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SUPPLEMENTARY NOTES

Supplementary Note 1: Fabrication and
experimental setup

We fabricated the sample, shown in Fig. 2(a-d), on
a 4.3mm x 7mm silicon substrate. We patterned all
elements except for the Josephson junctions in a 150 nm-
thick sputtered niobium film using photolithography and
reactive ion etching. We fabricated the Josephson juncti-
ons in a separate step using electron-beam lithography
and shadow-evaporation of aluminum in an electron-beam
evaporator. We mounted the sample on the base tem-
perature stage (20 mK) of a dilution refrigerator, inside
an aluminum and a cryoperm shield, as shown in the
wiring diagram in Supplementary Figure 1. We used a
combination of coils, and flux lines equipped with low
pass (LP, 780 MHz) and infrared filters based on Eccosorb
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CR-124 absorber material [1], for flux biasing of the
sample. We attenuated the signals in the drive lines using
a20/20/20 dB scheme (at the 4 K, 100 mK, and base tem-
perature stages) [2]. We operated both the readout output
line, and the photon output with Josephson Parametric
Amplifiers (JPA) [3] as first elements in the detection
chains, with 27 dB and 18 dB of gain respectively. We
placed them in separate sample holders with two layers
of cryoperm shielding and a coil for magnetic flux biasing.
At room temperature, we amplified the readout output
(A) with one extra stage compared to the photon output
(B). We made this choice to preserve the linearity in the
amplification chain for the photonic modes, an essential
requirement [4] to perform tomography. The use of an IQ)
combiner increases the efficiency of the detection chain
when the gain of the JPA is not fully overcoming the noise
added later in the chain.
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Supplementary Figure 1. Schematic of experimental setup. For details see main text.



Supplementary Note 2: Device characterization

We characterize first the auxiliary system using its
dispersive coupling to the readout resonator and Pur-
cell filter [5]. Transmission of a weak signal through
the feedline shows the presence of a resonator mode at
frequency wy,. /27 = 6.664 GHz, with effective linewidth
Ket./2m = 25 MHz, when the auxiliary qubit is biased
to its maximum frequency, the sweet spot (see Supple-
mentary Table I for a summary of the parameters). We
use qubit spectroscopy to find the transition frequencies
wge/2m = 5.758 GHz and w.y/2m = 5.455 GHz. Time-
resolved resonator spectroscopy when preparing the first
(second) excited state of the auxiliary qubit allows for
the extraction of the dispersive shift of that state im-
parted on the readout resonator X(e)/27r = —5 MHz
(x)/2r = —8 MHz).

In a second step, we use the coherent scattering of a
weak input tone by the emitter qubit into the transmission
line to determine its transition frequency. Using a bias
coil, we tune it to wp1 /27 = 5.896 GHz, such that both the
SWAP frequency Acgpg1/2m = 139 MHz and the CNOT
frequency Agge1/2m = 441 MHz are well separated from
each other, far detuned from the anharmonicity «/27 =
(Wef — wge)/2m = —303 MHz, and within the bandwidth
of the Arbitrary Waveform Generator (AWG) used to
drive them.

We characterize the tunable coupler by driving it into
a mixed state using a strong continuous drive on the
charge line which weakly couples to it, and observing
a dispersive shift on both the emitter and the auxiliary
qubits. Tuned to w./2m = 4.7 GHz, the tunable coupler
imposes a coupling between the auxiliary and the emitter
qubits that has the opposite sign as the coupling of the
fixed coupler, such that the constant coupling Jpc vanis-
hes. We verify experimentally that Jpc/27m < 20 kHz is
reachable by performing time-resolved 77 and Ramsey
sequences at smaller auxiliary-emitter detunings, and
observe that the lifetime and Ramsey dephasing times
of the auxiliary |e) and |f) states are not limited by

Auxiliary g-e frequency, wge /27 5.758 GHz
e-f frequency, weys/2m 5.455 GHz
anharmonicity, a/27 -303 MHz
lifetime of |e), T\ 21 us
lifetime of |f), Tl(f> 7 us
Ramsey dephasing time of |e), TQ*@ 17 ps

Ramsey dephasing time of |f), T;(f) 8 us
readout frequency, wro. /27 6.664 GHz
readout linewidth, Keg. /27 25 MHz
dispersive shift of |e), x(¢) /2 -5 MHz
dispersive shift of | f), x'*)/2x -8 MHz
Coupler tunable coupler frequency, wc/2m 4.7 GHz
Emitter 0-1 frequency, wo1 /2w 5.896 GHz
decay rate, k/2m 1.95 MHz

Supplementary Table 1. Measured device parameters.
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Supplementary Figure 2. Qutrit readout. Assignment
probability matrix Passign.(s|p) for the auxiliary system A
prepared in state p, and assigned to state s.

their Purcell coupling to the emitter at the frequencies
chosen for the experiment. We extract the strength of the
parametrically activated couplings Jac /27 ~ 5 MHz from
the splitting of the emitter transition when parametrically
tuned into resonance with a transition of the auxiliary
qubit.

By comparing the Rabi-oscillation visibilities of the
e-f transition with and without a RJ°(m)-pulse [6], we
measure a steady-state thermally excited population of
the auxiliary qubit of ne.. = 0.08. We realize an un-
conditional reset of the thermally excited population of
the auxiliary qubit [7], by preceding all measurements
reported in this manuscript by a 2 us long pulse at the
SWAP frequency Acogi. This equates the auxiliary sy-
stem excited population to the steady-state population
of the emitter qubit, which quickly thermalizes to the
output transmission line thermal population through the
engineered decay rate k. After a reset pulse, we extract,
in single-shot readout, as well as by comparing the Rabi-
oscillations visibilities on the e-f transition with and
without a RJ¢(r)-pulse, an upper limit of ny, = 0.003
of the excited-state population. This corresponds to a
40 mK equivalent temperature of the transmission line.

We perform three-level dispersive single-shot readout [7]
in 256 ns with a fidelity characterized by the assignment
probability matrix Pjgign. presented in Supplementary
Figure 2.

Supplementary Note 3: Two-qubit gates

We perform gates of the SWAP and CNOT families,
which are represented with respect to the basis B =
{190}, |g1),|e0),|el)} by an arbitrary rotation angle 6
and phase ¢ as

0 0 0
cosf/2  €?sind/2 0 1
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Supplementary Figure 3. SWAP and CNOT gate cali-
bration. (a-b) Pulses applied to the auxiliary qubit (A) and
the coupler (C') generating excitations in the emitter qubit
(E), for a gate of the SWAP (a) or CNOT (b) family. (c)[(d)]
Measured |e)-state (| f)-state) population as a function of pulse
length ¢ and pulse detuning ¢ from the sideband frequency
Agog1 (Afge1) for the pulse scheme shown in (a) [(b)].

and
10 0 0
01 0 0
CNOT(8,¢) = 00 cosf/2 €“sing/2]" (2)
00 e sinf/2 cosf/2

In the work reported here, we always choose the phase
¢ = 0 by an appropriate choice of the phase of the radio-
frequency pulses, and start a two-qubit gate with the
emitter in the state |0).

We perform SWAP-type gates by applying a radio-
frequency pulse to the coupler flux line at the difference
frequency Acog1/2m = (wo1 — wge)/2m = 139 MHz bet-
ween the two states in the first manifold of excitations,
Supplementary Figure 3(a). We calibrate the duration
and exact frequency of this pulse by measuring the excited
state population of the auxiliary qutrit after preparing the
|e0) state, for a pulse frequency offset § and a duration ¢,
see Supplementary Figure 3(c). We adjust the duration
of the pulse tand also its amplitude when high resolution
is required to achieve a targeted rotation angle . We
implement the CNOT-type gates in an analogous fashion:
in a first step, we realize the conditional creation of an
excitation by applying a sz(H)—pulse on the second tran-
sition of the auxiliary qutrit. Then, we apply a microwave
pulse to the coupler flux line at the difference frequency
Afge1/2m = (wo1 — wef)/2m = 441 MHz between the
two states in the second manifold of excitations, Supple-
mentary Figure 3(b). We experimentally calibrate the
duration and exact frequency of this pulse by preparing
the | f0) state, and recording the population Py remaining
in the second-excited level of the auxiliary qubit for a
pulse frequency offset § and duration ¢, see Supplementary
Figure 3(d). By always performing a pulse with the
duration corresponding to a full transfer of excitation,
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Supplementary Figure 4. Emission sequences. Pulses app-
lied to the auxiliary qubit (A) and the coupler (C') generating
excitations in the emitter qubit (F), in order to prepare (a)
the cluster state, (b) the GHZ state, and (c) the W state.
Time axis (horizontal) is to scale, with photons emitted every
900 ns.

and selecting the desired angle 6 by the rotation angle
of the excitation-creating pulse sz(H), we guarantee to
have no population remaining in the non-computational
state | f) after the gate.

We implement the protocol of Figure 1(a-b) through
the application of microwave pulses to the auxiliary qubit
charge line and the coupler flux line, according to the
timing diagram shown in Supplementary Figure 4, where
we plot the duration of the pulses to scale. We emitted all
photons with the same time delay of 7" = 900 ns, chosen
to be approximately one order of magnitude longer than
the decay time of the emitter k~' ~ 80 ns, such that
the photonic time-bins are well separated. In this regime,
the infidelity is dominated by incoherent errors caused by
the relaxation of the auxiliary system during the time 7.
Further improvements in the fidelity and entanglement
length could be achieved in the future by reducing the
repetition time 7T and thereby finding the best trade-
off between coherent errors, originating from time-bin
overlap, and incoherent errors. A choice of larger decay
rate k of the emitter would also allow the repetition time
to be decreased.

Supplementary Note 4: Complete photonic
tomography

The procedure for complete tomography of photonic
states with up to N = 4 modes is based on the RpR
method described in Ref. [4], and detailed below. The
signal amplitude aqy.; emitted from the sample passes
through an amplification chain whose first element is a
JPA with 18 dB of phase-preserving gain. After further
amplification and filtering, it is down-converted at room
temperature to 250 MHz using a local oscillator, and
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Supplementary Figure 5. Absolute power calibration. Me-
asured power spectral density (PSD) of the inelastic scattering
of a coherent tone resonant with the emitter qubit (symbols)
for various drive rates 2. Solid lines represent a global fit to
the data.

digitized at 1 GS/s by a analog-to-digital converter (ADC)
passing the data on to a field-programmable gate array
(FPGA).

We use the resonant photon-blockade of the emitter
qubit under strong drive [8] to realize a calibrated power
source and quantify the root-mean-square (RMS) voltage
at the ADC input corresponding to one photon being
emitted by our sample. This is performed by continuously,
resonantly, driving the emitter qubit at rate 2 > k and
recording the inelastically emitted radiation, see Supple-
mentary Figure 5. The nonlinear power spectral density
(PSD), showing satellite peaks at detunings 6 ~ =+,
and saturating to 1 photon s ~! Hz™!, is globally fitted
as a Mollow triplet. This fit serves as a calibration for
the emitted power P = ngrxhwoi. Here, ny >~ 1/2 is
the steady-state average excited-state population of the
emitter qubit under a large drive rate ().

On the FPGA, we integrate the amplified output signal
Siout(t) in each time bin with a mode-matched filter w; (¢)
satistying [ |w;(t)|* dt = 1 to yield the complex amplitude
S = [ dtw;(t)siou(t) = I; +iQ; = a+hi. Here, a is the
mode of interest, and h the added noise in the detection
chain. We collect a quadrature pair {I;, Q;} per photonic
mode P;. We record two 2N-dimensional histograms
of the measured distributions of the quadratures, the
first one (Hopn) with the signal mode a in the emitted
state |¢) to be characterized, and added noise of the
detection chain, the second one (Hog) with the signal
mode a prepared in the vacuum state, i.e. recording noise
added by the detection chain only. Memory constraints on
the acquisition device limit the total number of histogram
bins to 224, resulting in a resolution of 224/2N bins for
each quadrature, which currently limits us to perform full
tomography for up to N = 4 modes. Since the Mollow
triplet based calibration described above provides us with
an absolute scale for the histogram axes, we quantify the
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Supplementary Figure 6. States in the single photon ma-
nifold. Measured moments Re{a) (blue squares), (a'a) (red
circles), and ((a')?a?) (black diamonds), for superpositions
|1y = sin(p/2) |0) + cos(¢/2) |1) of vacuum and single photon
states. The states are generated from the first manifold of
the auxiliary qubit (a, filled markers) using SWAP gate, or
the second manifold (b, empty markers) using a CNOT gate.
Lines indicate ideal expectation values. Imaginary parts, not
shown, are all below 0.05. Statistical error bars are smaller
than the markers.

efficiency of the detection chain 7 = (1 + npeise) ~* & 0.29,
corresponding to npeise =~ 2.5 added noise photons, by
computing the average photon number based in Hog. This
efficiency is a bit lower than state of the art, due to the
low gain (18 dB) chosen to preserve the linearity of the
chain, such that the amplified vacuum noise by the JPA
does not fully overcome the noise added later in the chain.

We verify the single photon character by measuring anti-
bunching performing single mode tomography [9]. We
prepare a quantum superposition of vacuum and a single
photon in the Fock basis 1) = sin(p/2) |0) 4 cos(v/2) |1)
in two different ways. The first is achieved by prepa-
ring the equivalent superposition between the ground
and first excited state of the auxiliary qubit |¢q) =
sin(p/2) |g) + cos(p/2) |e) and performing a SWAP gate.
The second consists of the prepared superposition in the se-
cond manifold |¢)2) = sin(p/2) |e) 4 cos(¢/2) | f), followed
by a |f0) — |el) transition. We evaluate the expectation
values of the moments ((af)"a™) up to n,m < 3 versus
the preparation angle ¢, see Supplementary Figure 6 for
the real part of the amplitude Re(a), the power (a'a),
and the second-order correlator {(a')?a?). We verify that
our gates lead to states in the single photon manifold,
as the <(aT)2a2> moments measured are all close to zero,
with extreme values —0.07 and +0.06, corresponding to a
vanishing second-order correlation function g(?)(0) at zero
time delay. The emitted power <aTa> follows the expected
sin?(¢) dependence well in both cases. The coherence,
characterized by the first order moment (a), is slightly
reduced from the ideal value in both cases in agreement
with the Ramsey-dephasing times of the |e) and |f) levels
[by less than 1% in panel (a) and 2% in panel (b)].



For photonic states with multiple modes, we start
by verifying that the second-order correlation function
((a")?a?) vanishes in each individual mode. We recon-
struct the density matrix of the noise mode p;, by defi-
ning positive operator-valued measures (POVMs) II; =
H®¢Si = ®i Hsi, where HSi =g ! |Oé = Sl> <O( = Sll We
create one POVM per histogram bin, using the abso-
lute scale found in the Mollow triplet fit Supplementary
Figure 5. We then iteratively converge towards p;, by star-
ting in a maximally mixed state pg = 1/d and updating
the estimate according to

prs1 = NG R(py)px R(pr)G ™, (3)

where R(p) = 3, Hou(j)I1;[Tr(pll;)] !, G = 37,1,
and N is a renormalization constant. This procedure
guarantees convergence to the most likely physical density
matrix pp, of the noise mode. Experimentally, we find very
good agreement between the most likely matrix found
via the iterative method and a thermal state py,, =
ZZO:O Noise/ (1 + nnoise)(n+1) In) (n] with npoise =~ 2.5
noise photons. Nevertheless, we use the experimental
noise mode pp in the following. We then apply the
iterative method a second time, with the knowledge of
the noise mode enabling the creation of POVMs that are
displaced noise modes Ilg, = W’lDa:siphDL:Si, with
the displacement operator D, and using the histogram
H,, instead of Hyg to construct the update operator R.
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Supplementary Figure 7. Two-mode states with Bell-type
correlations. Two-photon state tomography for (a,d) the
cluster state, (b,e) the GHZ state (Bell state |®T)) and (c,f) the
W state (Bell state |[¥")). (a-c) Real part of the moments listed
(blue bars), together with ideal values (solid blue wireframes).
The operator a (b) refers to the first (second) time-bin defined
photonic state. (d-f) Real part of the density matrices Re(p)
(bars) and ideal values Re(pidear) (black wireframes). All
imaginary parts of moments and density matrix entries are
below 0.02.

We reconstruct with this procedure the most likely density
matrix p of the emitted state |¢)) under the physicality
constraints, that is, the matrix is hermitian, positive
semi-definite, and its trace is equal to 1.

We reconstruct the two-mode states, Bell states up to
local rotations, emitted using the protocols described
above, see Supplementary Figure 7. We observe, as
expected, that each mode shows almost zero coherence
when tracing out the other one (first order moments {(a) or
(b) close to zero). The cross-correlators of the form (ab)
or (a'b) are non-zero, indicating entanglement between
the two modes. We reconstruct density matrices with
fidelities FC]uster2 = 094, FGHZ2 = 092, and P’\)\/2 = 0917
and negativities Nciuster, = 0.44, Ngnz, = 0.42, and
My, = 0.41 (ideal value is 0.5) as a witness of entangle-
ment.

Density matrices for the states with three and four
photonic qubits are discussed in the main text.

Supplementary Note 5: Process maps

As motivated in the main text we estimate the den-
sity matrices for states with IV > 4 within the class of
matrix products density operators with bond dimension
d = 2 by experimentally reconstructing the process map
x® for individual emission processes and by calculating
p=}_y x®)pg, where pg is the density matrix obtained
after the initialization pulse in Figure 1. We further as-
sume that the maps x() for nominally identical processes
are independent of [, which assumes history-independent
operations. This assumption is justified as we always
perform the same operation, and after one photon is
emitted, it does not interact with the auxiliary system
anymore. In order to estimate p for the cluster and GHZ
states we therefore need to characterize four process maps
in total, for the CNOT, the Hadamard followed by a
CNOT, the SWAP, and the Hadamard followed by a
SWAP. Each process matrix x() maps an input state of
the auxiliary qubit to an output state of the joint system
consisting of the auxiliary qubit and the emitted photonic

qubit x : pP™ — pP%Y I the Pauli basis, we write
(pre) _

the auxiliary qubit input state p, ' =>", plgpre)ak and

(post)

the output joint system pff,(}’ft) =2, P oi®ao; =

Zi,j (Zk X;‘C,jp,gcpre)) 0; ®0j.

We characterize a process map by recording correlations
between the auxiliary system and the emitted photonic
qubit. For each prepared cardinal state of the auxili-
ary qubit, {|g),le),|lg+e).lg—e),lg+ie),[g—ie)} (4
cardinal states would have been sufficient, but we use re-
dundancy to reduce the impact of experimental errors), we
record 3 state-conditioned 2D-histograms H (I, Q, s) [10],
where I and @ are mode-matched integrated quadra-
tures of the photonic mode as in the previous section,
and s is the state the auxiliary qutrit was assigned
to, in single-shot dispersive readout [5], directly on the
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Supplementary Figure 8. Measured process maps of repe-
atable operations. Process maps x in the Pauli basis. (a,b)
Operations used for the cluster state preparation: H+CNOT
(a), H+SWAP (b). (c,d) Operations used for the GHZ state
preparation: CNOT (c), SWAP (d).

FPGA. The 3 histograms correspond to the X,Y, Z-
bases of measurement for the auxiliary qubit. We cor-
rect for finite readout assignment fidelity by inverting
the assignment probability matrix presented in Supple-
mentary Figure 2, and by processing the histograms
H(I,Q,5) = 3y Pogign (5'18)H(I,Q, ).

We verify that the |f)-state population is below 0.01
in all cases, allowing us to treat the auxiliary system as a
qubit to very good approximation, and reconstruct the
joint auxiliary and photonic qubits output density matrix
for each of the six input states [10]. These matrices yield
an overdetermined set of equations for the process map,
of the form pgf}OSt) =X jp,(gpre), which we solve for
each fixed value of i and j using least squares, finding

xLs- We impose physicality in a last step by ensuring

that the map is trace preserving, and eigenvalues of the
corresponding 8 x 8 Choi matrix CX are non-negative
following Ref. [11]. We obtain the least squares Choi

matrix Cfy = 3, €im ® (Z” >k X5 Nim k0 ® Uj)
from the process map xrg. Here, e, is a 2 x 2-matrix
with value 1 in the [, m-entry and 0 otherwise, and

0 1
i 0
X (4)

N e = i

0 -1

N =
_— o O -

0
1
1
0

is the transformation matrix from the Pauli basis to
the computational basis. Choi’s theorem guarantees
that the process map is completely positive and trace
preserving if and only if its Choi matrix is a positive
matrix satisfying the conditions Tr[CXog ® 0¢ ® o¢] = 2
and Tr[CXo; ® 0g ® 0g] = 0Vi # 0. We find nume-
rically the matrix CX which minimizes the distance to
Clg (measured as the norm of the difference of the two
matrices) under these constraints of physicality. The
corresponding process maps, shown in Supplementary
Figure 8, have real entries in a Pauli transfer matrix
representation, and are close to the ideally expected
ones with fidelities Fonor = 0.924, Fswap = 0.918,
Fyicenor = 0.923, and Fiypswap = 0.928. The fidelity is

2
v Cxciﬁeal v CX)

, by comparing
the experimental Choi matrix CX to the ideal one CJ ;.
We note that the H+SWAP and SWAP processes do not
perform at the coherence limit, likely because of a sub-
optimal calibration of the frequency and duration of the
e0 — g1 pulse for this particular dataset. The fidelities
could be improved in future experiments by using finer
steps in the calibration procedure.

defined as F = Tr <
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