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We define the unit cell structures and the magnetic moment on each sublattice of the initial
magnetic states used in the optimization. Then, the dependence of the optimized states on the
initial state and the bond dimension are discussed. In addition, we provide details of the field
induced phase transition, the critical field strength h. at I' = 0 and —0.03, and tilting the magnetic

field towards the [001]-direction (6 < 0).

PACS numbers:

Supplementary Note 1: Unit cell structures of initial magnetic states

We present the details of the classical magnetic orders used as the initial states in the imaginary time evolution
optimization. We have considered ten different initial states, which are the string gas, FM[111], FM[100], FM[011],
zigzag, 6-site, 8-site, 18-sitel, 18-site2 and 18-site3 states. The definition of the string gas state is given in Supplemen-
tary Ref.[ll The FM][abc] state denotes the classical product state where all spins are aligned in the [abc]-direction.
The remaining states are classical product states defined on larger unit cells. The structure of the magnetic unit cells
are depicted in Supplementary Fig. and the (normalized) magnetization components are given below.
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Supplementary Note 2: Initial state dependence of imaginary time evolution

As mentioned in the main text, the imaginary time evolution method combined with the simple local update of
tensors is easily biased by the choice of the initial state. Here, we discuss the initial state dependence of the optimized
states. First, we find that the ground states in the chiral Kitaev spin liquid phase are obtained only from the string
gas (SQ) initial statet, as shown in the left panel of Supplementary Fig. As one can see, the optimized states starting
from the SG state has significantly lower energy than others, thus the choice of the initial state is very important in
the KSL phase. Other magnetic initial states do not evolve to the correct ground states. We should also notice that
the correct phase boundary and its nature might be concealed by such a biased optimization.

The center panel of Supplementary Fig.[2] presents the magnetizations of the optimized states resulting from the
initial FM[111] and FM[100] states, which provide the ground states in the polzarized (P) and NP phases, respectively.
In the blue (red) shaded region, both initial states converge to (almost) identical states such that the magnetizations
agree. However, the initial FM[111] state favors the nature of the P state above the phase boundary, whereas the
FM][100] state favors the nature of the NP1 state below the phase boundary. Because of these hysteresis-like behavior
of the optimization, the phase transition always appears to be first order, since the ground state is identified through
energy comparison. Nonetheless, we find that tilting the magnetic field leads to an unambiguous optimization which
does not depend on the initial state around the phase boundary between the P and NP phases, as shown in the right
panel of Supplementary Fig.[2] Based on the well converged results, we conclude that the phase transition between
the P and NP phase in a tilted field is continuous, which strongly suggests the non-triviality of the NP phases. That
is, the NP states may not be smoothly connected to a trivial product state.
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Supplementary FIG. 1: The unit cell structures of various magnetic states, where the sublattices are labeled with numbers,
and the blue arrows denote the primitive vectors.
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Supplementary FIG. 2: (left) The variational energies depending on various initial states at (I, h) = (—0.03,0), the magne-
tizations of the optimized states obtained from (center) the initial FM[111], FM[100] states with 6 = 0 and (right) the initial
FM[111], FM[011], FM[100] states with # = 5°. The green dotted line indicates the phase boundary.

Supplementary Note 3: Bond dimension dependence of Nematic Paramagnet phases

In this section, we discuss the bond dependence of the nematic paramagnet (NP) phases. In most cases, the NP1
phase is obtained by optimizing the initial FM[100] state, where all spins are aligned in the [100]-direction, while the
initial FM[011] state leads to the NP2 phase. Supplementary Fig.[] presents the variational energy E = (H)/N, the
size of the magnetization M = \/(M?*)2 + (MV)2 + (M*)? and the magnetization components MY = (1/N) > .(S])
for each of the initial FM[100] and FM[011] states with bond dimensions D = 4, 6 and 8. The NP1 phase does not
depend strongly on the bond dimension, that is, the spin configurations are already captured well by the D = 4
ansatz as one can see in the upper right panel of Supplementary Fig.[fl The D = 6 and D = 8 ansatze give almost
identical energies and magnetizations. On the other hand, the NP2 phase seems to require larger bond dimensions to
converge. Notice that the D = 4 ansatz does not represent the NP2 states well as one can see in the magnetization
components (right panels of Supplementary Fig.@. Furthermore, the D = 6 and D = 8 states show some discrepancies
in the size of magnetization and z-component of the magnetization, though their variational energies are quite close
each other. We also have found that the variational energies of the zigzag and polarized phases do not change much
for D > 6. Therefore, we believe that the phase diagram Fig. 2 in the main text will be more or less the same should
larger bond dimensions are used.

We have also checked the bond dependence of the second derivative of variational energy and magnetization at
(I, h,0) = (—0.03,0.15,5°), where 6 denotes the tilting angle of the magnetic field (see the main text). The results are
shown in Supplementary Fig.(a) and (b), and it is clear that the peaks become sharper at larger bond dimension (D =
6). The peaks in the first derivative of the entanglement entropy also becomes sharper with larger bond dimension,
as shown in Supplementary Fig.(d).

Supplementary Note 4: Larger unit-cell magnetic states

As mentioned in the main text, the larger unit cell magnetic states, e.g., the 6-site, 8-site and 18-site orders found
in Supplementary Ref.[2 restore the translational symmetry and converge to the polarized state, NP states and even
zigzag states after the optimization. On the other hand, they could also be stuck in some local minima, thus their
variational energies are significantly higher than the ground state energy. Supplementary Fig.[] shows the variational
energies obtained from the initial 6-site, 8-site and 18-site magnetic states at (I, h) = (—0.03,0.1). As one can see in
the left panel, the optimized states from the 18-site order are trapped in bad local minima such that the variational
energies are far away from those of the ground states. We have performed the imaginary time evolution (ITE) up
to 30,000 steps with 7 = 0.01 (see main text). However, the variational energies do not approach the ground state
energy throughout the ITE. On the other hand, the 6-site initial states converge to the P and NP states well during
ITE by restoring the translational symmetry, i.e., the 2-site unit-cell is recovered. The center panel of Supplementary
Fig. shows that the M{* 2,3, where the subscript denotes the sublattice defined in Supplementary Fig. becomes
independent on the sublattice, i.e., the translational symmetry is restored (even though it is not perfect). The spin
configurations and energy also become similar to the NP1 states obtained from the FM[100] and FM[111] states.
Similarly, the 8-site initial state becomes NP1-like states in 0.2 < T'/| K| < 0.5, while it becomes similar to the zigzag
state if I'/| K| > 0.7 as shown in the right panel of Supplementary Fig. such that two zigzag unit cells are realized
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Supplementary FIG. 3: Bond dependence of (a) the second derivative of variational energy, (b) magnetization, (c) the en-
tanglement entropy and (d) its second derivative at (I, h,0) = (—0.03,0.15,5°) with the tilted field §# = 5° (see text). The
entanglement entropy is measured on the cylinder geometry with the circumference L, = 2.
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Supplementary FIG. 4: Plots of (left) the variational energies of the large unit-cell anstaze, i.e., the 6-site, 8-site and 18-sitel
state, and the magnetization components on (center) three different sublattices of the 6-site order and (right) two different
sublattices of the 8-site order.

in the eight sublattices.

In contrast, the zigzag state is no longer the ground state at IV = 0, and the larger unit-cell magnetic states appear
at sufficiently large T'. The 6-site and two 18-site orders are competitive, and the 6-site (18-site) order is favorable at
lower (higher) magnetic fields. This tendency is consistent with the classical phase diagram?.

Supplementary Note 5: Critical magnetic field at I' =0

In this section, we discuss the effect of the I interaction on the critical field strength h., at which a phase transition
occurs between the Kitaev spin liquid (KSL) and the polarized phase, with T' = 0. Previous studies reported h. ~ 0.02
from DMRG study® and h. ~ 0.025 from 24-site ED studies®? without the I interaction. Using the string gas initial
state, we have achieved a similar value h. ~ 0.01925 at IV = 0, as shown in Supplementary Fig.lﬂ The transition
seems to be first order at which the magnetization M and the flux expectation value W are discontinuous (see the
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Supplementary FIG. 5: Comparison of (upper) energies and (lower) energy differences of ground-state candidates for (left)
h = 0.1, (center) h = 0.15, and (right) h = 0.16 at I" = 0 and D = 6.
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Supplementary FIG. 6: Bond dependence of (left) the variational energy E = (H)/N, (center) the size of magnetization
M = \/(M*)2 + (M¥)2 + (M#)? and (right) the magnetization component M” = (1/N)>".(S7) of the optimized states from
the initial magnetic (upper) FM[100] and (lower) FM[011] states at (I, h) = (—0.03,0.15). Here, each optimized state becomes
the ground state in the blue shaded region belonging to the NP1 and NP2 phases, respectively.

yellow dotted line). The presence of the I interaction makes the KSL phase less stable, such that the field induced
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Supplementary FIG. 7: Plots of (left) the variational energy, (center) magnetization and (right) flux expectation value as a
function of the field strength h at I' = 0. The results are obtained from the string gas initial state with bond dimension D = 6.
The yellow and green dotted lines stand for the critical field, at which the phase transition occurs between the Kitaev spin
liquid and polarized phases, with I'' = 0 and I = —0.03, respectively.

transition occurs at lower h, i.e., h.(I" = —0.03) ~ 0.01075. See the green dotted line in Supplementary Fig.

Supplementary Note 6: Tilting field toward to the [001]-direction
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Supplementary FIG. 8: Plots of (left) the variational energy and its second derivative, (center) magnetization and its second
derivative, and (right) magnetization components as a function of the field strength I'/|K| at (I',h,0) = (—0.03,0.15, —5°).
The results are obtained from the D = 6 ansatze.

In the main text, we consider tilting the field towards the [112]-direction (6: tilting angle), which leads to the phase
transition between the polarized and NP2 phases without going through the NP1 phase, as shown in Fig. 4. Here, we
present the results of tilting the field towards the [001]-direction, i.e., § = —5°, in Supplementary Fig. It leads to
the continuous-like phase transition between the polarized and NP1 phases as one expect.

Supplementary Note 7: Magnetization of the nematic paramagnet phase

In the K-T-TV model, the NP phases appear at finite magnetic fields and are not stabilized in the zero field limit.
Without the I' interaction, the NP phases become wider and survive down to almost zero field. Here, we show that the
NP2 state becomes non-magnetic at zero field. Even though the NP states seem to have spontaneous magnetizations,
it is an artifact of the finite bond dimension D. Supplementary Fig.[9] presents the D-scaling of the variational energy
and magnetization at I'/|K| = 0.03 of the K-I" model. As one can see, even with D > 10 which is a considerably
large bond dimension, the energy and the magnetization exhibit a visible evolution instead of a convergent behavior.
To extrapolate the magnetization at D — oo, we have fitted the magnetization at D = 6, 8,10 and 12 with a linear
function (see the red solid line in the center panel). It strongly indicates a zero magnetization at D — oo, and thus
the NP phases only develop finite magnetizations in the presence of an external field.
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Supplementary FIG. 9: Plots of (left) the variational energy and (right) magnetization as a function of the inverse of the bond
dimension D at I'/| K| = 0.03 of the K-I" model, i.e., (I, h) = (0,0). The red solid line is the linear fitting curve for the data
with D = 6,8,10 and 12.

Supplementary Note 8: Energy comparison between FM and NP phases
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Supplementary FIG. 10: Plots of variational energies E' and their differences AE = Expz — Erum of the NP and FM states at
T'/|K| = 0.03 and 0.095.

As shown and discussed in the main text, both K-T' and K-TI'-I'V model exhibit a ferromagnetic phase, where all
spins align in the [111]-direction, in the zero field limit (see Figs. 1 and 5 in the main text). However, the variational
energies between the FM and NP2 states are very close, i.e., the energy difference AF = Exps — Epp ~ 0(10_4)7
as shown in the right panel of Supplementary Fig.[T0] The results strongly suggest the possibility that the NP2 state
may be preferred over the FM states at h = 0. This might be captured with much larger bond dimensions.

Supplementary Note 9: Phase transition between the chiral Kitaev spin liquid and the nematic phase in the
tilted magnetic field

Without tilting the field (§ = 0), the KSL and the NP phases are clearly distinct each other as shown and discussed
in the main text. Since the NP phases are also non-magnetic, one may wonder if those are qualitatively different even
with the tilted field where the rotational symmetry is explicitly broken. We have found that those two phases are
still distinct each other with the tilted field (8 = 5°). Figure presents the variational energy, the magnetization
and the flux expectation value of the optimized states from the initial FM[111], zigzag and SG states at h = 0.02 and
6 = 5°. The initial FM[111] state flows into the NP2 states well, while the initial SG state keeps the KSL nature in
0.01 S T'/|K| £ 0.07. As in the case of § = 0, the results clearly show that there are successive phase transitions
between the polarized and zigzag phases: P — KSL — NP2 — Zigzag. In particular, the KSL and NP2 states give
certainly distinct magnetizations and flux curves in each phase.

Supplementary Note 10: Coefficients of the area law in the polarized and NP2 phases.

The entanglement entropy in the P and NP2 phases at h = 0.15 and 8 = 5° strictly follows the area law, i.e.,
Syn >~ aL,. Here, we show the coefficient « directly in Supplementary Fig.@ It is almost constant in the P phase
while gradually increases with I" in the NP2 phase.
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Supplementary FIG. 11: Plots of (left) the variational energy, (center) the magnetization, and (right) the flux expectation value
of the optimized states from the initial FM[111], Zigzag and SG states. The green dotted lines stand for the phase boundaries
determined by comparing the variational energies. Here, K denotes the chiral KSL phase.
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Supplementary FIG. 12: The coefficient of the area law in the entanglement entropy at h = 0.15 and 6 = 0.15°.
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