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SUPPLEMENTARY NOTE 1. SYMMETRIES
AND WINDING NUMBER

The BBH model can be casted in the form
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Q(k) = dy(k)Z + id;(k)o" (2)

which explicitly shows the chiral symmetry of the model.
The doubly degenerate energies are E = +ey, where ¢ =
V@ +d3+d3+d3. Moreover, notice that Q(k)f =
ex@Q~!. The lowest two eigenstates can be written as
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that can be compactly written as
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Let us consider the following non-commuting mir-
ror symmetries M, = 01 ® o3 and M, = 01 ®
01. Without assuming a specific model we can show
that a chiral symmetric Hamiltonian satisfies these mir-
ror symmetries M, H (ky, ky)M;' = H(—ky, k,) and

MyH (ky, ky) M, ' = H(ky,—k,) if and only if
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We also consider the Cy symmetry, namely
CyH (ky, k,)Cy ' = H(ky, —k,), represented by
A 0 Z
Ca = (—idg 0) : (7)
This symmetry translates into
di (g boy) = +dg(ky, —ha)
d2(kxv ky) % +d4(kya _kx) )
ds (o biy) < —di (ky, —ha)
di(ke,ky) < +da(ky, ~ky) (®)

We will now demonstrate that, along the closed path C,
the previous symmetries quantize the following quantity
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and that such a quantity is a winding number. Let us now
focus on the path C and use the following hypothesis

dy = dy(ky) ,dy = da(ky) , d3 = d3(kz) , ds = dy(ka)
(10)
namely that the d; vectors are functions of only one
momentum component, which is satisfied by the BBH
model. Then the integrand of w, can be written as
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We can calculate the two terms separately

w® = dy (k) da(k) — da (k) dy (K) + d3(k)Oy, da(k) — da(k)dy, d3(k)
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Analogously, for the other term
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We then find after noticing that di(k) = ds(k) and
da(k) = d4(k) (which we justify below based on the

combination of Cy and My symmetries)
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For the BBH model we obtain
o 2 2
w, = sign(J; — J3). (15)

Let us mnow consider the combination of Cy
and  M,, namely M,CyiH (ks k,)Cy M1 =
Myf[(ky, —kx)My_l = ﬁ(ky,kz), which is nothing
else than a mirror symmetry with respect to the
diagonal axis. This condition constrains the vectors d;
as follows. Let us consider in particular the set of points
ky = ky. By explicitly calculating the M C4 mirror
symmetry condition at k, = k, for a Dirac Harmltoman
respecting (10), we immediately find that dy (k) = ds(k)
and dg(k) = d4(/€)

The last task is to connect the winding number with
the Wilson loop operator. Let us now consider the Berry
connection

AZ(C) =i{uy(k)[On, uz(k))c (16)
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The y component reads
A2(C) = iur (k) |0k, uz(k))c (17)
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We therefore

1 d1 0k
dk, A2+ dk, AL2) = 7/ dp—AokT2 7 TR0k T
Jraazsana =g [T S — -2

find that
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The other component of the Berry connection reads
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Supplementary Figure 1. Fidelity of (a) the ground state,
F', and (b) of the excited state, F2, as a function of the
BBH eigenstates degenerate manifold for flux ¢ = 7 — 0.1
and Jz = 0.5J1.

whereas

AFH(C) =i{uz(k)|Ok, u (K))c (20)
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and we finally conclude that

/C (ko A2+, A2) = (21)
Moreover, notice that A}%(k) = [A?1(k)]* as required by
SU(2).

Let us now have a look at the diagonal components of
|
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the Berry connection
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whereas
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thus concluding that A}'(C) + A}'(C) = 0 which shows
that the Wilson loop on the path C is only off-diagonal,
and in particulare that

dk - A(k) = j:gal . (24)

c
By using crystal symmetries and the combination
C4M,, similar relations can be obtained for the C path,
where we find that

/ dk - A(K) = + 05 (25)
c 2
SUPPLEMENTARY NOTE 2. DEGENERACY

BREAKING

Here, we consider a state preparation protocol based
on the breaking of time-reversal symmetry in the BBH
model. Let us consider the vertical hopping coefficients
responsible for the 7 flux to have a generic complex de-
pendence e*?, corresponding to plaquettes with staggered
flux £p. The eigenstates at the I' point read

"2cos(p/2) —cosp +ising — 1
4f cos(p/4)| cos(/2)

,—cos(p/2) +isin(p/2), 1) ) (26)

k() = 5 (o011 + ot/ 0)
() = 5 (Ieosto/I(1 — itan(io/a)
with energies By = —(J; + J2)|sin(p/4)| and By =

—(J1 + Ja)|cos(p/4)|. Let us now consider a generic
combination of the 7 flux eigenstates as considered in the
main text, namely |ur (6, ¢)) = cos(6)|ul)+sin(0)e™ |ud).
For ¢ = m—0.1, the lowest energy state is |uh(¢)) and we
can then calculate the fidelity F* = |(ur(6, ¢)|u&(p))|?,
which is shown in Supplementary Figure 1. We therefore
find that the ground state is a distribution of the

"2cos(p/2) +cosp —ising + 1’

cos(p/2) —isin(p/2), 1) ,

degenerate BBH eigenstates peaked at 6 = 7/4, 37/4 and
¢ = /2, 3m/2. An analogous reasoning can be repeated
for the excited state |ud(p)).

A protocol for state preparation would then require to
slightly break time-reversal symmetry in order to prepare
a BEC occupying the ground state |ub(p)). Then,
one can treat the states |u%2(cp)> as a two-level system
and apply a coherent external coupling with frequency



w = AE = E» — F; to make a superposition of |uf(¢))
and |uf(p)) with relative imbalance (parametrized by
0) and phase (parametrized by ¢) as the initial states
discussed in the main text. In order to reproduce the BOs

results discussed in this work, the applied force must then
satisfy |F'| > AFE such that the two bands are effectively
degenerate on the time-scale of the BO.
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