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I. SUPPLEMENTARY NOTE 1: THE MULTIPARAMETER METHOD OF MOMENTS IN THE CENTRAL LIMIT

Here, we derive the multiparameter sensitivity matrix for the method of moments in the central limit. Assuming a large
number µ of repeated measurements, the multivariate central limit theorem [1] ensures that the distribution of sample mean
values X̄(µ) approaches a Gaussian multivariate distribution

P(X̄(µ)|θ) =

√
µ

(2π)M detΓ[ρ̂(θ), X̂]
exp

(
−
µ

2
(X̄(µ) − 〈X̂〉ρ̂(θ))TΓ[ρ̂(θ), X̂]−1(X̄(µ) − 〈X̂〉ρ̂(θ))

)
(1)

with mean 〈X̂〉ρ̂(θ) and covariance matrix Γ[ρ̂(θ), X̂]/µ. The conditions 〈X̂k〉ρ̂(θ) = X̄(µ)
k identify the multidimensional maximum

of Supplementary Equation (1). Hence, the multiparameter method of moments maps to a maximum likelihood estimation of
all parameters, which saturates the Cramér-Rao bound [2] and asymptotically in the number of measurements µ leads to the
estimator covariance matrix Σ = Σmm with

Σmm = (µFmm[ρ̂(θ), X̂])−1. (2)

Here, Fmm[ρ̂(θ), X̂] is the Fisher information matrix for the distribution in Supplementary Equation (1) (that should not be
confused with the Fisher information matrix F[ρ̂(θ), X̂]),

(Fmm[ρ̂(θ), X̂])kl =
∑
X̄(µ)

p(X̄(µ)|θ)
(
∂

∂θk
log p(X̄(µ)|θ)

)(
∂

∂θl
log p(X̄(µ)|θ)

)
, (3)

the sum running over all possible values of X̄(µ) and p(X̄(µ)|θ) is the probability to observe the sample mean value X̄(µ) given that
the parameters take on the values θ. The explicit calculation, see Supplementary Reference [2], gives

(Fmm[ρ̂(θ), X̂])kl = µ

∂〈X̂〉ρ̂(θ)

∂θk

T

Γ[ρ̂(θ), X̂]−1
∂〈X̂〉ρ̂(θ)

∂θl

 +
1
2

Tr
{
Γ[ρ̂(θ), X̂]−1

(
∂

∂θk
Γ[ρ̂(θ), X̂]

)
Γ[ρ̂(θ), X̂]−1

(
∂

∂θl
Γ[ρ̂(θ), X̂]

)}
,

(4)

where the derivatives of the vectors and matrices are defined element-wise. Since we assume µ � 1, the contribution of the first
term dominates over the second which thus can be neglected. This yields the result

Σ = (µM[ρ̂(θ), X̂])−1, (5)

whereM[ρ̂(θ), X̂] is the moment matrix.

II. SUPPLEMENTARY NOTE 2: PROPERTIES OF THE MOMENT MATRIX

The central quantity of interest to characterize (generalized) multiparameter squeezing is the moment matrix, defined by

M[ρ̂(θ), X̂] = D[ρ̂(θ), X̂]TΓ[ρ̂(θ), X̂]−1D[ρ̂(θ), X̂], (6)

where

(D[ρ̂(θ), X̂])kl =
∂〈X̂k〉ρ̂(θ)

∂θl
(7)

and (Γ[ρ̂(θ), X̂])kl = 〈X̂kX̂l〉ρ̂(θ) − 〈X̂k〉ρ̂(θ)〈X̂l〉ρ̂(θ) is the covariance matrix with 〈X̂〉ρ̂ = Tr{X̂ρ̂}. An important special case is
given by a unitary phase imprinting evolution, when the moment matrix is given by

M[ρ̂, Ĥ, X̂] = C[ρ̂, Ĥ, X̂]T Γ[ρ̂, X̂]−1 C[ρ̂, Ĥ, X̂], (8)

and (C[ρ̂, Ĥ, X̂])kl = −i〈[X̂k, Ĥl]〉ρ̂ is the commutator matrix. In this section, we prove the main properties of the moment matrix.
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A. A matrix-valued Cauchy-Schwarz inequality

We first demonstrate a generalization of the Cauchy-Schwarz inequality to matrices, cf. Supplementary References [3, 4]. We
denote by Mat(n,m) the space of real-valued n × m matrices.
Lemma. Let A ∈ Mat(p, n), B ∈ Mat(p,m) and let BT B be invertible. Then the following matrix inequality holds:

AT A ≥ AT B(BT B)−1BT A, (9)

and equality is reached if and only if there is some E ∈ Mat(m, n) such that

A = BE. (10)

Proof. For any K ∈ Mat(m, n), we have that A + BK ∈ Mat(p, n) and (A + BK)T (A + BK) ≥ 0. Inserting K = −(BT B)−1BT A yields

AT A − AT B(BT B)−1BT A − AT B(BT B)−1BT A + AT B (BT B)−1BT B(BT B)−1︸                    ︷︷                    ︸
(BT B)−1

BT A ≥ 0,

which proves the bound. The saturation condition A + BK = 0 is satisfied if and only if A = ΠBA, where ΠB = B(BT B)−1BT is
the projector onto the range of B. This is equivalent to A = BE for some E ∈ Mat(m, n) and completes the proof.

For n = m = 1 this inequality reduces to the Cauchy-Schwarz inequality for vectors. The saturation condition (10) then yields
the well-known requirement that the p-dimensional vectors A and B must be parallel.

B. General properties

Convexity.—Introducing vectors A and B with matrix-valued entries Aγ =
√pγΓ[ρ̂γ, X̂]−

1
2 C[ρ̂γ, Ĥ, X̂] and Bγ =

√pγΓ[ρ̂γ, X̂]
1
2 ,

we obtain AT A =
∑
γ pγC[ρ̂γ, Ĥ, X̂]TΓ[ρ̂γ, X̂]−1C[ρ̂γ, Ĥ, X̂], BT B =

∑
γ pγΓ[ρ̂γ, X̂], and BT A =

∑
γ pγC[ρ̂γ, Ĥ, X̂]. From Supple-

mentary Equation (9) follows that

∑
γ

pγM[ρ̂γ, Ĥ, X̂] ≥ C[ρ̂, Ĥ, X̂]T

∑
γ

pγΓ[ρ̂γ, X̂]

−1

C[ρ̂, Ĥ, X̂], (11)

where C[ρ̂, Ĥ, X̂] =
∑
γ pγC[ρ̂γ, Ĥ, X̂] for ρ̂ =

∑
γ pγρ̂γ. Furthermore, the concavity of the covariance matrix implies that(∑

γ pγΓ[ρ̂γ, X̂]
)−1
≥ Γ[ρ̂, X̂]−1 and we finally obtain the convexity property:

M[ρ̂, Ĥ, X̂] ≤
∑
γ

pγM[ρ̂γ, Ĥ, X̂]. (12)

Orthogonal transformations.—Let us first note some general transformation properties of the covariance and commutator
matrices, respectively. We first introduce a larger family of Hermitian operators Â = (Â1, . . . , ÂL)T , such that we can express the
elements of Ĥ and X̂ as linear combinations of the elements of Â (expressed as a column vector):

Ĥ = RÂ, X̂ = SÂ. (13)

The following property holds:

Γ[ρ̂, X̂] = SΓ[ρ̂, Â]ST , (14)

where we used that Cov(X̂k, X̂l)ρ̂ =
∑L

i j=1 sk,isl, jCov(Âi, Â j)ρ̂, due to the bilinearity of the covariance. Analogously,

C[ρ̂, Ĥ, X̂] = SC̃[ρ̂, Â]RT (15)

follows from the bilinearity of the commutator, i.e., −i〈[X̂k, Ĥl]〉ρ̂ = −i
∑L

i j=1 sk,irl, j〈[Âi, Â j]〉ρ̂, and (C̃[ρ̂, Â])i j = −i〈[Âi, Â j]〉ρ̂.
From the definition

M̃[ρ̂, Â] = C̃[ρ̂, Â]TΓ[ρ̂, Â]−1C̃[ρ̂, Â], (16)

and the transformation properties (14) and (15) follows for S = R = O, where O is an orthogonal matrix, that

M̃[ρ̂,OÂ] = OM̃[ρ̂, Â]OT . (17)

The matrix O can be chosen to diagonalize the moment matrix.
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C. Maximizing the moment matrix

Here we maximize the moment matrix (8) over the measurement observables X̂ as a function of a family of measurable
operators Â = (Â1, . . . , ÂL)T . Let X̂ = (X̂1, . . . , X̂K)T and Ĥ = (Ĥ1, . . . , ĤM)T , i.e., R ∈ Mat(M, L) and S ∈ Mat(K, L).

Inserting Supplementary Equations (14) and (15) into Supplementary Equation (8) yields the following expression for the
moment matrix:

M[ρ̂, Ĥ, X̂] = RC̃[ρ̂, Â]T ST
(
SΓ[ρ̂, Â]ST

)−1
SC̃[ρ̂, Â]RT .

We now apply the inequality (9) with A = Γ[ρ̂, Â]−
1
2 C̃[ρ̂, Â]RT and B = Γ[ρ̂, Â]

1
2 ST , leading to

M[ρ̂, Ĥ, X̂] ≤ RM̃[ρ̂, Â]RT , (18)

with M̃[ρ̂, Â] defined in Supplementary Equation (16).
Inequality (18) provides an upper bound on the moment-based multiparameter sensitivity for any choice of the observables X̂.

The maximal sensitivity is reached when the inequality is saturated. The saturation condition (10) is fulfilled when

GS = RC̃[ρ̂, Â]TΓ[ρ̂, Â]−1, (19)

for some G ∈ Mat(M,K), which corresponds to G = ET in Supplementary Equation (10). Recall that the matrix S determines
the measurement operators X̂ via Supplementary Equation (13). The freedom provided by the matrix G can be used to rearrange
and normalize the measurement observables. When we have as many measurement observables as there are parameters K = M,
we can choose G = T−1, leading to the expression

X̂opt = TRC̃[ρ̂, Â]TΓ[ρ̂, Â]−1Â, (20)

where T is an arbitrary invertible M × M matrix. By demonstrating the saturability of the lower bound (18), we have solved
the maximization problem of the moment matrix over all measurement operators X̂ from the accessible set Â for fixed Ĥ. In
practice, saturation can be achieved when all elements of X̂opt can be measured simultaneously.

D. Lower bound on the classical Fisher matrix

Here, we demonstrate a general result that implies

max
X̂∈span(Π̂)

M[ρ̂(θ), Ĥ, X̂] = F[ρ̂(θ), X̂] (21)

for the special case of unitary evolution. We denote the spectral decomposition of the observables as X̂l =
∑

k xl(k)Π̂k, where the
Π̂k are the projectors onto a common eigenbasis of all X̂l. The quantum mechanical expectation values are given by 〈X̂l〉ρ̂(θ) =∑

k xl(k)p(k|θ) with p(k|θ) = Tr{ρ̂(θ)Π̂k}.
Let us now consider the matrix bound (9) with matrices Akl =

√
p(k|θ)

(
∂
∂θl

log p(k|θ)
)

and Bkl =
√

p(k|θ)
(
xl(k) − 〈X̂l〉ρ̂(θ)

)
.

We obtain

AT A = F[ρ̂(θ), X̂],

BT B = Γ[ρ̂(θ), X̂],

BT A = D[ρ̂(θ), X̂], (22)

and (9) implies that

M[ρ̂(θ), Ĥ, X̂] ≤ F[ρ̂(θ), X̂], (23)

for any ρ̂(θ) and any X̂.
Saturation condition.—Let us now discuss the conditions for the saturation of (23). A straightforward solution to the saturation

condition (10) is obtained by requiring that A = B, which is achieved by the choice

xl(k) =
∂

∂θl
log p(k|θ) + 〈X̂l〉ρ̂(θ), (24)
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for all k and l. This means that a measurement of the observables

X̂l =
∑

k

(
∂

∂θl
log p(k|θ) + 〈X̂l〉ρ̂(θ)

)
Π̂k. (25)

leads to saturation of the bound (23), i.e., the moment matrix associated with these observables coincides with the Fisher matrix
generated by the projectors in their common eigenbasis. Notice that transformations of the type X̂l → αX̂l + βÎl with arbitrary
α, β ∈ R do not alter the moment matrix.

Saturating the bound by measuring projectors.—Alternatively, we may consider the special case where the projectors Π̂k
themselves are the measurement observables and we estimate the parameters θ from the average values of X̂ = Π̂. Recall that the
moment matrix (6) depends on the inverse of the covariance matrix of the measured observables. Singularities of the covariance
matrix may arise either due to redundant information from the measurement of too many projectors that span a complete basis,
or from projectors that are orthogonal to the state and lead to p(k|θ) = 〈Π̂k〉ρ(θ) = 0. This can be avoided by effectively limiting
the set of measured observables X̂ = {Π̂k}

d−1
k=1 to a subset of d − 1 projectors such that

∑d−1
k=1 p(k|θ) = 1 − p(d|θ) < 1. We obtain

from Supplementary Equation (7) that D[ρ̂(θ), X̂]kl =
∂p(k|θ)
∂θl

and [5]

Γ[ρ̂(θ), X̂] = P(θ) − p(θ)p(θ)T , (26)

where P(θ) = diag(p(1|θ), . . . , p(d − 1|θ)) and p(θ) = (p(1|θ), . . . , p(d − 1|θ))T . Using Γ[ρ̂(θ), X̂]−1 = P(θ)−1 + 1
p(d|θ) eeT with

e = (1, . . . , 1)T we obtain [for unitary evolutions, this coincides withM[ρ̂(θ), Ĥ, X̂] defined in Supplementary Equation (8)]

M[ρ̂(θ), X̂] = D[ρ̂(θ), X̂]T P(θ)−1D[ρ̂(θ), X̂] +
1

p(d|θ)

(
D[ρ̂(θ), X̂]T e

) (
D[ρ̂(θ), X̂]T e

)T
. (27)

Using

(
D[ρ̂(θ), X̂]T P(θ)−1D[ρ̂(θ), X̂

)
kl

=

d−1∑
m=1

1
p(m|θ)

(
∂p(m|θ)
∂θk

) (
∂p(m|θ)
∂θl

)
(28)

and

(
D[ρ̂(θ), X̂]T e

)
k

=

d−1∑
l=1

∂p(l|θ)
∂θk

= −
∂p(d|θ)
∂θk

, (29)

we obtain

M[ρ̂(θ), X̂]kl =

d∑
m=1

p(m|θ)
(
∂

∂θk
log p(m|θ)

) (
∂

∂θl
log p(m|θ)

)
, (30)

which is the Fisher matrix F[ρ̂(θ), X̂].
We end this section with two remarks: First, we note that we obtain a sensitivity of the form (30) even if the projectors are

not of rank one, i.e., when we coarse-grain over measurement outcomes. Second, the result holds for arbitrary choices of the
projectors even in the case of non-commuting generators. For pure probe states, necessary and sufficient conditions given in
Supplementary Reference [6] reveal whether a chosen set of projectors also saturates the quantum Fisher matrix.

E. Lower bound on the quantum Fisher matrix

Here, we generalize and demonstrate

M[ρ̂, Ĥ, X̂] ≤ FQ[ρ̂, Ĥ]. (31)

Let us first demonstrate that the lower bound

M̃[ρ̂, Â] ≤ FQ[ρ̂, Â], (32)

holds for arbitrary families of operators Â. Here, (FQ[ρ̂, Â])i j = Tr{ρ̂(L̂iL̂ j + L̂ jL̂i)/2} are the elements of the quantum Fisher
matrix with symmetric logarithmic derivatives defined as the solution to −i[Â j, ρ̂] = (L̂ jρ̂ + ρ̂L̂ j)/2 [7].
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To prove inequality (32), note that for an arbitrary n = (n1, . . . , nL)T ∈ RL, the equality nTM̃[ρ̂, Â]n = |〈[Ĥmopt , Ĥn]〉ρ̂|2/(∆Ĥmopt )
2
ρ̂

is achieved for an optimally chosen Ĥm = mT Â, where mopt = αΓ[ρ̂, Â]−1C̃[ρ̂, Â]n with some normalization constant α [8]. Fur-
thermore, the inequality |〈[Ĥm, Ĥn]〉ρ̂|2/(∆Ĥm)2

ρ̂ ≤ nT FQ[ρ̂, Â]n holds for all n,m ∈ RL and saturation is achieved for Ĥm = L̂n

[8], where L̂n is defined as the solution to the equation

−i[Ĥn, ρ̂] = (L̂nρ̂ + ρ̂L̂n)/2. (33)

We thus obtain nTM̃[ρ̂, Â]n ≤ nT FQ[ρ̂, Â]n for all n, demonstrating the statement (32).
Let us now turn our attention to the saturation condition. The above derivation shows that the equality M̃[ρ̂, Â] = FQ[ρ̂, Â]

can be achieved if for all n, the L̂n can be expressed as linear combinations of the elements of Â. Using the linearity of the
condition (33), we find that Ln = nT L̂, where L̂ = (L̂1, . . . , L̂L)T . A sufficient saturation condition is therefore that for each Â j,
also the corresponding L̂ j is an element of Â.

Equation (31) now follows from (32) by using FQ[ρ̂, Ĥ] = RFQ[ρ̂, Â]RT [9] and Supplementary Equation (18). The maximum
can be attained if the optimal set of observables (19) can be measured simultaneously.

III. SUPPLEMENTARY NOTE 3: SPIN SQUEEZING MATRIX

This section discusses properties of the squeezing matrix in the case of discrete variables. Linear parameter-encoding Hamil-
tonians Ĥ and measurement observables X̂ of a collective spin system can be expressed in terms of the 3M angular momentum
operators Ĵ = (ĴT

1 , ..., Ĵ
T
M)T with Ĵk = (Ĵx,k, Ĵy,k, Ĵz,k)T .

A. Accessible operators for collective spin systems

Let us first consider the full vector Ĵ as family of accessible operators. In this case we obtain the commutator matrix

C̃[ρ̂, Ĵ] =

M⊕
k=1

 0 〈Ĵz,k〉ρ̂ −〈Ĵy,k〉ρ̂

−〈Ĵz,k〉ρ̂ 0 〈Ĵx,k〉ρ̂

〈Ĵy,k〉ρ̂ −〈Ĵx,k〉ρ̂ 0

 . (34)

As a skew-symmetric matrix with odd dimension 3M, the matrix (34) is singular due to Jacobi’s theorem. The singularity can
be avoided by restricting the operator basis to the relevant subset. We define a local mean spin direction n0,k = 〈Ĵk〉ρ̂/|〈Ĵk〉ρ̂|,
which can be extended by two orthogonal vectors n⊥1,k and n⊥2,k to a complete basis. We can choose any three orthogonal spin
operators as a basis to represent linear operators Ĥk and X̂k. Locally rearranging the basis to align the mean field direction n0,k
onto the z-direction leads to the commutator matrix

C̃[ρ̂, Ĵ] =

M⊕
k=1

 0 〈Ĵz,k〉ρ̂ 0
−〈Ĵz,k〉ρ̂ 0 0

0 0 0

 . (35)

As a consequence, the rows and columns of M̃[ρ̂, Ĵ] [see Supplementary Equation (16)] belonging to Ĵz,k remain zero and
it suffices to restrict to the two-dimensional subspace spanned by n⊥1,k and n⊥2,k. In this subspace, the matrix C̃[ρ̂, Ĵ⊥] =⊕M

k=1 |〈Ĵk〉ρ̂|ω with ω =
(

0 1
−1 0

)
is always invertible and reflects the symplectic form of canonical transformations, that promi-

nently appears in the description of continuous-variable systems [10–12], locally rescaled by the spin length 〈Ĵz,k〉ρ̂ = |〈Ĵk〉ρ̂|. For
simplicity, we henceforth choose a basis described by {ex, ey, ez} = {n⊥1,k,n⊥2,k,n0,k}, such that Ĵ⊥ = (Ĵx,1, Ĵy,1, . . . , Ĵx,M , Ĵy,M)T .
The operator basis Ĵ⊥ is sufficient for our purposes since measurements and evolutions that involve the mean spin direction n0,k
are suboptimal for metrology.

B. Multiparameter shot-noise limit

Here we identify the shot-noise limit for the quantum Fisher matrix generated by the set of accessible operators Ĵ⊥. First, we
consider the larger set Ĵ and we obtain supρ̂p−sep

FQ[ρ̂p−sep, Ĵ] = sup|Ψ(1)〉⊗···⊗|Ψ(N)〉 4Γ[|Ψ(1)〉 ⊗ · · · ⊗ |Ψ(N)〉, Ĵ] due to the convexity
of the quantum Fisher matrix [9]. Let us now express the vector Ĵ as a sum of single-particle vectors Ĵ =

∑N
i=1 Ĵ(i), where

Ĵ(i) = ( ĵ(i)x,1, ĵ(i)y,1, ĵ(i)z,1, ĵ(i)x,2, ĵ(i)y,2, ĵ(i)z,2, . . . , ĵ(i)x,M , ĵ(i)y,M , ĵ(i)z,M)T . The operators ĵ(i)
α,k = 1

2 Π̂
(i)
k σ̂

(i)
α,kΠ̂

(i)
k contain the projectors Π̂

(i)
k of particle i
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onto the subspace of mode k, such that Π̂
(i)
k Π̂

( j)
l = δklδi jΠ̂

(i)
k . We may expand the single-particle states as |Ψ(i)〉 =

∑M
k=1

√
p(i)

k |Ψ
(i)
k 〉,

with orthonormal local states Π̂
(i)
l |Ψ

(i)
k 〉 = δkl|Ψ

(i)
k 〉 and p(i)

k denotes the probability for particle i to be in mode k with
∑M

k=1 p(i)
k = 1.

Using Γ[|Ψ(1)〉 ⊗ · · · ⊗ |Ψ(N)〉, Ĵ] =
∑N

i=1 Γ[|Ψ(i)〉, Ĵ(i)] and discarding the first moments [9], we obtain

Γ[|Ψ(1)〉 ⊗ · · · ⊗ |Ψ(N)〉, Ĵ] ≤
N∑

i=1


p(i)

1 Γ̃[|Ψ(i)
1 〉, ĵ

(i)
1 ] 0 · · · 0

...
. . .

...

0 · · · 0 p(i)
M Γ̃[|Ψ(i)

M〉, ĵ
(i)
M]

 , (36)

where ĵ(i)
k = ( ĵ(i)x,k, ĵ(i)y,k, ĵ(i)z,k)T , the Γ̃[|Ψ(i)

k 〉, ĵ
(i)
k ] are 3 × 3 matrices with elements (Γ̃[|Ψ(i)

k 〉, ĵ
(i)
k ])αβ = 1

2 〈 ĵ
(i)
α,k ĵ(i)

β,k + ĵ(i)
β,k ĵ(i)

α,k〉|Ψ(i)
k 〉

=

1
8 〈σ̂

(i)
α,kσ̂

(i)
β,k + σ̂(i)

β,kσ̂
(i)
α,k〉|Ψ(i)

k 〉
, and 0 is the 3 × 3 zero matrix. Using the anticommutativity property of the Pauli matrices we obtain

that Γ̃[|Ψ(i)
k 〉, ĵ

(i)
k ] = 1

4 1 for all k, i and arbitrary |Ψ(i)
k 〉, where 1 is the 3 × 3 identity matrix. The upper bound FQ[ρ̂p−sep, Ĵ] ≤

diag(N11, . . . ,NM1) is obtained by inserting this back into Supplementary Equation (36), and using that
∑N

i=1 p(i)
k = Nk is the

average number of particles in mode k. This upper bound cannot be saturated since not all first moments can be zero simul-
taneously for a pure single-qubit state. However, by restricting the set of accessible operators to the two directions orthogo-
nal to the mean-spin direction n0,k, we obtain an analogous result with 2 × 2 instead of 3 × 3 blocks, i.e., FQ[ρ̂p−sep, Ĵ⊥] ≤
diag(N1,N1, . . . ,NM ,NM). This bound is saturated by single-qubit states |Ψ(i)

k 〉 that are polarized along n0,k.

C. Local squeezing

In the case of an uncorrelated product of single-mode squeezed states ρ̂loc = ρ̂1 ⊗ · · · ⊗ ρ̂M , the moment matrix attains a
block-diagonal form, M̃[ρ̂loc, Ĵ⊥] =

⊕M
k=1 M̃[ρ̂k, Ĵ⊥,k]. Furthermore, FSN[Ĥ] = RFSN[Ĵ⊥]RT = diag(N1, . . . ,NM) implies that

the squeezing matrix, optimized over all measurement observables, reads

Ξ2
opt[ρ̂loc, Ĥ, Ĵ⊥] = min

X̂∈span(Â)
Ξ2[ρ̂loc, Ĥ, X̂]

= FSN[Ĥ]
1
2 RM̃[ρ̂loc, Ĵ⊥]−1RT FSN[Ĥ]

1
2

= R
M⊕

k=1

NkM̃[ρ̂k, Ĵ⊥,k]−1RT . (37)

1. Optimizing the phase-imprinting Hamiltonians

An optimal choice for R is provided when the eigenvalues of the M ×M matrix Ξ2
opt correspond to the M smallest eigenvalues

of the 2M × 2M matrix
⊕M

k=1 NkM̃[ρ̂k, Ĵ⊥,k]−1 (see also the discussion in the Methods section). Let us therefore consider the
eigenvalues of this matrix. Each of the 2 × 2 blocks can be written as

NkM̃[ρ̂k, Ĵ⊥,k]−1 =
Nk

〈Ĵz,k〉
2
ρ̂k

ωΓ[ρ̂k, Ĵ⊥,k]ωT , (38)

where we used that C[ρ̂k, Ĵ⊥,k] = 〈Ĵz,k〉ρ̂kω with ω =
(

0 1
−1 0

)
[see Supplementary Equation (35)]. The eigenvalues

λ−,k = Nk min
rk

|rk |
2=1

rT
k M̃[ρ̂k, Ĵ⊥,k]−1rk = Nkλmax(M̃[ρ̂k, Ĵ⊥,k])−1,

λ+,k = Nk max
rk

|rk |
2=1

rT
k M̃[ρ̂k, Ĵ⊥,k]−1rk = Nkλmin(M̃[ρ̂k, Ĵ⊥,k])−1

correspond to a squeezed and an anti-squeezed variance (renormalized by the mean spin length), respectively. Indeed, λ−,k can be
identified as the single-mode spin-squeezing coefficient of mode k [13–16], optimized over all local measurements and evolutions
[8], λ−,k = ξ2

min[ρ̂k, Ĵ⊥,k] = Nk minrk ,sk |〈[Ĵsk ,k, Ĵrk ,k]〉ρ̂k |
−2(∆Ĵsk )

2
ρ̂k

. The uncertainty relation (∆Ĵx,k)ρ̂k (∆Ĵy,k)ρ̂k ≥ |〈Ĵz,k〉ρ̂k |/2 excludes
that both directions of the same mode can be simultaneously squeezed, i.e., ξ2

min[ρ̂k, Ĵ⊥,k] < 1 implies that λ+,k > 1: We have
Tr{Γ[ρ̂k, Ĵ⊥,k]} = (∆Ĵx,k)2

ρ̂k
+ (∆Ĵy,k)2

ρ̂k
≥ 2(∆Ĵx,k)ρ̂k (∆Ĵy,k)ρ̂k ≥ |〈Ĵz,k〉ρ̂k |, which leads to λ+,k + λ−,k = NkTr{M̃[ρ̂k, Ĵ⊥,k]−1} =
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Nk〈Ĵz,k〉
−2Tr{Γ[ρ̂k, Ĵ⊥,k]} ≥ Nk/|〈Ĵz,k〉ρ̂k |. Hence, ξ2

min[ρ̂k, Ĵ⊥,k] = λ−,k < 1 implies that 1 > λ−,k ≥ Nk/|〈Ĵz,k〉ρ̂k | − λ+,k ≥ 2 − λ+,k,
whence λ+,k > 1, and we used that |〈Ĵz,k〉ρ̂k | ≤ Nk/2.

Assuming that local squeezing is present in each mode, we conclude that it is optimal to encode all M parameters into the
respective squeezed local variables that correspond to the eigenvalues λ−,k for k = 1, . . . ,M. Formally this is achieved by a
transformation matrix of the form

R =


rx,1 ry,1 0 0 · · · 0
0 0 rx,2 ry,2 . . . 0
...

. . .
...

0 0 · · · rx,M ry,M

 , (39)

where rk = (rx,k, ry,k)T is normalized. Minimizing over the local directions rk yields with Ĥ = RĴ⊥ = Ĵr:

ξ2
min[ρ̂loc, Ĵ⊥] := min

r1,...,rM
Ξ2

opt[ρ̂loc, Ĵr, Ĵ⊥] (40)

= min
r1,...,rM

M⊕
k=1

NkrT
k M̃[ρ̂k, Ĵ⊥,k]−1rk

=

M⊕
k=1

ξ2
min[ρ̂k, Ĵ⊥,k].

Using Supplementary Equation (38), we further find

ξ2
min[ρ̂k, Ĵ⊥,k] =

Nk

〈Ĵz,k〉
2
ρ̂k

(
∆+ −

√
Cov(Ĵx,k, Ĵy,k)2

ρ̂k
+ ∆2

−

)
(41)

with 2∆± = (∆Ĵx,k)2
ρ̂k
± (∆Ĵy,k)2

ρ̂k
.

Inserting Supplementary Equation (39) into (20), it follows immediately that the block-diagonal structures of the matrices
Γ[ρ̂loc, Ĵ⊥] and C̃[ρ̂loc, Ĵ⊥] (which is block-diagonal for all states) allow for a local set of optimal measurement observables. It
follows that local parameter encodings and local measurements are indeed optimal for products of locally squeezed states.

We also remark that we may use the form (34) to show explicitly that for local evolutions Ĥrk ,k and measurements X̂sk ,k, it
is favorable to choose the vectors rk and sk orthogonal to each other and to the mean spin direction n0,k. To see this, note that
mode-local M × 3M transformation matrices R = diag(rT

1 , . . . , r
T
M) and S = diag(sT

1 , . . . , s
T
M) lead to SC̃[ρ̂, Ĵ]RT = diag(sT

1 (r1 ×

〈Ĵ1〉ρ̂), . . . , sT
M(rM × 〈ĴM〉ρ̂)). The diagonal elements are therefore proportional to the volume spanned by the unit vectors rk, sk

and n0,k, which is maximized by an orthogonal configuration.

2. Local spin squeezing matrix

In summary, in absence of mode correlations, a set of local measurement observables Ĵs = (Ĵs1,1, . . . , ĴsM ,M)T and phase-
imprinting Hamiltonians Ĵr = (Ĵr1,1, . . . , ĴrM ,M)T is optimal. For any choice of Ĵr and Ĵs, we obtain a diagonal squeezing matrix

Ξ2[ρ̂loc, Ĵr, Ĵs] =


ξ2[ρ̂1, Ĵr1,1, Ĵs1,1] · · · 0

...
. . .

...
0 · · · ξ2[ρ̂M , ĴrM ,M , ĴsM ,M]

 , (42)

and an additional optimization of each of the ξ2[ρ̂k, Ĵrk ,k, Ĵsk ,k] = Nk(∆Ĵsk ,k)2
ρ̂k
/〈Ĵz,k〉

2
ρ̂k

through the choice of the rk and sk [16]
yields the smallest possible squeezing matrix for this class of states, which is given analytically in Supplementary Equation (40).

The condition Ξ2[ρ̂loc, Ĵr, Ĵs] ≥ 1M is violated already if a single mode is squeezed. If all the local states ρ̂k are squeezed and
therefore satisfy ξ2[ρ̂k, Ĵrk ,k, Ĵsk ,k] < 1, the full multimode squeezing condition Ξ2[ρ̂loc, Ĵr, Ĵs] < 1 is met. Such states thus lead
to multiparameter sub-shot-noise sensitivities for parameters encoded locally by Ĵr.

D. Nonlocal spin squeezing

1. Local parameter encodings

We now consider an arbitrary state ρ̂ that may contain mode entanglement and analyze the spin squeezing matrix for local
parameter encoding schemes that we found to be optimal for local squeezing. As was shown in the main manuscript, in general,



9

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14
- 5

0

5

10

0 0.02 0.04
- 0.04

0

0.04

Supplementary Figure 1. Comparison between local and nonlocal squeezing with nonlocal parameter encoding. The plot shows on dB scale
10 log10[(∆θ+)2

SN/(∆θ+)2] (continuous lines) and 10 log10[(∆θ−)2
SN/(∆θ−)2] (dashed lines) for the nonlocally squeezed state |Ψnl(t)〉 (blue lines)

with N = 100 particles. The orientation r1 and r2 of the encoding generators have been locally optimized to provide the largest quantum
gain. While the quantum gain for θ+ is maximal, we observe a small gain also for θ− at small times (see inset). The locally squeezed state
|Ψloc(t)〉 provides a weaker quantum gain at relevant short time scales for θ+, and is above shot noise for θ−, given the same choice of nonlocal
Hamiltonians (red lines).

the spin squeezing matrix is no longer diagonal and its elements are described by

(Ξ2[ρ̂, Ĵr, Ĵs])kl =

√
NkNlCov(Ĵsk ,k, Ĵsl,l)ρ̂
〈Ĵz,k〉ρ̂〈Ĵz,l〉ρ̂

. (43)

We can now understand under which conditions mode correlations further enhance the sensitivity beyond Supplementary Equa-
tion (42). We consider a linear combination of parameters, defined by the coefficients n = (n1, . . . , nM)T . According to Sup-
plementary Equations (5) and (8), the variance of the estimation of nTθ =

∑M
i=1 niθi is given for an arbitrary quantum state ρ̂

by

µnTΣn =

M∑
k,l=1

nknl
Cov(Ĵsk ,k, Ĵsl,l)ρ̂
〈Ĵz,k〉ρ̂〈Ĵz,l〉ρ̂

=

M∑
k,l=1

nknl
(Ξ2[ρ̂, Ĵr, Ĵs])kl
√

NkNl
, (44)

and in the second step, we used the definition of the spin squeezing matrix. This sum contains the weighted average of local
spin-squeezing coefficients (k = l), in addition to the nonlocal squeezing described by covariances (k , l). It is clear that if
the signs of the nonlocal squeezing terms are chosen properly and in accordance with the nk [9], they can further enhance the
sensitivity, as is illustrated by the example in the main text.

2. Nonlocal parameter encodings

In the main text we limited the analysis to local parameter-encoding Hamiltonians in the two spatial modes. For the locally
squeezed states of the type (42), such local phase shifts and measurements are in fact optimal (recall section III C): The block
diagonal structure of the matrix M̃[|Ψloc(t)〉, Ĵ⊥] ensures that the highest multiparameter sensitivity is achieved by encoding each
parameter into the respective squeezed local variable via Ĥ = Ĵr and a collection of local observables X̂opt = Ĵs saturates the
upper bound in Supplementary Equation (18). However, as we will see below, such local schemes are generally not optimal in
the presence of mode entanglement.

We now extend our analysis of the nonlocal squeezed state |Ψnl(t)〉 to nonlocal measurements and parameter-imprinting evolu-
tions. Specifically, consider Ĥ = (Ĥ1, Ĥ2)T with Ĥ1 = 1

√
2
(Ĵr1,1+ Ĵr1,2) and Ĥ2 = 1

√
2
(Ĵr2,1− Ĵr2,2), where r1, r2 are two orthonormal

vectors in the xy plane, as well as the measurement observables X̂ = (X̂1, X̂2)T with X̂1 = 1
√

2
(Ĵr2,1+Ĵr2,2) and X̂2 = 1

√
2
(Ĵr1,2−Ĵr1,1).

This scheme describes a nonlocal encoding of two parameters θ = (θ+, θ−)T by the evolution Û(θ) = exp(−iĤ1θ+ − iĤ2θ−). We
obtain the squeezing matrix

Ξ2[|Ψnl(t)〉, Ĥ, X̂] =

(
ξ2

+ 0
0 ξ2

−

)
. (45)
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After an optimization over r1 and r2, the eigenvalue ξ2
+ coincides with the single-parameter spin-squeezing coefficient for the

full ensemble of N atoms: ξ2
+ = minr1,r2 N(∆Ĵr2 )2

|Ψnl(t)〉
/|〈[Ĵr1 , Ĵr2 ]〉|Ψnl(t)〉|

2 with Ĵr = Ĵr,1 + Ĵr,2, and indicates significant quantum
enhancements (blue line in Supplementary Figure 1). The quantum gain expressed by it can be achieved through the collective
evolution and measurement operators Ĥ1 and X̂1. In contrast, the gain ξ2

− is accessible only by local measurements on the two
spin ensembles. We notice that sub-shot-noise measurements of one parameter do not necessarily imply a reduced sensitivity
below the classical limit for the other: At short times, the sensitivity of θ− remains close to the shot-noise limit and even slightly
undercuts it for very small χt. For comparison, the weaker sensitivity of the locally squeezed state |Ψloc(t)〉 is shown (red lines).

For the nonlocally squeezed state, the choice of phase-imprinting generators Ĥ defined above is optimal: The eigenvalues of
Mopt[|Ψnl(t)〉,H, Ĵ⊥] are maximized by this choice of Ĥ. Since the shot-noise matrix FSN[Ĥ] is diagonal, the same Ĥ minimize
also the eigenvalues of the squeezing matrix Ξ2

opt[|Ψnl(t)〉, Ĥ, Ĵ⊥]. Furthermore, the X̂ satisfy the optimality condition Supple-
mentary Equation (20), leading to Ξ2[|Ψnl(t)〉, Ĥ, X̂] = Ξ2

opt[|Ψnl(t)〉, Ĥ, Ĵ⊥], where the optimal squeezing matrix was defined in
Supplementary Equation (37). Moreover, additional M × M orthogonal transformations Ĥ′ = VĤ can be used to modify the
parameter-encoding evolution with the effect of changing the eigenvectors of Ξ2

opt[|Ψnl(t)〉, Ĥ, Ĵ⊥] without changing the eigenval-
ues. We recall that such transformations have no impact on the optimality of the measurement observables, due to the freedom
provided by the matrix T in Supplementary Equation (20).

IV. SUPPLEMENTARY NOTE 4: CONTINUOUS-VARIABLE SQUEEZING MATRIX

A. Equivalence to the squeezing condition by Simon et al.

We show that in the context of continuous-variable systems and considering quadrature observables q̂, the squeezing condition,
i.e., any violation of

Ξ2[ρ̂, Ĥ, X̂] ≥ 1M , (46)

becomes equivalent to

λmin(Γ[ρ̂, q̂]) <
1
4
, (47)

which was proposed by Simon et al. in Supplementary Reference [17].
Assume that (46) is violated by the matrix Ξ2[ρ̂, Ĥ, X̂] for some Ĥ = Rq̂ and X̂ = Sq̂. Since Ξ2

opt[ρ̂, Ĥ, q̂] ≤ Ξ2[ρ̂, Ĥ, X̂]
for all X̂, this implies that also Ξ2

opt[ρ̂, Ĥ, q̂] violates condition (46). This is equivalent to λmin(Ξ2
opt[ρ̂, Ĥ, q̂]) < 1. Because R

is an orthogonal projection onto an M-dimensional subspace, the matrix Ξ2
opt[ρ̂, Ĥ, q̂] is a compression of the 2M × 2M matrix

4ΩTΓ[ρ̂, q̂]Ω. By the inclusion principle [18], we obtain 1 > λmin(Ξ2
opt[ρ̂, Ĥ, q̂]) ≥ λmin(4ΩTΓ[ρ̂, q̂]Ω) = 4λmin(Γ[ρ̂, q̂]), and we

used that Ω is an orthogonal matrix. Hence, λmin(Γ[ρ̂, q̂]) < 1/4.
Conversely, assume that λmin(Γ[ρ̂, q̂]) < 1/4 holds, then there exists an R, such that λmin(Ξ2

opt[ρ̂, Ĥ, q̂]) = λmin(4ΩTΓ[ρ̂, q̂]Ω) =

4λmin(Γ[ρ̂, q̂]). This yields λmin(Ξ2
opt[ρ̂, Ĥ, q̂]) < 1 and hence the squeezing condition (46) can be violated for some X̂.

B. Minimizing the squeezing matrix

Let λ′1 ≤ · · · ≤ λ′M and λ1 ≤ · · · ≤ λ2M denote the eigenvalues of Ξ2
opt[ρ̂, Ĥ] and 4ΩTΓ[ρ̂, q̂]Ω, respectively. The inclusion

principle yields λ′k ≤ λk for all k = 1, . . . ,M. The minimum spectrum is reached when λ′k = λk holds for all k = 1, . . . ,M. To
achieve this, we choose Ĥopt = Roptq̂, by picking the rows of Ropt as rk = λk for k = 1, . . . ,M, where the λk are the eigenvectors
of 4ΩTΓ[ρ̂, q̂]Ω with eigenvalue λk.

For the squeezed vacuum state, the eigenvectors λk form the symplectic orthogonal matrix OΩ, where the columns are ordered
in pairs acting on the same mode. The projector PM then selects only the squeezed quadratures from each mode, thereby
realizing Ropt = PMOΩ as described above. From Supplementary Equation (20) we find the optimal measurement operators as
X̂opt = TPMOΩΩTΓ[|Ψ0〉, q̂]−1q̂ = TPMOΓ[|Ψ0〉, q̂]−1OT Oq̂ = 4TPM

⊕M
k=1 diag(e2rk , e−2rk )Oq̂, and we obtain X̂opt = PMOq̂ by

choosing T = 1
4 diag(e2r1 , . . . , e2rM ). This choice leads to C[|Ψ0〉, Ĥ, X̂] = 1

2 SΩRT = 1
2 PMOΩΩT OT PT

M = 1
2 1M .

C. Changing the basis of the squeezing matrix by passive transformations

Let us consider a fixed family of encoding Hamiltonians with Ĥ = PMOΩq̂. Any squeezed vacuum state can be ex-
pressed as ÛV |Ψ0〉. We obtain Γ[ÛV |Ψ0〉, q̂] = VTΓ[|Ψ0〉, q̂]V , where V is the symplectic orthogonal matrix that describes
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the passive transformation ÛV . For an optimal choice of measurement operators X̂, the state ÛV |Ψ0〉 leads to the squeezing
matrix Ξ2

opt[ÛV |Ψ0〉, Ĥ] = 4PMOVTΓ[|Ψ0〉, q̂]VOT PT
M . Let Y be the orthogonal symplectic matrix that yields 4Γ[|Ψ0〉, q̂] =

YT
⊕M

k=1 diag(e2rk , e−2rk )Y . Choosing V = YT WO, we obtain Ξ2
opt[ÛV |Ψ0〉, Ĥ] = PMWT

⊕M
k=1 diag(e2rk , e−2rk )WPT

M . The sym-
plectic orthogonal matrix W can now be chosen such that

Ξ2
opt[ÛV |Ψ0〉, Ĥ] =

M∑
k=1

e−2rk nknT
k , (48)

where {nk}
M
k=1 is an arbitrary basis of RM .

For clarity, let us explicitly construct the matrix W that achieves this. We represent the projector as PM =
∑M

i=1 eifT
2i, where

{ei}
M
i=1 and {fi}

2M
i=1 represent canonical bases of RM and R2M , respectively. We define m2i = (0, ni1, . . . , 0, niM)T and m2i−1 =

(ni1, 0, . . . , niM , 0)T for i = 1, . . . ,M. The {mi}
2M
i=1 form a basis of R2M . By choosing W =

∑2M
i=1 mifT

i , we obtain the squeezing ma-
trix provided in Supplementary Equation (48). By construction the matrix W is orthogonal. By writingΩ =

∑M
i=1(f2i−1fT

2i−f2ifT
2i−1)

and making use of
∑M

i=1 nkinli = nT
k nl = δkl, it is possible to demonstrate explicitly that WΩWT = Ω and thus W is symplectic. Fi-

nally, let us consider the optimal measurement observables X̂ = TPMOΓ[ÛV |Ψ0〉, q̂]−1q̂ = 4TPMWT
⊕M

k=1 diag(e−2rk , e2rk )WOq̂.
Choosing T = 1

4 diag(e2r1 , . . . , e2rM ) yields X̂ = PMOq̂. It is interesting to notice that the optimal measurement observables are
thus independent of the basis that is chosen by W. Instead they depend only on O, i.e., the phase-imprinting generators Ĥ.

D. Optimality of squeezed vacuum states

In Supplementary Reference [19] the intuition about the optimality of squeezed vacuum states for single-parameter estimation
with continuous-variable systems [20] was confirmed by a rigorous demonstration. We now show that analogous results hold for
multiparameter estimation problems, where for the optimization we distinguish between the two cases discussed in the previous
section.

Let us first discuss the optimization of the spectrum of the quantum Fisher matrix FQ[ρ̂, Ĥ]. For mode-separable probe states
the upper sensitivity limit is given by the block-diagonal covariance matrix maxρ̂m−sep FQ[ρ̂m−sep, Ĥ] = 4

⊕M
k=1 max|ψk〉(∆Ĥk)2

|ψk〉

and the convexity of FQ allows us to limit the optimization to pure states [9]. Since each Ĥk is a local quadrature operator, the
local variances satisfy 4(∆Ĥk)2

|Ψk〉
≤ 2Nk + 1 + 2|〈âkâk〉|ψk〉| with Nk = 〈â†â〉|ψk〉. This bound can be derived by taking the larger of

the two eigenvalues of the covariance matrix Γ[|ψk〉, (x̂k, p̂k)T ], and by setting all mean values to zero (which can only increase
the covariance matrix). From the Cauchy-Schwarz inequality we obtain |〈âkâk〉|ψk〉|

2 ≤ 〈â†k âk〉|ψk〉〈âkâ†k〉|ψk〉 = Nk(Nk + 1). This
finally yields max|ψk〉 4(∆Ĥk)2

|ψk〉
= 2Nk + 1 + 2

√
Nk(Nk + 1). This upper limit is saturated by a non-displaced squeezed vacuum

state, as can be easily verified using 2Nk + 1 = cosh 2rk and sinh 2rk = ±2
√

Nk(Nk + 1).
Next, we consider the estimation of a specific linear combination of parameters, defined by the coefficient vector n ∈ RM . The

variance µnTΣn = (nT FQ[ρ̂, Ĥ]n)−1 is minimized by a pure state with FQ[|Ψ〉, Ĥ] = 4Γ[|Ψ〉, Ĥ]. Assuming n to be normalized to
one, the sensitivity limit is given by the largest eigenvalue of the M×M covariance matrix max|Ψ〉 4Γ[|Ψ〉, Ĥ], where Ĥ = PMOq̂.
It is achieved when n represents the corresponding eigenvector. Since O is a canonical transformation, each eigenvalue of
Γ[|Ψ〉, Ĥ] corresponds to the variance of some quadrature observable that is constructed as a linear combination of the original
q̂ and follows the same commutation relations. Following the arguments from above, we obtain the bound λmax(4Γ[|Ψ〉, Ĥ]) ≤
2N + 1 + 2

√
N(N + 1), which is again saturated by squeezed vacuum states. Here N =

∑M
k=1 Nk is the total number of particles.

This extends the results of Supplementary Reference [19] and demonstrates the optimality of squeezed vacuum also in the
multiparameter case. Similar strategies are optimal also for more general multimode passive Gaussian channels that encode a
single [21] or multiple phases [22]. If transformations beyond displacements are considered, however, the preparation of the
optimal state is no longer independent of the values of the unknown phases and thus requires adaptive methods.
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