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Note 1: Phase noise measurement verification

Phase noise measurements in this work were performed by both a Microsemi 3120A Phase Noise Test Probe and an Ettus X300
Software Defined Radio. The Microsemi 3120A is a purpose-built phase/frequency noise measurement device, but is not able
to handle large changes in signal amplitude. Performing a direct I/Q demodulation on the Ettus enabled us to continue making
accurate and precise phase noise measurements in spite of large variations in signal amplitude and collect raw data time series
at 200 kHz sampling for up to an hour. But the noise performance of the Ettus is less well known than the Microsemi, so to
ensure compatibility between the measurements from the two devices, concurrent measurements of link phase noise by the two
devices, shown in supplementary Fig. 1, were made and show that the two devices agree on the measured phase noise. Above a
few tens of Hz the Ettus and Microsemi are in almost exact agreement. Below these frequencies some discrepancy between
the Ettus and Microsemi results can be seen, possibly as a result of the Microsemi’s behavior when trying to measure signals
with large amplitude fluctuations. The discrepancy grows to a maximum difference of a factor of 2 at 1 Hz. Additionally, the
noise floor of the Ettus was tested by measuring the phase noise of a Rigol DG-4102 synthesizer at | MHz with the same signal
power (—15dBm) as used in the field experiment. Both the Ettus and the synthesizer were referenced to the same 10 MHz. The
phase noise measured by the Ettus is shown in supplementary Fig. 1. Note that the same linear phase drift of 0.141 rads ™! was
observed in the experimental phase data (see main text). This indicates that the noise floor of the Ettus was not dominating the
measurement.
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Figure 1. Concurrent measurements of 265 m free-space link phase noise using an Ettus X300 (solid blue, tip-tilt off; solid
orange, tip-tilt on) and a Microsemi 3120A (dashed cyan, tip-tilt off; dashed red, tip-tilt on). The Ettus and Microsemi are in
very close agreement across the Microsemi’s frequency range. The noise floor of the Ettus (gray) was obtained by measuring
the phase noise of a low noise synthesizer at 1 MHz.



Note 2: Noise contributions in parallel compensated links

Here, we estimate the noise floor of the phase noise measurements presented in the Results section. The aim is to estimate the
phase stabilization noise floor caused by atmospheric noise and laser frequency noise when compensating the two links.

2.1 Differential noise PSD
For a noise process x(¢) that is stationary and characterized by a PSD Sx(f), the PSD of the linear combination z(¢) =Y aix(t — T;)
(where a; are arbitrary real constants) can be derived from first principles (see e.g. Duchayne! p.227) and is given by

S.(f) = (Zd%+zzaiajcos(2ﬂf(ﬂ—Tj))> Sx(f). )]
i i jEi

2.2 A single compensated link
Assume a compensated link (either of the two in Fig. 1 of main article) where a laser signal is frequency shifted by a transmission
AOM before being injected into the link.

The frequency of the laser signal is vi(f) = v, + Avy(r) where Avy (¢) is the laser frequency noise. The transmission AOM
shifts the optical frequency by a nominal frequency (v,) which is varied by Avy(¢) in order to suppress link noise. Av(¢) is
ideally equal but opposite to the frequency shift that the signal will experience during propagation through the link (5v(z)). At
the remote site, the optical signal is passed through a static anti-reflection AOM (V,;) before being passed out of the remote site.
We will define ¢ as the instant the signal is passed out of the remote site. The laser signal coming out at the remote site has
frequency Vout ().

Vout(t) = VL +AVL(t = T) + Ve + AV (t — T) + Var + S v(2), 2

where T is the propagation time through the link.

The frequency shift dv(r) is compensated by measuring, at the local end, the beat-note between vy (¢) and a return signal
(Vret (7)) that went through the AOM twice (for simplicity we will ignore the remote site anti-reflection AOM, V,,, and the
nominal transmission AOM frequency, Vi, applied by the transmission AOM):

VL) = Veet(t) = vL(t) = [VL(t=2T)+Ave(t —=2T)+6v(t —T) + 6v(t) + Ave(2)]
= AvL(t) — [AvL(t —2T) +Avu(t —2T) +6v(t —T) + 6v (1) + Av(2)]
3)
The phase-locked loop (PLL) I ensures that the beat-note signal (3) is zero, which means
Ave(t) +Ave(t —2T) = (AvL(t) = Avp(t —2T)) — (SvL(t —T) + SvL(2)) . “4)
We linearize the expression by a Taylor expansion of the left side leading to a differential equation:
. 1
AV (1) = TAV (1) ~ E(AVL(I) —AvL(t—2T))—(6v(t—T)+6v(t)), 4)
where we neglect higher order terms in the Taylor expansion. The general solution of the differential equation is
1
Avy (1) ~ ce'” + E(AVL(t) —Av (t—2T))—(6v(t—=T)+6v(t)), 6)

where C is an integration constant. As our loop is closed (the AOM frequency does not diverge) we have C = (. Substituting
that into (2) we finally get

Voutour(t) = VL+AvL(—T)+6v(t)+ %(AVL(I —T)—Av (t—=3T))— (6v(t—2T)+6v(—T)). 7

'We assume that the delay in the PLL is negligible with respect to 7.
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As one would expect, the expression reduces to Voui(f) = vz + Av(7) when laser and link noise vary slowly with respect to
T, i.e. the output signal is a copy of the input signal in spite of the presence of link noise.
Applying (1) to the laser noise contributions gives

Sou(F) = Sav (1) + 3 (1~ cos(@n/T) ) S (1): ®

The second term quickly vanishes for f < 1/T and we just have the input laser noise at the output. At approximately f > 1/T
the noise is increased by the compensation by a frequency dependent term that oscillates between 0 and 3Say (f).
For the link noise, we obtain also from (1)

31
Soulf) = (5 = 500527 T) —cos(4/T) ) S5 (/) ©)
which, as expected, cancels completely when f < 1/T.

The total noise PSD of the output signal is the sum of (8) and (9).

2.3 Two parallel compensated links
We now consider two parallel compensated links A and B with delays T4 and 7p that are fed by the same input laser (see Fig. 1
of main article). We will be interested in the difference DVoy(¢) = Vouta () — Vours(¢), which is measured in the experiment.
Each link is affected by the same laser noise Avy (¢), but by different link noises 6v,4(¢) and Svg(z).

For the laser noise applying (7) we directly have

3 1
Dvoy(t) = EAVL(I —Tx)— EAVL(Z‘ —3Ty)
3 1
— EAVL(thB) + EAVL(t—3TB). (10)

When the two links have the same delay (73 = Tp) the laser noise cancels exactly. When they are different one can apply (1) to
calculate the overall effect.

We assume that the link noise is uncorrelated between the two links, and thus the link PSDs given by (9) simply add.

The final result is then

Sov(f) = San (f) <5 _ %cos(Zﬂ: FAT) — %cos(éﬂ: JAT) (11

6 (cos(47thA) +cos(4nfTp) +cos(2nf(Ty + TB))) sin? (TfAT) )

+ Ssualf) (% - %cos(Zn 1T4) —cos(4n fTA))

+  Ssva(f) (; - %cos(anTB) —cos(47rfTB)) .

where AT = Ty — Tp. As expected from (10), the laser noise contribution vanishes for Ty = Tp. In the limit when f < 1/T the
link noise contributions vanish, and (11) can be approximated as

Sov(f) = Sav, (f)36 7 (T7 = T5)* f*. (12)

2.4 Noise floor estimation
To estimate the noise floor in our compensated link we need to evaluate (11) using estimates of the free space link noise
Ssva(f), the fiber link noise S5, (f), and the laser noise Say, (f). We assume that the fiber link noise is negligible with respect
to the atmospheric noise and use the “unstabilized, tip-tilt oft" measurement (see Fig. 2 of main article) as our estimate of the
latter. For the laser noise we use the “typical" noise curve given by the manufacturer’. The two delays were estimated from
delay measurements in the fiber and from local maps as cTy ~ 302 m (265 m free space + 25 m fibers with refractive index
n = 1.45 between the telescopes and the beam splitters), and ¢7p = n X 715 m. The result is shown in supplementary Fig. 2.
We note that above about 200 Hz our measured results are well explained by the combined effects of atmospheric turbulence
and laser noise, at least in terms of the orders of magnitude. The residual noise of the compensated links is dominated by
atmospheric noise between 200 Hz and 2 kHz, and laser noise takes over at higher frequencies. The slight discrepancy in
the atmospheric effect is probably due to the fact that the uncompensated measurement (solid red in supplementary Fig. 2)
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Figure 2. Estimate of the noise floor for the parallel compensated links. Red, free-running noise from Fig. 2 of main article
dominated by atmospheric phase noise; blue, phase stabilized, tip-tilt off result from Fig. 2 of main article; gray, estimate of
noise floor due to atmosphere; dashed cyan, atmospheric noise floor plus estimate of laser noise floor over the parallel links;
dotted orange, estimate of laser noise floor.

was taken at a different time than the compensated one. The discrepancy at higher frequency is most likely due to the fact
that the NKT X15 laser we used had more phase noise than the “typical" performance of that type of laser specified by the
manufacturer in>. Nonetheless the similar shape and the fact that all measured curves on Fig. 2 of main article converge above
10 kHz comforts us in the hypotheses that laser noise is the common origin. The exception is the “system noise floor" shown
in gray on Fig. 2 of main article for which two parallel fibers of equal length were used i.e. Ty = Tp in (11) and laser noise
cancels, as can be observed.
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