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Supplementary Note 1: Decomposition of a fully quantized field into a

classical part and a quantum part
Here, we set up the basic problem under consideration: an electronic system (such as an atom) that

interacts with an intense laser field and emits radiation (with a high harmonic generation being a
key example). We consider both the driving field and the emitted field to be fully quantized. In
this section, we show that by performing a suitable unitary transformation generated by a
“displacement operator”, the fully quantized field can be expressed in terms of the sum of a
classical (c-number) driving term and a quantized term. This transformation closely follows the

treatment in [1].

The free electromagnetic (EM) field in a vacuum has the following form [1]:

_ h ik « T _—ik
A=Y /m[eaakael "+ eyap, e KT (1)

where V is the volume of space, )., represents a summation over all possible photonic modes
characterized by polarization ¢ and wavevector k. The operators ay, and altg (here T means
Hermitian conjugation) are the annihilation and creation operators of a photon, e is a unit vector

of polarization, &, is the vacuum permittivity and c is the speed of light.

The interaction between an electron in an external potential U and the electromagnetic field can

be described by the following Hamiltonian [1, 2, 3]:
1
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where p is the momentum operator, q is the electron charge, m is the electron mass, Hg =
Yko hwkaltaaka is the Hamiltonian of the electromagnetic field and w, = ck is the frequency of
a photon of wavenumber k = |K|. The procedure below works in the exact same way for any

number of electrons, since it only involves the photonic parts.

When one probes an electronic system with a laser field, the combined wavefunction of the matter
and laser field before their interaction can be written in a factorized form |¥;) = |®;)|¥1aser), With

|¢;) the initial state of the electronic system and |),5er) 1S the quantum state of the laser field,



which is well-described as a multi-mode coherent state of the form |V 5er) = Hka|akae_iwkt).
The ay, are essentially the modal coefficients of the classical electric field, expressed as a sum of
all possible plane-waves. In what follows, we will perform a unitary transformation of the
Hamiltonian to “transform away” the quantum state of the laser field. The net result of this
transformation will be that the coherent state of the driving laser transforms to the vacuum state,
and the vector potential operator is shifted by a c-number function corresponding to the classical
time-dependent vector potential associated with the laser field. Therefore, the photonic state will

become simpler, at the price of the Hamiltonian becoming time-dependent.

The unitary transformation is generated by the “displacement operator” D (t)

D(t) = Hka exp[akoe_iwktalta - altaeiwktako]' (3)

The displacement operator D (t) has the following properties [4]:

( D®I0) = Miolaoe™ )

4 D()DT(H) =1
DT(t)akaD(t) = ks + akoe_iwkt .
LD (t)akaDT(t) = Qg — akae_iwkt

“4)

We may express the wavefunction |¥(t)) in terms of a transformed wavefunction |11~’) defined

such that

|¥) = D(0)|P), 5

with |W) satisfying the Schrodinger equation ih% = H|¥) with the Hamiltonian in

Supplementary Eq. (2). Substituting the transformed wavefunction, one immediately has that:
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Using the definition of D in Supplementary Eq. (3), along with properties of the displacement
operator (Supplementary Eq. (4)), it can be shown that:
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From the action of the displacement operator on creation and annihilation operators, it immediately

follows that:

DTAD = A(t) + A,

where Ac(t) = (lplaserlAll/)laser> Zka 2¢4 Vck[ aakaelk rologt + e;aik(oe_ik.rﬂwkt] and
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It follows that the Hamiltonian transforms according to:
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It also follows from the properties of the displacement operator that |¢’1) = |¢;)|0). Therefore, the

laser coherent state transforms into the vacuum state. Since the typical magnitude of a matrix

element of A is on the order of / - h the typical magnitude of —A2 is far smaller than any
0

other energy scale in the problems that we consider, and we will neglect this term henceforth. The

right-hand side of the transformed Schrodinger equation is given by
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Therefore, the result of the transformation can be summarized as:
— = H|P), (6)
where

H = Hrpsg + Hp + V (1),

1 2
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q
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The net result of the transformation enacted in this section is that the effect of the laser field can
be taken into account classically (as is typically the case in strong-field physics), while the
emission manifests itself as changes in the photon number in the transformed frame. This will be

clarified in Supplementary Notes 2-4.



Supplementary Note 2: Radiation emission in strong-field quantum
electrodynamics (SFQED)

In this section, we provide a self-contained review of the formulation of time-dependent
perturbation theory for systems in which the unperturbed Hamiltonian is time-dependent. As we
detail in later sections, we will consider high-harmonic generation as a process of photon emission
involving transitions between time-dependent states of the Hamiltonian of an electronic system in
a strong time-dependent field. We will use perturbation theory to calculate the corresponding

transition probabilities.

We start by introducing the interaction picture for the time-dependent system. We then solve the
corresponding interaction picture Schrodinger equation to leading order in the interaction. As the
perturbation theory for time-dependent unperturbed Hamiltonian is not a very common technique,
we provide a short but self-contained account of it here. Suppose that Uy(—o0,t) is the unitary
time-evolution operator of a time-dependent Hamiltonian Hy(t). Then, we may define an
interaction-picture wavefunction |¥(t)); related to the system wavefunction | (t)) by the relation
[P (t)) = Uy(—oo,t)|¥(t));. Given a Hamiltonian H = Hy(t) + V(t), it immediately follows

that the Schrodinger equation for the wavefunction in the interaction picture is
]
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with V;(t) = U;r BV (t)Uy(t) (for brevity, we have omitted the notation of the initial time in the
time-evolution operator). The general solution of this equation is prescribed by the time-ordered

exponential as [5]:

1 t
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Thus far, the considerations have remained general. Now, we shall apply it to the case where the
interaction Hamiltonian is between the driven electronic system and the quantized radiation field

in vacuum. The corresponding unperturbed Hamiltonian is (from the previous section):
Hy(t) = Hrpsg + Hg,

where the “TDSE” Hamiltonian contains only the interaction between a quantum electronic system
. 2 . . —
and the classical field, e.g., ﬁ (p - ch(t)) + U. The corresponding interaction Hamiltonian,

as derived in the previous section is:

V(t) = _% ((p - ch(t)) : Aq + Aq ' (p - ch(t))) = _%Aq : (p - ch(t))-



The last equality follows from the fact that in free-space, the quantized radiation field is
divergence-less, and thus commutes with the momentum operator. As the unperturbed
Hamiltonian is separable in the electronic and photonic degrees of freedom, U, (t) takes the form
i t . .
Uo(t) = Uppse(t)Up(t) = Uppsg(t)e ¥ 2ko @kioko Defining for convenience

P(t) = p — qA.(t), it follows that

ih% ¥ = %U'J;DSE(t)AqI(r' t) - P(6)Urpse(®) Y (),
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Up until now, the considerations have remained exact, independently of the strength of V.
However, we shall now consider what happens when V(t) is weak, so that its effect on the
wavefunction is accurately accounted for by expanding the time-ordered exponential to first order
in V(t). Expanding the time-ordered exponential to first-order in V(t) yields that the time-

dependent wavefunction in the interaction picture is given by

) = (145 [ Ulpse(DAq (r,7) - P()Urpsp(2)dr ) [W(—00)).
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The most common case for the initial state is that in which the electron is in some eigenstate |¢;)

of Hitom = % + U, as the external driving laser is off at t = —oco. Meanwhile, the emitted
electromagnetic field (which is also the entire field after the coherent shift from the previous
section) is in the vacuum state |0). Thus, the time-dependent state, expanding the vector potential
operator, is given explicitly by
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with |ko) = af:0|0) being a Fock state in which one photon is in the mode |ka). The tilde serves
as a reminder that this wavefunction can also be transformed back by a displacement-operator to

include the quantum state of the driving laser in the photonic state in a full QED Hamiltonian.

To retrieve the results of the main text, we may express the action of P(t) on [¢;) by inserting a

complete set of electronic states {|¢ ])} It is usually convenient to choose these states to be the

2
eigenstates of H,iom = zp_m + U, when the external driving laser is off at t = —oo. It then follows

that
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with Pj;(t) = (d)i(t)|e_ik'rP(t)|¢>]-(t)), where |¢;(t)) and {|¢j (t))} are time-dependent states,

which are connected with eigenstates |¢;(t)) and {|q,’> j(t))} by the following expressions:

|$:(8)) = Urpse(®)|¢i) and {|¢; (1))} = {Urpse(t)|$;)} for all j.

The wavefunction in the Schrodinger picture is immediately determined by applying the unitary

time-evolution operator

P(©) = [$:(EN0) + L 3,|¢,(6)) T gp 70 /ﬁ |1°,, dz (Pi(x) - €5)eix| ko). (7)

The full wavefunction with the entire photonic field as part of the quantum state can be obtained
by applying the displacement operator Supplementary Eq. (3), such that |¥(t)) = D(t)|§'7(t)).
However, we keep using the displaced wavefunction |‘¥7(t)) in both in the Supplementary

Information and paper because it separates the electronic system and the emitted field from the

driving field.

The time-dependent wavefunction enables immediate calculation of observables. Of particular
interest in problems of strong-field-induced light, emission is the spectrum of photon emission,

which is related to the expectation value of the energy of the electromagnetic field at long times

Etot-
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ot 18 the total energy of the driving and emitted fields. The energy of emitted field € is expressed
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by the last term:
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The discrete summation over all possible states, in the limit of an infinitely large box, can be

expressed as an integration:



zk: (2n)3c3fdQ dw w?.

Thus, the emitted energy per unit frequency and per unit solid angle is given by:

de
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where ) is a summation over all electron states |¢; (t)), and )., is a summation over all possible

photon polarizations.

In terms of a practical calculation of the spectrum of Eq. (S8), one should abide by the following
“algorithm”. (1) Choose a complete, orthonormal basis of wavefunctions for the electron {|¢) ])} at
time t; = —oo. It is convenient to choose the basis {|qb ])} in such way that the initial electronic
state |¢;) is part of this basis. Due to the unitarity of the time-evolution operator for the electron,
Urpsge(t), this basis stays complete and orthonormal for all times, because a unitary operator is

reversible and preserves the norm and the scalar product. Thus, each basis vector {l(;b ])} evolves

in time |¢ j(t)) = Urpse(t)|@ j). Note that this yields a time-dependent basis whose vectors are
not connected to energy eigenvalues (because there are no energy eigenvalues for a general time-
dependent Hamiltonian). (2) Calculate this time-dependent basis, for example, by solving the time-
dependent Schrodinger equation governed by Hypsg(t). (3) Given this time-dependent basis,
calculate matrix elements of the form Pj;(t) = (gbj (t)|e_ik'r(p —qA,)|¢;(t)). From here, the

spectrum is now fully specified.

Note that the considerations here have thus far made no reference to high-harmonic generation.
This prescription can be used for any problem where a driving field leads to emission of light at
new frequencies (or even for spontaneous emission without a driving field). Thus, this formalism,
which could be called strong-field quantum electrodynamics (SFQED), can be used to address

many problems in quantum nonlinear optics.

Supplementary Note 3: Dipole approximation for the driving field and the
emitted field
In general, the computation of the momentum matrix elements P;;(t) = (qﬁi(t) |e‘ik'rP(t) |q.’) q (t))

involves the integration of an electromagnetic plane wave over the time-dependent wavefunctions.
The computation of these time-dependent wavefunctions also involves accounting for the spatial
variation of the driving field over the electronic system. The spatial variations of the driving field
are governed by the wavelength of light at visible/infrared frequencies, which is much larger than

any characteristic scale of spatial variation of the wavefunction of the driven electronic system. In



that case, spatial variations of the driving field can be neglected. This assumption is the dipole
approximation for the driving field, which is applied in most simulations of the time-dependent
Schrodinger equation.

Considering the Hamiltonian for an electron in a classical time-dependent field
Hypsg = ﬁ (p—qA.(r, t))z + U, the dipole approximation for the driving field simply amounts

to the approximation A.(r,t) = A.(t). Under this approximation, it is common to perform a
unitary transformation on the Hamiltonian to describe the electron-field coupling in terms of the
dipole-moment operator, rather than the momentum operator. As a reminder of this unitary

transformation (see [1] for more details), the matter wavefunction |¢(t)) is expressed as:

B(0) = exp [i2Ac(8) - 1] 16" (D). ©

|’ (t)) then satisfies the following Schrodinger equation:
[Z+ U@) - gE®) - 1] 16" () = ih 2 [¢' (1)) (10)
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where the electric field E(t) = —A(t). In Supplementary Note 10, we quantify corrections beyond
this dipole (also called long-wavelength) approximation for the driving field.

Now, we move to discuss the dipole approximation for the emitted harmonics. Often, the
wavelength of the emitted light is much longer than the spatial scale at which the electronic

wavefunction varies. In that case, the matrix elements are highly simplified by neglecting the

spatial changes P (t) = (qbi(t) |e‘ik'rP(t) |¢j (t)) ~ (qbi(t) |e‘ik'r0P(t) |q,’)j (t)), with 1, the
location of the nucleus of the atom, taken below as the origin without loss of generality. This dipole

approximation avoids the need to integrate a plane wave over the electron wavefunction.

Additionally, under this dipole approximation for the emitted fields, the matrix elements may also

be expressed in terms of a dipole d;; (t) = (qb i (6) |qr|¢i(t)), rather than the momentum operator:
P;i(t) = (¢] (t)l(p qA) i (1)) = (‘f)] (t)| Hrpse, r]l¢i(t)) = dji(t);

t t
ﬁf dre“"kT—d (1) = e“"de (‘L’)| ia)kf drei“’krd]-i(r) ~ —iwkf dTei“’deji(T),

t , imwy (¢ .
=>f dr e'“'P;i(1) = — 7 f dr e'k'd; (7).

Under the dipole approximation for the emitted field Supplementary Eqs. (7) and (8) transform

into:
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After the integration over solid angle and summation of the polarization, we have the following

expression for the emission per unit frequency:

=Y L deietdt|” (12)
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Supplementary Egs. (11) and (12) correspond to Egs. (3) and (4) of the main text. The dipole
approximation for the emitted field gives accurate results in many cases, however, in the next
sections we will show that it can break down, specifically when considering high-harmonic

generation at very high harmonics.

We can apply for Supplementary Eq. (12) to the case of spontaneous emission in time-independent
electronic systems by changing the time-dependent states |¢;(t)) and |qu(t)) to the initial
eigenvectors |¢;) and |¢j). Substituting these eigenvectors in the dipole matrix element and

integrating over the frequency, we can get the formula for the rate of spontaneous emission [:

[, = , (13)
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where i and j are the initial and final state of the electronic system. Supplementary Eq. (13)
coincides with the well-known result for spontaneous emission in free-space [1]. Besides
Supplementary Eq. (13) representing a sanity check on our derivations, the manner of derivation
also suggests that we may interpret Supplementary Eq. (12) in the following way: the process of
HHG emission is very similar to spontaneous emission, with the “only” difference being that

electron states are dressed by the strong external field A.(t).

Supplementary Note 4: The single-atom and the many-atom regimes of HHG.
This section discusses the differences between HHG for a single atom and HHG for many atom:s.

Although we use the dipole approximation, the same arguments also apply to the expressions
without the dipole approximation. We found Supplementary Eq. (12) for the radiation emission,

however, the conventional result differs from Supplementary Eq. (12) and reads [3]:

U ii(t)eiwtdﬂz, (14)

do 61'[28 c3



where d;; = (¢;(t)|qr|¢;(t)) is the (diagonal) time-dependent matrix element. It can be shown
(see discussion in [6]) that in the case of many-atoms emitting HHG, the formula for the emission
is the following:

d _ N2 2 dy(0etdt]” + N - 5 —o—

dw 61122 c3

s dﬂ(t)e“"tdt| (15)
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where N is the number of atoms. Supplementary Eq. (15) gives Supplementary Eq. (13) in the case
of emission by a single atom (single-atom regime). However, if we have many atoms (N > 1), the
contribution of the “incoherent” part (i.e., the part in Supplementary Eq. (15) proportional to N)
gradually becomes negligible and we get Supplementary Eq. (14) multiplied by N?. Hence, we
have two quite distinct regimes of HHG: a single-atom regime described by Supplementary Eq.

(13), and a many-atom regime described by Supplementary Eq. (14).

Consequently, the single-atom regime has major conceptual differences from the many-atom
regime. For example, the energy difference between different states |(,‘b j(—OO)) before the
interaction leads to emission spectra that contain shifted frequency combs (the shifts correspond
to transition frequencies of the atom in the absence of the driving field). We show examples of
such spectra in the main text. We should note that these conceptual differences arise only from the

quantum nature of the HHG emission and we do not consider phase-matching effects here.

Supplementary Note 5: Non-perturbative calculation of HHG for a “one-

level” model

In the previous sections, we have calculated the (quantum) emission of light by a single strongly
driven atom. In those calculations, we assumed that the coupling between the driven atom and the
quantized field is weak and that the effect of this coupling could be considered to first order in
perturbation theory. For a single atom, as we shall show below, this is generally valid. However,
for the case of many atoms (as in a gaseous target), this is not always the case, as the number of
photons produced can be much larger than one (even if each individual atom produces much less
than one photon). In that case, higher orders in perturbation theory can become important. Here

we provide a non-perturbative account of the photon emission.



Electronic states of a helium atom
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Supplementary Figure 1. [llustration of a “one-level” model approximation of a helium atom

In this section, we will use the “one-level” model, which takes into account only transitions
between the initial ground state of the atom and the continuum (i.e. ionization) as it depicted in
Supplementary Figure 1. Only the transitions ending in the same state as the initial state need to
be retained in the many-atom regime. When transitions to other electronic states are negligible, the
“one-level” model gives a correct prediction of the emission spectrum. This situation is often
referred to as the non-depleted ground state approximation [2] and is often the case for

conventional parameters in HHG.

In cases that can be described by the “one-level” model, the photon statistics is trivial (Poissonian
statistics), as we show below. In this model, we have a single time-dependent level established by
applying the driving field to the initial state of the atom. Accordingly, the time-dependent state of
the system may be written as |‘T’(t)) = |¢;(t))|x(t)), with | x(t)) some photonic wavefunction.
The resulting time-dependent Schrodinger equation for the interaction picture photonic

wavefunction can then be approximated as:
0 h it @ iort @ .
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where |y (t)) = Ug|x(t)),.

The solution of this equation may immediately be written as [7]:

@) = | | exp[Biyaty — Bigais] Ix(—o2)),
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where | y(—o0)) = |0) is the initial photonic wavefunction (taken to be the vacuum state) and
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Therefore |#(t)) has the following form:

|P(©) =|:(O)x(®)) = 1 (1)) (Up(t) 1_[ exp| oty — ﬁﬁaaka]) |0).
ko

Finally, we have:

1P(0)) = 16i(t)) [k Broe ™ x). (16)

Let us expand Supplementary Eq. (16) in a Taylor series up to the second order in the coupling

.Bkcr:

P©) = i) 10) + e Y Bglko) + Y eT@nrondp e lkioy)lkoa) |
ko ki01#k;0,
Note that the first two terms coincide with the part of Supplementary Eq. (11) coming from
diagonal matrix elements, showing consistency with our previous results. From the last equation,
we see that first-order perturbation theory is correct when we can neglect the last term, i.e., when

the norm of the third term is much smaller than the norm of the second term:

ZkalBkalz < 1.

This condition holds true in typical conditions for a single atom [3], hence in the single-atom
regime, the first-order perturbation theory that we used before is well-justified. Importantly, in
typical HHG experiments, the number of photons emitted is N2 Y| By 1% (Where N is number of
atoms), which can be much greater than one when N is very large. Hence, in the many-atom case,
we cannot always use first-order perturbation theory and should derive the equations in a non-

perturbative way, as is done in this section and the next section.

Going back to the initial reference frame, where the laser mode is populated with many photons,

the corresponding wavefunction |¥(t)) is given by:
1#() = Mo exp [ Im[ @10 B0 (e @4t]| 11O (a0 + Bro (D) 41),  (17)

where |(ak(, + ,Bk(,(t))e_iwkt) is a coherent state in which the initial laser coherent state
parameters ay,, have been displaced by the emitted field contribution Sy, (t). Note that in the case
of many atoms, By, (t) should be changed to Ny, (t) in Supplementary Eq. (17). At harmonics
of the driving laser, or any mode Ko that was empty before the emission, ay, = 0 and so By, (t)

dominates the mode.



Consequently, the HHG radiation is a tensor product of coherent states describing each harmonic
frequency. A single coherent state emission of photons is described by a Poisson distribution, and
this is also the type of radiation emitted by a classical current [7]. Specifically, Poissonian statistics

gives zero Mandel parameter Q = 0 and zero squeezing 1. These parameters are defined by the

(n?)—(n)?

(n)
operator; the squeezing n = 10|log|44X?|| [2], where AX? is the variance of the quadrature

following formulas: the Mandel parameter is Q = = 1, where n is the photon number

operator As we will see in the next chapter, all the quantum features arises from taking into account

transitions between different levels of an atom.

Supplementary Note 6: Non-perturbative calculation of the quantum state of

the emitted HHG

In the previous section, we considered a “one-level” model and came to the conclusion that only
transitions between different states give non-trivial photon statistics. In this section, we take into
account not only transitions between ground state |¢;) and continuum, but also the transitions

between different levels of the atom (Supplementary Figure 2)

Electronic states of a helium atom
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Supplementary Figure 2. [llustration of electronic states in a helium atom

We present the Schrodinger equation in the interaction picture from Supplementary Note 2:

R
Lﬁa Y (), = Vi(OI¥(®)),



with V,(t) = Ug (OV(t)Uy(t) (for brevity, we have omitted the notation of the initial time in the
time-evolution operator). The V;(t) term in the dipole approximation can be decomposed in the

basis of the stationary atomic states {|¢,,)}:

V() = = ) Agi(®) - & - [fn)(l
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The general solution of the Schrodinger equation |¥(t)); can also be presented on the basis of

stationary atomic states:
PO) = ) ™ gm)
m

where |y™) is the photonic state corresponding to the mth state of the atom (note that the

normalization condition requires ).,,(x™|x™) = 1). Substituting this form of the general

wavefunction into the Schrodinger equation, we get:

. 0x™) h B , _
ih T = — Z —ZgOVwk [akae lwgt 4 alt()'elwkt] Z (ea . dmn(t)) [x™).
ko T

To proceed, we make the assumption that each frequency can be treated independently (equivalent
to neglecting the entanglement between different harmonics). Then, for each harmonic, we can

write the following equation:

i ) o etont 4 af 0] Y (e - dpu®) i)
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We can rewrite this equation in a matrix form. We build the matrix D(t) of d,y,,(t) elements:

D(t) = {d},,,,, and define the column of photonic states:

|Xieo)
| Xko) = IxZ) |

In this matrix form, we have the following time-dependent equation for the photonic states:

0Xks) _ . | WirWo —iwgt T Liwgt]r
6ta - L\}énlsocsa[akae R+ ay etk ]D(t)lka’)’ (18)




c3

2
o3 —COS 0,4, relates to the amplitude of the emitted harmonic, w, is the driving
k@Wo

where a =
frequency, and 6,4, is the angle between the dipole moment and the photon’s polarization. For the
numerical calculations below we use the initial condition |y, (t;)) = 61,|0), where &§;, is the

Kronecker delta.

We solve (Supplementary Eq. 18 ) numerically for different frequencies wy. For the example
presented in Figure 3 and 4 in the main text, we take into the account only the ground and the first
excited state of the atom and neglect the other transitions. Such simplification is justified by Figure
2 in the main text because we can see that the largest contribution for the emission is connected
with the ground |¢;) = |g) and the 1% excited state |¢p,) = |e). Under such an assumption, we

have the following simplifications:

Xio(t) = (19),

_ leif(t)))
| Xko (1)) = <|X§a(t)> ,

dgg(t) dge(t)>

D) = (degu) dee(t)

1P (O) = 1xB®))g) + [x°(©))e).

We developed a numerical simulation that finds |y8(t)) and |y€(t)) for each frequency. In the
previous sections, we distinguished between two different regimes of emission: the single-atom
regime and the many-atom regime. For the single atom regime, the wavefunction is given by the
expression above for |¥(t));. However, for the many-atom regime, due to the incoherent nature
of the transitions between different states, the part of the state projected on |g) contributes

dominantly to the emission |‘I’many(t))1 ~ |x8(t))|g).

For both the single- and many-atom regimes, the quantum statistics of the emitted light can be
calculated using |Wy (t)); by tracing-out the atomic degree of freedom. As examples, we calculate

the Mandel parameter Q and the squeezing parameter 1 [7].

_nH—m?

(n)

n = 10[log[4({X?) — (X))]I,

Q 1,



using the following definitions n = ata and X = % (a + ab). The final formulas for each operator

0 (e.g., n,n?, X, X?) after tracing-out the atomic degree of freedom, have the following form:
(0) = (x&|0|x#) + {x°|0[x°).
For the many-atom regime, we can neglect the terms that contain |y ).

The numerical simulations depend on the parameter « that relates to the number of atoms and the
duration of the driving pulse. Below, we estimate the parameter a. Using Supplementary Eq. 12

from Supplementary Note 2, the average number of photons per unit frequency is given by:

dw  Zu6m2eyhc3
j

To estimate @, we compare this result with the 1% order perturbation theory solution of

2

+00
f dji(t)eiwktdt

Supplementary Eq. 12, which gives:

2

+00
J dji(t)eiwktdt

Wi
2
n ~ —_— W a
(Mo, Z e @ lal
J

) A . )
Comparing these formulas, we conclude that |a|2~w—w. Here, Aw is the spectral width of the
0

harmonic that directly relates to the duration of the driver pulse T as Aw~ % For the many-atom

regime, the final expression for a also takes into account the number of atoms N, (that are phase-
L
VN
1s the number of cycles in the driving pulse. We have N. = 40 (Figure 2 in the main text) and thus

matched in their emission). The result of this estimate yields @ = a, - N, where a = and N,

form a single atom a, = 0.16. Note that through this rough estimate we can see that the emission
efficiency and dependence on the intensity of the driver field do not strongly influence « (they still

alter the emitted number of photons).

For the numerical simulation, we take « in the case of a single atom equals to @ = ay = 0.16. In
the many-atom regime, we use @ = 0.158 - N, for different values of a phase-matched number of
atoms N, = 103, N, = 10* and N, =5- 105. We should note that the phase-matched number of
atoms can be many times smaller than the real number of atoms (N, < N). Hence, to change the
phase-matched number of atoms N,,, it is necessary to change the density of atoms in the gas (e.g.,

by changing pressure).

All the results of numerical simulations of Supplementary Eq. 18 with a, = 0.16 are presented

and discussed in the manuscript in Figures 3 and 4. Specifically, Figure 4 in the main text presents



results for both Q and 7 for three different values of Nj,. These examples show that given a fixed
emission spectrum, the stronger the emission, the more squeezing we get. Nevertheless, even in

the limit of the weakest emission — in the case of a single atom — other quantum features appear.

Supplementary Note 7: Photonic states in the single-atom and the many-atom
regimes
This section discusses the quantum optical nature of the emitted photon in HHG and general

emission processes in nonlinear optics driven by a strong field. We recall the formula for the

electron+field wavefunction (Supplementary Eq. (11)) in the single-atom regime:

. 1 . h t .
IT©) = 1$:D)0) + Y | (0) 7 ) emiext /28“;; [ | dre(dy@ - e,)| Ik
j ko -

Perhaps one of the most interesting features of this wavefunction is the entanglement between the

photonic state and the electronic state, in the sense that we cannot decompose the wavefunction

into a tensor product of a photonic state and an atomic state. We can write the photon states as

1 —iwgt hwk ‘ iwT
| 1hmc,i) = EZ ek 2e0V f_dee ¥(d;i (1) - e,) | Ika),
g

and write the combined quantum state as |¢’(t)) = |¢;(t))|0) + Zj|¢j (t))| IHHGJi).

Entanglement, of course, is a purely quantum effect and has many consequences; many of which
are beyond the scope of this work. One thing that we will comment on is that the entanglement
appears to be “ruined” in the many-atom regime because only the initial state of the atom gives a

considerable contribution to the wavefunction:
(@) = 1:()(10) + |1ung,i)), (19)

where |‘¥7(t)) is normalized on the number of atoms N in the many-atom regime. From
Supplementary Eq. (19) we can see that the combined wavefunction is a tensor product of a

photonic state and an atomic state, hence there is no entanglement.

Let us investigate the final photonic state in Supplementary Eq. (19):

|lpph(t)) =[0) + |1HHG,ii>- (20)



We see that the photonic state |1HHG,“) is the superposition of different frequencies.
Supplementary Eq. (20) tells us that each photon in the HHG carries all the frequencies of the
entire spectrum because it contains matrix element d;;(t). This prediction can be tested
experimentally by measuring the field autocorrelation function. In the manuscript, we propose how

such an experiment might look. Here, we derive the field autocorrelation function [4]:

AP (D) = [TPEO(t + 1) - EW(D)dr, 1)

where A® (1) is the autocorrelation, E(t) = —i Yy,

E(+)(t) =i Yo /—(ke )ay, pilkr—wit)

We define req as the spatial vector connecting the detector and the emission location (Fig. S3).

PP

detector

2eoVek (kea)ak ~iler=wrt) and

emission

Supplementary Figure 3. The distance between the emitter and detector is 7.q = |Feq]-

We substitute the fields and get:

—iw. s hwkl fl(,l)k ).
AD@ =) ) e /m /28 (@5 - €g)af gty e )Mo 218 (0 — ).
0 0
ko k'c’

w?dwdQ:

We then transform the discrete sum in the integral to Yy — [ an )3 S

5

hw . .
o,0’

Therefore, the autocorrelation function equals:

(AD (1)) = (P | AP (D) |W,n) =

’ _' —ik(ex—e,r)Te T
Zfdﬂfdﬂ fdwk 280(21'[)5(;6 eIV (e, - ey)e~HETE)T U Wph | tieo o’ ),

where



Wy +oo . +oo s "
(thlalaakafl%hhm f d ek (dy(7) - e,) f dt ek (dji(7) - e,0).

After integration over solid angles, we get the final expression for the field autocorrelation:
2
>] el T dw. (22)

Here (A@ (1)) is calculated in the approximation of k7,4 > 1, up to the first order in k:
ed

Te

(MO @) = [ o (nkrer)’ [(

3¢2.6
8miggC KTed

f_:O dr e'K* <dii(T) - re_z : dii(T)>

Supplementary Note 8: The quiver radius as an important characteristic of

the system

In this section, we provide an estimate for the magnitude of the “dipole” moment associated with
high-harmonic generation. The dipole moment can be estimated as the classical dipole moment of
the atom during the HHG process (associated with the orbit of the ionized electron around the
parent nucleus). For an intense driving field, one can assume that the electron is free and define
the so-called “quiver radius” a, which is the amplitude of motion of a free electron in the electric

field of the laser E = E, cos wyt with frequency w,.

qE

=—,
mwg

where m is mass of the electron. In this case, ga can be used as an estimate of the magnitude of
the dipole moment. The quiver radius can also be expressed in terms of the intensity and
wavelength of driving field as:

_qA} 21
4m2mc? A cgy’

(23)

where [ is the intensity of the driving field and A, is the wavelength of the driving field. In the
main text, we take as characteristic values I = 2 - 101* W - cm™2 and 1, = 800 nm. In this case,

the quiver radius is roughly 1 nm.



Supplementary Note 9: The magnitude of non-dipolar effects in both the
driving and the emitted fields in HHG.

The dipole approximation for the driving field is accurate when the spatial size of electron orbit

(e.g., the quiver radius, a) is much smaller than the wavelength of the driving field:
a < Ag. (24)

This holds true in all experiments so far because beyond-dipole corrections scale with the typical

ratio i—na ~ 1072 (for 4, = 800 nm and a = 1 nm).
0

What is more interesting is the validity of the dipole approximation for the emitted field, which
holds provided that a is much smaller than the wavelength A of the emitted light. This

approximation should be violated for the higher harmonics that can have wavelengths on the few-

. . 2 2
nanometer scale. In that case, the emission power scales with the parameter —Sa=n-—a, where
0

. . ) . . 2
n is the harmonic number. For instance, this parameter for 101" harmonic equals to 101 - A—n a~1.
0

In this case, one strongly expects multipolar contributions to become relevant.

The general formula for the emission beyond the dipole approximation for the emitted field is
Supplementary Eq. (8). However, Supplementary Eq. (8) can be hard to calculate numerically. We
make simplifications in the next two sections. We consider only the diagonal element P;; inline
with our discussion of many-atom effects. Phase-matching effects can be added on top of the
calculation, as we discuss at the end of the section. We have the following formula for the emission

beyond the dipole approximation (corresponds to Eq. (6) of the main text):

de
dwdQ

2 2 oo . 2
2030, wcglf (P;(t) - ey)eltdt]| (25)

2(2m)3gg m2 o
where Py(6) = ($i(0)le™™" (b~ 2A.(0)) 19:(0)).
It proves useful to write P;;(t) - e in an equivalent form:

P®) e =5 (4] {(p - LA, e} 9y 0))

c

where {(p — %Ac(t)) ) e‘ik'r} = e~tkr (p — %Ac(t)) + (p — %Ac(t)> e~ T This form is

equivalent to the previous because the commutator [(p - %Ac(t)) - e, e‘“"r] = 0.

We reintroduce the operator P(t) = p — qA.(t) and calculate the emission spectrum:



de q> w

dodQ 2(2m)3ey m?

2 +o00 +o0o
[ e [y
4 —0o0 )

1 .
X EU- v J- av, ¢*(r3, 1) 9" (1, 71) Z(P1 (t1) - €5) (Per(Tz) : eu) P(ry, 7)) P(rz, T,), e kewrrra)
Using the identity

> @) e (P ;) = (Pi(r) - P(x)) - (B (2) - e (P (z2) - )

Here P; acts on coordinate r; and P, on coordinate r,. Let us assume that we have a driving field
linear polarized along the z direction. Then, the z polarization components of all the expectation
values are much larger than the components in the other directions because the largest electron’s

displacement is in the direction of the driving field E(t). Hence, (¢;(t)|r|¢;(t)) =
e, (i (0)1z[¢p;i(t)) and (i () |P|p; (1)) = e (i (D)|P;|;(1)).

Under such an approximation, we get:

de qZ w*sin” 6 f+ood lwTy f+°°d —lwTy w
dodQ ~ 2(2m)3e, m2c3 J_,, f1€ fz¢€

— 0o

1 .
x| [ @7 [ @V, 0, e)0 (1,70 (P 0 (P2 (7)) $ o, ) 1 7)) 050 =

_ q*w’sin®6 f+°°dT iy j+mdr s z (ik)"™ cos™ @ zn: (—D)™n!(1/2{P,, z™})}{1/2{P,, 2" ™})
~ 2(2m)3ggm2c3 J_ 1 o Z n! (n —m)!m! '
m=0
It can be proven that the following equation holds true:
1 im1l
E {Pz(t), Zn_l} = 75 [HTDSEI Zn]'

where P, has the following properties: P,(t) = % [Hrpsg, z] and [P, z] = —ih. Hence:

de 1 w*sin?0 [*® . +eo . ik\" L (=)™ (™ (e WA (¢
= J dr, e”"TlJ dr, e"i0m2 E (—) cos™ 6 E =D ()X ( 2)).
dwdQ  2(2ms ) , q 0 (n—m)!m!
m=

—00
n

Finally, we get:

(=1)™(@™* ! (w){d" ™ (w))*
(n-m+1)!(m+1)!

4 a2 . n
= s T () cos™ 0 X, . (26)

dwd? ~ 2(2m)3e0c3

where (d™(w)) = [ e"%(¢;(D)|(q2)™|$i(D))dr and (d™(w))* = [ e~ (¢;(D)|(q2)™ | (D))d.

Supplementary Eq. (26) gives all the multipolar contributions to the emission spectrum. In the

main text we presented the first three terms in the expansion:



o~ ol (KA (@) + £ cos 6 Im[(d(@))d(@))] +5 cos? 6 (1@ = SRe[(@d@Nd*@))1) ). (27)

dwdQ 2(2m)3¢gyc3

The first term here is the known dipolar term, equivalent to the emission spectrum under the dipole
approximation for the emitted field. The third term (that scales like ~k?/q?) is the quadrupole
emission. The second term (that scales like ~k/q) is the emission by an interaction between the
dipolar and quadrupolar terms. After the integration over all angles, the interaction term cancels

out and we have (equivalent to Eq. (7) in the main text):

L o 2 (K@) + 225 (L@ ()7 — FRe[(d(@))Nd*@))T) ). (28)

dow  6m2gyc3 5q2c?

Supplementary Eq. (28) contains the dipolar and the quadrupolar emission. In the main text, we
show numerically that the quadrupolar term becomes significant in case of an intense enough
driving field (typically I > 10'* W - cm™2). Interestingly, the quadrupolar term contains even
harmonics. As we discussed in the main text, the directionality of the quadrupolar emission cause
it to diminish in regular phase-matching conditions. Therefore, the observation of beyond-dipole
corrections requires an excitation from two or more directions to create new phase-matching
conditions. Alternatively, experiments without phase-matching conditions (e.g., from thin areas of

interaction as in some solid HHG) are also expected to show beyond-dipole corrections.

Supplementary Note 10: Coherent and incoherent parts of the radiation

In Supplementary Note 5, we briefly discussed the coherent and incoherent parts of HHG radiation
and the difference between the single-atom and the many-atom regimes of emission. Here we will
give a qualitative explanation for why some part of the radiation is incoherent. This result shows
the potential of the quantum approach of SFQED and especially important in the many-atom
regime of HHG.

Let us consider N atoms inside a small volume relative to the wavelength of the driving field, such
that emission from the individual atoms will be in phase. We neglect the interactions between the
atoms and only consider their interactions with the external laser pulse and with the vacuum
electromagnetic field. For the sake of simplicity, we will consider a model of two-level atoms with
ground |g) and excited states |e). These assumptions can be relaxed in a more general derivation

which we will not attempt here.

We introduce the raising operator s*, the lowering operator s~, and the operator sZ, for each single

atom:

sTley=1g), s7Ig)=0,

s*¥ley=0, s*le)=lg),



s“ley=1le),  s*lg)=—lg),
We construct the collective operators for the many atoms:

S+=Zsi+, S‘=ZS[, SZ=Zsl-Z,

L L l

where )}; is a sum over all atoms.

Recalling the single-atom formula Supplementary Eq. (12), the emission from a two-level system

model initially in the ground state has the following form:

de w*

dow 6m2eyc3

(|dge(@)]” + [deg(@)[),

where the initial condition on the atom was in the ground state |g). Moreover, dggz(w) =
J(g@®Idlg(®))e!dt, and deg(w) = [(e(t)|d|g(t))e!dt, with d being the dipole moment
operator for the two-level system. We can write the same formula in a different way:

de w*

do = srayc Bl (@d@e)
dgg((l)) dge ((l))

where d(w) = (deg(w) dee(w)

) = dgeS™ + degST + dgg G — sZ) + dee G + sz),

For an ensemble of atoms initially at the ground state, this formula can be generalized in analogy

with [11] to yield:

de ot

(g...g|DT(w)D(w)|g ...8), (30)

dw 6T2gqc3

where |g ... g) is the ground state of the ensemble of atoms, D (w) is the total dipole moment of the

system:

D(@) = dgeS™ + degS™ + dgg (5= 57) + dee (5 + 57). 31)
which together with Supplementary Eq.(30) yields a general expression for the emission of N
atoms.

This model is limited because it does not capture the dynamics of the atomic state; however, it is
a useful approximation [11]. We use this result to make a qualitative prediction about the emission

spectrum, substituting Supplementary Eq.(31) in Supplementary Eq.(30):

de ot

(N?|dgg(@)]” + N|deg(@)]*) (32)

dw 6T2g,c3



This formula Supplementary Eq. (32) coincides with Supplementary Eq. (15) and qualitatively

explains why the radiation from the transition dipole deg is incoherent — it scales with N. The

radiation from the expectation dipole of the dipole dgg is coherent — it scales with N 2,

In this section, we showed the derivation of the coherent and the incoherent parts of the HHG
emission for an ensemble of atoms. We again note that the many-body theory written here is just
a qualitative approach because it does not take into account the dynamics of the atomic system.
Moreover, the approach applied in this section does not capture the statistical properties of the
emitted photonic field. Nevertheless, this section makes a first step in the construction of a

consistent quantum many-body theory of HHG.

Supplementary Note 11: Comparison and proof of equivalence of two

approaches for calculating the emission spectrum
In this section, we compare our formalism with the derivation in the paper [12], which calculates
radiation emission from a bound electron in a strong field in a different approach than ours.

According to Eq. (4) and Eq. (11) in this paper, we have the Schrodinger equation:
.0
th—= ¥} = (Ho(O) + Vind I¥),

where H, is the Hamiltonian including the classical part of the field, and Vj,; is the perturbation

connected with the quantum part of the field. In our notions, the interaction part looks like:
q
Vint = EAq ' PI
where in dipole approximation
A s . .
Aq(r; t) ~ Zka ’m [eoakae fort + eaal-l;o-(k)eﬂwkt] and P(t) =p- ch(t)-
According to Eq. (6) in [12], unperturbed state evolves by ordinary TDSE:

0
iha [;) = Ho(t)[1h3).

Then, the perturbed state can be found in the following form according to Eq. (9) and Eq. (1) in
[12]:



1) = 5(0) ® 10} + ) [0} ® ko).
ko

In the 1% order, we can write the following equation for |ixs) (Eq. 12):

’ h
|l/)ko) - Ho(t)llpko) + 28 Vck

Hence, [12] suggests firstly to solve TDSE for |1;) (Eq. 6), then to solve TDSE for each Kk and o
for the perturbation |Yy,) (Eq. 12 in [12]) and then find the emission by the formula (Eq. 13 in

[12]):

[e; - Peti@rt][y,).

e =) holioli)
ko

In comparison, our approach is to solve TDSE lh |l/)(t)) Hy(t)|y(t)) not only for the initial

state but also for all orthogonal states, thus we form a full orthogonal basis {|1/) ;i (0) )} To prove

the equivalence of the two approaches, we decompose the state |y, ) in time-dependent basis:

o) = ) GO 0),
J

with the equation for the C;(t) coefficients being the following:

h

d
lh C(t)— 2eVek

(;[Plpi)esetest.

Solving this equation we get the following result:

q ’ h N
[Yke) = hi ZSOVckZ j dt (Pji : ea)elwkT |1/’j>-
j

Then finally, using the equation for the emission (Eq. 13 in [12]) we get:

W%ZZ [ e (o5

which is exactly Supplementary Eq. (8). Thus, both approaches are mathematically equivalent.

)
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