SUPPLEMENTARY NOTE 1: THEORY
A. Introduction & Preliminaries

In this supplemantary note, we present the theoretical
foundation for the paper “Stimulated Plasmon Polariton
Scattering”. This is mainly a derivation of the coupled
mode equations Eq. (1a-c) of the main paper and the ex-
pressions for the nonlinear coupling and total gain. This
part follows in broad strokes an earlier paper of ours on
the theory of Brillouin scattering [1]. Furthermore, we
discuss important aspects such as the normalization of
the polaritonic modes.

We consider an optical waveguide along the y-direction
of a Cartesian system. It is composed of high-index ma-
terials as described by the permittivity e(x,z) in the
transverse plane and optionally a Pockels-nonlinearity
xP(z,2). We assume that the waveguide supports
bound propagating modes. Furthermore, we assume that
waveguide modes interact with a nearby material that
supports low-frequency plasmon-polariton modes. In the
following we will assume this to be graphene, but other
materials from the wider class of van-der-Waals materi-
als or systems such as a 2d electron gas confined in a
quantum well structure are also promising candidates,
but might require minor modifications to the formalism.
We assume that the plasma frequency in the polaritonic
material can be tuned. In the case of graphene this is via
the Fermi energy Er, e.g. through adsorption of surface
dopants or via an external gate electrode.

In the following, we will use upper case letters E and
H for physically observable (real-valued) electromagnetic
fields. Corresponding modal quantities e, h are written
in lower case. In order to simplify notation, we employ
the Einstein summation convention where advantageous.

1. Optical modes

Inside the waveguide, we assume a forward-
propagating pump wave with angular frequency w and
wave number k as well as a slightly red-shifted counter-
propagating Stokes wave. We assume that the propa-
gation loss of the optical modes is weak enough to be
captured via perturbation theory within a coupled mode
framework based on the solutions to the lossless optical
wave equations

V x V x E = —pp0?D; (1)

where E and D = ¢E are the electric field and the electric
displacement, £(r) is the permittivity distribution and all
materials are assumed to have the vacuum permeability
1o- As basis functions for the subsequent coupled mode
theory, we neglect the imaginary part of € and solve for
stationary modes

E® (r,t) ~ a® (y)e®) (z, z) exp(iky — iwt) + c.c.,  (2)
E®) (r,t) ~ a®) (y)e® (z, 2) exp(—iky — iwt) + c.c., (3)

where e®) and e(®) are the modal profiles of the forward-
propagating pump and backward-propagating Stokes
wave, respectively, and a(?) and a(®) are the correspond-
ing mode amplitudes. For any but the simplest geome-
tries the mode distributions e/*)(x, z) must be calcu-
lated numerically e. g. using finite elements.

Since we are investigating a nonlinear process, the rel-
evant equations are not independent of amplitude levels.
Therefore, the optical modes must be normalized, e.g.
with respect to the energy density
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where &, is the unit of energy per unit length of wave-
guide, whose value is in principle arbitrary; typical
choices are based on energies of one Joule or one opti-
cal quantum Aw. The energy density is connected to the
total power flux P, via the group velocity v,:

Po = v.E,. (6)

2. Polaritonic modes

In analogy to the optical modes, we now describe the
plasmon polaritons inside the graphene sheet in terms
of modes based on similar assumptions as for the op-
tical waveguide. We assume that the sheet supports a
tightly localized polariton mode at angular frequency 2
and wave number g. In the regime of strong confinement,
the field distribution of the polariton of a sheet that is
situated at an interface between two dielectrics with per-
mittivities £; and €5 can be approximated as:

E(pol) (I’, t) ,-N\,b(y>e(p°1) (3;7 Z) exp(iqz — 1Qt) + c.c., (7)
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where Ej is the longitudinal electric field amplitude at
the sheet. The plus and minus signs apply above and
below the sheet, respectively; the total discontinuity of
the normal electric field component is given as AE =
2Fy.

The modal energy per unit length and unit width of
the sheet material (required for normalization of the cou-
pled mode equations) comprises three parts: the electro-
magnetic energy in the dielectrics surrounding the sheet,
the electromagnetic energy inside the sheet (which is of
similar order) and the non-electromagnetic energy of the
electron system of the sheet:
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While the first two terms are universal in as far as they
only require knowledge of the polaritonic dispersion re-
lation [which is equivalent to the knowledge of o(Q)],
the third term is highly specific for the particular choice
of material. For illustration purposes, we calculate the
non-electromagnetic correction for a graphene plasmon
polariton due to the degeneracy pressure of the free car-
riers at zero temperature in the next section. At room
temperature, we expect the main findings to remain qual-
itatively valid, but stress that the electromagnetic parts
must be recalculated with the finite-temperature conduc-
tivity.

8. Graphene

Ignoring nonlocal effects inside the graphene and as-
suming zero temperature for simplicity, its electromag-
netic properties are characterized by a dispersive sheet
conductance:

o(Q) =a1(2) + 72(9), (10)
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where e is he the electron charge, & is the Planck constant
and O is the Heaviside function. Here, o1 describes the
contribution to the overall conductivity from intra-band
effects of the free carriers, whereas oo describes inter-
band transitions inside the graphene sheet.

We now calculate the correction of the total polaritonic
energy due to the degeneracy pressure of the electron
gas. To this end, we assume that the carrier density is a
harmonic variation around an equilibrium value defined
by the mean Fermi energy:

n(t) = no[l + asin(Qr)], (13)

where « is a small parameter. The 2d energy density
associated with a carrier density is given via the chemical

potential u(n) = hvpy/mn:
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The degeneracy correction to the modal energy is the
average of this expression over one polaritonic cycle:
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Here, E(gg?g is the energy introduced by doping, whereas
the leading order correction with respect to « is taken as

the modal energy of the polariton. By relating the vari-
ation ang of the charge carrier density to the discontinu-
ity of the electric normal field via Maxwell’s divergence
equation

50(51 + SQ)EO = aeng, (18)

we can express the degeneracy correction in terms of the
polaritonic field amplitude:
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We find for the total polaritonic energy per unit area of
graphene:
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where the prefactor takes on the meaning of an effective
capacitance. Numerical values for the respective contri-
butions have been evaluated for for the example €y = 1,
g9 = 12, Er = 0.1eV, Q = 0.1Ep/h = 1.5 x 10%3s71,
q = 2.3 x 105m~!. Clearly, this formula is reliable only
in a low-loss regime. However, we can see that the in-
sheet correction to the electromagnetic energy cannot be
neglected, whereas the correction due to degeneracy pres-
sure is (at least for this example) minimal.

B. Modal equations

We now derive nonlinear coupled mode equations for
the stimulated plasmon polariton scattering problem.

1. Basic coupled mode equations

The optical equation of motion can be obtained from
the wave equation:

V x V x E = —pp07D. (21)

To this end, we first assume that the electric field is the
sum of the two optical modes

E =q® (y)e(p) exp(iky — iwt) (22)
+a® (y)e(s) exp(—iky — iwt) + c.c..

In contrast, the electric displacement is the sum of the
optical modes and a nonlinear polarization P(NL):

D =ca® (y)e® exp(iky — iwt) (23)

+ea®™ (y)e® exp(—iky — iwt) + c.c. + PNL),



We then insert this ansatz into the wave equation and
project back onto either optical mode e®/%). We aver-
age over a time scale much larger than an optical cycle
in order to isolate the dynamics of the slowly varying
envelopes a(®/%) and we neglect second-order derivatives.
We thus arrive at the optical equations of motion:

8,a® +0v710,a® + k,a® = —iwP; 1 (e® [POL)
(24)

— kaa® = —iwP;1(e® PO (25)
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Here, P, appears from the overlap integral of the opti-
cal mode with itself and the source terms are the phase-
matched projections of the nonlinear polarization onto
the optical modes. The decay parameter k, is given as
the overlap between the optical mode and the dielectric
loss of the waveguide:

Kq = /dzr e P g{ele®). (26)

In essentially the same way, the equation of motion is
derived for the plasmon polariton envelope b(y) from the
optical wave equation in the THz range:
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where k; describes the absorption of the polaritonic mode
along the sheet due to the real part of the sheet con-
ductance ¢(Q) and e®°) and n(P°) are the electric field
distribution and carrier density distribution of the polari-
tonic mode. The source terms S(r, ¢)(®) and S(r, )™ to
the polaritonic mode due to the optical pumping will be
discussed in the next section.

The perturbative treatment of the losses is of course
not as good an approximation for the polaritonic ampli-
tude as it is for the optical ones, but should suffice for
our purposes. This is based on the experience with the
problem stimulated Brillouin scattering, where the loss-
less mode approximation is very successfully applied to
the acoustic part of the problem, which features typical
quality factors of several 100 to several 1000 just as we
predict in the present work.

2. Nonlinear coupling

We assume that the coupling between the optical
and polaritonic modes is due to three-wave mixing via
some second order nonlinearity somewhere in the system.
Therefore, we assume that the nonlinear polarization is
the mixing product between the total optical field and
the polaritonic field:

pl(NL) — (Em(p) + Em(s)) (EOXl(iann(pOl) + Hlmn(POU)’

(28)
where y(? is the conventional second-order susceptibility
e.g. due to the Pockels effect in the waveguide material

and n(r) is the local deviation of the carrier density from
the average in the graphene sheet. The symbol II is de-
scribes the ponderomotive effect in graphene and only in-
troduced here to keep he notation manageable and high-
light the structure of the equations; in the next section
we will not use it further and instead derive the pondero-
motive expressions explicitly. Analogously, we assume
that the polaritonic driving term is the mixing product
between the two slightly detuned optical fields:

SZ(E) _Xl(2) E,,?E,®), (29)
sm 11, E, ®E,®. (30)

When evaluating the overlap products on the right
hand sides of the coupled mode equations and performing
the time averages, we find:

<e(p)|P(NL)> :a(s)b/dZ [ (2) *(P) ()en(pol)
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By introducing the coupling integral
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we obtain the final coupled mode equations:
8,a® 4+ 0,10,a®) + kea® = —iwQPTa®b*,  (36)
dya® —v;19,a® —iw@Q*P; a®b,  (37)
Byb + vy L9b + Kpb = —1QQP, Ha®]*a®), (38)

The most natural source for a second order nonlinear-
ity in the system is of course the Pockels effect. This can
be introduced, e. g. by composing the waveguide at least
partially of a nonlinear material such as lithium niobate.
We cannot say much more about such a setup except that
we could not obtain an appreciable SPPS-gain based on
this effect alone. The problem is that the polaritonic
mode does not penetrate the waveguide enough to lead
to a sufficient nonlinear mode overlap. We do, however,
emphasize that this approach might prove very useful
for the excitation of polaritons in materials other than
graphene.

At least in the case of graphene the dominant second-
order nonlinearity for the SPPS-process turns out to be
the ponderomotive interaction, i.e. the local shift of the
Fermi energy inside the graphene sheet as a result of the
beat between the optical fields and — conversely — the
emergence of a dynamic grating in the graphene conduc-
tance from a plasmon polariton.
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3. Ponderomotive nonlinearity in graphene

We consider the case of a polariton in the THz-range
and ask how this modulates the optical conductivity of
graphene. This is a second-order nonlinearity, but not a
conventional Pockels nonlinearity. The reason is that the
polaritonic mode has even symmetry with respect to the
sheet plane while the Pockels effect would describe the
impact of a homogeneous electric field (which has odd
symmetry) on the conductivity. Therefore (and unlike a
Pockels nonlinearity) this particular type of second-order
nonlinearity is not symmetry-forbidden in a system with
inversion symmetry. One characteristic of materials like
graphene is the very strong optical anisotropy; while the
electrons are nearly free within the plane of the sheet,
they can barely move in the normal direction. As a re-
sult, the ponderomotive effect arising from the plasma
properties of the electron system interacts only with the
in-plane components of the electric field.

The idea is that the polaritonic mode is in essence a
fluctuation in carrier density, and therefore accompanied
by a spatial modulation of the Fermi level Er. This
clearly implies the assumption that the polariton does
not cause too much unrest in the electron system, but
rather moves carriers around in a quasi-adiabatic way.
The Fermi level in turn controls the intra-band conduc-
tance of graphene through

ie?

o1(w) = T Ep, (39)

where w is the optical angular frequency. The Fermi-level
is also linked to the total carrier density nioy:

Er = hvpy/mnior = hvp \/ma (40)

where ng is the equilibrium carrier density due to doping
and n is the carrier density due to the polariton. The
latter finally depends on the electric field discontinuity
across the sheet:

" qeo(e1 +e2)Ep

T, (41)

where ¢ is the wave number of the polariton and doubles
as the localization length of the electric field normal to

the sheet. The nonlinearity in question (evaluated at
n = 0) is then:
0o ie? h’UFﬁ q€0(51 + 62) (42)
— = . . .
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With the Fermi wave number gr = /7ng, this can be
simplified:

60’1 7650’01: ) 1(81 +€2) q
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It should be repeated that g and w characterize different
waves: ¢ is the polaritonic wave number and w is the op-
tical angular frequency. In summary, we have found that
a plasmon polariton in a graphene sheet is accompanied
by an optical grating with the same period as the plas-
mon polariton. This dynamic grating can back-scattering
light from the optical pump mode into the optical Stokes
mode and thereby mediate stimulated plasmon polariton
scattering.

The complementary effect (the source term to the po-
laritonic excitation due to the optical pumps) is derived
from the same mathematical quantity (9o0)/(9Ep), but
with a different physical interpretation as a ponderomo-
tive force in the 2d electron plasma. At this point we
forgo an in-depth discussion of the connection between
dynamic grating effect and the ponderomotive force via
Onsager relations as well as the derivation of the inter-
band contributions to this effect at finite temperature.
Instead, we refer to our recent work [2] and only state
the expressions that are relevant for the present work.
The full optical conductivity of graphene at finite tem-
perature has been calculated in Refs. [3, 4]

oT>0(w)  2iEp 7 tann fiw + 2Ep
oK Ch(w+iy) 4 4kgT
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where o = e?/h ~ 3.87 x 107°S is the inverse von-
Klitzing constant, kg is the Boltzmann constant. From
this, we derived the ponderomotive nonlinearity

9c(T>0) 1 91 ) hw
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expressed in terms of the quantity given in Eq. (43) for
simplicity. In this form, the square brackets express the
fact that the inter-band threshold leads to a resonant en-
hancement of the ponderomotive force, which translates
to a peak in the SPPS response as reported in the main
text.

Power gain and gain scaling

We now derive the expression presented in the main
paper for the total SPPS-gain. To this end, we start
with the coupled mode equations

aya(l?) + Uglata(P) + Kaa(P) _ —in'Pa_la(s)b*, (46)
9,a® —v710:a® — kaa® = —iwQ* P Ta®Pb,  (47)
Ayb + vy L0 + Kpb = —iQQP; a®]*a®), (48)



and assume both steady state and a local polaritonic re-
sponse. The latter is justified if the plasmon polariton
propagation length is smaller than the expected length
scale on which the optical amplitudes change. This is jus-
tified in the case presented in the main paper. Due to the
steady state assumption, all time derivatives vanish and
the local polaritonic response assumption also removes
the spatial derivative in the equations for b(y). There-
fore the polaritonic amplitude can be explicitly solved:

e

b=—
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[a(p)]*a(S). (49)

By inserting this in the steady-state optical equations,
we find:

wQQ? | (2
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where I is the amplitude gain coefficient of the SPPS pro-
cess and implicitly depends on the power unit P, used
for normalizing the optical modes. In practice, most ex-
periments measure the power gain, which relates optical
power levels rather than arbitrarily normalized ampli-
tudes. The power carried by the pump and Stokes modes
are given by:

pp/s) — pa|a(p/5)|2_ (52)
Its y-derivative can be found via the product rule:
8yP(p/s) = Paa*(p/s)(f?ya(p/s) +c.c.. (53)

By inserting this in Eqgs. (50, 50), we find:
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where G finally is the SPPS power gain coefficient as
presented in the main paper.

Comparison with SBS

Confusion may arise as to the impact of polaritonic
loss in SPPS. One first source of confusion can be the
fact that the SPPS amplification effect stretches over a
length orders of magnitude greater than the polariton
propagation length. The short answer is that while the
polariton may only propagate for 1-10 microns, the opti-
cal Stokes wave carries its information and together with
the pump generates an amplified copy of the polaritonic
signal further towards the pump. A second source of

confusion can be the general perception that (especially
plasmon) polaritons are very lossy while sound is nearly
lossless and therefore SBS might seem massively more
viable than SPPS. Here, the short answer is that acous-
tic loss increases dramatically with frequency and SBS
involves GHz sound waves with a propagation length of
1-100 microns (depending on the material). We will now
provide some discussion of how SBS and SPPS compare.

4.  Comparison of loss figures

The appropriate measure for the loss of the non-optical
field in both SBS and SPPS is the propagation length I.
It can be easily found from the quality factor @ and the
acoustic/plasmonic wavenumber g:

l=09/q.

The quality factor in turn can be found either as the ra-
tio of wavenumber and decay constant (just the inverse of
the equation above) or the ratio of acoustic frequency and
damping rate. From the phase matching diagram Fig.1la
of the main text, which is identical for both SBS and
SPPS, it is clear that ¢ = 2k and therefore very similar
in both processes. This reduces the question of propaga-
tion lengths to comparing the quality factors @ of both
processes. We find @ between 10 and 1000 in SPPS (see
Fig.2b). As for the losses in SBS, Boyd [5] lists Stokes
frequencies (denoted Qp) and damping rates (denoted
I'p) in various bulk solids and liquids. By dividing Qp
and I'p, one easily verifies that SBS has Q-factors in the
same ballpark as SPPS. This also holds for material sys-
tems that have been the focus of recent SBS-research such
as integrated soft glass waveguides (/27 = 7.7 GHz,
I'/2m = 34 MHz [6], corresponding to Q@ = 226) or silicon
waveguides (e.g. @ = 306 in Ref. [7]). We find that SBS
and SPPS suffer from comparable amounts of loss in the
non-optical fields.

C. Competition between loss and nonlinear
coupling

The viability of SPPS cannot be shown by compar-
ing its typical linear loss figures with those of SBS. In
addition, it is necessary to demonstrate that the nonlin-
ear coupling is also strong enough to be comparable with
SBS. The relevant parameter for such a comparison is the
gain coefficient G. It actually already includes the loss
in the form of the decay constant kg [see Eq. (55)]. As
a result, G scales with the quality factor and therefore
expresses precisely how strong the nonlinearity is com-
pared to the loss of the non-optical wave (sound in SBS,
plasmons in SPPS).

Therefore the question how the competition between
nonlinear coupling and loss in SPPS compares to that
in SBS can be decided by comparing the gain coeffi-
cients G. In SBS the gain is stated in one of two ways:



As a material parameter (units m/W) appropriate for
quasi-bulk systems such as fibres or as a waveguide pa-
rameter (units (Wm)~!) appropriate for complex nano-
scale systems such as our example. The two gain fig-
ures are related by the effective mode area of the optical
modes. Boyd lists the former quantity and based on an
effective mode area of 0.1, um? (comparable to the mode
area in our example ), this translates to gains between
15 (Wm)~! for CSy and ~ 4.5Wm ™" for water and sil-
ica. A further discussion of this can be found in the main
manuscript.



SUPPLEMENTARY NOTE 2: POWER
HANDLING AND ELECTRON GAS HEATING IN
GRAPHENE

Most conventional nonlinear experiments use very
large intensities and observe strong heating of the elec-
tron gas. For the most part, it is an ultrafast transient ef-
fect upon absorbing a tightly focused femtosecond pulse.
In contrast, we envisage pulses that are several orders of
magnitude longer and that are dissipated along the entire
waveguide, which further reduces the local heating effect.
This requires a closer look to which extent electron gas
heating might be detrimental to our proposal.

The dissipation in the sheet is due to inelastic scatter-
ing events between charge carriers and some other (quasi-
)particles. Apart from static scattering sources such as
impurities, there are mainly two candidates available as
scattering partners: phonons and electrons. First, we
note that 2d electron systems such as graphene are simi-
lar to 3d systems in that within the framework of Fermi
liquid theory electron-electron interactions are absorbed
in renormalized parameters for the Fermi quasi-particles,
which constitute the non-interacting charge carriers of
the system. As a result, inelastic carrier-carrier scatter-
ing is a very weak process to begin with. Furthermore,
the effect of temperature on the carrier population is fun-
damentally different to the effect on the phonon popula-
tion due to the Fermionic nature of the former whereas
the latter are collective Bosonic excitations with chemical
potential zero.

A change in temperature leads to a widening of the
carrier distribution with an additional shift in the chem-
ical potential (Fermi level) while maintaining the overall
number of particles. As a result, the number of available
scattering partners does not change with temperature al-
though the number of available destination states does
increase. In contrast, the number of phonons increases
with temperature to first approximation according to the
Stefan—Boltzmann law (with the third power of temper-
ature in 3d systems), in addition to the aforementioned
increase in the number of available destination states.
As a result, it is implausible that a high electron gas
temperature leads to significantly increased dissipation
for electromagnetic excitations in the intra-band regime.
In summary, we conclude that electron gas heating an
no significant effect on the quality factors of plasmon
polaritons in the intra-band regime, which we find for
Er > 0.1eV. In this regime the plasmon polariton loss
is determined by the temperature of the lattice.

After having established that an elevated electron tem-
perature does not lead to significantly increased Ohmic
loss for the plasmon polaritons, we now address what
kind of effects it will have, i.e. effects that are directly
linked to the softening of the Fermi distribution rather
than scattering events. Probably the main effect of the
electron temperature is the sharpness of the onset of
the inter-band contribution to the conductivity. This
manifests in two ways. On the one hand, it leads to

a softer transition between the regimes of low and high
optical loss. On the other hand, it impacts the maxi-
mally attainable gain figure, because the increased gain
at the inter-band threshold and at lower temperatures is
to large parts due to a resonant ponderomotive nonlin-
earity at the inter-band threshold. This means that while
the electron gas temperature does not influence the qual-
ity factor, it does affect the nonlinear coupling between
the optical and plasmonic modes as well as the optical
propagation length of the hybrid waveguide.

Given that the electron temperature will have an ef-
fect on our results, it is necessary to estimate a realis-
tic temperature in settings such as the examples studied
in our manuscript. It appears to us that the topic of
hot electrons in ultrafast processes with graphene is not
fully understood, yet. We estimate the effect as best
we can, a significant degree of uncertainty remains. We
use Ref. [8] as a starting point. They report an increase
in temperature from room temperature to 1500K (in-
crease of 1200 K, with plenty of uncertainty) if inter-band
transitions are possible. The electron gas temperature is
determined by the energy dissipated over one electron-
lattice relaxation constant, approximately 1 ps. Since the
experiment used femto-second pulses, the entire energy
absorbed from one pulse contributed to the electron gas
heating. Assuming an absorption of 2.3% (intra-band ab-
sorption of a graphene monolayer [8]) from a pulse fluence
of 700 mJ/m? corresponds to an absorbed energy density
of 15mJ/m? in the reference in the inter-band regime.
In contrast, we have pulses of at least 10 ps in mind, so
we must compare to the product of the relaxation time
and the power absorbed per unit area of graphene in the
waveguide.

In order to get an estimate for our proposal, we as-
sume an optical decay length of 1 mm, which is a realistic
number in the low-loss regime Er > 0.4eV at room tem-
perature. Together with a strip width of 150 nm, we find
an effective dissipated energy per electron-lattice relax-
ation time of ~ 5mJ/m? for each Watt of pump power.
The resulting electron heating must be based on the re-
ported 1200 K increase. As a result, we would estimate
an electron gas heating in the ballpark of 300 K above
the lattice temperature per Watt of pump power. This
heating effect should drop by an order of magnitude at
60 K due to reduced optical absorption.

In the manuscript, we project pump powers between
10mW and 10 W. Clearly, the upper boundary becomes
problematic due to this effect, but it appears that for
pulse powers below 300 mW the impact is minor both at
room temperature (leading to 100K of heating) and at
60 K (leading to 10 K heating). Towards the lower end of
projected pump power range, we do not anticipate any
significant effect.

In order to demonstrate the impact of thermal imbal-
ance, we repeated the calculation with 60 K lattice tem-
perature and 160 K electron gas temperature, which cor-
responds to 3W pump power at that temperature and
in the low optical loss regime. We find that the abso-



lute gain drops by an order of magnitude and the rela-
tive gain by two orders of magnitude, but remains above
the detection threshold. It should be noted that silicon
also exhibits negative effects with higher powers. For
cw excitation the pump power is limited to the order of
10mW due to the accumulation of free carriers gener-
ated by two-photon absorption. This can be remedied
by using sub-ns pulses, but it will be very difficult to go
beyond peak powers in the Watt range.
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