, four-band
k- p theory near the I" point. We choose the basis in which bands characterized by ﬁ? are labeled |s,1) and |s, ), and
bands characterized by pg are labeled |p, + ip,, 1) and |p; — ipy, J). It is important to note that, because we are here
using p, , orbitals, and not p, orbitals, then the spinful states labeled by |p, + ipy, 1) and |p; — ipy,]) exhibit the
same fourfold rotation eigenvalues (but not the same parity eigenvalues) as spinful d,2_,2 orbitals (SN 3, 7, and 8);
therefore, as shown in SN 7, we expect SEq. (237) to exhibit the same HOFA states as the p — d-hybridized Dirac
semimetal in SN 5. Using these four states, we formulate a k - p Hamiltonian that is the same to quadratic order as
the one introduced in SRef. 110 for the Dirac points in the centrosymmetric phases of CdsAsy (later in this section,
we will detail calculations showing HOFA states in a’-CdzAss):

Mk) Ak, 0 B*(k)
Ak_ —-M(k) B*k) 0

0 Bk) Mk -Ak_ |’
Bk) 0 —Ak, —M(k)

Hy (k) = eo(k) +

where:
co(k) = Co + C1k2 + Co(k2 + k), ks = kg +iky, B(k) = BikSkS + BokSk?
M(k) = Mo — M1k? — Ma(K2 + k2). (237)

We chose My, My, Ms < 0 to reproduce the band inversion, and set €y(k) — 0 for simplicity. Using our first-principles
calculations, we predict that the two Dirac points in KMgBi are located at (0,0, +kS) with kS = 0.06085 (27/c) =
0.046 A~'. Using the energy ordering of the irreducible representations pe,7 (SN 3 and 5) and the nested Wilson
loop?%:28 (SFig. 21(d)), we deduce that k. slices with topological quadrupole moments and hinge-localized HOFA states
occur between 0 < |k,| < kS. Fitting the model in SEq. (237) to the calculated electronic structure (SFig. 21(c)), we
obtain the k - p parameters listed in Supplementary Table 9.

We then map this fitted k- p theory to a lattice tight-binding model, following the procedure employed in SRef. 110.
Next, we cut the lattice tight-binding model into a fourfold-symmetric (square) rod that is finite in the x and y
directions and infinite in the z direction and calculate its bulk, surface, and hinge states (SFig. 22); in particular, we
observe that the four hinge states closest to the Fermi energy are half-filled, in agreement with the characterization
of the corner modes of a QI in SFig. 9. However, because the spinful rod groups do not host symmetry-stabilized
four-dimensional corepresentations away from rod TRIM points'®57, then there is no crystal symmetry that can force
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the bands corresponding to the bulk Dirac points and HOFA hinge states to appear in strict fourfold degeneracies in
the rod bands in SFig. 22; instead, their fourfold degeneracy is only restored in the thermodynamic limit that states
along the rod do not hybridize. Therefore, because of finite-size effects, the hinge projections of the bulk Dirac points
and the HOFA hinge states split into two sets of states in the rod bands in SFig. 22.

Next, to visualize the HOFA state that appears on a single hinge of a macroscopic, z-directed sample of KMgBi, we
perform a hinge Green’s function calculation, the results of which are shown in Fig. 4(d) of the main text. To isolate
the surface and corner (hinge) states, we first form a slab of the tight-binding model in SEq. (237) that is infinite in
the z direction, semi-infinite in the z direction, and large (~ 60 unit cells) in the y direction. We then employ hinge
Green’s functions to calculate the hinge states localized on just a single edge of the semi-infinite slab (Fig. 4(d) of the
main text). We observe clear HOFA states connecting the hinge projections of the bulk 3D Dirac points to the hinge
projections of the 2D topological surface cones of the Zg-nontrivial bulk plane at k, = 0 (Fig. 4(d) of the main text).
Unlike in our previous rod calculation (SFig. 22), the semi-infinite slab used to calculate the hinge Green’s function
exhibits strongly broken fourfold rotation symmetry, and is therefore not strictly required to exhibit topological HOFA
states, which may be removed through surface gap closures, analogous to the corner modes of the Cy.-broken QI in
SRef. 26. Nevertheless, in the Green’s function of a single hinge (Fig. 4(d) of the main text), we still observe the same,
isolated, half-filled HOFA state as is present on each of the four hinges in the fourfold-symmetric rod tight-binding
calculation (SFig. 22) that we performed to confirm the presence of intrinsic HOFA states in KMgBi. We postulate
that this is because the slab still has 90-degree corners, like in the square rod calculation (SFig. 22), and because it is
very (infinitely) large in the zy-plane compared to the hoppings in SEq. (237); therefore, at most (if not all) k, points
with HOFA states in the hinge Green’s function calculation (Fig. 4(d) of the main text), a very large suface potential
may be required to change the sign of the surface (edge) gap from its value in the fourfold-symmetric rod calculation
(SFig. 22).

HOFA States in o”-Cd3Ase — We also find that the criteria for HOFAs in SN 12 (Supplementary Table 8) are
satisfied by the archetypal Dirac semimetal CdzAss in both its room- («) and intermediate-temperature (o) phases
(SGs 142 (I41/acdl’) and 137 (P4s/nmel’), respectively)!10:111:113:150 = Because of its simple primitive tetragonal
Bravais lattice, we here focus on o//-CdsAs,, though the calculations performed in this section could also be adapted
to characterize the HOFA states in a-CdzAss after carefully mapping its body-centered lattice to a primitive tetragonal
rod (SN 12).

The o' phase of CdzAsy (ICSD'5 No. 609930) has been extensively studied in theoretical works!0:113:150 " and
has been stabilized in experiment in single crystalline form at room temperature and below by 2% zinc doping!''4.
Furthermore, as Zn is isoelectronic to Cd, this doping should not affect the Fermi level. In SFig. 23(b,a), we show the
electronic structure of a/’-Cd3As, calculated from first principles with and without incorporating the effects of SOC,
respectively, obtained using the same methodology previously employed in this section to calculate the electronic
structure of KMgBi. As in KMgBi, the little co-group of the T point is isomorphic to point group 4/mmm1’ (Dyy,)
(though unlike in KMgBi, the little co-group of the Z point is here not isomorphic to a point group!?:56:130 hecause
of the projective action of the fractional lattice translation in the 45 screw symmetry in SG 137 P45/nmecl’). The
representation labels of the bands in SFig. 23(a,b) were obtained from first principles, are given in the convention
previously established earlier in this section for the bands of KMgBi, and agree with the results of previous investi-
gations!1O-11L113,150 of /. Cd3Asy. In terms of the corepresentations of point group?® 4/mmml1’, the single-valued
corepresentations in SFig. 23(a) are related by the equivalences:

pi = A1y, p3 = Aoy, p; = E,. (238)

When the effects of SOC are incorporated, the corepresentations at I' are labeled by pg, ﬁ;‘, where the s4,, and Z
characters of pg; and p3 were previously given in SEq. (235) (s4,. exhibits the same set of eigenvalues and commutation
relations with other spatial symmetries as Cy, at the I' point of any SG!'%), and where the s,,. and Z characters of
py are:

142 1—1
X,;;(342z) = W + W =2, X5 (Z) = —2. (239)

In terms of the double-valued corepresentations of point group*® 4/mmm1’:
ﬁg = EQU, ﬁ? = Elg, ﬁ; = E1u~ (240)

Away from the TRIM points I' and Z, bands along I'Z cross to form a time-reversed pair of symmetry-stabilized
Dirac points at k; = k, = 0, k, = £k¢, where kS = 0.125 (27 /c) (SFig. 23(b)), where the crossed bands are labeled

29
by pe,; of 4mm with an additional Z x 7 symmetry whose symmetry-representation commutation relations contain

phases that reflect the 49 screw symmetry in SG 137 P4y /nmcl’ (SN 3 and 12). Furthermore, o’-CdsAs, crystals
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in SG 137 are theoretically capable of being shaped into nanowires with fourfold axes, as discussed in the caption of
and text surrounding Supplementary Table 8 (indeed nanowires'®! and z- (c-axis-) directed samples®? of the room-
temperature (o) phase of CdsAsy in SG 142 (14;/acdl’) have already been synthesized in experiment). Therefore, as
shown in SN 5 and 12, a c-axis-directed, 43-screw-symmetric nanowire of a”’-CdsAss should exhibit HOFA states on
its 1D hinges.

To demonstrate the presence of HOFA states in o”-CdzAss, we follow the same procedure previously employed for
KMgBi. We introduce the k - p Hamiltonian in SEq. (237) to model the electronic structure of a”’-CdzAs, calculated
from first principles (SFig. 23(b)). Unlike previously with KMgBi, there is an additional subtlety in using SEq. (237)
to model the low-energy electronic structure of o”’-CdzAsy. As shown in SFig. 23(b) and discussed in detail in
SRef. 110, the electronic structure of o”-Cd3sAs, features multiple band inversions and split representations at the I’
point: specifically, after incorporating the effects of SOC, the inverted bands closest to the Fermi energy are labeled by
corepresentations with different s4,. eigenvalues and the same parity eigenvalues (pg 7), and there is a second, larger
band inversion, also at I, between bands with opposite parity eigenvalues (the valence band of which is labeled with
p¥). To simplify the description of the bands at the Fermi energy, we follow the procedure developed in SRef. 110, and
use a four-band tight-binding model in which the valence states at I" closest to the Fermi energy (p; ) in SFig. 23(b)
are replaced with states labeled by ﬁ?‘, reflecting the summed parity and fourfold rotation eigenvalues of the entire
valence manifold at T". As shown in SRef. 110, this simplified description still captures the band inversion in «’-
CdsAsy between Kramers pairs of Cd 5s orbitals and the m; = £3/2 subset of spinful As 4p, , orbitals, because
spinful m; = £3/2 p orbitals (i.e. p; +ipy,T and p, —ip,, | orbitals) were previously shown in this section to exhibit
the same fourfold rotation eigenvalues (but not the same parity eigenvalues) as spinful d,>_,2 orbitals (SN 3, 7,
and 8).

Next, we fit the bands of the simplified & - p theory in SEq. (237) to the first-principles electronic structure of o'~
CdsAsy (SFig. 23), obtaining the fitting parameters listed in Supplementary Table 10. We then map this fitted & - p
theory to a lattice tight-binding model, which we place on a fourfold-symmetric rod finite in the x and y directions,
and calculate its surface and hinge states (SFig. 24). In o”-CdsAs,, it is well documented that the Hamiltonian of
the k., = 0 plane is equivalent to a 2D TI3%M1L148 whose edge states correspondingly manifest as rod surface states
at k, = 0. In both the complete DFT description of o’-CdszAss (SFig. 23(b)) and in SEq. (237) with the fitting
parameters listed in Supplementary Table 10, the Hamiltonian of the k, = 0 plane also exhibits the same fourfold
rotation eigenvalues as a QI in p4dm (SN 3 and 7). As shown in SN 7, this indicates that the TT surface states at
k, = 0 will gap into HOFA hinge states away from k, = 0. In our rod calculation, we also observe four, half-filled
hinge states connecting the hinge projections of the bulk 3D Dirac points to the projections of the 2D TI cones at
k. = 0. Finally, using the same semi-infinite slab construction previously employed for KMgBi, we use hinge Green’s
functions to calculate the states on a single hinge of a large, z-directed crystal of a/’-CdzAss, the results of which are
shown in Fig. 4(c) of the main text. The hinge spectrum exhibits clear HOFA states connecting the hinge projections
of the bulk 3D Dirac points to the hinge projections of the 2D topological surface cones of the 2D-TI-equivalent bulk
plane at k, = 0.

HOFA States and Fragile Corner Modes in 3'-PtO, — Finally, we also use first-principles and tight-binding calcu-
lations to demonstrate the presence of HOFA states and related fragile-phase corner modes in the candidate Dirac
semimetal'537156 PtO, in its rutile-structure (3’) phase (SG 136 (P43/mnm1’), ICSD'35 No. 647316, further details
available at?430:31:136 https://topologicalquantumchemistry.org/#/detail/647316), which satisfies the criteria
for HOFA states derived in SN 12. In f8’-PtOs, the Pt atoms occupy the 2a Wyckoff position and the O atoms
occupy the 4f position. In SFig. 25(b,a), we respectively show the electronic structure of 5’-PtO2 with and without
incorporating the effects of SOC, calculated using the same methodology previously employed for KMgBi. Even before
incorporating the effects of SOC, spin-degenerate bands in §’-PtOs are already strongly inverted at I'. Specifically,
the valence and conduction bands in 8’-PtOs (SFig. 25(a,b)) only cross in the vicinity of inverted bands at the T’
point, though there are also additional electron and hole pockets from bands that do not connect across the gap
nearest the Fermi energy. In the absence of SOC, the inverted states at I' are labeled by the single-valued corepre-
sentations p§4 of the little co-group of the T' point of SG 136, which is isomorphic to point group 4/mmm1’ (Dyy),
and where corepresentations are labeled using the convention previously established earlier in this section. In terms
of the corepresentations of point group*® 4/mmm1’, the single-valued corepresentations in SFig. 25(a) are related by
the equivalences:

Py = Asy, pi = Bay. (241)

When the effects of SOC are incorporated (SFig. 25(b)), the nodal lines near I" split into a time-reversed pair of Dirac
points located at k = (0,0, +kS), where k¢ = 0.1663 (27/c) = 0.33386 A~!. In the electronic structure of 5'-PtOs
incorporating SOC, the bands closest to the Fermi energy at I' are labeled by ﬁérj, whose s4,, and Z characters were
previously listed in SEgs. (235) and (239), and which are related to the corepresentations of 4/mmm1’ through the
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equivalences:
ﬁg— = EZQ’ ﬁ;_ = Elga (242)

again noting, as we did previously in this section for a/’-CdzAss, that s4,, exhibits the same set of eigenvalues and
commutation relations with other spatial symmetries as Cy, at the I" point of any SG'.

Unlike in the previous HOFA Dirac semimetals analyzed in this section KMgBi and o”-Cd3Ass, because the Dirac
points in 5/-PtOs originate from a single band inversion between bands with the same parity eigenvalues (SEqgs. (235)
and (239)), the Hamiltonian of the k., = 0 plane is not equivalent to a 2D TI. Instead, because the inverted bands
exhibit different fourfold rotation eigenvalues (and the same parity eigenvalues), the Hamiltonian of the k, = 0 plane
of B'-PtOs is equivalent to a Cjy, = 2 mirror TCI32:33.60:154 (SEq. (94)). As in the model of an s — d-hybridized
3D Dirac semimetal introduced in this work (SEgs. (1) and (6)), the nontrivial mirror Chern number Cy;, = 2 of
the Hamiltonian of the k, = 0 plane necessitates the presence of two, twofold degenerate TCI cones at k, = 0 on
M, -preserving surfaces (SFig. 8(b,c)). We note that the Hamiltonian of the k, = 0 plane also exhibits the same
fourfold rotation eigenvalues as a QI in pdm (SN 3 and 9); as shown in SN 9, this indicates that the T'CI surface
states at k, = 0 will gap into HOFA hinge states away from k, = 0.

To calculate the HOFA states in 3’-PtO,, we first form a 4 x 4 k - p Hamiltonian of the bands closest to the
Dirac points at the Fermi energy. Because the inverted bands in §’-PtO5 have different parity and fourfold rotation
eigenvalues than in KMgBi and o//-CdsAs,, then we cannot employ the previous model of SEq. (237). Instead, we
begin by defining a different four-band basis in which the two states labeled with g7 (p¢) are denoted as |+3) (|£3)),

which we summarize in a Pauli-matrix notation in which 7 indexes orbital components (i.e. J = %, %) and ¢ indexes
spin components (i.e., sgn(m;) = sgn(+3) or sgn(£2)). In this basis, the four-band k - p Hamiltonian of the bands
closest to the Fermi energy in 5/-PtO5 takes the form:

Hr (k) = €(k) Lo + M(K)7* + A(k} — kJ)7° + 7Y(Bkykyo® 4+ Chyk.o” + Ckgk.oY), (243)
where 1., is the 4 x 4 identity and:
e(k) = eo + e1k? + ea(kl + k), M(k) = Mo + MikZ 4+ My (kS + k7). (244)

In particular, SEq. (243) is identical to the k - p Hamiltonian of the I' point of the four-band model of an s — d
hybridized Dirac semimetal in SG 123 P4/mmm1’ introduced in this work (SEgs. (1) and (6)), and therefore satisfies
the symmetry representation used throughout this work (Table 1 of the main text). To model the electronic structure
of #’-PtO4, we map the k- p theory in SEq. (243) to a lattice tight-binding model, which we then fit to the electronic
structure of 5’-PtOs. From this, we obtain the fitting parameters listed in Supplementary Table 11.

Next, to identify and characterize the hinge states in 5’-PtOs, we follow the same procedure employed for the
previous HOFA Dirac semimetals analyzed in this section. First, we calculate the bands of a fourfold-symmetric,
z-directed rod of the lattice tight-binding model obtained from SEq. (243). In agreement with analysis performed
throughout this work, when we fix the system filling to that of the Dirac points, we observe in SFig. 26(a) a single,
half-filled set of four HOFA states connecting the hinge projections of the bulk Dirac points to the projections of the
2D TCI cones at k, = 0 (which have been gapped by finite-size effects, as indicated by the blue arrows in SFig. 26(a)),
as well as a second set of empty HOFA states above them in energy. As previously discussed earlier in this section,
because the spinful rod groups do not host symmetry-stabilized four-dimensional corepresentations away from rod
TRIM points'®57, then there is no crystal symmetry that can force the HOFA hinge states to appear in strict fourfold
degeneracies in the rod bands in SFig. 26; instead, their fourfold degeneracy is only restored in the thermodynamic
limit that states along the rod do not hybridize. Therefore, because of finite-size effects, the eight HOFA hinge states
in SFig. 26(a) split into four sets of two states, which are labeled, in increasing energy, with red, blue, orange, and
black.

To isolate the states on a single hinge, we then calculate the hinge Green’s function of a semi-infinite slab, which
we plot in Fig. 5(b) of the main text. At each hinge k point between |k.| = 0, kS we observe two narrowly split hinge
states with an overall one-quarter filling. This agrees with the analysis performed in SN 9. Specifically, the hinge
spectrum at each k point with HOFA states in Fig. 5(b) of the main text represents the particle-hole conjugate of the
particle-hole-broken QI corner spectrum in SFig. 14(c).

Crucially, unlike the surface 2D TI cones in KMgBi and o’/-Cd3As,, the surface 2D TCI cones in 3'-PtO, are
only protected by M, symmetry, and therefore can be gapped without breaking 7 symmetry. As shown in the main
text and discussed in detail in SN 4 and 9, breaking M, while keeping fourfold rotation, in-plane reflection, and 7T
symmetries gaps the surface cones of a Cjs, = 2 2D TCI formed from band inversion at I (such as the k, = 0 plane
of B/-Pt0O32) into the Kramers pairs of corner modes of a fragile topological phase. Because the corner states are a
manifestation of an anomalous absence of (2 + 8n or 6 + 8n) states from the valence manifold in the k, = 0 plane,
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and are a property of the inverted (fragile) bands near the Fermi energy (SN 9), then they remain present even when
trivial bands below the Fermi energy are added to trivialize the fragile valence manifold. To gap the surface TCI cones
in our model of 5’-PtOs, we introduce a term that breaks M, and Z symmetries while preserving fourfold rotation,
in-plane reflection, and 7 symmetries:

Hil(k) = Hr(k) + D77 (0"k, — 0¥k, (245)

where Hr (k) is given in SEq. (243). The D term in SEq. (245) can be induced in experiment by directing an external
electric field that is spatially constant (or slowly varying on the scale of the lattice spacing) along the z- (¢-) axis of
a 4s-screw-symmetric nanorod of 3-PtOs. To demonstrate the presence of fragile-phase corner charges in 5'-PtOq
in an external field, we set D = 0.04 (eV A‘l) in SEq. (245) and again calculate the bands of a fourfold-symmetric
rod and the hinge Green’s function of a semi-infinite slab. In the rod calculation (SFig. 26(b)), we observe that the
electric field term in SEq. (245) shifts in energy the four Kramers pairs of hinge states (blue circles in SFig. 26(b) at
k. = 0) that resulted from gapping the TCI surface states at k, = 0 (the surface states were already largely split by
finite-size effects in (a)); only two of the eight hinge states at k, = 0 (the red states) are filled when the system filling
is fixed to that of the Dirac points. Even though our rod calculation preserves fourfold rotation and 7 symmetry,
because the spinful rod groups do not host symmetry-stabilized eight-dimensional corepresentations'®®7, then there is
no crystal symmetry that can force the bands corresponding to the eight Kramers pairs of fragile-phase corner modes
at k, = 0 in SFig. 26(b) to appear in a strict eightfold degeneracy; instead, their eightfold degeneracy is only restored
in the thermodynamic limit that states along the rod do not hybridize.

Finally calculating the hinge Green’s function of a z-directed macroscopic sample of 3’-PtOs in the presence of a
z-directed electric field (Fig. 5(c) of the main text), we observe well-isolated, quarter-filled fragile-phase corner modes
at k, = 0 connected to narrowly split pairs of half-filled and fully unoccupied HOFA states, in agreement with the
analysis in SN 9. Specifically, the quarter-filled corner states at k, = 0 in Fig. 5(c) of the main text represent the
particle-hole conjugates of the three-quarters-filled fragile-phase corner modes observable at k, = 0 in the rod bands
of the model of an s — d-hybridized, noncentrosymmetric, fragile topological Dirac semimetal introduced in this work
(Fig. 3(h) of the main text and SN 9).
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