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Supplementary Note 1. OUTLINE OF AREA LAW PROOF
A. Set up and assumption

We here restate the setup of the system. We consider a one-dimensional quantum system with n sites, where each
of the sites has d-dimensional Hilbert space. We denote the total set of the sites by A, namely A = {1,2,...,n}.

In Supplementary Table I, we give a list of parameters which are used throughout the proof. In Supplementary
Note 5, we give a list of definitions and notations which we use several times in the proof.

1. Definition of the Hamiltonian

We define the system Hamiltonian H as

H= Y hy (1)

|Z|1<k
with |Z| the cardinality of Z, where each of {hz} 7<) denotes an interaction between the sites in Z C A. For
example, in the case of k = 2, the Hamiltonian is given in the form of

n

H= Y hz+ Y hz=) hij+Y h (2)

Z:|Z|=2 Z:1Z|=1 i<j i=1

This is the Hamiltonian that we considered in the main paper.
The Hamiltonian (1) describes a generic k-body-interacting system. We assume the power-law decaying interac-
tion as

J

< —
max > lhzl < -5 (a>1), 3)

Z:Z>i,diam(Z)=r
and

hinl < B 4
ma gy | < B, e
where diam(Z) = max; jez (]t — j|) and ||---|| is the operator norm. In the proof, we often use the notation of

>~ Z:condition Which means the summation over all Z satisfying the condition. Thus, }°, 75, jiam(z)=, means the
summation which picks up all the subsets Z C A such that Z 5 ¢ and diam(Z) = r. From Inegs. (3) and (4), we
immediately obtain

o0
aJ
hz||=B hz|| < B =:
max ) ’|| z|l +rpeaAX§ E_ Ihzll < B+ — =49, (5)
Z:Z>1 r=1Z:Z3i,diam(Z)=r

where in the last inequality we use
- = e aJ
r=1Z:Z>i,diam(Z)=r r=1 1

We assume a non-degenerate ground state |0) with a spectral gap A. We notice that the spectral gap is always
smaller than 2g (see below for the derivation):

0<A<L2g. (7)

Throughout the paper, by appropriately choosing the energy unit, we set g = 1, or equivalently B+aJ/(a—1) = 1.



Proof of the inequality (7). We here would like to prove
A <2 =
<2max > |hzll =29, 8)
Z:Z>1

where we use the definition of g in (5). It has been already given in Ref. [1], but we show the proof here. Let us
decompose the Hamiltonian as H = Hy, + V;, where Hy, acts only on the sites A; := A\ {i} and V; := H — Hy,.
We note that ||[V;|| < g from the inequality (5). we consider a quantum state |¢) = |¢;) ® |04,) with |04,) the
ground state of Hy,. By choosing |¢;) such that (0|¢) = 0, we have

(o|H|¢) — (O[H|0) > A. (9)

On the other hand, we have

(¢|H|[¢) < (0, [Ha,|0a,) + V]l < (0a,[Ha,[0,) + g (10)
and
(O1H10) = (0a, [Ha;[0a,) — Vil = (O, [Ha,[04;) — 9, (11)
which yields
(9|H|¢) — (0] H|0) < 2g. (12)

By combining the inequalities (9) and (12), we obtain the inequality (7). O

2.  Main assumption

In order to give the condition under which the area law is obtained, we define the interaction operator Vx y (Ag)
between two subsystems X C A and Y C A as follows (see Supplementary Figure 1):

Vx.y(Ag) := > hy. (13)
Z:ZCMAo
ZNX#0,ZNY #0
Here, Vx v (Ao) is defined for an arbitrary subset Ag C A such that X UY C Ag. Note that the operator Vx y (Ag)
composed of the interaction terms hz between X and Y which are supported on Ag C A. In the case of k = 2 as
in Eq. (2), Vx,y(Ao) does not depend on the choice of Ay and is simply given by

Vxy(Ao) =Vxy(XUY)=> "> hij, (14)

i€X jey

where each of the terms hyz is given by h; ;. We utilized the form (14) in Eq. (4) of the main paper. On the other
hand, in the case of k > 3, Vx y(Ao) usually depends on choice of the subsystem Ag.
Throughout the paper, we assume the following algebraic decay of ||[Vx y (Ao)]|-

Assumption 1. Let X andY be arbitrary concatenated subsystems with dist(X,Y") = r. Then, for arbitrary choice
of Ao C A, there exists a constant gy (> 1) such that

1Vx,y (Ao)|l < gor™® (15)

with & > 0. In Supplementary Note 1 C, we will discuss how the parameters {go, @} are given in terms of {J, a} in
Eq. (3).

The assumption is utilized in deriving the inequalities (46) and (55). The former inequality (46) implies a finite
upper bound of the boundary interaction along a cut (see Supplementary Figure 2 in Supplementary Note 1D 1).
The latter inequality (55) is an essential tool to upper-bound the error in truncating the long-range interaction (see
also Supplementary Figure 2).

In order to discuss the entanglement entropy, we spatially decompose the total space into two subsystems L and
R (see Supplementary Figure 2 for example), respectively. We denote the reduced density matrix of the ground
state in L by pr:

pr = trr(|0)(0]), (16)

where trg(---) denotes the partial trace operation with respect to the subsystem R. We define the entanglement
entropy of this decomposition A = L LI R as

S(L) == —tr(prlog pr) = —tr(prlog pr). (17)

Our purpose is to bound the entropy S(L) from above by a function of d, A and {k, go, &} (see also Table I).



Supplementary Figure 1. Subsystem-subsystem interaction. In order to define Vx y(Ao), we pick up all the terms hz in
Ao C A which connects X and Y. Our condition for the area law is that the norm ||Vx y (Ao)| decays algebraically with
respect to the distance between X and Y.

3. Schmidt rank

We consider an operator O and define the Schmidt rank SR(O, X) for X C A as the minimum integer such that

SR(0O,X)
0= Z OX,m®OXC,m7 (18)

m=1

where Ox ,,, and Oxe ,, are supported on the subsystems X and X° (the complementary set of X), respectively.
We also define the Schmidt rank SR(|¢)), X) of a state |¢) as follows:

SR(|9),X)

|1/1> = Z Mm|wX,m> ® |"/}Xc,m>v (19)

m=1

which is the Schmidt decomposition. Especially in considering SR(O, L) (or SR(]1)), L)) for the target decomposition
A = LU R, we simply denote SR(O) (or SR(|#))) omitting the subsystem dependence.

B. Main results

Theorem 1 (Area law for 1D long-range interacting systems). For an arbitrary bipartition of the system A = LUR.
The entanglement entropy S(|0)) is bounded from above by

S(00) < cotogt (@) (0 ) ™ gt (D), (20)

where ¢y is a constant which depends only on k, go, &, which has a finite value in the limit of @ — oo™ L. Also,
there exists a quantum state |1) such that

110) — ) <6 (21)
with the Schmidt rank of
log [SR([¢))] = O(a " log™?(1/5)) + O(log®?(1/5)) (22)
for sufficiently small §, where SR(|¢))) was defined in (19).

Supplementary Table I. Fundamental parameters in our statement

Parameters Definition
d Dimension of the Hilbert space of one site
A Spectral gap between the ground state and the first excited state
k Maximum number of sites involved in interactions (see Eq. (1))

Defined in Assumption 1 (see Ineq. (15))
Defined in Assumption 1 (see Ineq. (15))

SIS

*1 In the main text, for the sake of readability, we do not introduce the quantity (5), and hence we explain that the coefficient ¢ in Ineq.
(6) depends on {a, J, B, k, go,&}. However, we here set g = 1 without loss of generality taking an appropriate unit, and hence the
coefficient ¢g depends only on {k, go,@}. We emphasize that there are no inconsistencies between these.



This theorem implies that in the limit of & — oo, the entanglement entropy is given by

log*(d)
A
up to a logarithmic correction. This reproduces the results by Arad-Kitaev-Landau-Vazirani for short-range inter-
acting systems [2].
By applying Lemma 1 in Ref. [3] to the above theorem, we immediately obtain the efficiency of the MPS
representation of the ground state |0) (see Method section in the main text for the proof).

S(10) S o

for a— oo (23)

Corollary 1. Let us assume & = O(1). Then, under the same set up of Theorem 1, there exists a matriz product
state |1p) with its bond dimension D = exp[c’a~1og®?(1/8)] (¢': constant) such that

[trx<(|vp) (¥ p]) = trx(|0){0])[x < 6]X]| (24)

for an arbitrary concatenated subregion X, where || - |1 is the trace norm and |X| denotes the cardinality of X. We
here denote the complementary subset of X by X°:= A\ X.

From the corollary, in order to approximate the ground state |0) by using the matrix product states with
d = 1/poly(n), we need the bond dimension Dypg of order

Ditps = explea log?/2(n)] = nea ™' los* (), (25)

Hence, the simulation of the gapped ground states requires quasi-polynomial computational time. This contrasts
to the short-range interacting cases, where the sufficient bond-dimension for § = 1/poly(n) is sub-linear [2] as

Dips = expl¢’ log®/*(n)]. (26)

C. Specific values of a and go

We first derive the upper bound for ||[Vx y(Ao)| only from the inequality (3). For this purpose, we prove the
following lemma (see Supplementary Note 1 C1):

Lemma 1. Let X C A be an arbitrary concatenated subsystem andY C A be the subsystem such that dist(X,Y) =r
(see Supplementary Figure 1). Then, the norm of Vx y(Ag) is bounded from above by

Ja

[Vx,y (Ao)ll < mr_a+2~ (27)
Hence, we have
aJ _
goza_zv Oé:Oé—2, (28)

in the inequality (15).

From the lemma, the assumption 1 is always satisfied for a > 2. This lower bound of « is the most general one
and applied to arbitrary quantum many-body systems. On the other hand, the condition o > 2 can be relaxed
if we consider a specific class of Hamiltonians. For example, we here consider a fermion system with long-range
hopping as follows:

1 t ) -
H=>Y" F(Ai,jaiaj + B, jaja; +h.e) +V  with |4, ], |Bijl <J, (29)
i<y W
where r; ; = dist (7, j) and {aZT, a; 1, are the creation and the annihilation operators for fermion, and V' is arbitrary
short-range interacting terms such as aialaja; with r; ; < O(1). In this case, we can prove the following lemma:

Lemma 2. Let X C A be an arbitrary concatenated subsystem andY C A be the subsystem such that dist(X,Y) =
r. We assume that the distance r is larger than the short-range interaction length which is given by V. Then, the
norm of Vx y (Ag) is bounded from above by

-/ 2a 2a-—1
< —a+3/2
~ 200 2a—1 _
g0_4J”2a—12a—37 a=a-—3/2, (31)

From the lemma, the assumption 1 is satisfied for o > 3/2 (instead of @ > 2). In this way, depending on the
situation, the condition for the power exponent « can be loosen. Other cases which gives a better condition than
a > 2 include quantum many-body systems with random long-range interactions [4].

Hence, we have

in the inequality (15).



1. Proof of Lemma 1

For the proof, we estimate the upper bound of

Vxy = > (Al (32)

Z:ZNX#0,ZNY #0

which clearly gives an upper bound of ||Vx y(Ag)|| for arbitrary choices of Ag C A. From the inequality (3), we
first obtain for an arbitrary integer 7

o
> |hzll < ZJx © < JFTY 4 J/ Tdr < — 1f—“+1, (33)

Z:Z3i,diam(Z)>7

where we use 7~ < 77T in the last inequality.

Second, in order to estimate the upper bound of V x y, we define Y = {ig+1,i0+2,...,ig+ny } with ny = [Y].
Without loss of generality, we assume that the subsystem Y locates on the right side of X. Then, because of
dist(ip + 7, X) = r — 1 + j we have

< < ad 1
DR 2 -5 DR DR (2] <Z -
— “ L(r+j—1)"
Z:ZNX#0,ZNY #0 j=1 Z:Z>i0+j
diam(Z)>r+j—1
J e J
< (e [Tarran) < 2 (34)
T

where we use the inequality (33) in the second inequality. This completes the proof. O

2. Proof of Lemma 2

Without loss of generality, we assume that the subsystem Y locates on the right side of X. Then, we notice that
Vx,y(Ao) is given by

VX,y(Ao) Vx, Y X U Y Z Z ,]aia; + B; ja;a; + h.C.)
'LEXJEY W
A; al + B, ia;
= Zaz Z S B +h.c., (35)
i€X  jeY J

which gives the upper bound of ||[Vx y (Ao)| as

al a;
||VX,Y(A0)||SQZ Z T’i_j +2Z Z ’J L. (36)

i€X ||[jEY v i€X ||jEY ’J

By using the condition |4, ;|| < J in (29), the first term is bounded from above as

1/2

- 1/2
Z A 1,7 J Z ‘A2]| < j Z(Tz 4x— 1)—2a < j\/Tr,_a—i-l/Q (37)
o = - 200—1" ’

jey 2 jey 7]

where we define r; = dist(¢,Y) and utilize the inequality

oo —2a+1 2a

Z(ri fa— 1) <2 —|—/T r2 %y =+ ;ia 7 < 5y — lrf%‘ﬂ (38)

=1 i

The summation with respect to i € X reduces to the summation from r; = r to r; = r + | X| — 1. Hence, we obtain

Aija 7 pratl/2 2 200—1 _ 43/
J . 39
Z Z Z 2a711 20—12a—3 (39)
ieX ||jeY 73 ri=r

We can derive the same inequality for the summation of B; ja;/r{; with respect to i € X and j € Y. By applying
the above inequality to (36), we prove the inequality (30). O
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Supplementary Figure 2. Interaction truncation in the Hamiltonian. Across the dashed line indicated at the center of the
system, we decompose the system into (¢ + 2)-blocks (¢ = 6 in the above picture). Each of the blocks {B,}{_; has a length
l, and the edge blocks By and Bg41 extend to the left and right ends of the system, respectively. Then, we truncate all the
interactions between separated blocks. Because we only truncate the long-range interactions around the cut, the truncated
Hamiltonian Hy in Eq. (45) is still close to the original Hamiltonian H as shown in Lemma 3.

D. Outline of the proof
1.  Preliminaries

[Approximate ground state projection (AGSP)]

We here introduce the projection operator onto the ground state. It is usually difficult to construct the exact
ground-state projection operator, and hence we consider an approximate one as

K[0) ~10) and [[K(1 —[0){0))][ =0, (40)

where (1 — |0)(0]) is equivalent to the projection operator onto the space of the excited eigenstates. We assume
that K is a Hermitian operator (i.e., K = KT). In the following, we characterize the approximate ground state
projection (AGSP) operators by three parameters {dx,ex, Dk }. Let |0x) be a quantum state that is invariant by
K such that

K|0x) = |0k). (41)
Then, the parameters are defined by the following inequalities:
[10) =10} < 0, [K(1 = [0x){(Ox || < €x, and SR(K) < Dg-. (42)
The second inequality implies for arbitrary |« ) which is orthogonal to [0x) (i-e., (¢ |0k) = 0)
K[ ) = K (L= [0k) O DY) < ex- (43)

Recall that in Supplementary Note 1 A 3 we denote SR(O, L) by SR(O) for the simplicity.

Note that the state |0x) is an approximate ground state if g ~ 0. When dx = ex = 0, the operator K is the
exact ground state projection, namely K = [0)(0|. In the standard definition of the AGSP [2, 5, 6], we do not need
to consider the parameter dx explicitly. However, in the present case of the long-range interacting systems, the
error of |||0) — |Ok)|| is too large to ignore and we have to correctly take the effect of dx into account.

[Interaction-truncated Hamiltonian]

We first decompose the total system into By, {Bs}!_, and B,41 with UZié B, = A, where ¢ is an even integer
(¢ > 2) and we choose Bs (1 < s < ¢) such that |B,;| = I. Note that we express the subsets L and R in terms of
these blocks:

q/2 q+1
L=|JB., R= |J B. (44)
s=0 s=q/2+1

We now truncate all the interactions between the non-adjacent blocks. After the truncation, only the interactions
between the adjacent blocks exist, namely

q+1 q

Ht = z_:o hs + z_;) hs,s+17 (45)



Spectrums of hs and iLS

Supplementary Figure 3. Schematic picture of our effective Hamiltonian. In the effective Hamiltonian Hy, we modify the
energy spectrum so that the energy higher than 7, is constant in each of the Hamiltonians {hs}gié, whereas the other
part of the Hamiltonian (i.e., {hs,s+1}7 o) is the same as the original Hamiltonian. As long as we focus on the low-energy
spectrum, the effective Hamiltonian looks almost the same as the original Hamiltonian. It will be shown in Theorem 5 that
the accuracy exponentially approaches with the cut-off energy 7.

where hg sy1 := Vb, B, (Bs U Bsy1) by choosing X = By, Y = Bsy1 and Ag = B, U By, in the definition of
Vx,y(Ao) in Eq. (13), and hs collects all the terms supported only on Bs. We notice that the assumption 1 with
r =1 gives

[hs 511l < go- (46)

In the following, we describe Hy as

q
Hy = Z Hy, with  Ho = hs=o + hs=1 + hs=0,s=17 H, = hs-i—l + hs,s-i—l (5 > 1) (47)
s=0

We denote by |0;) the ground state of the truncated Hamiltonian Hy. Throughout the paper, we take the origin of
the energy so that E; o = 0, where F\  is the ground-state energy of H;. Note that we set the origin of the energy
through not the original Hamiltonian H, but the truncated Hamiltonian Hy.

[Effective Hamiltonian by multi-energy cut-off]

In the construction of the AGSP operator (40), we need an effective Hamiltonian H; which has a small norm but
possesses almost the same low-energy properties as the original Hamiltonian Hy. For the construction of such an
effective Hamiltonian, we apply the energy cut-off in Ref. [7] to the Hamiltonian Hy in Eq. (45). For each of the

block Hamiltonian {hS}ZIé, we apply the following energy cut-off (Supplementary Figure 3):
he= Y BoglE i Bejl+ Y TolBs)(Esyl (48)
Es ;j<Ts Es j>7s
with
Ts = Es 0+, (49)

where {Fj ;,|Es ;)}; are the eigenvalues and the eigenstates of hg, respectively. Then, the effective Hamiltonian
H; is given by

q+1 q

Ho=> he+ Y hesir. (50)
s=0 s=0

Note that we do not make any changes for the interaction terms {hs s11}7_,. We notice that Propositions 4 and
8 on the Schmidt rank are applicable to the effective Hamiltonian H;. We denote by |0;) the ground state of the
effective Hamiltonian H;.

2. Brief outline

We here show the high-level overview of the area-law proof in one-dimensional long-range interacting systems
(see Supplementary Figure 4). We have also shown it in Method section in the main text.

We first completely break the entanglement entropy of the ground state by performing a projection operator
onto a product state with respect to the partition L U R. Note that the entanglement entropy is equal to zero



K: Approximate ground-state projection (AGSP)

Supplementary Figure 4. Schematic picture of the proof of the one-dimensional area law. We decompose the total system A
into the two subsystems L and R. In the proof of the area law, we first perform a projection onto a product state which has
the maximum overlap with the ground state |0). We then recover the original state from this product state by the use of
the approximate ground state projector K (AGSP) as in Eq. (40). The entanglement entropy can be bounded from above
by the entanglement generation of AGSP (the Schmidt rank of K) because the product state contains no entanglement.

for product states. We second consider a reverse operator K from the product state to the ground state |0). The
operator K is now taken as an approximate ground state projector (AGSP) as in Eq. (40).

We need to consider the following problems: how small is the overlap between the ground state and the product
state? On this problem, we can utilize the bootstrapping lemma [2, 8] (i.e., Lemma 7 in our manuscript); that
is, under a good choice of the AGSP operator, an overlap between the ground state and a product state is lower-
bounded by using the AGSP parameters ex and Dy . Roughly speaking, we need to find an AGSP operator which
satisfies €2 D < 1/2.

The primary problem is how to construct the AGSP operators with appropriate properties to apply the basic
strategy. For the purpose, we first perform the truncation of long-range interactions in order to suppress the Schmidt
rank Dy . If we simply truncate all the long-range interactions in the entire region, the truncated Hamiltonian H;
and the original Hamiltonian H is extensively different, namely ||H — Hy|| &~ O(n). This may completely change the
ground state’s property. To avoid it, we truncate the long-range interaction only around the cut between L and R
(see Supplementary Figure 2). This truncation ensures the small norm distance between the original Hamiltonian
and the truncated Hamiltonian, which preserves the gap condition of H; (Lemma 3) and ensures the closeness
between both of the ground states (Lemma 4). This imposes the following condition for the block size I and the
block number g¢:

d~*< 1. (51)

In the construction of the AGSP operator from the Chebyshev polynomial, the projection error ex strongly
depends on the norm of the Hamiltonian (see the inequality (164)). Hence, in the second step, we perform the
multi-energy cut-off in each of the blocks as in Supplementary Figure 3 to define an effective Hamiltonian Hy.
Roughly speaking, the norm of the effective Hamiltonian in Eq. (50) is given by O(g7). The gap preservation and
the closeness of the ground state is still ensured as long as the cut-off energy satisfies 7 > log(g) (Theorem 5). In
the standard construction of the effective Hamiltonian [2, 7], we suppose to perform the energy cut-off only in the
edge blocks (i.e., By and Bgy1). However, this simple procedure allows us to prove the long-range area law only
in the short-range power-exponent regimes (i.e., & > 3). The multi-energy cut-off is crucial to prove the area law
even in the long-range power-exponent regimes (i.e., a < 3).

We then need to derive basic properties of the AGSP so that they meet our present setup and purposes. In
Proposition 2, we lower-bound the overlap between the ground state and low-entangled state. We then derive the
upper bound of the entanglement entropy by using a sequence of the AGSP operators (Proposition 3). As for
the connection between the AGSP parameters {Dg, €k, dx } and polynomials of the effective Hamiltonian Hi, we
derive Lemma 8 and Proposition 4 for the Schmidt rank, and give Lemma 11 to upper-bound the projection error
ek in terms of the norm of the effective Hamiltonian ||Hy||. Then, by using the mth order Chebyshev polynomial,
the Schmidt rank Dy and the error of the AGSP e is roughly given by

Dy ~e™ 1025((1)/11-&%11“/&7 €x ~ e"™/Valoga (52)

under the condition (51) (see the inequality (199)), where we use Proposition 4 in estimating the Schmidt rank.
These estimations for Dg and ex ensure the existence of {¢,m} which satisfies e%(DK < 1/2 for the condition of
the bootstrapping lemma (Proposition 2). We then prove the existence of a quantum state which is close to the
original ground state with an error smaller than 1/2 and has a small Schmidt rank (Proposition 6).

Finally, based on Proposition 3 and Lemma 8, we construct the complete ground state |0) to upper-bound the
entanglement entropy (Proposition 7). This yields our main Theorem 1. In Supplementary Figure 5, we give the
flow chart of the whole proof.
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loe[SE(jen] = loe™(d) ( A > o < A ) + A7210g%2(1/A) log(d)

l J
!

Theorem 1 on the area law

Supplementary Figure 5. Flow chart of the proof.

Supplementary Note 2. DETAILS OF TECHNICAL LEMMAS, PROPOSITIONS AND
SUB-THEOREMS

Before giving the proof of Theorem 1, we show technical lemmas, propositions and sub-theorems, which are
the key ingredients to prove the theorem. Several lemmas can be trivially derived from the previous analyses
in Refs [2, 5-8] by extending their setups to the present setup. We show the details of almost all the lemmas,
propositions, and sub-theorems so that all the readers can follow the proofs.

In the following analyses, we assume the open-boundary condition. In the periodic-boundary condition, we can
also define the truncated Hamiltonian in the same way (see Supplementary Figure 6) by regarding the system as
a one-dimensional ladder.

A. Gap condition for the truncated Hamiltonian H;

First of all, we analyze the ground state of the truncated Hamiltonian H;. For the purpose, we need to clarify
the gap condition for H;. It is ensured by the following lemma which gives the norm difference between H and Hy:

Lemma 3. The norm distance between H and Hy is bounded from above by
I6H || < gogl™®, (53)
where we define Hy := H — Hy. Also, the spectral gap Ay of Hy is bounded from below by

Ay > A = 2goql™?. (54)
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Supplementary Figure 6. Interaction truncation in the Hamiltonian in the periodic-boundary condition. In this case, we
can apply the same discussion as in the case of the open-boundary condition by regarding the system as a one-dimensional
ladder.

Proof of Lemma 3. We define X := ;5,0 Bj and Ay = ;5 Bj for s = 0,1,2,...,¢ — 1. Then, from the

definition of the truncated Hamiltonian (45), we obtain

Jjzs

q—1
[H — Hl| <> |[Ve, x, (Al (55)
s=0
By using the assumption 1, the inequality (15) gives
Vs, .x. (As)]| < gol ™. (56)

From the inequalities (55) and (56), we obtain the inequality (53).
In order to derive the inequality (54), we utilize the Weyl’s inequality:

|Ej — Bl < [6H|| < gogl™*, (57)

where {E;};>0 and {E; ; };>0 are eigenvalues of H and Hy in ascending order (i.e., E; < Ej for j < j), respectively.
We thus obtain the inequality (54) as follows:

Ay =FEy) —Eyog>E — Ey— |E1 — Eg 1| — |Eg — Eyo| > A —2||[0Hy|. (58)

This completes the proof. [J

B. Perturbation of the ground state

Lemma 4. Under the assumption of 4||0Hi|| < A, the original ground state |0) have an overlap with that of the
truncated Hamiltonian |0;) as follows:

[0 H, |
0) — |0p)|| € —————. 59
Also, for an arbitrary quantum state |¢), the norm distance between |0) and |¢) is bounded from above by
[0 Hy |
0) — < |||0¢) — _— . 60
1[10) = [&} I < [/10¢) |¢>”+A—4||6Ht” (60)

Proof of Lemma 4. The inequality (60) is simply derived from the triangle inequality, and hence we need to prove
the inequality (59). We first expand |0) as follows:

0) = C1]0¢) + Calt, 1), (61)

where (0|, 1) = 0 and we choose the phase term of |0;) so that (0]0;) has a positive real value, namely |¢1] =
[(0]0¢)| = (0]04) = ¢3. Then, the coefficients {(1,(2} is determined by the eigen-problem of the following matrix:

(Oc[H|0g)  (Oc[H|vbe,0) N\ _ (fo f (62)
(e, L[H|0g) (e, L [Hpe, 1)) " \f* fo)”
Then, the ground-state energy of H is formally given by

_ fo+ fir—+/(fo—fL)?+4]f]?
2 b

Eqy
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and the corresponding coefficients {1, (2} are

{61, Ga} o< {f1 = fo+ /(L = J)” + 417, 2"} (64)
Then, if f, > fo, we have

el _ A/ —f) ISl )

Gt 1+ IHAfR/(fL = fo)2 ~ fr—fo

where we will prove the assumption f, > f, afterward.

From the equation (Z + |(2|? = 1, we obtain
2
1 1
C1=721—79 (66)
V1I+[G/GP? 21G
On the other hand, we have
110) = [06)]1* = (1 = 1)? + [G* = 2 — 24, (67)
where we use the fact that ¢; € RT. By combining the inequalities (65), (66) and (67), we obtain
G| ( /] )
0) — [0 < |22] < , 68
1110) |t>|\_g1 “\7T -7 (68)
which reduces to
/]
0) — 09| < . 69
110) |t>||—fJ__f0 (69)
The remaining task is to obtain the upper bound or the lower bound of |f|, f1 and fy. First, we have
LI = [{0c|Hlebe, )| < [[H|OG) || = I6H[0¢) || < |6 H ], (70)
where we use H¢|0;) = 0. Also, we have
fr= o [He 1) = o1 [He|tpn, 1) + (e, LI0He|the, 1) > A¢ — [[0H || > A — 3||6He |l (71)

where we use (Y, 1 |He|thy, 1) > Ay and Ineq. (58) in the first and second inequalities, respectively. Finally, we have
fo={(0|H|0¢) = (0¢|0H[0:) < [[0H]. (72)

By combining the above three inequalities (70), (71) and (72) with (69), we obtain the main inequality (59).
Finally, under the assumption of A > 4||§H;||, the inequalities (71) and (72) ensures f, > fo which we have
utilized in (65):

fi=Jo= (A =3[I0H]) — [|0H:|| = A — 4[|5H[| > 0. (73)

This completes the proof. [J

C. Convenient lemmas on the Schmidt rank

‘We here show several convenient lemmas on the Schmidt rank.

Lemma 5.
i) For arbitrary quantum state |¢) and operator O, the Schmidt rank of Ol) is bounded from above by

SR(O|y), X) < SR(O, X)SR(|¢), X). (74)

it) For arbitrary two operators Oy and Oq, the Schmidt rank SR(O102, X) and SR(O1 + Oz, X) are bounded from
above by

SR(0,04, X) < SR(O1, X)SR(03,X) and SR(O; + Oy, X) < SR(O1, X) + SR(Os, X), (75)

respectively.
i1i) For an arbitrary decomposition of X =Y U Z, the Schmidt rank SR(O,Y) is bounded from above by

SR(0,Y) < d*?ISR(0, X). (76)
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iv) For arbitrary operator Oy which is supported on the subset Y, the Schmidt rank of SR(Oy, X) is bounded from
above by

SR(Oy, X) < d! (77)

for vX CA.
v) If an operator Oy is supported on Y C X (orY C X°¢), the Schmidt rank SR(Oy, X) is equal to 1:

SR(Oy,X)=1 for YCX or Y CXC (78)

Lemma 5 is immediately derived from the definition.
On the Schmidt rank of the Hamiltonian (1), we prove the following lemma.

Lemma 6. Let us define Ly := Uj‘:o B;. Then, an interaction term H, of Hy in Eq. (47) satisfies
SR(H,, L) < (2dI)*. (79)

Proof of Lemma 6. We first recall the definitions of { Hs}?_: Ho = hs—o+hs=1+hs—0,s=1 and Hs = hg11+hs 541
(s > 1). From Eq. (78), we immediately obtain

SR(hs, Ls) = 1 (80)
for 0 < s < ¢q. Also, the inequality (77) implies
SR(hz,L,) < d?! < d (81)

for arbitrary interaction terms {hz}zca,jz|<x- The block-block interaction h, 41 contains at most

3[(%) -2()

interaction terms hy with Z C By U Bgy1 and |Z| < k. Therefore, we obtain

SR(hs,s41, Ls) < d’“i Kil) - 2(}1)} < (2dl)k — 2. (83)

By combining the inequalities (80) and (83), we obtain
SR(Hj, Ls) < SR(hsst1, Ls) +2 < (2d1)". (84)

This completes the proof. [

D. The Eckart-Young theorem

We here show the Eckart-Young theorem [9] without the proof. Let us consider a normalized state [¢) and give
its Schmidt decomposition as

Dy

|¢> = Z Mm|w1,m> ® |7~/12,m>7 (85)

where 1y > pio > pz -+ > pp,,, and {|Y1m) Zil and {|v2,m) Z’il are orthonormal states, respectively. We then
consider another normalized state |¢) with its Schmidt rank Dy and define the overlap with the state [¢) as

11#) = 1¥)1l- (86)

The Eckart-Young theorem gives the following inequality:

S ouk <llle) = [W)II*. (87)

m>Dg
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E. Overlap between the ground state and low-entangled state
We relate the AGSP operator to the overlap between the ground state |0;) and the low-entangled state. Note that

we here make the AGSP operator not for |0) but for |0¢). On this point, we can prove the following proposition:

Proposition 2. Let Ky be an AGSP operator for |0;) with the parameters (k. , €x,, Dk, ). If the following inequality
holds

1

<3 (55)

6KtDKf
there exists a quantum state |¢) with SR(|y)) < Dk, such that
1) = 100)]| < ex, /2D, + Ox,- (89)
Proof of Proposition 2. Let |0k,) be a quantum state such that K;|Og,) = |0k,) as in Eq. (42), namely
1100) = [0kl < 0rc,s K (1= |0k, ) Ok )| < €k, and SR(K:) < Dk, (90)

We then expand the state |0k, ) by the use of the Schmidt decomposition with respect to the partition A = L U R:

|0Kc> = Z MKt7m|PKt7m>’ (91)

m>1

where the Schmidt coefficients {fix, m} are positive real numbers and defined in non-ascending order as pg, 1 >
MK, 2 > MK, 3. Bach of {|Pk, m)} is a product state with respect to the partition A = LU R (see Supplementary
Figure 2). Hence, for an arbitrary product state |P), the overlap with |Og,) is smaller than (O, |Pxk, 1) = pk, 1

[P0k < pirc - (92)
Let us choose the target state |¢) in the inequality (89) as
Ki|Pk, 1)

) = =5 (93)
[ K| Pr,,1)l
Then, our task is to upper-bound the following quantity I'g,:
el
Ik, :==1||0 i 1L, VN 94
w00 - T ey 9
The value of ', is bounded from above as follows. First, from the triangle inequality, we obtain
Rt = |0~ T
Pie, = |j0y) — dPet) || o,y - KdPron) oo,
= oo - gt < ow - gy + 100 0w
Ki|Prk, 1) H
H 1K Prec 1) |
where the last inequality is given by the inequality (90).
Second, we prove the inequality of
K| Pk, 1
orc) — el < (96)
H ||Kt|PKt || /‘LKt
which reduces the inequality (95) to
Tw, < 50 4 6. (97)
MK 1

In order to derive the inequality (96), we express the product state [P, 1) in the definition (91) as

Pr.1) = e 1|0k,) + /1 — 13, 1 [Vk, 1), (98)

where |1k, 1) is a state orthogonal to |0k, ). Note that ug, 1 € RT from the definition of the Schmidt decomposition.
From K;|0k,) = |0k, ), we have

K2[Proa) = i1 0k,) + /1 — 13, 1 K2k, 1),

| K| P, )II> = (Pro 1| KL [P 1) = g, 1+ (1= ke, 1) (Wre, LKL [k, 1), (99)
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where we use (Ok, |KZ|{k, 1) = (Ok,|¥k, 1) = 0 in the second equation.

From the above equation, we obtain
5 2
MKt,1|0Kt> + /1= pi, 1 Kl Yk, 1)

- 524 e
' ||Kt|7’Kt, )| ' | K+ Pre,1) |

(I P )M — pre1)? + (10— pk, )Wk, LK WK, 1)

B | K+ P, 1)

20K Py )P = 20, 0 [ Kt Pre, )|
[ K| Pre,,1)]2
1 ,ufKt ) —1/2

—2-2(1+ L o) (100)

where we use Eq. (99) in derivations of the third and the fourth equations. Then, from the inequality (43), we have
(r, L1 K2|YK,, 1) < €k,, and hence

Ki|Pk, 1) 2 15, 1 9 —1/2
0r,) — 15— || =2-2(1+ 7“(¢Kt,L|K VK, 1)
H | K| Pree, )l 1, 1 ’
1-— :“Kt E%ﬂ
< B e, LKW, 1) €~ (101)
K1 HEoa

where we use (1+z)~ /2 > 1—2/2 for z > 0 in the first inequality. We thus obtain the inequality (96), and hence
the inequality (97) is also proven.

To finish the proof, we need to derive a relationship between the coefficient pix, 1 and the AGSP parameters
{0k, €K, Dk, }- It allows us to obtain the upper bound of T'k, in Eq. (94) only by the AGSP parameters. For the
purpose, we here utilize the following statement called the bootstrapping lemma;

Lemma 7 (Bootstrapping lemma [2]). If the AGSP operator Ky satisfies €5, Dk, < 1/2, px, 1 is bounded from
below by

1
> ) 102
HEK:,1 Z \/m ( )
where pg, 1 was defined in Eq. (91).
By combining the inequalities (102) and (97), we have
FKt S K. +6Kt SGKt\/QDKt—F(SKt. (103)
HEK1
This completes the proof of Proposition 2.
1. Proof of Lemma 7
We first denote the Schmidt decomposition of Ki|Px, 1) by
Ki|Pro1) = Y 1, ;IPj)- (104)
Note that K|Pk, 1) is not normalized. We obtain
DKt DKt DKt
(Ose, [ KolPreo1) = Yt 0, [P)) < Z W a| D 0k [P)I? = (1Kl Pic, 1) | (105)
j=1 j=1

where the first inequality is given by the Cauchy-Schwartz inequality. We now have

Ok, |K¢|Pr, 1) = Ok, [Pk, 1) = pK, 1,
DKt DKt

Z |<0Kc|7)_;>|2 S Z:u%(t,l = DK“LL%(MI,
=1 j=1

1K Pree )| < (e, 1 + €k, (106)
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where the first equation is given by the definition K¢|Ok,) = |0k, ), the second inequality is derived from Ineq. (92),
and the third inequality is derived from Ineq. (99) with (Yk, 1| K2 |1k, 1) < €%, . Thus, the inequality (105) reduces
to

it S \J1 0+ e/ Db, (107)
which gives the inequality
1 1 — Dk, €2 1
1> — ek, = R, 108
M‘Kt,l - D . GKt DKt - 2DKt7 ( )

where we utilized Dy, G%Q < 1/2. This completes the proof. O

F. TUpper bound of the entanglement entropy by the AGSP operators

We here relate the AGSP operator to the ground-state entropy S(|0)). For this purpose, we make a sequence of
the AGSP operators { K, }52; for |0) each of which has a state [0x,) such that K,|0x,) = [0x,) with Eq. (42). For
simplicity, we denote {0k, ,¢€x,,Dr,} by {0p, €y, Dp}. We choose K, so that K, may satisfy €5, = 0, oo = 0; in

other words, K, is the exact ground-state projector. We denote the exact ground state |0) = |0n,) by

Do

Note that because of K, = |0)(0| the Schmidt rank of |0) is equal to Dy.
We now obtain the following proposition:

Proposition 3. Let |¢p) be an arbitrary quantum state with

1Y) =10} =n and  SR(|¢p)) = D. (110)
Also, we define {K,}o2, as ({0p, €y, Dy}, )-AGSP operators, respectively, where errors ¢, and 0, decrease with
the index p, namely e > €3 > -+ and 61 > 63 > ---. Then, we prove for each of {Kp}gozl
Kpe " |p)
— o 0 <7 (111)
’ [ Kp|p) | :

with 0, € R given in Eq. (114), where {v,};2, are defined as

p
= + 6p. 112
’YP 1— vy — 51) p ( )
Moreover, under the condition v, <1 for all p, the entanglement entropy S(Ey) is bounded from above by

2

< _ 2 _'p
S(|0)) < log(D) — > 47 log D

p=0

(113)

where we set vy := 1.

Proof of Proposition 3. For the proof, we construct an approximate ground state by means of er’iep |¥p) with
e~ an appropriate phase factor such that

(O, le™ " [4p) = [{0x, [¥p)]. (114)

We now want to know how close it is to the exact ground state |0). We first define the Schmidt rank of K e~ |y p)
by D, which is smaller than DD,:

Dy, := SR(Kpe """ |¢p)) = SR(K,|¢p)) < SR(|¥n))SR(K,) = DD, (115)
Second, we apply the Eckart-Young theorem by letting [¢) = |0), |¢) = % and Dy = D), in (87):

Kpe % gp) I
2|22 )| =: T2, 116
2 “m‘ S (116)

m>DZ’D
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where the Schmidt decomposition for the ground state has been given in Eq. (109). Therefore, in order to derive
the inequality (111), we need to prove I'), <y, with ~, defined in Eq. (112).

In order to upper-bound Iy, by using the AGSP parameters ({d,, €5, Dy} ), we start from the triangle inequality
as follows:

Ke-wpwm‘ H Ke-wpwm’
L, :=||l0) = =2— 172/ < |[|0 ——p- 172 0 — 10
v H” 15w || = 110 = & || T M0%e) — 10
K@w’”ﬁw’
0 et A b el 1) 117
§H| %) = &Kooy || T (117)

where the last inequality is derived from the definition of the AGSP parameter as in the inequality (42). We, in
the following, derive the upper bound of the first term in (117). By using Eq. (114), we decompose the quantum
state e~ |¢y)p) by

e p) = vpl0k,) + /1= [Pl 1) with vy = (O, |¥p)), (118)
where [1),, 1) is a state orthogonal to |0k,). We then derive the upper bound of v, which is given by
= (0] + {0z, | = (OD[¥p))| = [Olp)| = [l0k,) = [0)[| = 1 — vo — dp, (119)

where vy has been defined in Eq. (110) and we use [(0|¢p)| > 1 — |||¢p) — |0)|| = 1 — v in the last inequality. We
then follow the same steps as the derivations of Ineq. (99), (100) and (101); in these inequalities, we replace as

|PKt,1> — W)D>7 |0Kt> — ‘OKp>7 HEK.1 — Vp. (120)
Thus, we obtain
Kpe ¥ |yp) ’ € €
O )— 2 — "< PP 121
Jiow) = “¥ i = (121)

where we use (119) in the second inequality. By combining the inequalities (117) and (121), we obtain I'y < ~,.
The remaining task is to upper-bound the entanglement entropy to derive the inequality (113). We first define

FOEE R N Tt (122)

’
Dj<m<D!_,

r

where we define D, = 0. Note that from Eq. (109) we have
oo Doo
ng,pﬂ = Z Him = Z po, = 1. (123)
p=0 0<m<D/_ m=1

From the inequality (116), we have

>, (124)

where the last inequality is given by the condition in the proposition. From the above definition, we have

I? I?
,p+1 p+1
=D mmles(u)<— Y 5P By log "
Dy <m<D! D,<m<D! , ~Ptl Pl P
rz ., 2 .
log ——2F < -T2 log 2= 112 logD, (125)
P p+1 D;+1 D;/n p,p+1 Dp+1 p,p+1

where in the last inequality we use D), < DD, in (115).
By using {T', p+1};2 and the ineuqlaity (125), the entanglement entropy of |0) is bounded from above by

2

e T
S log) = —> Rlog(i2) <logD— 3 1, log B ()

m>1 p=0 D;,<m§D;,+1 p=0

where we use Eq. (123) in the second equation. We have —xzlog(z/3) < —ylog(y/3) for 0 < z <y <1, and hence

—T2 gy oy < —T2 1 log(I2 1 /3) < =27 log(v,/3), (127)

which reduces the inequality (126) to the main inequality (113). This completes the proof of Proposition 3. O
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G. Schmidt rank of the polynomials of the truncated Hamiltonian

We first show the following lemma:

Lemma 8. The Schmidt rank of the power of the truncated Hamiltonian SR(H™) is bounded from above by

SR(H™) < [2 + (2d1)*]™. (128)

Proof of Lemma 8. We first decompose Hy into
Hy=Hgo+ Hegyo+ Hsgo, (129)

where H /o := Zs<q/2 Hgand H /5 == Zs>q/2 H;. Note that H.,/, and H,/; are supported on the subsystems
L and R, respectively. From Lemmas 5 and 6, we have

SR(H;") < [SR(H¢)]™,
SR(Hyy2) < (21", SR(Hyy2) = SR(Hsgp2) = 1, (130)
which yield the inequality (128). This completes the proof.

Roughly speaking, the inequality (128) gives the Schmidt rank of order of exp[O(m)log(dl)]. In fact, when ¢ is
large, we obtain much better bound for SR(H{™) as shown in the following proposition:

Proposition 4. The Schmidt rank of the power of the truncated Hamiltonian SR(H™) is bounded from above by
SR(H™) < d®(q+m+ 1)7 1 e(q + 1)2(2dl)*]™/ (@1 < @2 e(q + 1)2(2d1)k])m/ (a1, (131)

where for the simplicity we assume (q+m + 1)9T1 < d9 which yields the second inequality.

The above estimation gives the Schmidt rank of order of exp[O(ql) log(d) + O(m/q) log(dl)].
Proof of Proposition 4. We can prove the proposition by extending the original argument in Ref. [2] to the
present long-range interacting case. In order to estimate the Schmidt rank of H{", we first describe it as

H{" = Z 080781,~~7Sq’ (132)
s0+81+-+sg=m

where each of {OSO,SlW,Sq} is given by summation of the operator products in which H; appears s; times for
0 <4 < q. We here define O; s as the summation of {Os, s, ... s, } such that s; = s, min(sg, s1,...,5;-1) > s and
min(s;41, Si+2,---,8¢) > §; that is, the number of appearance of H; is minimum. Notice that the definition of O; 4
implies s < |m/(q + 1)]. Explicitly, O; s is given by

01‘75 = Z Oso,sl,...,sq- (133)

So+si+-+sq=m
si=s, min(sg,81,...,8;—1)>8 Min(s;41,5;42,...,8¢)>$

By using the notation of O; ,, we obtain

q |m/(¢+1)]

Hg”:; Z:O Ois. (134)

From the basic property of the Schmidt rank, we obtain

m/

+1)]

q |m/(q
SR(H") <Y > SR(Ois). (135)
=0 s=0

Our task is to estimate the Schmidt rank SR(O; ). For the purpose, instead of considering O; , in itself, we
consider the following alternative operator P;  which depends on parameters z = {z;}{_, € C®4t1:

Pis(2) = Z Zgozfl T ZSqOSo,Slw-qu' (136)
Ssot+si1+-+sq=m
Si=S8
We notice that PLS(T) is not generally equal to O; s since the conditions min(sg, ..., s;—1) > s and min(s;11,...,84) >

s are not imposed for P; 4(1).
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In the following, we aim to express O; s by using P; (Z) for specific choices of {Za}ﬁfgl

Ns
Ois =Y AaPis(Za), (137)
a=1

where A, € C for « = 1,2,...,N,. The equation (137) gives the upper bound of SR(O; ;) as

SR(0;s) <Ns sup SR[P,s(2)]. (138)

FeC®a+1
As shown in the following lemma, the Schmidt rank of P; ;(Z) can be efficiently estimated:

Lemma 9. The Schmidt rank of P; (%) is bounded from above as
SRIP, o(2)] < do(m + 1)[em?(2d0)* /5] (139)
for ¥z € C®atL,

Second, we can prove the following lemma:

Lemma 10. There ezists a set of {Z,}\2, which gives Eq. (137) as long as

N, = (q * 72:18 a 1) < (g+m)r (140)

From the lemmas 9 and 10, the inequality (138) reduces to
SR(0; 5) < (g +m)? 1 d% (m + 1)[em?(2d1)* /s*)?, (141)

which monotonically increases with s for s < m/(¢+1). From Eq. (135) and [m/(¢+1)] < m/(g+ 1), we have

SR(H{") < Zq: zq: (g +m)? ' d% (m + 1)[e(q + 1)2(2d1)*™/ (a+1)

=0
<d%(qg+ m)q Yg+m+1)(m+1)[e(q + 1)3(2d1)*)™/ (a+D)
< d(qg+m +1)T [e(q + 1)%(2d1)F)™/ (44D (142)

where in the second inequality we use (¢+1)(|m/(¢+1)]+1) < g+m+1. This completes the proof of Proposition 4.
(]

1. Proof of Lemma 9

We first define parametrized Hamiltonian H(Z) as follows:
q
H(Z) = ZZ]‘H]‘ =:z;H; + H#Z(Z), (143)
7=0
where we define H;(%) :=>_,; 2;H;. Then, P; ;(Z) is given by
Ps(2) = > [Hoi (D))" (i Hi) [Hzi(2)] (20 H) -+ [Hza(2)]" (20 H ) [Hozo (). (144)
t1+to+-+ts1=m—s

We now estimate the Schmidt rank of [H;(2)]" and z;H;. The latter one has been already given by Lemma 6
as SR(z;H;, L;) < (2dl)*. Recall that the subset L; € A has been defined in Lemma 6 as L; := U;:o B;. In order
to estimate SR([Hx;(2)]*, L;), we define H(Z)<; and H(Z)s, as

Hei(2) =Y zH;, Hsi(2)=> zH,, (145)

7<i >

where H;(Z) and H-;(Z) are supported on the subsets L; and L, respectively. Note that Hx;(2) = H;(Z) +
H-;(%). We have

SR([H<i(2)) ® [Hsi(D))' ™, Li) = (146)
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for V4, and hence the Schmidt rank of

t
[Hyi(2)] = Z( ) H_ () [Hss(2)] (147)
7=0

is bounded from by

SR([Hyi(2)', Li) <t + 1. (148)
We thus obtain
+
SR[P; 4(%), L;] < > (2d1)* H ti+1)
t1+t2+“'+ts+1='ﬂl S j

< > (2d0)** (m +1)[m/ (s + D))"+

tittot-+tsp1=m—s

1
:«S+ »@ﬂWWH4WW@+mH“qm+nwﬁ@mW¥h (149)
m—s
where the summation with respect to {t1,¢2, -+ ,ts41} such that t; +to + -+ 4+ ts41 = m — s is equal to the

(m — s)-multicombination from a set of s + 1 elements, and in the inequality, we use

s+1 s+1
Hw+nscm*) < (m+ 1)(m/s)’

i s+1

<(§z+—ls)) - (T:) < (em/s)” (150)

for t1 +to 4+ -+ + ts+1 = m — s. Finally, by applying the inequality (76) to (149), we obtain the inequality (139).
Note that max(|L; \ L|,|L \ L;|) < ¢l/2 for 0 < i < ¢q. This completes the proof. O

2. Proof of Lemma 10

For the proof, we first choose each of {z;}!_, as z; = = 2D’ with z a parameter which is fixed afterward. It
reduces Eq. (136) to

Py@)= > 290 (151)
sotsi1t-tsq=m

S;=s8

with d(§') Yoigsi(m +1)", where § = {s;}7_, and Oz := Oy s,
§# § because of s; < m for Vj.

We label different &= {s;}%_, such that so +s1 + - + s, = m with s; = s by {8, }\_,, where the total number
N is equal to the (m — s)-multicombination from a set of ¢ elements:

() )

s,- We notice that we have d(5) # d(35) if

.....

We also order {5, }2\_, so that d(5;) > d(52) > --- > d(8y..) > 0. In this notation, Eq. (151) reduces to
Ns
z) =Y 2o, (153)
u=1

where d(u) := d(§,) and O, := Ogz,. Therefore, if there exists a set of {xv} #, such that the matrix

40
x 1: ... x s
M= | > (154)
an) i
has full rank, an arbitrary O, is described by
N
Ou=>_ AuwPis(x). (155)
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Supplementary Figure 7. By the use of the Chebyshev polynomials, we can construct a function K (m, z) which approximately
satisfies K(m,0) = 1 and K(m,z) ~ 0 for Ay < = < ||H¢||. The error of the approximation is bounded from above as in

(164).

Now, A, is given by A, , = (Mfl)u,v with M~ the inverse matrix of M.

In order to show the full rank of M, we prove det(M) # 0 for a particular choice of {xv}j}v:sl. Because of
d(1) > d(2) > --- > d(N5s), det(M) is equal to the product of the Vandermonde’s determinant and the Schur
polynomial. The former one is given by [],_,. (2, — x,/) and is non-zero as long as , # x,+ for v # v’. Moreover,
the latter one is positive if z, > 0 for Vv since the Schur polynomial is composed of monomials with positive
coefficients [10, 11]. Hence, if we choose {z,}N ; such that z, > 0 for Vv and z, # z, for v # v’, we have
det(M) # 0.

This completes the proof of Lemma 10. [J

H. Construction of the AGSP

We here discuss how we can find the AGSP operator satisfying (88). In order to construct the AGSP, we utilize
a polynomial of the Hamiltonian like Poly(H;). For example, one of the candidates for AGSP {K),}72; is given

P
by K, = <1 - ”g—zll) . In this case, ek, in Ineq. (42) is upper-bounded by e PA/IH - and we thereby obtain the
exact ground-state projection in the limit of p — co. However, this AGSP cannot satisfy the condition Dpe]% <1/2

of the bootstrapping lemma. For the proof of the area law, we need to construct an AGSP operator with a higher

accuracy and a lower Schmidt rank.
For this purpose, we first define an mth-order polynomial K (m, ) such that K(m,0) =1 and

|K(m,z)| < e (156)

for Ay < o < ||Hy|| with €, a positive number (see Supplementary Figure 7 for the schematic picture). From the
definition F} ¢ = 0, this polynomial gives
[ K (m, Hy) = [06)(0¢]]] < €m. (157)

In the construction of the polynomial K (m,x), we employ the Chebyshev polynomial [2, 5, 6]:

T, (2) = (z+ Va2 —1) —;— (z— Va2 —1) . (158)

The first few polynomials are given by

Ti(x) =z, Ta(z)=22>—1, Ts(x)=42>— 3z,
Ty(x) = 8x* — 822 +1, Ts(x) = 162° — 202> + 5. (159)

As shown in the following lemma, the Chebyshev polynomial T,,(x) approximately behaves as a boxcar function
in the range [—1,1].

Lemma 11 (Lemma B.2 in Kuwahara, Arad, Amico and Vedral [6]). The Chebyshev polynomial T,,(x) satisfies

|Tm(x)] <1 for |z <1, (160)
1 -1 m
5 exp <2m i: n 1) <|Tp(2)] < (2? for |z|>1. (161)
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We now choose K (m,x) as follows:

Tm[zx—mﬂtnwn}

_ 1Hell—A
K(m,2) = T [_ ||th+At} (162)
™ TH =4
=1 for x= A
2z — (|| He| + A ’
z— (1H + A) €(-1,1) for Ay<uz<|H,
[Hll = Ay
=1 for x=|H,
where K (m,0) =1 and the lemma 11 implies
[Hell + A¢ 1 Ay
Tm |:_ :| Z — exp 2my | —— | . (163)
[Hell = Apd — 2 || Hell
Thus, €, in the inequality (156) is upper-bounded by
1 NI
em=sup |K(m,z)| < —————— < 27 2mVA/IH (164)
Av<e<|| H Trm [—%}

We therefore conclude that the error of the AGSP K (m, H;) decreases as e~ 2™V 2¢/O(") because of ||Hy|| = O(n).
However, in this case, we have to take m as large as O(y/n) for a good approximation, which may result in a high
Schmidt rank of the AGSP operator. We thus need to achieve a good approximation with smaller m. We thereby
consider an effective Hamiltonian instead of the original Hamiltonian.

I. Effective Hamiltonian with a small norm

In order to construct the AGSP operator that satisfies the condition (88) for the bootstrapping lemma, it is
convenient to utilize an effective Hamiltonian H; instead of the original Hamiltonian H;. Here, the effective
Hamiltonian H; has almost the same ground state as the original one. The points are the followings:

1. The effective Hamiltonian has the norm much smaller than that of the original Hamiltonian, namely ||H,|| <
[ Hell-

2. The Schmidt rank of H™ should be as small as that of H/™. This condition implies that the effective
Hamiltonian Hy should still have the similar locality to the original one H;.

Note that because of the inequality (164) the norm of the Hamiltonian critically determines the error of the
AGSP operators. By applying the Chebyshev-based AGSP construction (162) to the effective Hamiltonian, we can
construct the AGSP K (m, Hy) which satisfies the condition (88).

We, in the following, analyze the fundamental property of the effective Hamiltonian given in Eq. (50) (see also
Supplementary Figure 3):

g+1 q

Ht = ZO ﬁs + ZO hs,s—i—l (165)

with

he= Y EejlB ) Eojl+ Y. mlBaj)Eayl,

Es,;j<7s Es j>7s
Ts = Es,O + 7, (166)

where {E; ;,|Es ;) }j>0 are the eigenvalues and the eigenstates of hg, respectively.
_ We first notice that Lemma 8 and Proposition 4 on the Schmidt rank are applicable to the effective Hamiltonian
.

From the definition (166), we immediately obtain ||hs|| < 7. Also, the inequality (46) gives ||hs s+1] < go, and
hence the norm of the effective Hamiltonian||Hy|| is upper-bounded by

g+1 q q+1
IEL <D sl + Y s sl <D (7 + [ Esol) + (g + 1)go- (167)
s=0 s=0 s=0

The ground-state energy |F o| can have a value of O(1), which gives the upper bound of ||H;| < O(ql) + O(qr).
However, by appropriately shifting each of the energy origins of {hs}gié as {hs +Es}gié, we can achieve |Eg g+&| =
O(1) for s =0,1,2,...,¢+ 1.

One can obtain the following lemma (see Supplementary Note 211 for the proof).
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Lemma 12. There exists an energy shift from {hs}T5 to {hy + Y11, such that

q+1

& =0, (168)
s=0

and the absolute values of the ground-state energy { Es, 0} 0 are bounded from above by

g+1
|Es,0 + gs| < q+ 290 < 9o, (169)

where go has been defined in (15). Note that the condition (168) guarantees that Hy remains the same as before
shifting the energies.

By following Lemma 12, we shift the energy origin so that the inequality (169) is satisfied. We then obtain the
upper bound of ||H¢|| as follows:

1|l < 7(q +2) +290(q + 1) < (¢ +2)(7 + 290). (170)

which is roughly as large as O(qr).

If the cut-off energy 7 becomes sufficiently large, we expect that the low-energy behavior of both Hamiltonians
H; and H; are approximately identical. We now want to know the 7-dependence of the accuracy of the low-
energy spectrum of H compared to that of the original Hamiltonian. The accuracy has been investigated by Arad,
Kuwahara and Landau [7] when the energy cut-off is considered only for a single block Hamiltonian. Unfortunately,
the accuracy of the multi-energy cut-off has not been considered so far, and the generalization to the multi-energy
cut-off necessitates highly intricate analyses (see Supplementary Note 4).

We prove the following theorem, which ensures the exponentially accurate approximation with respect to the
value of 7 >> log(q):

Theorem 5. Let us choose T such that

88g0(q + 1)(q +2) 1 432(q + 2)
> —l 4 -1 S —— 171
T Z max |:890 + N ( At »4go + b\ 0og >\At ) ( 7 )
where go has been defined in (15) and {\, X'} are defined as follows:
1 1 1
=——— MNi=min|—1)—=]. 172
122 + 4go’ o (112g0’ 12]<;2> (172)
Then, the spectral gap Ay of the effective Hamiltonian is preserved as
~ 1
Ay > §At~ (173)

Moreover, the norm distance between the original ground state |0;) and the effective one |04) is exponentially small
with respect to the cut-off energy T:

54((] + 2) 67)\(7'74g0).

0;) — <
1160~ fo0) < =5

(174)

We show the proof of this theorem in Supplementary Note 4.

1. Proof of Lemma 12

For the proof, we aim to find energy shifts {&,}91) with Zqﬂ Es = 0 such that the inequality (169) is satisfied.
For the purpose, we first consider a quantum state |¢)) := ®q+1 |Eo.s). We then obtain

(|HiY) > By =0 (175)

and

q+1 q+1 q+1
’L/)| (Zh Jrzhe 9+1> |¢ ZE‘;OWLZ 1/1‘}7@ €+1|1/) <ZE90+ qul)go, (176)

s=0 s=0 s=0
where we use ||hs s+1]|| < go as shown in Ineq. (46). Also, we have

q+1 q+1

O_EtO>ZESO_ZHhss+1H>ZE50_ Q+1 (177)
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By combining the above three inequalities, we have

q+1

—(g+1)g0 <D Eao < (g+1)go. (178)
s=0

We here shift the energy origins such that E, o + & = Eg o + & for Vs, s’, which implies

q+1 q+1
(q + 2)(ES,O + 53) = Z(Esp + gs) = Z Es,Oa
s=0 s=0
1 q+1
or 53 = _Es + —F Es 179
0 q+2§% 0 (179)

for arbitrary {€,}21,, where we use the condition Zgié &; = 0. Conversely, the above choice satisfies Zgié & =0.
From the inequality (178), the above choice of & leads to

_q+1
q+2

1
90 (180)

q+
<Ego+&& < ——
9o > 0 7+ 2

for s=0,1,2,...,q+ 1. This completes the proof. [

Supplementary Note 3. PROOF OF MAIN THEOREM 1

We now have all the ingredients to prove the main theorem. Proof of Theorem 1 consists of the following two
Propositions which we will prove in the subsequent subsections. In the first proposition, we prove the existence of
a quantum state which has an O(1) overlap with the exact ground state and has a small Schmidt rank.

Proposition 6. There exists a quantum state |¢) such that

10} — 193] < 5 (1)
with
o 1+2/a o
log SR (1) < c*log*(@) (5 ) nog?oe (A, (12

where ¢* is a constant which depends only on k, go, &, which is finite in the limit of @ — oco.

In the second proposition, by using the quantum state given in Proposition 6, we construct an approximate
ground state with a desired accuracy and estimate the Schmidt rank of the state. Based on this approximation,
we also give the upper bound of the entanglement entropy.

Proposition 7. Let |¢) be an arbitrary quantum state such that

1
110) = 1) < 5 (183)
with Dy := SR(|¢)). Then, there exists a quantum state which approzimates the ground state |0) by
[10) = |¥)ll <0 (184)
with the state ) satisfying
L log?22/(6A)] | log*[2/(5A)] log(d)
log[SR <log(Dy) + cra~t + ¢ . 185
g[SR([¥))]Il < log(Dy) + 1 A 2 /A (185)
Also, the entanglement entropy S(|0)) is bounded from above by
log™?(3/A log®?(3/A) log(d
S(10) < log(Dy) + csa—2 08 B/A) 1og77(3/4) log(d), (186)

VA

Here, c1,ca,c3,cq4 are constants of O(1) which depend only on k, go.

VA

By applying Proposition 6 to Proposition 7, we immediately prove Theorem 1. O
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A. Proof of Proposition 6
In the following, we choose the number of the blocks ¢ such that
IBHN <5 or Az 2 (187)

where the second inequality is derived from (58), namely Ay > A — 2||0H||. The inequality (187) implies from
Ineq. (53)

LA
I0Hl < goal™ < =,
A i
or = |—I%| =0(*A). 188
0= | gott| =ousa) (189

From Ineq. (60) in Lemma 4, the above choice of ¢ gives the following inequality:

110 = 1) < 11105) — [}l +i (189)

for an arbitrary quantum state |¢). From Proposition 2, if we find an AGSP operator K such that

1

ek, Dk, < 3 (190)

there exists a quantum state [¢)) which satisfies

1100) = [¥)I] < ek, v/2Dk, + 0k, with SR(|¢)) < Dk, (191)

Hence, if we can prove the existence of the AGSP operator which satisfies

1
ex V2D, + 0K, < (192)
1+2/a i
log(Dr,) < ¢* log?(d) (lo“id)) log®+/ (logA(d)> , (193)

we prove the Proposition 6 by replacing |¢) with |¢) in Ineq. (189).

In the construction of the AGSP operator, we utilize the effective Hamiltonian from the truncated Hamiltonian
H;. We here consider the operator K (m, Hy) as the AGSP operator K for the ground state |0;), where the function
K (m,x) was defined in Eq. (162). It has the parameters (Jk,, €x,, Dk, ) as defined in (42), which depend only on
m, g and 7. We need to appropriately determine these three parameters so that the conditions (190), (192) and
(193) are satisfied.

The parameters are bounded from above as follows. First, from Ineq (174) in Theorem 5, we obtain

540 +2) xr-ago) o 21600+ 2) _x(r—ag0) (194)

<
Or, < A, = 3)\A

under the condition of (171), where we use Ay > 3A as in (187). Second, from Inegs. (164) and (170), we obtain

X A 3A
ex, < 2e VA < 9exp [ —2my/ ————— | <2exp [ —2m , 195
e = - P (g4 2)(t+2g0) | — P 8(q+2)(T + 2g0) (195)

where we use Ay > A, /2> %A in the third inequality. Third, from Proposition 4, we obtain
Dk, = SR[K (m, Hy)] < md*@[e(q + 1)%(2d1)*]™/ (a+1) (196)
under the assumption of (g 4+ m + 1)%+! < g4,

We choose 7 such that dx, < 1/8, or equivalently from Ineq. (194),

1 1728 ¢ + 2
>4 —1 _ =c.1 A 1
r2dg s Jlos (IR ) o T =crlog(a/A) (197)

where ¢, is a constant depending only on gy and k which is chosen to satisfy the condition of (171). Then, for the

inequality (192) to be satisfied, we need to choose m and ¢ such that
1

eKt\/2DKt S g (198)
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From the inequalities (195) and (196), we can formally give €k, and Dk, as

| A &, . log(dg/A)m
ex, < exp (—blm qlog(q/A)) , Dk, <exp <01 log(d)q(q/A)Y +02q> ) (199)

where the constants by, ¢; depend only on {gg, k}, and ¢5 depends on {&, go, k}. Also, the constant ¢, is proportional

to 1/a and hence it is finite in the limit of & — co. Note that in Eq. (199) we utilize [ o« (¢/A)Y® from Eq. (188).

In the following, we choose m and ¢ as such ex, D, < 6%2, which reduces the conditions (190) and (198) to

1 1
€%, Dr, < ei(/f < 3 ex, v/ 2Dk, < \/563;{/;1 < g (200)
From the inequalities in (199), the condition ek, D, < e}(/f is satisfied for
= b A
c1log(d)q(q/A)V™ < —my [ ————,
log(dg/A)ym _ by A
cop————— < —my | ———. 201
g T4\ qlog(q/A) 0
The first inequality in (201) gives the lower bound of m as follows:
m > 4cy IbOg(d) A—1/2—1/6¢q3/2+1/& log(q/A). (202)
1
The second one implies
1 q 4c; log(d) (203)
log(q/A) \ log(g/A) = br VA’
which is satisfied for
cqcalog?(d) | 5 (log(d)
> q
(25 log A , (204)

. 2
where ¢, is a constant depending only on k£ and go. By choosing ¢ = [%ﬂ log® (%)—‘ , the parameters €x
exponentially decays with m. Hence, there exists a constant c¢,, such that

B 1 2 3/2+1/5¢ B 1
m = ¢meg log(d)A~1/271/a (OgA@) log® 3/ (ogA@l)) (205)

satisfies (200) and (202), where ¢,, is a constant depending only on k and go.
Finally, under the above choices of m and [, the Schmidt rank D, is bounded from above as

14+2/&
log(Dg,) < ¢* log?(d) (k’gA(d)) logt3/@ (loi(d)) : (206)

where ¢* is a constant depending only on k, g, @ and ¢* is finite in the limit of @ — co. We thus obtain Eq. (193).
This completes the proof. [J

B. Proof of Proposition 7

In the proof, we utilize Proposition 3. For the purpose, we set ¢ = 2 and construct the AGSP operator for |0)
by using K (m, Hy). From Ineq. (53) with ¢ = 2, we obtain the upper bound of |§H;|| as

[0 ]| < 2gol™". (207)

From the inequality (58), namely Ay > A — 2||0Hy|, the condition

[0H: || < 290l <

o| >

(208)
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implies Ay > 3A/4. In the following discussions, we choose [ as

1640 1/a
> (=2
z_( A ) (209)

so that the condition (208) is satisfied. Also, from Lemma 4, for an arbitrary quantum state |¢), we have

0H
10 = ko)l < 1101} = 16l + 523t
2||0 H, 4gol=%
< 00y~ 1)1+ 212 < oy — poyy 4 2987 (210)

where we use Ineq. (208) in the first inequality and Ineq. (207) in the second inequality.
For the construction of the AGSP operator, we utilize the effective Hamiltonian from the truncated Hamiltonian
H; with ¢ = 2. We here assume for 7 the condition (171), which is now given by

140890 2304
T>max[890+>\/l ( A ) 40+>\10g<)\A>} (211)
Then, Theorem 5 gives

~ 216 _y(r-4 288 _\(r_
— < T—4g0) < A(T—4g0) 2192
[10¢) = 106} || < )\Ate = )\Ae , (212)

Ay _ 3A

Ay > =t > 22 213
t ) ] ) ( )

where we use A; > 3A/4 in the second inequality.

Here, the operator K(m, Hy) depends only on the parameters m, [ and 7, and hence we denote it by K, ; » and
define the AGSP parameters as (0m.i.r,€m,i,r» Dm,i,r). We note that the parameters (31,7, €m. 1,7y Dm.1,7) do not
depend on the choice of the energy origin for H;. Hence, when we consider the truncated Hamiltonians H; with
different parameters g and [, we will retake the energy origin so that F; o = 0.

The upper bounds of the parameters are given as follows. First, d,,; - is bounded from above by

288 _ 4gol™®
e = [10) = [00)]| < TRe 0749 4+ =, (214)

where we use the inequality (210) with |¢) = |0;) and apply Ineq. (212) to |||0s) — |0;)||. Second, we obtain a similar
inequality to (195) as

A 3A
emir < 2exp | —2my ——2t | <2exp [ —my | —2 ), (215)
" (g+2)(7 + 290) 8(T + 2¢0)

where we use ¢ = 2 and A, > 3A/8 in the inequality (213). Third, from Lemma 8, we obtain

Dpnir < [24 (2d1)F]™ = emOUoelid)), (216)

In the following, we consider a sequence of the AGSP operator {K},}72;. We here characterize the AGSP
parameters of K, by 0, = 0m,.1,,m5 €p = €my 1,7, a0d Dy = Dy From Proposition 3, the entanglement
entropy S(|0)) is bounded from above by

pTp "

. L €p
where v := |||0) — |¢)|| and Dy = SR(|¢)). Note that the quantum state ¢ is given as in Eq. (183) and satisfies

vy < 1/2. Moreover, the quantity -, characterizes the norm distance between |0) and K,|¢) (see Ineq. (111)). We
then choose {m,,l,,7,} such that

) (218)
which is satisfied by choosing

(219)
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where the second inequality is derived from

€p €p €p 2
< < = 6e, < —. 220
l—vo—0, ~1/2—6, ~1/2—1/3 "= 3p (220)
In the first inequality, we use vy < 1/2.
From the inequality (214), the following choices of 7, and [, ensure the condition 4, < 1/(3p):
—a
@e—k(%—@o) < 1 4goly 1 (221)
AA ~ 6p’ A T 6p’
which implies
A 1728p 24gop\ M *
Tp Z 490 + Tplog <AA> s lp 2 < A s (222)

where ), is a constant for the condition (211) to be satisfied. Note that A, depends only on k and go. For
ep < 1/(9p), we choose m,, such that

3A 1
2exp | —mp [ ) < —, 223
P ( "V 8(mp + 290)) ~9p (223)
which yields from Ineq. (222)
log(18p) [48gy0 =~ 8Ap 1728p
> = -7 — 1 — . 224
=R T3 T %\ A (224)

Under the above choice, the Schmidt rank (216) is formally given by

G118 (Bp/A) | log™(3p/A) log(d)
VA ’ VA

with ¢; and co constants which depend only on k, go. We note that the dependence of & results from (222), and
hence log(3D,) are finitely bounded in the limit of & — co. Thus, by using Ineq. (111) with Eq. (112), we obtain
the inequality (185) in Proposition 7.

Finally, from the inequality (217), we have

log(3Dy) < ¢1

(225)

VA 2 VA
__log®%(3/A) log®/2(3/A) log(d)
<log(Dy) + csa NN + ey /A ,

where c3 and ¢4 are constants which depend only on k, gg. We also use Z;il p~2log(p?) = 1.875095 - - -. We thus
obtain the upper bound (186) for the entanglement entropy. This completes the proof of Proposition 7. O

S(10)) <log(3DgD1) + > ]% <log(p2) +cra”

p=1

og®2[3(p +1)/A] | 10g*[3(p + 1)/A] log<d>>

(226)

Supplementary Note 4. PROOF OF THEOREM 5: ACCURACY OF THE EFFECTIVE
HAMILTONIAN WITH MULTI-ENERGY CUT-OFF

In this section, we show the proof of Theorem 5. Throughout the section, we explicitly take the parameter g
into account; in the setup, g was defined in (5) and set to be 1. For the convenience for the reader, we show the
statement again in the following:

Theorem 5. Let us choose T such that

1 88g0(q + 1)(q + 2) 1 432(q + 2)
T > max {890 + v log < A, ,4go + X log meveik (227)
where go has been defined in (15) and {\, X'} are defined as follows:
1 1 1
Ai=—r—— Ni=min|-——,—— ). 228
12gk2 + 4go’ i <11290’ 12gk2> (228)

Then, the spectral gap Ay of the effective Hamiltonian is preserved as

-1
Acz A (229)
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Moreover, the norm distance between the original ground state |0;) and the effective one |0y) is exponentially small
with respect to the cut-off energy T:

s 544 +2) _x(r—ag0)
— < T—%90)
110 — fou < ZHLED, (230)

We notice that in Supplementary Note 21 the above theorem was given by setting g = 1 in the definitions of A
and \.

A. Preliminaries

We first define the projection operator onto the eigenspace of hs as

> BBy

) =
b, el

(231)

for I C R. Especially for ' and 11¢%)

(Zo0,2) (Zoo,z) WE denote them by H(j; and H(jzﬁ, respectively. In the same way,

we define H(;g)c and H(;i By using the above notations, we describe the effective Hamiltonian H; in Eq. (50) as

q+1 q
Ho=3"he+ Y hsir, hy=hE), +7,118) (232)
s=0 s=0
for s =0,1,2...,q+ 1, where we choose the cut-off energies {7,}%; as
Ts=FEso+7 for s=0,1,2...,¢+1 (233)

For the total Hamiltonian H; and the effective Hamiltonian ﬁt, we define IT; and 1:11 as

M= Y BByl

Et,jEI

0= > |Ei) (Bl (234)
Et.jel

We here define {E;;,|E;)}; are the eigenvalues and the eigenstates of Hy, respectively. Also, we define
{Ew—, |Et,j>}j are the eigenvalues and the eigenstates of Hy, respectively.

For II(_o ) (or II(_ 4)) and IZI(_OO@) (or IZI(_OOVZ]), we denote them by Il., (or II<,) and O, (or f[gz),
respectively.

1. Upper bound of the spectral gap for Hy

We first estimate the upper bound of the spectral gap A, for the effective Hamiltonian Hy, which is necessary in
utilizing the inequality (280) in Proposition 8. We can prove the following lemma.

Lemma 13. The spectral gap At = Et,l — Et,O is bounded from above by
At < 4go, (235)
where go has been defined in (15).
Proof of Lemma 13. For the proof, let us pick up the block By and consider a quantum state

1) = (ao|Eo.0) + a1|Eo.1)) @ |Erq.0), (236)

where |EA0,0> is the minimum energy state for Hy — he—o — hs=0,s=1 and is supported on Ay := A\ By. Note that
|Eo,0) and |Ep,1) have been defined as the ground state and the first excited state of hs—g, respectively. We define
the energy (EAO_,0|(I~{t — he—o — hS:0,5:1)|E~A070> as EAO,O. Here, we choose ag and a; such that (1|0;) = 0. We
then obtain

(W Hy ) = (Jao|*Eo,o + |a1|*Eo1) + Eny.0 + (¥|hsmo.s=1|1)
< Eo1 + Erg o+ ||hs=0.s=1]] < Eo0 + Erg0 + 29 + 9o, (237)



where we use ||hss41]] < go for Vs € {0,1,...,¢+ 1} and Ey; — Epo < 2g from the inequality (7).
On the other hand, we have for the ground state |0;)

(0¢|H:|0s) > Eoo + Epg.0 — |hs=0.s=1]l > Eo.0 + Eny.0 — o-
We thus obtain the upper bound of A as follows
Ay < (Y|H|y) — (0| Hi|0g) < 29 + 290 < 490,

where we use gg > 1 = g (see Assumption 1). This completes the proof of Lemma 13. O

2. Lower bound of the spectral gap A for Hy

In the following lemma, we obtain a lower bound of Ay:

Lemma 14. Let us define the spectral decomposition of |0y) as follows:

100) = aol04) + a1|Ev1) + > aj|Ey ).

Jj=2
Then, the quantum state

1

Vaol* + las|?

) = (ai10e) — ap|Ex,1))

gives

\1/1>=argw inf — ((¥|Hly))-

H(¥]0:)=0
Also, the spectral gap of the Hamiltonian Hy is bounded from below by
A¢ > (P Hilih) — (0c Hy[0y).
Proof of Lemma 14. First, the quantum state as arg infw:(w|0t)=0(<¢|ﬁt|¢>) is given in the form of
) = bo|0g) + bl\Et,1>-

Then, due to the constraint of (1|0;) = 0, the coefficients {bg, b1} are uniquely determined as

1

* *
/7|a0|2 T |(11 |2 {a17 _aO}

{b07 bl} =

up to a phase factor. We thus prove Eq. (242).
Also, the definition (241) implies

~ la1[?Ey o + |ao2Ey 1
Hlyp) = : =,
<¢| t‘w> |CL0|2 + |CL1|2

On the other hand, the decomposition (240) yields

|a0|2Et,0 + |al|2Et,1

0¢|Hy|0g) >
R T

By combining the inequalities (246) and (247), we obtain

2 _ 2
<7/J|Ht|'(/}> — <0t|Ht|0t> < \a0| \a1|

20 Pl (Beq — Euo) < Ay
< \ao|2+\a1|2( t,1 t,o), t

This completes the proof of Lemma 14. [J
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(243)

(244)

(245)

(246)

(247)

(248)



31
3. Lower bound of <1/J|ﬁt|¢>

In order to apply Lemma 14, we need to give a lower bound of (1| H|) with |¢) defined in Eq. (241). Tt is given
by the following lemma:

Lemma 15. Let |¢) be in the form of Eq. (241). We then obtain

(Y| Hi|p) > EL, (249)
where we define
Bl = A1 —k)? —2g0k(1 + k) (g + 1), (250)
q+1
pi= |8 g, (251)
5=0
We also notice that because of Eq. (242) we have
(¢|Hylg) > (p|Ho|v) > B (252)
for an arbitrary quantum state such that (¢|0;) = 0.
Proof of Lemma 15. Let P and Qs be the projection operators such that
P:=1Y), Q=1 (253)

for s=0,1,...,q+ 1, where each of {Ps, Qs}gié is supported on the subset B, C A. We define P(™) as follows:
P™ .= PP, --- P, QU =1-p™, (254)

From Eq. (232), we can express hs as hy = hsPs + 75Qs (note that heP, = hsPs), and hence

H P — [, plath), (255)
We here prove the following inequality:
g+1
P 1) — )] < D IQul) < s (256)
s=0

with x defined in Eq. (251), where the second inequality is derived from
1Qul) |l = TS [y | = S T g )| < (TS) T g, I (257)

for s € {0,1,2,...,¢ + 1}. Note that the definition (241) implies [¢) = IZISEc |¥). In order to prove the first
inequality in (256), we consider

g+1

P(q+1)|¢> — p) = Z[P(S) _ p(s—l)]|1/)>7 (258)

s=0

where we set P(—1) = 1. Then, by combining the inequalities

q+1
POy — )| < D I[PS = PV, (259)
s=0
and
I[P — PV )| = [P~ (P = D) < Qs )], (260)

we obtain the first inequality in (256).
By using the notations of P(¢t1) and Q@1 we obtain

(W[ Hylp) > (| PUTD H PO |y — | (| POTD H, Qa1 )|
— [([QUFV H PV )| + (]|QUUTD H QT |y). (261)
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We consider the lower bound of the first term in (261). From Eq. (255) and E ¢ = 0, we obtain

<¢|p(q+1)£{tp(q+1) o) = <¢‘p(q+1)Htp(q+1) )
= (Y|P o, HiTTon, PO [9) > AT a, PO ) |12 (262)

From the inequality (256), we immediately obtain
I, PO 2 s, )]~ [Mza, (PO - 10)
>1— [P V]y) — )] > 1 -, (263)
where we use II>a, [¢) = |¢) due to (04]1)) = 0. By combining the above two inequalities, we obtain
(PO H POV |g) > Ay(1 - k), (264)

We then consider the second and third terms in (261). Because of [Py, hs] = 0 and P+tD Qe+ = 0, we have
Pt Qe+ =0 for s =0,1,2...,¢ + 1. Hence, the second term is bounded from below as

q

—|(@| POV QU ) > =Y (| POV 1 QU [y)|
s=0
> —go(g+ DI(1 = PU)9)|| = —gor(g + 1), (265)

where we use [|hss11]| < go and PUFTY + Q@+ = 1 in the second inequality, and use Ineq. (256) in the last
inequality. We obtain the same inequality for the third term. Finally, the fourth term is bounded from below by

(WIQUTVHQH ) > (U)o > —2g0n% (g + 1), (266)
where we use [|QUFD )| = [|(1 — P+t [4p)|| < & from Ineq. (256) and

g+1 q

Eio>Y Eqo— Y lhssr1ll = —2(q + Lgo- (267)
s=0 s=0

Note that we use Ineq. (178) in order to bound E; ¢ from below. By applying the inequalities (264), (265) and
(266) to (261), we prove the inequality (249). This completes the proof of Lemma 15. O

4. Upper bound of the norm difference |||0:) — |0¢)]|

Finally, we prove the following lemma which estimate [||0;) — |0¢)|]:

Lemma 16. Under the assumption of
(0| Hi[05) < B, (268)
the norm of |0;) — |04) is bounded from above as follows:

1:[04) |

0¢) — |0p)]] < ———5—.
[1106) = 106)]] By — (001,00

(269)

Proof of Lemma 16. The proof is almost the same as that of Lemma 4. For the convenience for readers, we show
the full proof. We first expand |0;) as follows:

106) = €110¢) + Calo), (270)

where (0[¢) = 0 and we choose the phase term of |0;) so that (0;|0;) has a positive real value, namely |(;] =
[(0£]0¢)| = (04|0¢) = (1. Then, the coefficients {1, {2} is determined by the eigen-problem of the following matrix:

(0¢|He|0g) (0|Hildo)\ _. (fo f
<<¢0|ﬁt|0t> <¢O|ﬁt|¢0>) o (f* fL)' (271)

Then, the ground-state energy of Hy is formally given by

B fo+ fr—+/(fo—fL)?2+4f]?
t,0 — 2 )

(272)
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and the corresponding coefficients {1, (2} are

(GG o {f1L — fot VL~ TP+ AIFP.-2f ). (273)
By using Ineq. (252), we have f; > E |, and hence the assumption (268) implies f; — fo > 0. We thus obtain

G 1+ 1A/ = Jo2 ~ fi—fo = EL— (0HJ0)

where we use |f| = (0| H¢|¢o)| < [|H00)]-
From the equation (7 + [(2]* = 1, we obtain

2

1 11

G=—F—=2>1—-1 : (275)
VI4H1G/G 21G
On the other hand, we have
1106) = [00)]1* = (G = 1)* + [¢* = 2 = 24y, (276)

where we use the fact that (; € R and ¢; > 0. By combining the inequalities (274), (275) and (276), we obtain

2

2 )
(| H¢|Og)]]
= (EL - <otﬁtot>> ’ @77)

e

A\ 2
1160~ 00 < | 2

which reduces to the inequality (269). This completes the proof. [J

B. Outline of the proof

We here prove Theorem 5. For the proof, we need to derive the following two proposition. The first proposition
is related to the energy distribution of the subsystem By C A under the condition that the total energy is involved
in an interval (—oo, F]. We can prove the exponential decay of the distribution of h:

Proposition 8. The overlap between the projections H(;J)E/ and Il<g is bounded from above by

. T
L e (278)
with
1

Ai=m — 279
12gk2 + 4g,’ (279)

where 0E, == E' — Eq o, 0FE := E — Ey o with Es o and Ey o the ground-state energies of hy and Hy, respectively. A
stmilar inequality is satisfied for ll<p:

3/2 .
4e®/ o~ N (min(E’,75)~Es 0—3 E—4go) (280)

YE

with 0F = F — Et,o and

11
No=min (= ] . 281
mm(nzgo’mgk?) (281)

Second, we prove the norm difference between H, and H; under the constraint that the total energy is involved
in an interval (—oo, E:

Proposition 9. Let us define 75 such that 75 — Es o = 7, where T is a fized constant. We then obtain
~ 271(¢+2) _s(r_sp—
I~ A < TIF2 r s (282)

where §E has been defined as 0E := E — Ey ¢.
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Remark. We can derive the similar inequality for ||(H; — H;)II<g|. However, the inequality becomes rather weak
as follow

I(Hy = H)<pl < | Hell(q +2)e > 05, (283)

which does not work in the thermodynamic limit as |[H|| — co.
Before going to the proof, we give the upper bound of k£ and ||H|0¢)||. From the definition (251) of , we have

q+1 ~
k= > |S) g, (284)
s=0
We now obtain
s) T 4¢/2 N (75— —A¢— 43/ —N(T—A—
||H(>35H§Et,1|| < e N(rs—Es,0—Ag—4g0) _ e N(r=Ai—dg0) (285)

where we use the inequality (280) with £ = ENM and E’ = 75. Note that 7, = E; o+ 7 and A, = ENM — ENtyo. Then,
K is bounded from above by

3/2 , ~ ’
x < we—x (r=Bv=d90) < 11(q + 2)e N (=890), (286)
-

where we use A; < 4go in Lemma 13. Also, by using Proposition 9 with £ = 0, we obtain

N N 27(q+2) s
I~ )00 | = o) | < ZTEED) st (287)

where we use Hi|0y) = 0 in the first equation.
Under the assumption of (227), we can obtain by straightforward calculations

A 1

<2t < 288
"= R00(g 1) S 12 (288)
and
- At
H < = 2
| Hy|0g)]| < 6 (289)

where in the first inequality we use go > 1 (Assumption 1), ¢ > 2 and Ay < 2. In particular, from the inequal-
ity (288), we have

41
EL = Al - 1) = 2g0k(1+R)(q +1) = =5 A, (290)

where E| has been defined in Eq. (250).
We now have all the ingredients to prove the main inequalities in Theorem 5. First, from Lemmas 14 and 15, we
obtain

Ay > (| H ) — (O Hy|0g) > EL — | H|0g)]]. (291)

By applying the upper bounds of (289) and (290) to the above inequality, we prove the inequality (229). In addition,
from Lemma 16, we have

0N Aoyl

110¢) = 106)[| < o < ' : (292)
T EL— (0o T EL — [[Hioy)]
By applying the inequalities (287), (289) and (290) to the above inequality, we have
~ 1 27(¢+2) _xr—a 54(g+2) _\—
0¢) — [00)]| < T=4g0) < T T 2 o= AT —490) 293
100 = 1001 £ g e < 2HED, (293)

This gives the proof of Ineq. (174).
This completes the proof of Theorem 5. [
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C. Proof of Proposition 9 by utilizing Proposition 8

We first prove the Proposition 9 by assuming Proposition 8. We will prove Proposition 8 afterward. From the
definition of the effective Hamiltonian (232), we calculate ||(Hy — Hy)II<g| as

q+1
(i = FT<p] < Y ([ (h = 7)) T (294)
s=0

Hence, we need to estimate the upper bound of ||(hs — TS)H(;?.SHS gl|l. For a given y € RT which we set afterward,
we have

() s ()
H(hs B TS)H>T5HSEH = [ (ks = T syt G40 T<E

§=0
(s)
< Z H (hs _TS)H(TS-&-Jy,Tg—&-(J-S-l)y]H H (Te+1y7n+(1+1)y]H<EH
G+ Dy [0, ek (295)
]:0
where in the last inequality we use
(s) (s)

HH(Tsﬂy Ts+(G+1)y H<EH < HH (Ts+iy,00) H<EH = HH>T +JyH5EH : (296)

Thus, we can calculate the upper bound of H(hs — TS)H(S) H<EH by estimating the norm of
HH>E/H§EH . (297)

By using the Proposition 8, we obtain
s 463/2 N o 463/2 6B L

||H(>n+3y Se—1° AT oo ) e—1° TR, (298)

where we use the definition 75 := 7 + E; o for each of s € {0,1,2,...,¢+ 1}. It reduces the inequality (295) to

4 3/2 e
H(hs - Ts)HSLHSEH s >y +1)e Y

<
“e—1 _
7=0
_ 463/ )\(‘r SE—4go) Y- e2>\y 299
_e—l (M —1)2 (299)
By choosing y = 1/, we obtain
4e3/? e? 27
= 7)) I H < _ ~A(r=0B—4g0) « 20 —A\r-86E—4g0)
H(h 7/ M>r <] < e—1 )\(6—1)26 =\ (300)
Finally, by applying the above inequality to (294), we obatain
. 27 2
I~ A < ZTIF rrmsmin) (301)

This completes the proof of Proposition 9. [

D. Proof of Proposition 8: the first part (278)
For the proof, we first consider a normalized quantum state [¢)) and construct the following quantum state |¢):
[¢) := L Ty (302)
Note that this state |¢) may not be normalized. The norm ||H§)E,HS gl is now given by

I8, e = sup loll, (303)
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where ||¢|| denotes the norm of the state |¢). We then utilize the following inequality which we will prove below:

3/2
9] < S e (304)
with
H,
e = G (30

where \ := 1/(12gk? + 4go) as in Eq. (279).
In order to obtain an upper bound of ||¢||* from (304), we have to calculate a lower bound of (Hy):

(Hi)g = (ho)g + ((hs,s41 4 hs—1,6))o + (6 Hs)g, (306)

where we define 0H, := Hy — hy — hs s4+1 — hs—1,5, which acts on the sites Ay := A\ B,. We denote the ground
state and the ground-state energy of 0H, by |Ej, o) and Ej, o, respectively. From the definition of |¢), we obtain

1 S S
<hs>¢ = <w|H§EH(>)E/h9H(>)E/H§E|7/}> > E/,

¢l
<(hs,s+1 + hs—l,s)>¢ Z *(”hs,s—l-l” + Hhs—l,sm) 2 72903
(0Hs)p > En,0 > Ey0o— Es0 — 290, (307)

where the last inequality is derived from

Ei o <((Es0] @ (Ep, 0l)Hi (|Es0) ® |Ea, 0))
SEs,O + EAS,O + ||hS,s+l|| + Hh -

5,0 T EAS,O + 290- (308)
The inequalities in (307) imply the lower bound of (Hy)s in (306) as follows:
(Hy)g > Ey o+ E' — Es o — 4go. (309)

By applying the inequality (304) with (309) to Eq. (303), we prove the inequality (278).

[Proof of the inequality (304)]
We, in the following, prove the inequality (304). We start from the following equality:
(¢l Hi|0) = (d|T<o Hill<a|) + Z Mz +-1)p.a-+i) Hllia+ (- 1)y,0-09) | 9), (310)

where = and y are parameters which we set afterward. We here obtain

(@|Hy|¢) < 2| Teald)® + (@ + j9) Mot -1yt |9

j=1
= w(H<m|¢> )P+ Z It G145 |9 ) + ZUZJHH[H(] Dy,a+in) D)
j=1 j=1
=z/|¢l1” + ¥ > il G-1)parin |O) - (311)
j=1

The definition of |¢) in Eq. (302) implies
10+ 545 |1 = [T Gty TS ) 2

/1 SRR NN 1 Ky 1 951 (312)

In order to obtain the upper bound of ||H[mﬂj,l)y’mﬂy)HS)E,HgEHQ, we utilize the following lemma (see Supple-
mentary Note 4D 1 for the proof):

Lemma 17. Let O, be an arbitrary operator such that [Os, hs] = 0. Then, we have
11> 2 O Tl< | < 4O - e A=) (313)

with A := 1/(12gk? + 4go).
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By choosing Os = I, in Lemma 17, we have [Hgﬂ,7 hs] = 0 from the definition (231). Hence, the inequal-

ity (313) implies

M 5ty T b T 2 < 16~ = 24G=1], (314)
where we use the fact that HH(ZSJ)E/ || = 1. By the use of this inequality, we have from (312)
D il - 1yyatgn 9P < 16e72AEE Y 7 jem2A 0=y
j=1 j=1
4y
_ —2\(z—FE ¢
This inequality reduces the inequality (311) to
3 3 e4yk
($1Hel6) < o] + 16y - e i (316)
By choosing y = 1/(2)), we obtain
(61H1) < allg]f + 1o =D (317)
s = e —1)2 '
From the definition (305), we have (¢|H;|¢) = ||6||* - (H¢)y, which reduces the above inequality to
8¢
2 < —QX(I—E). 318
1= e, o G
By choosing x so that (H)s —x = 1/(2)), we finally obtain
4 3/2
ol < e (o), (319)
e—1
This completes the proof. O
1. Proof of Lemma 17
In order to derive the lemma, we utilize the following additional lemma [12]:
Lemma 18 (Theorem 2.1 in Ref. [12]). Let H be an arbitrary Hamiltonian in the form of
H= Y hz, Y |zl <9 (320)
Z:|2|<k Z:Z3i
Then, for an arbitrary q-local operator I'(9) (i.e., at most g-body interactions are included), we have
I[H. T@]|| < 6gkq|[T@]]. (321)
In order to prove Lemma 17, we follow Ref. [7]. We start from the inequality
s g Ol<g|| = ||HZE/e_”Hte”H°Ose_”Hte”HtH§E|| < e V(E'-E) He”HtOSe_”Ht || . (322)
Then, we need to upper-bound
vHy —vHy . v
||e HiQgemvH H < Z WHadEt(OS)H, (323)
m=0 ’
where ad is the commutation operator, namely adg,(-) := [H¢,]. On the norm of |ladf, (Os)|, we prove the
following inequality:
ladZz, (Os)| < 2(6gk* + 2g0)™m![|Os]|. (324)
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For the proof of (324), we use the mathematical induction. For m = 1, we prove the inequality (324) as follows:
ladzr, (O = [1Ths—1,6 + hs,s15 O]l < 2[hs—1,6 + hssiall - [Os]] < 4g0[|Os] < 2(69k% + 290)|Os]|.  (325)
We then assume the inequality (324) for m < mg and consider the case of general mg + 1:
ladzz ™ (Ol = lladzyy (o1, + b1, O
<2 ) JadF (O]l - ladf? (hemrs + ho o) Il (326)

mi+ma=mg
By applying Lemma 18 to ad, (hs—1,s + hs,s41), we have
ladfy, (hs—1,s + hs,st)ll < (695%™ m!|hs—1s + s sl < 290(6gk%)™m!, (327)

where we use the fact that ad’, (hs—1,5s + hss41) (j € N) has at most (jk)-body interactions. By applying the
inequalities (324) and (327) to (326) we obtain

lad7ze (O]l < 4gollOs] D~ (6gk® +2g0)™ (69k%)™m lmo!

mi+ma=mg

mo
1
2(6gk? + 2g0)™ |04 |mo! Z e < 269K + 290)™ | O4ll(mo + 1)1, (328)
= ()
This completes the proof of (324).
By applying the inequality (323) to (324), we obtain
- 2(|0s ||

vH vH 2
¢t Oy ¢ < 2|0 (6gk= + 2 = 329
H e || [eA] Z (6gk* +2g0)]™ 1069k +290) (329)

m=0

which yields ||e"#O e || < 4/|O;| for v = 1/(12gk* 4 4go) =: A. Therefore, from (322), we prove Lemma 17. [J

E. Proof of Proposition 8: the second part (280)

We can prove the inequality (280) in the same way. We define |¢) as follows:

) = T}, < pl0), (330)
which implies
T, e g = max 191, (331)

where ||| denotes the norm of the state |¢). We then prove the following inequality similar to Ineq. (304):

432
1ol < 2 e (e, (332)

with

. (¢ H¢|¢)
(Hi)g == (333)
9]
where A" was defined in Eq. (281). We show the proof of the inequality (332) below.
We estimate a lower bound of (Hy) ;. We first obtain
- b H, | - -
<Ht><5 = W = <h8>¢3 + ((hs,s41 + hsfl,s»q”s + <5Hs>4§v (334)

where we define 5}73 = ﬁt — ?Ls — hg,s+1 — hs—1,s. We here define the ground state and the ground-state energy of
0H as |Ep, o) and Ep_ o, respectively. Note that 6 H; acts on the sites A; := A\ B;. We can obtain the similar
inequalities to (307) as follows:

1 ad s S .
(ha) 2 7 Will<e HéE/h N, Tlenly) = min(E, 7).
<(hs é+1+hs 18)> (”hé s+1||+Hhs 18|H) > 290a

<5H> > En.0 > By — Es 0 — 290, (335)
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where the first inequality and the third inequality are derived from

. 001 PSP § () for E' <
e T G B (336)
I, for E' > 7,.
(E’,00)
and
Eio < ((Esp| ® <E~1As,o|)ﬁft(|Es,0> & \EAS,0>) < B0+ Ea, 0+ 290 (337)
We therefore obtain
<}~It)¢; > By o+ min(E’,75) — Es — 4go. (338)
By combining the inequalities (332) and (338), we prove the inequality (280). O
[Proof of the inequality (332)]
We follow the same step as the proof of the inequality (304). We start from the following equality:
(01Hy|9) = (d<p Hll<y|) + > (DT ay (- 1)yt i) Hill o (- 1y.a-tn) [ 9) (339)
j=1
which yields
(@1 Hi|) < 2| T<a|)* + D (@ + j9) T et (- 1)y,2450) O
j=1
= x<H<z|¢>|2 + Z |H[w+(j1)y,z+jy)|¢>”2> + QZJIHH[er(jfl)y,erjy)|¢>||2
j=1 j=1
~ e ~ ~
= 261> +u > izt -1yywrin DI (340)
j=1
From the definition of |@) as in Eq. (330), we have
(-1t i IO = M -1yt i TS o T | 10) |2
3 | TTRPRPT RPN 1 g 1 9% o (341)

Now, the problem is to bound the norm H1:[[1+(j_1)y@+jy)ﬂfg,ﬁ§ e|| from above. Because the effective Hamiltonian
H, is no longer given in the form of k-local Hamiltonian as (320), we cannot use Lemma 17. Instead, we can prove
the following proposition which is similar to Lemma 6.2 in Ref. [7]:

Proposition 10. Let O, be an arbitrary operator supported on the subset Bs C A such that [Os, hs] = 0. Then,
we have

T g OuTc | < 4)|O4| - e E =5, (342)

/. . 1 1
where X' := min (—11290 , 712gk2)'

By choosing O, = Hgﬂ, in Proposition 10, we obtain

Tt (G- 1ygso iy LS < ]|? < 162N =B+ =Dy, (343)
where we use ||H(ZSJ)E, || = 1. By the use of this inequality, we have from (341)
SN 7\ 112 2N (a-E) N 27 (51 2) (¢—E e
DLt D DE et L v v A
j=1 j=1
This inequality reduces the inequality (340) to
~ o~ o~ ~ , 4y N
(GIH|3) < @ll9]]” + 16y - e~ () (345)

(e2vV —1)2°
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By choosing y = 1/(2)'), we obtain
S |G < x]|d|? 8 o) 346
(¢|Hi|g) < 2|9l +me : (346)

From the definition (333), we have (¢|H|@) = ||| - (H:)g, which reduces the above inequality to

||¢~5||2 < 862~ 6_2>\/(1_E)~ (347)
~ N(e—1)%((Hi)g — )

By choosing z so that <f~It>q; —x =1/(2)\), we finally obtain

~ 4 3/2 P
6l < ——g e (e, (348)
-

This completes the proof. O

F. Proof of Proposition 10

We start from the following inequality:

|Tls 5 O,Tl< || = "ﬁZE,e—uﬁteuﬁtOse—uﬁteuﬁtﬁgEH

el/Ht Osevat

< e Fn | : (349)

where v is a parameter satisfying v < 1/(12gk?) which is determined afterward. We then decompose H; as
Ht = G + F:

atl q
G=>he F=Y hee. (350)
s=0 5=0
By using the above decomposition, we have
ez/flt _ 7—_} |:€f0 F(Z)dz:| eyG7 efuI:It _ efl/G:]:_ |:€_ fo F(ﬂv)dw:| 7 (351)

where F(z) := e*®Fe™*% and 7_,, T._ are the ordering operator:

To [F(z1)F(x2) - Fam)] = Fap, ) F(zp,) - - F(2p,,),
T [F(z1) F(xg) - F(zm)] = F(2p,, ) F(2p,,_,) - F(xp,), (352)

with p a permutation such that z, <z, <--- <x, . From the above expressions, we obtain

eyﬁcose—yﬁt _ 7'*> |:€f0 F(ac)dx:| €VGOS€_UGT<; |:6f0 F(:c)dac:| . (353)

Because the operator O, is supported on the subset By C A and satisfies [Oy, hs] = 0, we have [0, G] = 0 and
hence

e"%0,e77% = 0,. (354)
Also, from [ﬁs, ﬁs/] =0 for Vs, s’, we obtain
q
F(z) = Z hs,s1(z),
s=0
h5’5+1($) = elGhs’s+1€_xG = €w(hs+hs+1)hs’s+1€_w(hs+hs+l)7 (355)

where we use the fact that [hs sy1,hs] = 0 as long as s’ # s,s + 1. Therefore, hs s41(x) is still supported on the
subset Bs U Bs+1 C A. We now define

g:= sup ”hS,erl(m)”' (356)

0<z<v
s€{0,1,....q}
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In order to calculate g in Eq. (356), we need to consider the norm of
hs st1(z) = e‘”ﬁsexﬁs“hs,sﬂe_xhs“e_”ﬁs. (357)
As we will prove in Supplementary Note 4 F 1, we prove the following inequality:
le®heehetip et emohe | < 28, (358)

under the condition of

z<v (359)

< .
T 12gk2

From the inequality (358), we obtain g = 28¢p.
Then, we consider the Baker-Campbell-Hausdorff expansion as follows:

Qe = 3 / dzy / dzs - - / adp(ey)adp(ey) - ad e, ) (Os)dTm, (360)
0”0 T1 Tm—1
where ad is the commutation operator, namely adp(y(-) := [F(z),-]. By using Eq. (356), the norm of the commu-

tators are bounded from above by

[adp(a) (Os)I| < llad, .y @) (O + ladn, _; (@) (Os)]| < 2([[hs 51 (@) + [[Ps—1,s (@) D Os]| < 40 Os]l,

lad F(ay)adp ) (Os)Il < 22 - 39(20/0s])),  lladr(e,)adr(zs)adr(z,) (Os)] < 2° - 4g[38(2g]0s )], (361)
which is generalized as
ladp(zy)adp(a,) -+ adp(a,,) (Os)]| < (m+1)1(2g)™ (O] (362)
By combining the inequality (362) with Eq. (360), we obtain the upper bound of
vH —vH, - Vm ||OS||
Oy t < — DI2g)" 04| = ————. 363
Jer O] < 37 s m+ 100104 = (7L g (363)

Also, by choosing v such that 2gv < 1/2, we have ||e’#:O,e~Ht|| < 4]|O,]| and reduce the inequality (349) to
115 O T g < 4]|O4|e ™5, (364)
This is the inequality which we aim to prove. Because of g = 28go, under the assumption of v < 1/(12gk?), the
condition 2gr < 1/2 is satisfied for
1 1
v =) :=min <, > . (365)

1129’ 12gk2
This completes the proof of Proposition 10. [

1. Proof of the inequality (358)

For the proof, we start from HexﬁSOe’zE* hs, the operator

e®"s is decomposed as follows:
=1 e 418 e (366)
where we utilized the equalities f, H(S) = hsﬂ(jls and BSH(;i = TSH(>S7)_ . We then have
et 0~k =11%) Oong) 4+ 1&) e Oe~ohe1),
+ 1) ertemmon) 1Y) et 0e e nl). . (367)
The norms of the four terms are bounded from above by
jng) omt) | <ol
[, e Oe L) || < ||ewhsoe-$hs :
&) "= om) || < I, e~ - oms) || < O]
||H§Zse“soxe‘””hsnfls = ||H§Le”se‘”se“‘sOe—whsnﬁs
<Y e R e Oe *hs Oe (368)
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By combining the above two inequalities (367) and (368), we obtain

e Oe==h= || < 2||0]| + 2||e™"* Oe™h= . (369)
From the inequality (369), we obtain
I ) R e R L N € 10)

where we set O = ewmhs,sﬂe*g”i“ in (369). Furthermore, the inequality (369) gives

e s sare™ || < 2 sall + 2l by grre]), (371)
and
||ezhs+1e:vf7,s hsvsﬂeﬂﬁseﬂhsﬁ | = Heajﬁsewh5+1hs7s+1efa:h3+1efa:fls
< 2|t by g reT T || 4 2| et e e by e TRt e TR || (372)

where we use [, hgy1] = 0 which yields e*hs+1¢%hs = e#hserhst1 By applying the inequalities (371) and (372) to
(370), we have

||elfbs+1el‘;bs hs’s+le—wﬁse—wﬁs+1 H

<4||hs 511l + 4||ewh5hs,s+1e*whs + 4He“ﬂhﬂ+1hs_’sjqe*””hs+1 Il + 4||e””h5exh““hs,sﬂe*xh”le*whs . (373)
We here estimate an upper bound of each of the norms in (373). We first consider ||e®"=h, 51167 || by using
the Baker-Campbell-Hausdorff expansion:
zhs —xhs - z"™ m
le hth,erle o) < Z ﬁ”adhs (hs,s+1) I (374)
m=0 ’
By applying Lemma 18 to adj’ (hs s+1), we have
lad} (hs,s+)]l < (695%) ™ m | hs,sr1ll < go(6gk%)™ml, (375)
where we use ||hs s11]| < go in (46). This inequality reduces (374) to
- 1
zhg —xhyg 2, \m __
H€ hs,s+le S 9o Z (GQk CL’) = 4o 1_ 6gk‘2$ S 2907 (376)

m=0

where in the last inequality we use the condition of (359), namely x < v < 1/(12gk?). We obtain the same inequality
for |[e*hs+1hg cy1e”®s1 || and ||e®heethetihg e~ ®hs+1e7 s || Notice that we can apply Lemma 18 to hg + hgy1,
which allows us to obtain the upper bound of [e®hsehs+1h, e @hetiemhs | = ||er(hsthert)p o gem@(hsthora)||
in the same way of (376). Therefore, we finally obtain

||e$}~ls+1eﬁli}~ls hs,s+1€_xhse_xﬁs+l || < 28¢p. (377)

This completes the proof. O

Supplementary Note 5. LIST OF NOTATIONS AND DEFINITIONS

We here give a list of definitions and notations which we use several times in the proof.

—_

. {|0), A} (Supplementary Note 1 A1): the ground state and the spectral gap of the Hamiltonian H.

[\N)

. g [Eq. (5)]: upper bound of one-site energy, which is set to be equal to 1 by choosing the energy unit
appropriately.

. Vx.v(Ao) [Eq. (13)]: interaction operator between two subsystems X C A and Y C A.

. SR(O, X)) and SR(|¢), X) (Supplementary Note 1 A 3): Schmidt rank of operator and quantum state.
. K [Eq. (40)]: approximate ground state projection (AGSP) for the ground state |0).

. [0k) [Eq. (41)]: quantum state which is invariant by AGSP K.

~N O Ot s W

. {0k,ex, Dk} [Eq. (42)]: three parameters which characterize the AGSP operator K.
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8. {Bs}gié [Eq. (44), Supplementary Figure 2]: decomposed subsets which constitute the total system A. This

decomposition has two parameters g + 2 (the number of blocks) and I (the length of the bulk blocks, i.e.,
By, Bs,...,By).

9. hs [Eq. (45)]: internal interactions in block Bs.
10. {Es;,|Es ;)}; [Eq. (48)]: the eigenvalues and the eigenstates of hs, respectively.

11. hs s+1 [Eq. (45)]: interactions between blocks By and Bsyq1. The norm is bounded from above by go as in
(46).

12. H; [Eq. (45)]: interaction-truncated Hamiltonian.
13. 0H; (Lemma 3): difference between Hy and H, namely 6Hy := H — H;.

14. {|0y), Et,0, At} (Lemmas 3 and 4): the ground state, the ground energy and the spectral gap of the Hamiltonian
H,.

15. K¢ (Proposition 2): approximate ground state projection (AGSP) for the ground state |0).

16. {hs, 7,7} [Egs. (48) and (49)]: the block Hamiltonian in B, with the energy cut-off up to 7, = 7 + Ey,
where 7 is a control parameter.

17. H, [Eq. (50), Supplementary Figure 3]: effective Hamiltonian by using the multi-energy cut-off. The three
parameters {q, [, 7} characterize Hj.

18. {|6t>;Et,OaAt} (Theorem 5): the ground state, the ground energy and the spectral gap of the effective

Hamiltonian H;.
19. {\, X'} [Eq. (172)]: constants given in Theorem 5.
20. K, (z) [Eq. (162), Lemma 11]: approximate filter function which is utilized to construct the AGSP K.

21. Hgs), II; and II; [Eqs. (231) and (234)]: the projection operators onto the eigenspaces of hy, H and Hy,
respectively.

22. {E1,k} [Egs. (250) and (251)]: constants given in Lemma 15.
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