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Supplementary Note 1: Renewable resource model

We analyze a two-strategy evolutionary-game-theoretic model that incorporates environmen-
tal feedbacks, governed by renewable resource dynamics. Suppose that there is a resource
stock, m, that in the absence of consumption or harvest pressure grows logistically, and is
diminished through harvesting or consumption that is associated with the strategies in a
game. For a 2-strategy game, let e, and ey be the harvest effort of strategies L. and H,
respectively, where we assume, that e;, < ey. The dynamics of m are governed by

CZ_T = rm (1—%> —gm(epx +ey(l —x)) (1)

where z is the fraction of the population playing strategy L, r is the intrinsic rate of growth, &
is the carrying capacity of m, and ¢ is a parameter that maps resource degradation pressures
(or harvesting efforts) (er, ey) onto the rate of reduction in the resource. We assume that
environmental impact rates are restricted so that m will be positive at equilibrium. This
implies that ey € (0,7/q) and ey, € [0,ep).

Let n € [0,1] be a normalized measure of the state of the environment that maps onto
the payoff structure of the game. We relate m to n with the linear relationship

m—k:(l—quH)

n = 2
(en— en) it (2)

so that when the whole population chooses strategy L, corresponding to harvesting pressure
er,, the equilibrium value of m maps to the environmental metric n = 1. Similarly, if the
whole population adheres to strategy H, with ey environmental pressure, n — 0.

Next, suppose that the state of the environment influences the payoffs of the game. We
use a payoff matrix for a 2-strategy game with payoffs that are dependent on the normalized
environmental measure, n, given by

H(n) = (1—n) ﬁg 15;2] +n [%1 Jij (3)

so that the matrix entries correspond to the payoffs of the game under conditions of a poor
or rich environmental state. We can write the payoff for playing strategy L and strategy H
as

mr(x,n) = (1 —n)(Rox + So(l — x)) + n(Ryz + S1(1 — z)) (4)
mr(z,n) = (1 —n)(Tox + Py(1 — x)) + n(Tix + P (1 — x)). (5)

Following the replicator equation, the payoffs from the game determine the evolution of the
fractions of the population that play each strategy. In all, we can write our system as

et = x(1 — z)(mp(z,n) — 7 (z,n)) (6)
n=(r—qlegn+ey(l—n))) (x—n). (7)
We let 7 = t/e and re-scale time so that our system can be written as
¢ =x(l —x)(rp(z,n) — 7y (z,n)) (8)
n' =e(r—qlegn+eg(l —n))) (x —n). (9)
where Z—f =1



1.1 Renewable resource stability analysis

This model has up to four equilibria within the state space. We have two edge equilibria,
at (z*,n*) € {(0,0),(1,1)} and up to two interior equilibria that occur when 7 (z,n) =
g (z,n) and n = x. While there are up to two points that meet the criterion for a potential
interior equilibrium, they need not fall inside the state space. Also, note that while n’ =0

at n = e;’_—r/q this too falls outside of our state space since we assume that ey € (0,r/q) and
H—EL
er € (O, €H).

At the edge equilibria, stability conditions are simple. At (z*,n*) = (0,0), stability
occurs if and only if By > Sp. At At (z*,n*) = (1, 1), stability occurs if and only if Ry > T7.
Next, we analyze the conditions for stability of interior equilibria. The interior equilib-
rium, defined by 7 (z,n) = mgy(z,n) and £ = n occurs when
(S() - Pg)(l - l’) + (Ro - Tg)[)ﬁ

= 10
" (PL—S1+Sy—Py)(1—2)+ (T — Ry + Ry — To)x (10)

and x = n. We can substitute and solve for the equilibrium level of the environmental
indicator and the equilibrium strategy fraction, which can be streamlined by defining four
values as

A =mu(1,1) —7,(1,1) =Ty — Ry (11)
Ay =7g(0,1) —7(0,1) = P, — S (12)
§Y =71 (1,0) — 7 (1,0) = Ry — Ty (13)
6% = m1(0,0) — 74(0,0) = Sy — Py (14)

where the A’s correspond to the incentive to switch to the high impact strategy and the d’s

correspond to the incentive to switch to the low impact strategy. The superscripts correspond

to the environmental state and the subscripts denote the resident strategy in the population.
Using these ¢’s and A’s allows us to write the interior equilibrium location as

20% + AY — 69 £ /(AL — 6%)2 + 4AL5Y,
200 + A — 0y — AL) '

ry =n} = (15)
Local stability at such an equilibrium can be computed from the Jacobian matrix evaluated
at an interior equilibrium, which is

z(1— x)%(m,n) z(1— x)%(m, n)

T = e(r—qlegn+eg(l1—n))) —e(r—qlegn +ex(l — n)))] (o) =(a* %)

(16)
where g(z,n) = mp(x,n) — g (z,n). Stability requires Det(J*) > 0 and Tr(J*) < 0.
First, consider the determinant of the Jacobian matrix,

Det(J*) = —e(r — q(egn™ + ey (1l —n*))) " (1 — z™) (g—i(x*,n*) + g—i( *,n*)) . (17)

Due to the restrictions on the level of environmental impact, ey € (0,7/q) and ef, € [0,eg),

and the fact that both  and n are between zero and one, we can conclude that Det(J*) > 0
if and only if g—g(w*, n*) + %(x*, n*) < 0. The terms of interest are
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%(x*,n*) = — [(A}{ + 69 (1 — 2*) + (69 + AlL)as*} (18)
290 %) = (5~ )1 — ) + (B — A}’ (19)

Recalling that at an interior equilibrium x* = n* we can simplify the expression for a positive
determinant of the Jacobian matrix to

60 — AL —28% +2(A — 8 — AL +8%)r* <0 (20)

Evaluation at the equilibria yields the condition for a positive determinant, and is

(A} — 89)2 +4ALSY <0, (21)

Where /(AL —69)2 +4A14% < 0 corresponds to 27 and —\/(AL —69)2 +4AL8% < 0
corresponds to x* .
The trace of the Jacobian matrix is

Tr(J*) =2 (1 — x*)%(x*,n*) —e(r—qlegn” +eg(1—n"))) (22)

where g(x,n) = mp(x,n) — my(x,n). Given Det(J*) > 0, stability at an interior equilibrium
will occur if and only if Tr(J*) < 0. A sufficient condition for a negative trace is g (x*,n*) <
0, because this implies that both terms of the trace are negative. This occurs when either

Ay +62 <0 (23)

or

SOAL < Alg). (24)

On the other hand if Supplementary Conditions 23| and [24] are violated, stability is still possi-
ble but not assured. In this scenario, stability depends on the relative speed of environmental
feedbacks. In this case, stability occurs at the interior equilibrium when

(\/4A160 + (Al — 89)2 A}{—(sg)

(\/4A150 4 (AL —§0)2 — 2A1L+A},—5g)

(\/4A150 F (AL —89)2 — AL 460 — 25%)
A(AL — Ajy + 0] — o)

(25)

€ > €crit =

x| q((Ay — 67)(en +er) — 2(ALen — dyer))

+qlen — ex) JAALY + (Al — 692

+2r(A} — A + 6% — &%)




where € is the speed of environmental feedbacks relative to strategy updating. As r increases,
the region of the parameter space that leads to a stable interior equilibrium increases. This
makes sense, both € and r increase the speed of environmental dynamics, and thus changes
in these parameters have similar effects on outcomes.

1.2 Renewable resource system-level analysis

The 27 equilibrium is an element of the unit interval when the following conditions hold:

([6% + AL — 6% — Al >0 and
(6% < 0 or A} — 6% +26% > 0) and
(Al <0 and A}, — 8% —2A1 > 0)]
zh €(0,1) < ¢ or (26)
8% + Al — 0% — A} <0 and
(6% < 0 and A}, — 62 4+ 26% < 0) and
| (AL <0or Ay — 6 —2A} <0)]

Similarly, the * equilibrium is an element of the unit interval when the following conditions
hold:
(0% + AL — 62 — Al >0 and
(6% > 0 and A}, — 6?2 4 26% > 0) and
Al >0o0r Al — 6% —2A1 > 0)]
zr €(0,1) < ¢ or (27)
(6% + AL — 6% — Al <0 and
(6% > 0 or A} — 62 +26% < 0) and
| (AL > 0and A} — 0} —2A} <0)]

Ascertaining what these criteria mean for system-level properties of interest is simplified
by considering four cases that span the values of Al and §%.

Case 1: (Al < 0 and 6% < 0) In this case, both edge equilibria are stable and only
an interior saddle equilibrium, given by z7% falls in the interior of the state space. Thus,
this corresponds to bistability of strategy L and H where the resulting environmental and
strategy state depends on the initial environmental and strategy conditions. This result is
invariant to the details of the environmental feedback timescale or the payoff structure of
the game (other than the restriction that A} < 0 and §% < 0).

Case 2: (Al > 0and 6% > 0) In this case both edge equilibria are unstable, and only the
x* equilibrium is in the state space. The stability analysis indicates that z* is guaranteed
to be a locally stable equilibrium when either A}, + 09 < 0 or Ap8Y < AjdY. If both of
these conditions are violated, then stability will be governed by the condition on . When
the interior equilibrium is stable, we find no evidence of limit cycles and expect all initial
conditions to lead to the interior equilibrium. When it is unstable, limit cycles will result
from all starting conditions. These are the cases that correspond to the ‘oscillating tragedy
of the commons’ in Weitz et al. [I].



Case 3: (A} < 0 and 6% > 0) In this case, both interior equilibria can fall within the
state space, given all the following hold:

AL — 89| > 2. /—AL5y
Al — 60> AL — g0
AL — 59 > —269,

Al — 60 > 2A1

(28)

For these four conditions to hold, given A} < 0 and 6% > 0, we need either AL — 9 >
2y/—AL8Y or A} —69 < —2,/—AL§Y,. The latter cannot hold simultaneously with the three
other conditions, since —2/—A14Y% must be less that at least one of the other terms that set
minimums on A}, — §%. Further, the right-hand-side of the first inequality is positive, while
the rest are negative. Thus all four of the conditions hold if and only if A}, —69 > 2,/—AL4Y,.
Also, since violating the first condition implies that interior equilibria cannot exist, there
will either be two or zero interior equilibria (with a special case where the nullclines are
tangent at one point). When there is no interior equilibrium, dynamics will tend toward the
state where all individuals employ the strategy with low environmental impact. This state
is stable, since Al < 0. When there are two interior equilibria, one will be a saddle, and one
will be stable or unstable depending on parameters and the degree of timescale separation.
If this interior equilibrium is stable, then the resulting dynamics of the system will be similar
to the bi-stable regime described above. If this interior equilibrium is unstable, the system
may have limit cycles from some initial conditions and tend toward dominance of the low
impact strategy from other initial conditions. It is also possible, for low values of €, that a
limit cycle will not exist, and instead dynamics will tent toward the low impact state from
all initial conditions.

Case 4: (A; > 0 and 6% < 0) Lastly, following similar arguments as in case 3, we
conclude that two interior equilibria will result when A}, — 6% < —2,/—A14Y%, and no
interior equilibria will occur if A}, — 69 > —2,/—AL4%. In this case, the edge equilibrium
where the high impact strategy dominates will always be stable. If there are two interior
equilibria, then as in case 3, depending on the value of €, either bi-stability, limit cycles
embedded in a bi-stable regime, or dominance of the high impact strategy from all initial
conditions will result.

Supplementary Note 2: Decaying resource model

While some resources are intrinsically self-renewing, many others are intrinsically decaying,
and are maintained by production as a consequence of agents’ strategies. Here, we treat this
case.

Let m be the concentration a resource that impacts the payoffs of players in a game, and
is created as a byproduct playing the game. We assume that in the absence of production
by players of the game, the concentration of m decays exponentially. We also assume that
strategy L has a low emissions rate of the resource, ey, and strategy H has a higher emissions



rate rate, ey. Given these assumptions we can model the dynamics of m as

dm
dt
where z is the fraction of the population that employs strategy L, and (1 — ) is the fraction
of strategy H players. While m can be any resource that meets the assumptions above,
a clear example with societal relevance is pollution. Many actions generate pollution, and
stocks of pollution impact many systems. However, there is a more broad class of problems
that also fit within this framework, including the cognition-environment feedbacks studied
by Rand et al. [2].
As in the case of the regenerating resource studied in the previous section, we define a
metric of the environmental state, n,

=—am+eLxr+eg(l —x) (29)

n = SH—am (30)
€g — €L
such that when the whole population has high emissions, ey, n — 0 and when the whole
population has low emissions, ey, n — 1. Whereas m is a direct measure of the concentration
of a resource stock, for example a pollutant, n is a normalized transformation of m that is
used to write the payoff structure of the game being considered. Employing a change of
variables, the dynamics of n can be modeled as

n=alx—n). (31)

We use the same payoff matrix as before for the 2-strategy game with payoffs that are
dependent on the normalized environmental measure, n, given by

M(n) = (1 —n) [];;’ ]5;2] tn {1;11 Jij (32)

so that the matrix entries correspond to the payoffs of the game under conditions of a poor
or rich environmental state. We can write the payoff for playing strategy L and strategy H
as

mr(x,n) = (1 —n)(Rox + So(1 — ) + n(Ryz + Si1(1 — z)) (33)
ma(z,n) = (1 —n)(Tox + Po(1 — z)) + n(Thz + P,(1 —x)) (34)
when z is the fraction of the population that plays strategy L and has low emissions. Fol-

lowing the replicator equation, the payoffs from the game determine the evolution of the
proportion of the population that plays each strategy. In all, we can write our system as

et = x(1 — z)(mp(x,n) — my(x,n)) (35)

n=a(r—n). (36)
Let 7 = t/e to re-scale time so that our system can be written as

¢ =x(l —x)(rp(z,n) — 7y (z,n)) (37)

n' =ea(x —n) (38)
where Z—f =1



2.1 Decaying resource stability analysis

This model also has up to four equilibria within the state space. We have 2 edge equilibria,
at (z*,n*) € {(0,0),(1,1)} and up to two interior equilibria that occur when 7 (z,n) =
wg(z,n) and n = z.

We analyze the Jacobian matrix to derive the conditions for stability of interior equilibria.
The Jacobian matrix for this system at an interior equilibrium is

z(1— x)gg(x n) z(l— x)gZ(x n)

(ge% —€EQx

Jt = (39)

(z,n)=(z*,n*)

where, once again, g(z,n) = w(x,n)—mg(x,n). Also, the location of the interior equilibrium
is the same as in the renewable resource model, with

A =T, — Ry (40)
Ay =P — S (41)
60 =Ry — Ty (42)
6% =Sy — Py (43)

used to simplify our expressions and take into account only the differences in the payoffs,
without loss of generality. The simplified expression for the interior equilibrium is
209 + Ak — 8 £ /(AL —69)2 +4A150

2(0% + AL — 6% — Al)

* *

n =r =

(44)

In relation to the analyses for the renewable resource model, the structure of the Jacobian
matrix for the decaying resource model is very similar. This will make our analysis easier
because much of it carries over directly from previous sections.

Stability at an interior equilibrium can be determined by trace and determinant of the
Jacobian matrix. As before, the determinant is positive if and only if

dg dg

and a sufficient condition for a negative trace is
0
ag(x n*) < 0. (46)

However, if Supplementary Condition [46]is violated but Supplementary Condition 5] holds,
stability is still possible, and will depend on the speed of environmental feedbacks. In this
case, the condition for stability is

(\/4A150 + (A} — 502 AE—&%)

(\/4A150 + (Al — 092 2A1L+A}{—5%)

<\/4A150 (AL — 802 — AL 4 g0 252,)
8(AL — Al 409 — 65)?

(47)

EQ > €Eqritd =
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so that fast enough environmental dynamics can stabilize any interior equilibrium, even if
Supplementary Condition is not met. Lastly, g(z,n) is unchanged from the renewable
resource model, implying that the forms of Supplementary Condition [46| and Supplementary
Condition [45| also remain unchanged from the renewable resource model.

Now, we consider the edge equilibria. As before, at (z*,n*) = (0, 0) stability occurs if and
only if 6% = Sy — Py < 0. Again, (z*,n*) = (1,1) is stable if and only if A} =T — Ry < 0.
Thus if both Al and ¢% are positive, then both edge equilibria are unstable.

2.2 Decaying resource system-level analysis

For the decaying resource model, the system-level analyses do not change from the renewable
resource model, and thus the regions of the parameter space as divided in Figure 2do not
change, and retain the same qualitative interpretations. This is because the position of the
equilibria are unchanged and the sufficient conditions for stability of an interior equilibrium
depend only on the ¢ parameters which share definitions in both systems. Thus, we can
conclude that the only change to the system-level analysis from the renewable resource
model is the value of €. that divides cycles from a stable interior equilibrium in the regions
of the parameter space where cycles can occur.

Supplementary Note 3: The existence of cycles

We alluded to the existence of limit cycles in some regions of the parameter space, and
suggested that limit cycles do not occur in other regions of the parameter space. A challenge
to making such claims arises because local stability analyses are not sufficient to describe
global dynamics. In this section we detail the analysis on the existence, (or non-existence)
of limit cycles in our framework. We break this analysis down into cases, following our local
stability analysis.

Case 1: (Al <0 and 0% < 0) We showed that in this case the only interior equilibrium
point is a saddle. In two dimensional systems, a limit cycle must contain at least one
equilibrium point. However, in this region, the interior equilibrium is a saddle point, which
cannot be the only equilibrium point within a limit cycle in a two dimensional system.
Therefore, we can conclude that this region of parameter space cannot contain limit cycles.

Case 2: (Al > 0and 6% > 0) In this region only one equilibrium is present in the interior
of the state space, and it is either stable or unstable, never a saddle point. Our local stability
analysis indicated that when A}d% < 02A}, then decreasing € below €. would destabilize
the interior equilibrium, leading to super-critical Hopf bifurcation. Since in this setting there
are no stable equilibria (in the interior or boundary of the state space) persistent oscillations
result. Simulations indicate that these oscillations are stable limit cycles. While we can
prove the existence of these oscillations for part a region of the parameter space, it is our
goal to preclude them elsewhere.

Consider the region of the parameter space where A1§% > §? AL In this region, the slope
of the strategy nullcline, is negative. Thus, we can see graphically that for a fixed value of n



dynamics converge to the strategy nullcline. This implies that when strategy dynamics are
fast relative to environmental dynamics (small €), the interior equilibrium is globally stable
since dynamics quickly approach the strategy nullcline, then slowly converge to the interior
equilibrium. Conversely, if environmental dynamics are fast, dynamics quickly converge
to the environmental nullcline then slowly converge to the interior equilibrium (whether
A}8Y% > 69 Al holds or not). Therefore, we can conclude that if limit cycles exist in the
region of the parameter space where Ald% > 6? AL they must only occur for intermediate
values of e.

Limit cycles can be ruled out by the Dulac-Bendixson theorem. If we can find a suitable

function ¢(x,n) such that
d(pr’)  Oler')

+ <0 48

Ox on (48)
for all values of = and n in our state space, then we can rule out limit cycles for that region of
the parameter space. Consider the Dulac function ¢(z,n) = ﬁ for the decaying resource

framework. Then we seek to show that

99 O [ealz—n)) 09 _ eax
or  On|x(1—x) | 0r x(1-x)

< 0. (49)

We are interested in the region of the state space for which limit cycles can be ruled out for

any value of €. Notice that the term —w(ffm) is always negative, but becomes close to zero

for small € and x near 1/2. Therefore, limit cycles can be ruled out when % < 0 for all x, n
in the state space. Thus we can rule out cycles for any € when 6% > §? and A} > Al,. We
can also rule out cycles when

€> i max (0% — 62, A7 — Ay) (50)
holds. This proof of the non-existence of limit cycles shows that limit cycles cannot occur for
fast environmental feedbacks. Further, a graphical argument shows that limit cycles cannot
occur for slow environmental feedbacks either (given ALY > 62 Al the fast sub-system is
attracting and slow dynamics along the strategy nullcline lead to the equilibrium). Further,
when A}§% > 6% AL holds, then we know that the interior equilibrium will be locally stable
for all ¢, which implies that if limit cycles were to arise in this region it would have to
be a pair of unstable and stable limit cycles. In extensive simulations we find no evidence
of such dynamics. For the renewable resource framework, the same analysis holds, given
er, > 2ey —1/q.

Case 3: (Al <0 and 6% > 0) In this case there are either zero or two interior equilibria.
In the cases where no interior equilibria are present, limit-cycles cannot occur, since a limit
cycle must contain an equilibrium. In the region of the parameter space where there are
two interior equilibria, one is always a saddle and the other is stable or unstable. The same
analysis as above, in consultation with Figure 2 shows that limit cycles cannot occur in this
regime for A}, < Al. Further, any limit cycle that does exist will not contain the saddle
equilibrium. While this is a proof of the non-existence of limit cycles for only a subset of the
green region in Figure 2, we again find no evidence of limit cycles in the green region of the
parameter space.
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Case 4: (Al > 0 and 4% < 0) Lastly, following similar arguments as in case 3, we
conclude that limit cycles cannot occur when 69 < 69,.

Supplementary Note 4: Cognitive strategy dynamics as an
eco-evolutionary game with decaying resource

Rand et al. [2] present a model of automatic versus controlled processing with a cognition-
environment feedback. In their model, the presence of controlled agents leads to an envi-
ronment that favors automatic processing, and controlled processing is costly. They show
that when the cost of control increases when there are fewer control agents, then cycles can
result in what they term an "evolutionary pendulum". The minimal model presented in their
paper is a special case of our decaying resource framework of game-environment feedbacks.
In this section, we make the connection explicit.

First, we introduce the model from Rand et al. [2]. Let = be the fraction of controlled
processing agents in the population. Then the fitness of each agent is

fe=1l—c—w(l—2x) (51)
Jo=1-p (52)
where ¢ is the fixed cost of controlled processing, w is the extra cost of being a controlled

processing agent when rare, and p is the environmentally dependent cost of automatic pro-
cessing. This cost is governed by a “cognition-environment” feedback given by

p=—((1-2)-p) (53)

Tp

where 7, governs the relative speed of this feedback. The dynamics of the frequency of the
agents is governed by the replicator equation:

& =a(l—x)(fe = fa) (54)

This leads a complete system of equations given by

t=xz(l-z)(p—c—w(l-ux) (55)
p=—((1-2)-p). (56)

Recall that the general decaying-resource model presented herein is given by

y=y(l —y)(r(y,n) — 7u(y,n)) (57)
n=ea(y —n) (58)

where y is the fraction of the population with strategy L, n is a measure of the resource
stock and 7 (y,n) and wg(y,n) are the environmentally dependent payoffs from the game

matrix
Ro So Rl Sl
11 =(1— 59
(n)=(1—n) [TD Po]m[ﬂ PJ (59)

11



If we transform the equations from Rand et al. [2] by
n=p (60a)
y=1—=x (60b)

we can write the dynamics of the new system as

y=-t(z=1-y,p=n) (61)
n=pr=1-yp=n) (62)
which simplifies to
y=y(l —y)(wy+c—n) (63)
1
” = — _— . 64
n - (y —n) (64)

Thus, if we let e« = 1/7,, Ry =1, Sy =1, Ty =1—-c—w, Ph=1—¢, Ry =0, 5 =0,
T, = 1—c—w, and P, = 1 — ¢ we can see that our general model decaying resource
model (Supplementary Equations 58| and is a linear transformation of the Rand et al. [2]
minimal model. Thus the Rand et al. [2] model is a special case of the decaying-resource
model presented and analyzed in this paper. Given this, we could typically compute the d’s
and from this know the location, stability and dynamics near the equilibria of the system.
However, this model is a ‘special’ special case, thus more analysis is needed to go from the
general model to the results of Rand et al. [2].
The ¢ values that govern the analysis are

Al=Ti\—Ri=1-c—w (65a)

Ay =P -5 =1-c (65b)

52:R0—T0:c+w (65C)

5%:SO—P0:C (65d)
these values for the § and A parameters fall within the special case where

Al — A+ — 8% =0. (66)

This is a special case that we have yet to analyze for the general model, because it accounts
for a small region of the parameter space. We proceed to analyze the general model given we
are in this special case. We are interested in the stability of the interior equilibrium because
this is the equilibrium point around which the cyclic dynamics occur in the Rand et al. [2]
model.

4.1 Analysis

Assuming that A} — AL +6% —§% = 0 we analyze the general model with a decaying resource,
given by

g =yl —=y)gly,n) (67)
n=ex(y—n) (68)
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where y is the fraction of the population with strategy L, n is a measure of the resource
stock and

g(y.n) =mply,n) —mu(y,n) = (1 —n)(6ly + 041 —y)) —n(Apy + A1 —y))  (69)

is the gradient of selection. The interior equilibrium occurs where g(y,n) = 0 and y = n.
The first condition holds when

0% (1 —y) + 6%y
(AL +69)(1—y)+ (AL + 0%y

(70)

n =

In this special case, the denominator is equal to A = 6% + Al = §% + Al This simplifies
our analysis and we can write the location of the interior equilibrium as

n=1/A[04(1—y)+ 6y (71)
which implies that
O
* pu— * pu— —_——. 2
Y T AT (72)

Stability at this interior equilibrium can be derived from the Jacobian matrix evaluated at
this equilibrium,

_ .\ 9 _ )%
(y,n)=(y*,n*)
where 1/50 0 0 (AL 1
@@* ) = AL(0p — 05) + 0 (A — A7) (74)
dy" 0% + A}
and 5
g * *
5oyt = =0y — Al = —A (75)

An unstable interior equilibrium will occur when Det(J*) > 0 and Tr(J*) > 0, and this will
lead to cycles. Det(J*) > 0if and only if (6% + A ) (AL +0%) > AL(6? —0%)+ 0% (AL —A}),
which in this special case is equal to

6% > —AL (76)

ALY [AL (0] —62)+6% (A} —A)]

AT 1507 which in

by the definition of A. Tr(J*) > 0 if and only if ea <

this special case is equal to
ALSY (AL — 59
e < L Hl( H - H) (77)
(AL +0p)?
Now That the analysis has been done for the general case under the assumption that A} —
AL + 09 — 6% =0, we can apply it to the model of Rand et al. [2].
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4.2 Application to Rand et al. model

In the transformed version of the Rand et al. [2] minimal model we had

Al =1—-c—w (78)
Ay =1-c (79)
8 =c+w (80)
8%y =c (81)

which can be applied to the conditions for an unstable interior equilibrium in Supplementary
Equations [77] and [7T6] An unstable interior equilibrium occurs when

w<1 (82)

and
(1 —w)?

cw(l —c—w)’

Tp > (83>
The first condition is satisfied by the assumption needed for the existence of an interior
equilibrium, w + ¢ < 1 and the assumption that ¢ > 0 and w > 0. Notice that when w = 0,
there does not exist a 7, for which the interior equilibrium is unstable. This can be seen
directly from a necessary condition for cycles, violating Supplementary Condition [24] which
requires w > 0 (this is from the renewable resource case, but an identical necessary condition
exists in the decaying resource case).

Supplementary Note 5: Common-pool resource harvesting

Here, we consider a classic model of common-pool resource harvesting. We assume that
individuals either harvest with high, ey, or low, ey, effort. We let the evolutionary process
be governed by a profit function, 7(e;,n), that maps the resource level and harvest effort
into fitness. As before, we assume that the resource, n is governed by logistic growth, and
the harvest rate is proportional to n and effort. We can write our system as

i = a(1 — ) (w(e.n) - w(e,n)) (84)
i=rn (1= 1) —an(wer + (L= 2)en). (85)

where z is the fraction of the population that harvests with low effort, k£ is the carrying
capacity of the resource, ¢ is the efficiency with which effort is transformed into harvest, and
e controls the relative timescales of strategy and resource dynamics. For small e, strategy
dynamics are fast relative to resource dynamics.

Now, we turn our attention the the profit function, m(e;, 7). In this simplest case, revenue
will depend on the harvest and the price at which the harvested resource can be sold, and
costs will increase linearly in effort. Under these assumptions, we can write the profit of an
individual as

m(ei,n) = pane; — we; (86)
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where p is the fixed price of the resource and w is the marginal cost of effort.

This gives us a complete description of our system, however, it is not immediately obvious
that this model is a special case of the renewable resource case studied in detail above.
Employing this profit function, we can simply express our system of equations as

et =x(1 —z)(eg —ep)(w — pgn) (87)
i=rn (1= 1) —an(wer + (1= 2)en). (83)

Throughout this analysis, We assume that e; < ey. Now, in order to make an exact
mapping between this model and the general renewable resource model analyzed in Supple-
mentary Note 1 we linearly transform the resource level, n, into an environmental metric, n
that is bounded between 0 and 1. Within this transformed space, we can construct a payoff
matrix, II(n) that maps onto our common-pool resource harvesting case.

First, we define our environmental metric as

- <_: Ele;q?':) (&)

r

n

and write the state of our resulting system in terms of x and n. We have

et = x(l —z)(eg —er) (w + pak (1 — QGTH> — quk(eH — eL)n) (90)

n=(r—qlegn+eg(l—n)))(z—n). (91)

From this we can reconstruct a payoff matrix IT(n) that leads to this system equations. The
entries of II(n) are

Ry =5) = :qu (1 — quH> — w] er, (92)
To= Py = :qu (1 — quH> — w] ey (93)
R =05 = :qu‘ (1 — qc%> — w} er, (94)
T, =P = :qu (1 - qc%> — w} €. (95)
Thus, we can write the values of § as
Al = AL = [qu (1 - qc%) - w} (eg —er) (96)
8 =00 = — [qu (1—quH) —w} (eg —er). (97)

Depending on the parameter values chosen we have three possible outcomes. First, when
positive profits occur at the low effort dominated environmental equilibrium but negative
profits result at the high impact dominated equilibrium then we have Al = AL > 0 and
6% = 6% > 0. This implies that the system always falls at the boundary of the region where
cycles are possible in Figure 1b. This implies that while cycles cannot occur in this system,
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small changes to the payoff structure could lead to cycles. In particular, holding all else
equal, increasing AL or 69 would permit cycles.

Second, if ey is low enough that pgk (1 — “£) —w > 0, then 6% = 67 < 0 and A}, =
Al > 0. Thus, by referencing Figure 1d, we conclude that the only stable outcome is the
high-impact equilibrium. Third, if both pgk (1 — quH) —w < 0 and pgk (1 — q‘%) —w <0,
then we have 0% =69 > 0 and A} = A}, < 0. As illustrated in Figure 1c, this implies that
the low impact dominated state will be the equilibrium outcome. We assumed ex-ante that

er, < ey and thus these are the only possible outcomes within this system.

Supplementary Note 6: Market pricing CPR model

While the simplest common-pool resource harvesting model cannot produce cyclic dynamics,
one possible driver could be market pricing. Whereas in the previous section the price
received for each unit of harvested resource was constant, here we let the price received be
a function of the total harvest at the present time, to mimic market pricing. A fixed price
makes sense in the case where the system in question represents a small part of a large or
global market because then local supply can have only a small impact on the global market
price. Here, we allow harvest quantity to effect the price. This is more applicable to cases
where the markets for the resource are local or the suppliers in consideration account for
a significant portion of total supply. As a first approximation, we assume that the market
price is linearly decreasing in the quantity supplied.
This alters that profit function, resulting in

m(e;, x,n) = p(h)gne; — we; (98)

where h = ng(xer 4+ (1 — z)ey) and p(h) is the market price as a function of resource supply.
This model is not a special case of the model presented in Supplementary Note 1 since there
are higher order terms in the dynamical equations introduced through the dependency of
the price of the resource on the state of the system. We consider the linear price equation,

p(h) = po(1 —~h) (99)

so that there is a price ceiling of py and a linear decrease with slope v as supply increases.
With this formulation, we can write the profit of low and high effort harvesters as

mr(z,n) = po(1 —yng(zer + (1 — x)en))qner, — wey, (100)
wr(z,n) = po(l —ynqg(zer + (1 — x)em))qney — weg. (101)

In total, the model can be written as

et = x(l —z) (mp(x,n) — mu(z,n)) (102)
n=rn (1— %) —qn (zep + (1 —x)eq) . (103)

Bifurcation analysis allows us to show how equilibria (and their stability) change as a
function of key parameters of interest. First, we examine the effect of the slope of the price

16



function on the equilibrium fraction of low-effort harvesters. this slope, 7, is a measure of
how quickly price declines as supply increases and is related to the price elasticity. The
equilibrium state of the resource can also be displayed, however, in our model there is a
linear relationship between the fraction of low-effort harvesters and the equilibrium state
of the resource. Thus, we only present the bifurcation diagram in the fraction of low-effort
harvesters, z. Supplementary Figure [Ia]shows that under regime with a high maximum price,
Do, increasing the rate at which harvest quantity depresses market price, v, leads to hysteresis
and multiple stable states. On the other hand, Supplementary Figure [Ib| shows that under
a low maximum price, increasing ~ leads to a smooth transition from one equilibrium to the
other, without a region of multiple stable states.

6.1 Market pricing analysis

The interior strategy nullcline of the system changes from previous models because market
pricing of harvest changes the set of points where zero profits result. Letting w(ep, x,n) —
(e, x,n) = 0 and solving for n gives

. po £ \/po(po — 4dyw(zep + (1 — x)ey)

2poyq(zer + (1 — x)ey) (104)

so that there are two branches of the relationship depending on whether the square root is
added or subtracted from the relationship. This can be simplified to

9
n= i
Poq £ qv/Por/po — dyw(en(l — x) + erx)

which, since ey > e, illustrates that as x increases, the second term in the denominator
also increases. This implies that on the upper branch of the nullcline is increasing in x
and the lower branch of the nullcline is decreasing in z for all z € [0,1], given that py >
dvyw(ey(l — z) + epx). This will simplify stability analyses at interior equilibria.

Now we characterize the stability of the equilibria of the system. First, we will consider
the interior equilibria.

(105)

Interior equilibria At interior equilibria, the environmental nullcline intersects with the
strategy nullcline. The analysis will depend on the relative slopes of these nullclines, and
whether the intersection occurs at the upper or lower branch of the strategy nullcline. Con-
sider the Jacobian matrix o

& 0%

J = {g’_ﬁ 3_2} (106)

dr  and (a* n*)
at the lower branch of the strategy nullcline. We know that the environment nullcline is
increasing in x because e;, < ey, and that n > 0 below the nullcline. Further, from the form
of the strategy nullcline, we know that the lower branch is decreasing in z and that * > 0
below the nullcline. From this we can determine the sign of each element of the Jacobian
matrix. In this case we have

J = [; _} (107)
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for the signs of the Jacobian, which implies stability.

Along the upper branch of the nullcline, the stability analysis is slightly more complex.
Consider the path derivatives along the £ = 0 and n = 0 nullclines. By construction, the
value of the path derivative is equal to zero, thus we can write

ot on Ot

eI | 108

on Ox * ox (108)
for the path derivative along the strategy nullcline where the slope of the nullcline is ?TZ'
Similarly, we can write the value of the path derivative along the environment nullcline as

onodn On

—— +=—=0. 109

on Ox * ox (109)

Let S, and S,, denote the slopes of the strategy and environment nullclines at equilibrium,
respectively. Using these identities, we can rewrite our Jacobian as
_ 9% ot
J= [_%gz g_g] (110)
on=—n (a:*,n*)

on

since S, is positive and n > 0 below the environment nullcline then 2—2(3:*, n*) < 0. Also,
since S, is positive and & > 0 above the upper branch of the strategy nullcline, then we can
conclude that 9%(z*,n*) > 0. In total, this implies that Tr(J) < 0 and

_ On ot
~ Onon
We can conclude that the interior equilibrium at an intersection of the upper branch of the
strategy nullcline with the environment nullcline will be stable if and only if S, > S5,. If
the slope of the environment nullcline is greater than the strategy nullcline, then the interior
equilibrium at this point will be a saddle. Note that never does the stability of an interior
equilibrium depend on the relative timescale of resource and strategy dynamics, €.

Det(.]) (S, — S.). (111)

Edge equilibria Here, we analyze the stability of the equilibria at the edge of the phase
space. These analyses are simplest graphically. Given that e;, < ey and ey, is low enough
that it will not drive the environment to zero, then both equilibria at n = 0 will be unstable.
The equilibrium at x = 0 and n > 0 is stable if and only if it’s location falls above the
lower branch of the strategy nullcline, but below the upper branch of the strategy nullcline.
Conversely, the equilibrium at z = 0 and n > 0 is stable if and only if its location falls below
the lower, or above the upper branch of the strategy nullcline.

Supplementary Figure 2| shows a panel of eight qualitatively distinct phase diagrams of
our model of market pricing, harvest and environmental dynamics. While there are many
possible qualitative outcomes, none involve cyclic dynamics.

Supplementary Note 7: Frequency dependent harvesting
efficiency CPR model

In this section we extend the common-pool resource model introduced in Supplementary
Note 4 with the addition of a term to account for the dependency of harvest efficiency, q,

18



0.6 0.6

0.8 ( 0.8
1
\
\
\
\
0.4 Y 0.4

: / 0'2

0.0 T T u T T 0.0 y u T T u
0.5 1.0 1.5 2.0 25 3.0 0.5 1.0 1.5 2.0 25 3.0

Y Y
(a) High po (b) Low pg

Supplementary Figure 1: Bifurcation diagrams of equilibria in the market pricing model
illustrating stable (solid line) and unstable (dashed line) equilibrium frequencies of low-
effort harvesting under high and low price regimes showing multiple equilibria and hysteresis
in the downward slope of the market price, v, under a high p, and a smooth transition from
high-effort dominance to low effort dominance under a low p, regime.

)

X X X

Supplementary Figure 2: Phase planes under eight qualitatively distinct scenarios that can
arise under market pricing. Red curves are strategy nullclines, where © = 0. Blue lines
are environment nullclines, where n = 0. Equilibria are marked with circles, and occur at
intersections of the strategy and environment nullclines. Open circles correspond to unstable
equilibria, and closed circles correspond to stable equilibria.
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parameter | 1(a) 1(b) 2(a) 2(b) 2(c) 2(d) 2(e) 2(f) 2(g) 2(h)

r 0.3 03 03 03 03 03 036 03 036 0.3
k 6 6 4 4 4 4 39.6 4 39.6 4
q 0.5 05 05 05 05 05 039 05 039 05

er, 0.276 0.253 0.25 0.25 0.25 0.25 0.357 0.25 0.185 0.25
e 0564 049 05 05 05 05 06 05 0515 0.5

Do 20 25 35 35 40 35 137 35 13.7 35
w 12 12 10 12 10 10 21.7 ) 16.6 43
€ 20 20 20 20 20 20 20 20 20 20
v 0-3 -3 01 13 25 29 028 32 028 0.001

Supplementary Table 1: Parameter values used to create each phase plane shown in Sup-
plementary Figure 1 and Supplementary Figure [2| moving left to right, from top-left (a) to
bottom-right (h)

on the frequency of a strategy. This model is not a special case of the general renewable
resource model outlined in Supplementary Note 1 because the frequency dependent harvest
efficiency terms alter the dynamics of the resource. The payoff function, however, is a
special case of the payoff matrices considered in Supplementary Note 1. Suppose that low
effort harvesters share information about the state of and location of the resource. This
could lead to increasing harvest efficiency, ¢, as a function of the fraction of the population
who harvest with low effort, x. Alternatively, each strategy may require specialized skills and
labor. As a strategy increases in frequency, the supply of these skills increases, potentially
leading to efficiency gains. In Supplementary Figure|3|dynamics are shown for the case where
low effort harvesters have greater efficiency increases in their frequency. This can lead to
limit cycles depending on the relative speed of the resource dynamics. We formalize this by
considering a catchability function, ¢(x) that increases linearly in z for low effort harvesters,
and decreases in x for high effort harvesters. This indicates that when a particular strategy
is more common, the harvest of the resource by players with that strategy becomes more
efficient. This could result form communication about the location of the resource, which
would lead to an increase in harvest per unit effort for a given environmental state.

Our model of a common-pool resource with variable harvesting efficiency is analogous to
models of ostracism in common-pool systems [3, 4]. While the details differ, both models
feature added costs associated with strategies that are at low frequency — and the dynamical
implications are qualitatively the same. As this analogy illustrates, there are many causes
of frequency dependence in common-pool resource systems, and the framework we have
developed allows the consequences to be understood generally.

Specifically, we extend the basic model of Supplementary Note 5 by incorporating fre-
quency dependent catchability. For low effort harvesters, we let qp(z) = qo(1 + arx) and
for high effort harvesters we let gy (z) = qo(1 + ag(1 — x)) such that, all else being equal,
harvest rates increase with increase prevalence of a strategy, and the magnitude of the ben-
efit of increased frequency is controlled by a; and apy. The profit of each strategy can be
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Supplementary Figure 3: Phase plane and temporal dynamics of common-pool resource
harvesting with frequency-dependent harvesting efficiency. The dynamics show convergence
to a stable limit cycle. (r = 0.33, K = 4,q = 0.5,e;, = 0.33,ey = 0.6,p = 10,w = 5,¢ =
1.3, ay, = 022, apg = 005)

written as
Tr(z,n) = pgo(l + arx)ner — wer, (112)
mu(z,n) = pgo(l + ag(l —x))ney — wey (113)
With these modifications, our system can be written as
¥ =x(1 —x) (pngoler(1 + arz) —eg(l + axy(l —x))) —wler —ex)) (114)
n' =ern (1 — %) —eqon (epz(1+ apz) +ey(1 —x)(1 + ag(l — x))), (115)
given that time has been re-scaled.
To analyze this system we consider the nullclines. The sets of points where n’ = 0 are

n =0 and
n==k (1 - %(eLx(l +arx) +ep(l—2)(1+ay(l— x)))) . (116)

The sets of points where 2’ = 0 are x = 0, x = 1 and

_ w(ey —er)
pqo [(en + emay —er) — (egay + epar)x]

n (117)
Since ey > ey we know that the strategy nullcline is increasing in x when the strategy
nullcline lies within the state space, n > 0. Further, the resource nullcline is quadratic in x
and opens downward. We are in particular interested in the stability of interior equilibria.
Stability at interior equilibria depends on the relative timescale of resource and strategy
dynamics, as well as on the slopes of the nullclines. Consider the path derivatives of the
resource and strategy dynamics equations along their respective nullclines, which are equal
to zero, by construction. This allows us to write the Jacobian Matrix as

‘on

_a_x’gm Oz’
J = {—@s g;;,} . (118)
on =N (x*7,n*)
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Stability at the equilibrium can be determined from the trace and determinant of J. We
have

_on' o7’
~ On On
The structure of our system guarantees that %—7;/ and %—”Z/ will be negative at equilibrium.
Therefore, S,, > S, is necessary, but not sufficient for stability. If S, > S, the interior
equilibrium will be a saddle. Given that S, > S,, then stability will occur when when the
trace of J is negative. Due to our separation of timescales, we have a term, e, that controls
the relative speed of resource dynamics. We have

_ow o
 on Oz

with %—7:: < 0 and %—f; > (0. Since the first term contains €, we know that the trace will
be negative, and stability will result for sufficiently fast resource dynamics (large €) and
conversely the equilibrium will be unstable for slow resource dynamics.

While we can solve for the critical value of € that separates parameter regions leading to
stability with those leading to an unstable equilibrium and a limit-cycle, the closed form so-
lution is unwieldy and does not enhance understanding. However, we can use this expression
to quickly find the critical value of € for any set of parameter values.

Changes in r, the intrinsic rate of growth of the resource, not only change the speed of
resource dynamics, but also the location and stability of the equilibria of the system. For
low r, corresponding to resources with low productivity, only low effort harvesting is stable.
As r increases high effort harvesters can be supported at equilibrium, but this equilibrium
is in close proximity to the low effort dominated equilibrium which is no longer stable, but
only just so. Intuitively, this makes limit cycles less likely to occur because dynamics pass
near two equilibria, slowing strategy dynamics and limiting environmental overshoot that
drives cyclic dynamics. As a result, limit cycles occur for larger values of € when the interior
equilibrium is near the center of the state space. This highlights the non-monotonicity of
the critical value of € in r. For a fixed value of €, increasing r can destabilize, then stabilize
the system (see Supplementary Figure [)).

As ay and ay get larger, the strength of positive frequency dependence increases. This
can lead to sets of nullclines that cross twice in the interior of the state space. At the inter-
section where the resource nullcline has a greater slope than the strategy nullcline stability
depends on €, as before. The other interior equilibrium will be a saddle, and one of the
edge equilibria will be stable. This can lead to three outcomes. First, if both the interior
and edge equilibrium are stable, then there will be dependence on initial conditions with
dynamics either leading to the interior or edge equilibrium. Next, if € is small, the interior
equilibrium becomes unstable and a limit cycle forms around it due to a Hopf bifurcation.
In this case there is still dependence on initial conditions where either a limit cycle or an
edge equilibrium result. Finally, if € is too small, the interior equilibrium is unstable and no
limit cycle results, all initial conditions lead to the edge equilibrium.

To illustrate this complexity, we consider a range of cases with where only r changes.
When we let € = 2.1, increasing r can first de-stabilize the interior equilibrium, then stabilize
it. This highlights the non-monotonicity of the critical value of ¢ in r. Supplementary
Figure 4] shows that intermediate values of r can lead to cyclic dynamics. This is in contrast

Det(.]) (S, — S,). (119)

Te(J) (120)
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Supplementary Figure 4: As r, the intrinsic rate of growth of the resource, increases, the
speed of resource dynamics increase and the location of the equilibria change. As opposed
to changes in € where higher values always stabilize an interior equilibrium, increasing r
can either stabilize or de-stabilize an interior equilibrium depending on context. Here we
show that all else being equal, increase r can lead from stable equilibria, to cycles and back.
(e=.25,g=.5,K=4p=10,w=>5,e;, = .34,eyg = .6,a; = .15, ay = .25)

to the stability condition under the renewable resource model where we found that both r
and € had similar effects of stability.

Supplementary Note 8: Environmental feedback with tip-
ping points

Here we consider models in which two environmental extremes can be reached, dependent
on the strategy profile of the population. We broadly categorize these models as describing
environments with tipping points, because there are critical thresholds in strategy frequen-
cies at which environmental dynamics tend toward one (or the other) extreme environment.
Intermediate environmental states can be considered as either the fraction of the environ-

ment that is in each alternate state or as the environmental metric that describe the entire
environment.
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In contrast to the renewing and decaying environmental feedbacks studies in the rest
of this paper, when we model environmental feedback with tipping points, the dynamical
equations for the environment all have n(1 — n) terms. These terms create two new edge
equilibria at (z*,n*) = (1,0) and (z*,n*) = (0,1). These equilibria will always be either
unstable nodes or unstable saddle equilibria depending on whether the incentive to be a
follower of strategy change is positive or negative at these corners.

Our analysis of environmental feedback with tipping points focuses on how these types of
feedbacks alter the stability criteria for an internal equilibrium that has the potential to be
either stable or unstable. However, when environmental feedbacks arise via tipping points,
the existence criteria for, and location of, interior equilibria change relative to the cases
of renewing and decaying environmental feedbacks. We beg the question when and where
interior equilibria will arise, and instead focus on the stability of such an interior equilibrium,
given that one exists.

8.1 Model of Weitz et al.

Weitz et al. [I] study an environmental feedback where the environment responds directly
to the strategies that individuals employ.
Weitz et al. [I] consider the model

& =x(l —x)g(x,n) (121)
n=én(l—n)((1+0)z — 1) (122)

where g(z,n) = 7, — g is the incentive to switch to strategy 1 given the current state of
the environment and strategy mix of the population, and ﬁ is the critical value of z at
which the direction of dynamics of n switches.

Weitz et al. [1] identify an oscillatory tragedy of the commons as resulting from an
unstable interior equilibrium of the system. The stability criteria of the system at such a

state can be understood in terms of the Jacobian matrix

1
én(1 — nfzﬁl +6) 0 (123)

(z,n)=(z*,n*)

Trace-determinant analysis implies that an interior equilibrium will be unstable when

%(z*,n*) >0 (124)
and 99
%(x*,n*) <0 (125)
where
90 %) = — (Al + 01— 2%) + (5} + A (120)
29 (0 ) = ()~ )1 — ) + (Al — A’ (127
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and

1 6%0 + 09
*n*) = . 12
(&%, n7) (1+e’(A},+5g)e+A;+5g (128)

In the model of Weitz et al. [I] the stability criteria do not depend on the relative timescale
of strategy and environmental dynamics because the environmental nullcline is vertical at

the interior equilibrium. This is the reason that the Jacobian matrix has an entry equal to
zero, and hence there is no € term in the equation for the trace.

8.2 Simple tipping point model

Now we consider a simpler model that nonetheless captures the regimes found in Weitz et al.

it}

Let the system be governed by

t=z(l—x)g(z,n) (129)
n=en(l—n)(z—p) (130)

where p is a fixed threshold in x at which environmental dynamics switch directions.
The Jacobian matrix at an interior equilibrium for this model is

z(1— x)%(a:, n) z(l— x)%(a:, n)

I = en(l —n) 0

(131)

(z,n)=(z*,n*)

Again, trace-determinant analysis implies that an interior equilibrium will be unstable when

0
a—i(z*, n*) > 0 (132)

and 9
%(x*,n*) <0 (133)

In this model the interior equilibrium has the form
(1 — p) +0pp )

n*) =, ) 134
o'y = (o g T T (134

When g = 1/1 4 6 and time is re-scaled by letting e = €(1 + 6), then this simple model is
the same as the Weitz et al. [I] model.

8.3 Environments with a distribution of tipping points

Now we consider a model that generates non-linear nullclines. Suppose that the critical
thresholds for environmental states to shift are governed by a distribution. For example
suppose that strategy thresholds for environmental tipping points are truncated normally
distributed in z, i.e. x ~ N(u,0,0,1). Other distributions will also work for this model, and
if the domain of the distribution is [0, 1], then the environmental nullcline will pass through
the corners of the phase plane, as in the models of renewing and decaying resources that we
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have analyzed. Let F'(x) be the cumulative distribution of z. Then we can write our system
as

=zl —x)g(x,n) (135)
n = en(l —n)(z — F(n)) (136)

where F~! is the inverse CDF. This model converges to the model of Weitz et al. [I] as
oc—0,u=1/(1+0) and € = é(1 + 6), and resembles our models of renewing and decaying
resource linkages as 0 — o0.

The Jacobian of this system is

z(1—2)%(z,n) 2(1—-2)%(x,n
T = (1en(1)3x7(z), ) —67(11(1 —L)aF_’l 31) (137)

(z,n)=(z*,n*)

Analysis of this system can be simplified by considering the path derivatives of each compo-
nent of the system along the its nullclines. First for the & equation we have

0z n oz
Oz On
where S, = % is the slope of the 7 nullcline defined by g(z,n) = 0. We know that % + g—fLSm

is equal to zero because it is the path derivative of & along a nullcline where & = 0.
Next, along the interior nullcline of the n equation, given by n = F(z), we have

on  on

0 Sy (138)

0 (139)

where S, = g—z is the slope of the interior n nullcline. Also, note that from the expression

for the nullcline, we know that
_OF

= 14
Si=50 (140
and by extension, we have
oF~! 1
= —. 141
on Sy, (141)
These path derivatives allow us to rewrite the determinant as
oron Oron  Oion

Det(J') = —— — ——=——(5, -5, 142
et(J") Jdxodn  OnOx (‘9n8n( ) (142)

So that we have a positive determinant when
—ex™n* (1 —a")(1 — n*)%(m*,n*) <1 - g—:) >0 (143)

which occurs when S—Z(l‘*,n*) <0 and S, > S,.
Further, the trace of the Jacobian will be positive, Tr(J*) > 0 (which along with a
positive determinant implies an unstable equilibrium) when

en*(1 — n*)Si <z (1-— x*)%(m*, n*). (144)
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Relation to Weitz et al. [I] The criteria for an unstable interior equilibrium in this
model are different from those under the model studied by Weitz et al. [1]. However, when
the variance of the distribution goes to zero, and it’s mean goes to 1—_1w we have an exact
correspondence between the stability criteria of the two models. Critically, as the variance of
the distribution decreases, the slope the the interior nullcline increases. Thus as ¢ — 0 and
this model approaches that of Weitz et al. [, because S,, — co. In this limit, the condition

for a positive determinant becomes

0

a—i(w*, n*) <0, (145)
and the condition for a positive trace becomes

0

a—z(:p*, n*) > 0. (146)

In this limit, our model reproduces the result of Weitz et al. [I] that states that stability
of the interior equilibrium does not depend on €. However, this is only the case as .S,, — oo.
For a finite value of S, (as occur in our model for o # 0) a sufficiently large value for e,
implying fast environmental dynamics, will stabilize an interior equilibrium.

That stability of an interior equilibrium depends on € is a general feature found in both
renewing, decaying, and threshold environmental response models for all but the limiting
case where o = 0.

8.4 Linear case

Next, we consider a linear implementation of the previous model, which occurs when the
distribution of environmental tipping points is uniform. We assume that there is a uniform
distribution in z of width a, centered at u. Now, we replace the p term in the previous
model with the inverse of the CDF of the uniform distribution of thresholds. This leads to
a system governed by

t=2z(1—2z)g(x,n) (147)
n=en(l—n)(zx—an+a/2 — p). (148)

The Jacobian of this system is

(1 —2)%(x,n) x(1— x)%(x, n)

e oz
J en(l —n) —en(l —n)a (o) = (2 ) (149)
which will have a positive determinant when
9y 9y
am (@7, n7) + o (7, n7) <0 (150)
and a positive trace (implying an unstable fixed point) when
en* (1 —n")a > 2" (1 — z")==(a*,n"). (151)

ox

First, two things to note about these criteria for an unstable interior equilibrium:
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1. When a = 0, then the condition exactly aligns with the previously considered models

in Supplementary Notes [8.2] and [8.1]

2. When o = 1/2 and a = 1, then the stability criterion for the interior equilibrium closely
matches those found in both the renewable and decaying resource models considered in
our paper, with only the addition of the n(1 — n) terms differing between the models.

In general, the only case in which ¢ does not come into the criteria for an oscillating dynamic
is the limiting case where a = 0. Mathematically, this is because of the final entry of
the Jacobian matrix becomes zero when a = 0. Graphically, this can be seen because the
environmental nullcline becomes vertical. As we slightly relax the system away from this
limiting case (where a = 0) we see that timescales do indeed matter, with fast environmental
feedbacks having a stabilizing effect.

parameter | 5(a) 5(b) 5(c) 5(d) 5(e) 5(f)
: T 1 2 2 12 172
" 12 12 12 1/2 1)2
0 1 - - - - -
o - - = 110 - 1/10
a -~ 3/10 - 3/10 -
Al o 2 2 2 2 2
AL 11 1 111
50 3 3 3 3 3 3
5% 11 1 1 1 1

Supplementary Table 2: Parameter values used to generate each panel in Supplementary

Figure

Supplementary Note 9: Relationship to Sigdel et al.

Sigdel et al. [5] present a model of forest growth and opinion dynamics. Their model illus-
trates the role that social norms have on the dynamics of opinions, and thus forest cover.
Their model is of the form

t=rkrx(l—z)[c—F+ &2z —1)] (152)
F=RF(1—F)—h(l—2)F (153)

where x is the fraction of the population with a pro-conservation opinion, F' is the degree
of forest cover, ¢ is the conservation value of forest,  is the social learning rate, £ is the
strength of social norms, R is the regeneration rate of forest, and h is the harvest rate.

In the case that h < R the environment approaches the state /' = 1 when the population
strategy is fixed at x = 1. When the strategy profile of the population is fixed at = = 0,
then the environment approaches ' =1 — h/R > 0. In this case, where h < R, the model
of Sigdel et al. [5] is a special case of the renewing resource framework that we analyze. The
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Supplementary Figure 5: Phase space and temporal dynamics for environmental feedback
via environments with tipping points. Panels (a) and (b) show heteroclinic cycles resulting
from two models where there is a single environmental tipping point. Panels (c¢) and (d)
show that under a distribution of tipping points, fast environmental feedbacks lead to a
stable internal equilibrium for both linear and non-linear cases. Panels (e) and (f) show that
for a distribution of tipping points, limit cycles result for slow environmental feedback.
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points that define the corners of the state space, where we evaluate the incentives to change
strategies, are given by (z, F') € {(0,1 —h/R),(0,1),(1,1 — h/R),(1,1)}; and the incentives
to change strategies are

Al =1—-c—¢ (154)
Ay =1—cH+¢ (155)
8y =c—1+h/R—¢ (156)
) =c—1+h/R+E (157)

Sigdel et al. [5] examine the case where h/R = 1/2, ¢ € [0,1] and £ € [0,1]. When
1/2 < ¢ < 1 and ¢ is small but positive, all the incentive parameters will be positive, with
greater incentive to be a follower than a leader of change. Thus we expect this system to
fall in the region of possible cycles in Figure 1b. This intuition, gleaned from our simple
framework, is confirmed by the existence of cycles in this region in the model of Sigdel et al.
[5].

When ¢ increases, the incentives to lead (6%, A}) decline, while the incentive to follow
(602, AL) increase. This increases the range of social learning rates, , that lead to cyclic
dynamics. However, if ¢ is sufficiently large then one (and eventually both) of the incentives
to lead change (6%, Al) will become negative. This corresponds to a switch from the cycles
region of Figure 1b to the single opinion dominance regions of Figure 1c or Figure 1d, and
finally, when both incentive to lead become negative, to the bistability region of Figure 1la.

Similar arguments can be made for cases with h > R, however, this parameter region falls
outside that which we analyzed exhaustively. The relevant corners of the state space shift
to (z, F) € {(0,0),(0,1),(1,0),(1,1)}. The incentives to lead and follow change in extreme
environments are given by

Al =1—c—¢ (158)
AL =1—c+¢ (159)
8% =c—¢ (160)
8 =c+¢&. (161)

Although this instance of the model of Sigdel et al. [5] falls outside the cases we studied, the
incentive parameters nonetheless paint the same qualitative picture found in Sigdel et al. [5]:
the boundaries between the regions where distinct qualitative outcomes occur are defined by
the locations where the incentives to lead change (Al %) change sign.

Thus the result of Sigdel et al. [5], that strong social norms (large &) can eliminate cyclic
dynamics, can be understood in terms of how the social norms in their model effect the
incentives to lead and to follow change, and how increasing the strength of norms moves the
system through the different dynamical regions shown in Figure 1.

Sigdel et al. [6] consider three social-ecological models. The first is closely related to the
model discussed above, and it is also a special case of the renewing resource model considered
in our analysis. Sigdel et al. [6] also analyzed two other models that are not special cases
of the models we have analyzed. Nonetheless, these authors show that there are broad
parameter regimes under which these distinct models produce similar patterns. Therefore,
the results of our paper may similarly generalize. In particular, they analyze cases where
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the environment has Allee effects. This added complexity can create hysteresis, and critical
transitions from which recovery is unlikely in the absence of external forcing.
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