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In this Supplementary Information, we present detailed proofs of the propositions, theorems, and corollaries pre-
sented in the manuscript “Cost Function Dependent Barren Plateaus in Shallow Parametrized Quantum Circuits”. In
Supplementary Note 1 we first introduce several lemmas which will be useful in the derivation of our main results.
Then, in Supplementary Note 2, and Supplementary Note 3 we respectively provide proofs for Propositions 1 and 2
of the main text. We then derive the general equations for the variance of the cost function partial derivative in
Supplementary Note 4. In Supplementary Note 5 we explicitly evaluate the variance of the cost function derivative
for the special case when V (θ) is given by a single layer of the Alternating Layered Ansatz.

In Supplementary Note 6, and Supplementary Note 7, we provide our proofs to Theorem 2 and Theorem 1, respec-
tively. Where we remark that the proof of Theorem 2 comes before that of Theorem 1 since the latter builds on the
former. Then, in Supplementary Note 8, we prove Corollaries 1, and 2. In Supplementary Note 9, we demonstrate
that the local cost function for the quantum autoencoder is faithful.

Supplementary Note 1: Preliminaries

In this section, we present properties that allow for analytic calculation of integrals of polynomial functions over
the unitary group with respect to the unique normalized Haar measure. For more details on this topic, we refer the
reader to Ref. [1, 2]. In addition, to make the Supplementary Information more self-contained, we reiterate here the
definition of a t-design. Consider a finite set {Wy}y∈Y (of size |Y |) of unitaries Wy on a d-dimensional Hilbert space,
and let P(t,t)(W ) be an arbitrary polynomial of degree at most t in the matrix elements of W and at most t in those
of W †. Then, we say that this finite set is a t-deisgn if [3]

1

|Y |
·
∑
y∈Y

P(t,t)(Wy) =

∫
U(d)

dµ(W )P(t,t)(W ) , (1)

where in the right-hand side U(d) denotes the unitary group of degree d. Equation (1) implies that averaging P(t,t)(W )
over the t-design is indistinguishable from integrating over U(d) with respect to the Haar distribution.

Given W ∈ U(d) the following expressions are valid for the first two moments [1, 2]∫
U(d)

dµ(W )wi,jw
∗
p,k =

δi,pδj,k
d

, (2)∫
U(d)

dµ(W )wi1,j1wi2,j2w
∗
i′1,j

′
1
w∗i′2,j′2 =

1

d2 − 1

(
δi1,i′1δi2,i′2δj1,j′1δj2,j′2 + δi1,i′2δi2,i′1δj1,j′2δj2,j′1

)
− 1

d(d2 − 1)

(
δi1,i′1δi2,i′2δj1,j′2δj2,j′1 + δi1,i′2δi2,i′1δj1,j′1δj2,j′2

)
. (3)

All throughout this section the integration domain will be implied to be U(d), and unless otherwise specified we
consider W to be an operator acting on a Hilbert space Hw of dimension d. When d = 2m, as occurs for a Hilbert
space ofm qubit, we adopt the symbol i = (i1, . . . im) to denote a bitstring of lengthm such that i1, i2, . . . , im ∈ {0, 1}.
Moreover, given two bitstrings i and j we define their concatenation as i · j = (i1, . . . in, j1, . . . jn).

Operators in the computational basis of m qubits can be written as

W =
∑
i,j

wi,j |i〉〈j | , W † =
∑
i′,j′

w∗i′,j′ |j
′〉〈i′ | , A =

∑
k,l

ak,l|k〉〈l | , B =
∑
q,p

bq,p|q〉〈p | .

From the previous expressions we can derive the following lemmas.

Lemma 1. Let {Wy}y∈Y ⊂ U(d) form a unitary t-design with t ≥ 1, and let A,B : Hw → Hw be arbitrary linear
operators. Then

1

|Y |
∑
y∈Y

Tr
[
WyAW

†
yB
]

=

∫
dµ(W )Tr

[
WAW †B

]
=

Tr [A] Tr [B]

d
. (4)
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Proof. The first equality follows from the definition of a t-design. Note that Tr
[
WAW †B

]
can be written as

Tr
[
WAW †B

]
=

∑
i1,j1,i

′
1,j
′
1

aj1,j′1bi′1,i1wi1,j1w
∗
i′1,j

′
1
.

Then, from (2), we have ∫
dµ(W )Tr

[
WAW †B

]
=

1

d

∑
i1,j1

aj1,j1bi1,i1 =
Tr [A] Tr [B]

d
.

Lemma 2. Let {Wy}y∈Y ⊂ U(d) form a unitary t-design with t ≥ 2 and let A,B,C,D : Hw → Hw be arbitrary linear
operators. Then

1

|Y |
∑
y∈Y

Tr[WyAW
†
yBWyCW

†
yD] =

∫
dµ(W )Tr[WAW †BWCW †D]

=
1

d2 − 1
(Tr[A]Tr[C]Tr[BD] + Tr[AC]Tr[B]Tr[D])

− 1

d(d2 − 1)
(Tr[AC]Tr[BD] + Tr[A]Tr[B]Tr[C]Tr[D]) .

(5)

Proof. The first equality follows from that fact that Tr[WyAW
†
yBWyCW

†
yD] ∈ P(2,2)(Wy). By writting

Tr[WAW †BWCW †D] =
∑

i1,j1,i
′
1,j
′
1

i2,j2,i
′
2,j
′
2

aj1,j′1bi′1,i2cj2,j′2di′2,i1wi1,j1wi2,j2w
∗
i′1,j

′
1
w∗i′2,j′2 ,

we can use (3) to obtain∫
dµ(W )Tr[WAW †BWCW †D] =

1

d2 − 1

∑
i1,j1,i2,j2

(
aj1,j1bi1,i2cj2,j2di2,i1 + aj1,j2bi2,i2cj2,j1di1,i1

)
− 1

d(d2 − 1)

∑
i1,j1,i2,j2

(
aj1,j2bi1,i2cj2,j1di2,i1 + aj1,j1bi2,i2cj2,j2di1,i1

)
=

1

d2 − 1
(Tr[A]Tr[C]Tr[BD] + Tr[AC]Tr[B]Tr[D])

− 1

d(d2 − 1)
(Tr[AC]Tr[BD] + Tr[A]Tr[B]Tr[C]Tr[D]) .

(6)

Lemma 3. Let {Wy}y∈Y ⊂ U(d) form a unitary t-design with t ≥ 2 and let A,B,C,D : Hw → Hw be arbitrary linear
operators. Then

1

|Y |
∑
y∈Y

Tr[WyAW
†
yB]Tr[WyCW

†
yD] =

∫
dµ(W )Tr[WAW †B]Tr[WCW †D]

=
1

d2 − 1
(Tr[A]Tr[B]Tr[C]Tr[D] + Tr[AC]Tr[BD])

− 1

d(d2 − 1)
(Tr[AC]Tr[B]Tr[D] + Tr[A]Tr[C]Tr[BD]) .

Proof. The first equality follows from a reasoning similar to the one used in Lemma 2. By expressing

Tr
[
WAW †B

]
Tr
[
WCW †D

]
=
∑
α,β

Tr
[
WAW †B|α〉〈β|WCW †D|β〉〈α|

]
,
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we can employ (5) to obtain∫
dµ(W )Tr[WAW †B]Tr[WCW †D] =

∑
α,β

∫
dµ(W )Tr

[
WAW †B|α〉〈β|WCW †D|β〉〈α|

]
=

1

d2 − 1

∑
α,β

(Tr[A]Tr[C]〈α|B|α〉〈β|D|β〉+ Tr[AC]〈β|B|α〉〈α|D|β〉)

− 1

d(d2 − 1)

∑
α,β

(Tr[AC]〈α|B|α〉〈β|D|β〉+ Tr[A]Tr[C]〈β|B|α〉〈α|D|β〉)

=
1

d2 − 1
(Tr[A]Tr[B]Tr[C]Tr[D] + Tr[AC]Tr[BD])

− 1

d(d2 − 1)
(Tr[AC]Tr[B]Tr[D] + Tr[A]Tr[C]Tr[BD]) .

Lemma 4. Let H = Hw ⊗ Hw be a bipartite Hilbert space of dimension d = dwdw, and let {Wy}y∈Y be a unitary
t-design with t ≥ 1 such that Wy ∈ U(dw) for all y ∈ Y . Then for arbitrary linear operators A,B : H → H, we have∫

dµ(W )(11w ⊗W )A(11w ⊗W †)B =
Trw [A]⊗ 11w

dw
B , (7)

and ∫
dµ(W )Tr

[
(11w ⊗W )A(11w ⊗W †)B

]
=

1

dw
Tr [Trw [A] Trw [B]] . (8)

Here we use the notation 11w to indicate the identity operator on subsystem Hw, and we employ Trw to indicate
the partial trace over Hw.

Proof. First, note that

(11w ⊗W )A(11w ⊗W †)B =
∑

i,j,i′,j′

wi,jw
∗
i′,j′(11w ⊗ |i〉〈j |)A(11w ⊗ |j′〉〈i′ |)B ,

by using (2) we have∫
dµ(W )(11w ⊗W )A(11w ⊗W †)B =

∑
i,j,i′,j′

∫
dµ(W )wi,jw

∗
i′,j′(11w ⊗ |i〉〈j |)A(11w ⊗ |j′〉〈i′ |)B

=
1

dw

∑
i,j

(11w ⊗ |i〉〈j |)A(11w ⊗ |j〉〈i |)B

=
1

dw
(Trw [A]⊗ 11w)B .

Finally we can also obtain∫
dµ(W )Tr

[
(11w ⊗W )A(11w ⊗W †)B

]
=

1

dw
Tr [Trw [A] Trw [B]] .

Lemma 5. If H = Hw ⊗ Hw is a bipartite Hilbert space of dimension d = dwdw (d = 2n, and d = 2n
′
), and if

A,B : H → H are arbitrary linear operators, then for any linear operator W : Hw → Hw we have

Tr
[
(11w ⊗W )A(11w ⊗W †)B

]
=
∑
p,q

Tr
[
WAqpW

†Bpq
]
, (9)

where the summation runs over all bitstrings of length n′, and where

Aqp = Trw [(|p〉〈q | ⊗ 11w)A] , Bpq = Trw [(|q〉〈p | ⊗ 11w)B] . (10)
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Proof. By expanding the operators in the computational basis

11w ⊗W =
∑
p,i,j

wi,j |p〉〈p | ⊗ |i〉〈j | , 11w ⊗W † =
∑
q,i′,j′

w∗i′,j′ |q〉〈q | ⊗ |j
′〉〈i′ | , (11)

A =
∑
k1,k2
l1,l2

ak1·k2,l1·l2 |k1〉〈l1 | ⊗ |k2〉〈l2 | , B =
∑
p1,p2
q1,q2

bp1·p2,q1·q2 |p1〉〈q1 | ⊗ |p2〉〈q2 | , (12)

we have

Tr
[
(11w ⊗W )A(11w ⊗W †)B

]
=

∑
i,j,i′,j′
p,q

wi,jap·j,q·i′wi′,j′bq·j′,p·i =
∑
p,q

Tr
[
WAqpW

†Bpq
]
. (13)

Lemma 6. Let H = H1⊗H2⊗H3⊗H4 be a Hilbert space of dimension d ·d ·d ·d = d4, and letW : H1⊗H2 → H1⊗H2

be a t-design with t > 2. For arbitrary linear operators A,A′ : H → H we define

Ω1 = (W ⊗ 113 ⊗ 114)A(W † ⊗ 113 ⊗ 114)(|p〉〈q | ⊗ 112 ⊗ 113 ⊗ 114) , Ω2 = (W ⊗ 113 ⊗ 114)A(W † ⊗ 113 ⊗ 114) , (14)

Ω′1 = (W ⊗ 113 ⊗ 114)A′(W † ⊗ 113 ⊗ 114)(|p′〉〈q′ | ⊗ 112 ⊗ 113 ⊗ 114) , Ω′2 = (W ⊗ 113 ⊗ 114)A′(W † ⊗ 113 ⊗ 114) , (15)

where p, q, p′, and q′ are bitstrings of length d.
Let us first consider the quantity

∆Ω
(1)
jkl = Trkl [Tr1j [Ω1]Tr1j [Ω

′
1]]− TrL[Tr1jk[Ω1]1jkTr[Ω′1]]

dk
, (16)

where Trj indicates the partial trace over Hj , and where Trjk := TrjTrk. Here the indexes j, k, and l define Hilbert
spaces such that Hj ⊗ Hk ⊗ HL = H2 ⊗ H3 ⊗ H4. In addition, let us define Hj = H0 := {0}, in which case for
any operator O we also define the partial trace over H0 as Tr0 [O] := O, and Trk0 [O] := Trk [O]. From the previous
definition, we then have that Hk can be chosen from the set {H2,H3,H2⊗H3,H3⊗H4}, and for any such choice the
following equality always holds∫

dµ(W )∆Ω
(1)
jkl =

t
(1)
1 δpq′δp′q
d4 − 1

(
Tr123x[Try[A]Try[A′]]− Tr3x[Tr12y[A]Tr12y[A′]]

d2

)
+
t
(1)
2 δpqδp′q′

d4 − 1

(
Tr3x[Tr12y[A]Tr12y[A′]]− Trx[Tr123y[A]Tr123y[A′]]

d′

)
− t

(1)
3 δpq′δp′q
d4 − 1

(
Tr12x[Tr3y[A]Tr3y[A′]]− Trx[Tr123y[A]Tr123y[A′]]

d2

)
− t

(1)
4 δpqδp′q′

d4 − 1

(
Tr123x[Try[A]Try[A′]]− Tr12x[Tr3y[A]Tr3y[A′]]

d′

)
(17)

where d′ = d2 if H4 6 Hk, and d′ = d otherwise. Here we employ the notation A 6 B to indicate that A is a subspace
of B. Note that Hy = H4, Hx = H0 if H4 6 Hj , and Hy = H0, Hx = H4 otherwise. In addition, we have

t
(1)
1 =


d if H2 6 Hj
0 if Hk = H2

d2 otherwise
, t

(1)
2 =


d2 if H2 6 Hj
0 if Hk = H2

d otherwise
, t

(1)
4 =


1 if H2 6 Hj , and H3 ∈ Hk
0 if Hk = H1

1
d

otherwise
(18)

t
(1)
3 =


d if Hk = H3, and H2 6 HL

1− d2 if Hk = H2

1
d

if Hk = H2 ⊗H3, or if Hk = H3 ⊗H4, and Hj = H2

1 otherwise

, (19)

where we can verify that for all 12 possible cases that
∑4
k=1 |

t
(1)
k

(d4−1) | 6 1.
Second, let us consider the quantity

∆Ω
(2)
jkl = Trkl [Tr1j [Ω2]Tr1j [Ω

′
2]]− TrL[Tr12j [Ω2]1jkTr[Ω′2]]

dk
. (20)
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Then, for Hk ∈ {H2,H3,H2 ⊗H3,H3 ⊗H4}, the following equality always holds∫
dµ(W )∆Ω

(2)
jkl =

t
(2)
1

d2 + 1

(
Tr123x[Try[A]Try[A′]]− Tr3x[Tr12y[A]Tr12y[A′]]

d2

)
+

t
(2)
2

d2 + 1

(
Tr3x[Tr12y[A]Tr12y[A′]]− Trx[Tr123y[A]Tr123y[A′]]

d′

)
− t

(2)
3

d2 + 1

(
Tr12x[Tr3y[A]Tr3y[A′]]− Trx[Tr123y[A]Tr123y[A′]]

d2

)
,

(21)

where d′ = d2 if H4 6 Hk, and d′ = d otherwise. Similarly, Hy = H4, Hx = H0 if H4 6 Hj , and Hy = H0, Hx = H4

otherwise. In addition, we now have

t
(2)
1 =

{
0 if H2 6 Hj
d otherwise

, t
(2)
2 =

{
0 if H2 6 Hj , or Hk = H2

d2+1
d

otherwise
, t

(2)
3 =


1 if H2 6 HL, and Hk = H3

1
d

if HL = H2, and Hk = H3 ⊗H4

0 otherwise
, (22)

where we can verify that for all 9 nontrivial cases
∑3
k=1 |

t
(2)
k

d2+1 | 6 1.

Proof. The proof of Eqs. (17), and (21) can be obtain by explicitly integrating each term via (3).

In particular, let us consider from Eq. (17) the following case which will be relevant for our proofs.∫
dµ(W )

(
Tr34

[
Tr12[Ω1]Tr12[Ω′1]

]
−

Tr[Ω1]Tr[Ω′1]

d2

)
=
d2δp2q′2

δp′2q2
d4 − 1

(
Tr234[Tr1[A]Tr1[A′]] −

Tr4[Tr123[A]Tr123[A′]]

d2

)
+
dδp2q2δp′2q

′
2

d4 − 1

(
Tr4[Tr123[A]Tr123[A′]] −

Tr[A]Tr[A′]

d

)
−
δp2q′2

δp′2q2
d(d4 − 1)

(
Tr23[Tr14[A]Tr14[A′]] −

Tr[A]Tr[A′]

d2

)
−
δp2q2δp′2q

′
2

d(d4 − 1)

(
Tr234[Tr1[A]Tr1[A′]] −

Tr23[Tr14[A]Tr14[A′]]

d

)
.

(23)

Lemma 7. Let H = H1 ⊗H2 ⊗H3 be a tripartite Hilbert space of dimension d = d1d2d3, and let O1 = OA ⊗ 112 ⊗ 113,
and O2 = 111 ⊗ OB ⊗ 113 be linear operators on S. Here 11i indicates the identity over subsystem Si, so that O1 and
O2 have no overlapping support. Then for any linear operators OA : S1 → S1, and OB : S2 → S2 we have

Trjk [Tri [O1] Tri [O2]]− Trk [Trij [O1] Trij [O2]]

dj
= 0 , (24)

where Tri indicates the partial trace over Hi, Trij := TriTrj , and where we defined Hi ⊗ Hj ⊗ Hk = H such that
Hj = H1,H2 or H3. Moreover, one can always choose Hi = H0 := {0} (or Hk = H0), in which case we define the
partial trace over H0 as Tr0 [O] := O, and Trj0 [O] := Trj [O].

Proof. Let us show how this equality holds for the specific case when Hi = {0}, Hj = H2, and Hk = H1 ⊗H3, and
let us remark that all remaining cases follow similarly We have

Tr0 [O1] Tr0 [O2] = OA ⊗OB ⊗ 113 , Tr2 [O1] = d2OA ⊗ 113 , Tr2 [O2] = Tr2 [OB] 111 ⊗ 113 , (25)

and Eq. (24) becomes

Tr123 [O1O2]− Tr13 [Tr2 [O1] Tr2 [O2]]

d2
= Tr123 [OA ⊗OB ⊗ 113]− d2Tr2 [OB] Tr13 [OA ⊗ 113]

d2
(26)

= d3Tr1 [OA] Tr2 [OB]− d2d3Tr1 [OA] Tr2 [OB]

d2
(27)

= 0 . (28)
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Supplementary Note 2: Proof of Proposition 1

Here we provide a proof for Proposition 1, which we recall for convenience:

Proposition 1. Let θj be uniformly distributed on [−π, π] ∀j. For any δ ∈ (0, 1), the probability that CG ≤ δ satisfies

Pr{CG ≤ δ} ≤ (1− δ)−1
(

1

2

)n
. (29)

For any δ ∈ [ 12 , 1], the probability that CL ≤ δ satisfies

Pr{CL ≤ δ} ≥
(2δ − 1)2

1
2n + (2δ − 1)2

−→
n→∞

1 . (30)

Proposition 1 formalizes the narrow gorge phenomenon shown in Fig. 2 of the main text for the warm-up example.
Specifically, it bounds the volume of parameter space that is trainable in the sense that the cost deviates from its
maximum value of one. As a consequence, one finds that the probability that the global cost function is less than 1
vanishes exponentially as n → ∞, whereas for the local cost function there are neighbohoods of the minimum that
have constant probability as n→∞. In the following proof, it is helpful to define the trainable region for the global
and local cost as AGδ := {θ : CG(θ) 6 δ} and ALδ := {θ : CL(θ) 6 δ}.

Proof. Let us first consider the global cost function

CG = Tr[OGV (θ)|0〉〈0|V (θ)†] , (31)

with OG = 11 − |0〉〈0|, and with V (θ) =
⊗n

j=1 e
−iθjσ(j)

x /2. The probability of the region AGδ can be bounded from
above by defining the random variable X =

∏n
j=1 cos2

θj
2 = 1 − CG and noting that (1 − δ)P{X ≥ 1 − δ} ≤ E(X).

Then

Pr(AGδ ) = P{
n∏
j=1

cos2
θj

2
≥ 1− δ}

≤ (1− δ)−1E

 n∏
j=1

cos2
θj

2


= (1− δ)−1

(
1

2

)n
(32)

Therefore, for any δ ∈ (0, 1), the probability that CG ≤ δ goes to zero exponentially with n.
Now consider the local cost function CL given by

CL = Tr
[
OLV (θ)|0〉〈0|V (θ)†

]
, with OL = 11− 1

n

n∑
j=1

|0〉〈0|j ⊗ 11j , (33)

and where 11j is the identity on all qubits except qubit j. To show the dependence of the result on the range of
local cost function values, we write a parametrized local cost function CL(;λ) := 1 − 1

λn

∑n
j=1 cos2

θj
2 and define

ALδ := {θ : CL(θ;λ) 6 δ}. CL in the main text is obtained for λ = 1. The parameter λ is introduced to show that the
range of validity of the inequality is dependent on the cost function. For δ in the interval δ ∈ (1− (2λ)−1, 1],

Pr
(
ALδ
)

= Pr

θ :
1

λn

n∑
j=1

cos2
θj

2
≥ 1− δ


 >

(1− 2λ(1− δ))2
1
2n + (1− 2λ(1− δ))2

(34)

which tends to 1 as n→∞. The inequality follows from the Paley-Zygmund inequality [4] in the form

P (X ≥ rE(X)) >
(1− r)2E(X)2

VarX + (1− r)2E(X)2
(35)

which holds for random variables X ≥ 0 and scalar r with 0 6 r 6 1. In particular, (34) follows by taking
X = 1

nλ

∑n
j=1 cos2 θ

j

2 and r = 2λ(1− δ), so that r varies from 1 to 0 as δ varies from 1− (2λ)−1 to 1.
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Supplementary Note 3: Proof of Proposition 2

Let us first recall that in the main text we analyze cost functions C which can be expressed as the expectation
value of a given observable O as

C = Tr
[
OV (θ)ρV †(θ)

]
, (36)

where V (θ) is a parametrized quantum gate sequence and ρ is a general input mixed quantum state on n qubits. Here
we provide a proof for Proposition 2, which we recall for convenience:

Proposition 2. The average of the partial derivative of any cost function of the form (36) with respect to a parameter
θν in a block W of the ansatz V (θ) is

〈∂νC〉V = 0 , (37)

provided that either WA or WB form a 1-design.

As discussed in the main text, we employ an Alternating Layered Ansatz, where each layer is composed of m-qubits
gates or “blocks”. In particular, each block Wkl(θkl) in V (θ) can be written as a product of ζkl independent gates
from a gate alphabet A = {Gµ(θ)} as

Wkl(θkl) = Gζkl(θ
ζkl
kl ) . . . Gν(θνkl) . . . G1(θ1kl) , (38)

where θνkl are continuous parameter, and where Gν(θνkl) = Rν(θνkl)Qν with Qν an unparametrized gate, and Rν(θνkl) =

e−iθ
ν
klσν/2 such that σν is a Pauli operator.

Consider now a block Wkl(θkl) in the l-th layer of the ansatz. For the rest of this Supplementary Information we
simply use the notation W when referring to this particular block. First, let Sw denote the m-qubit subsystem that
contains the qubits W acts on, and let Sw be the (n −m) subsystem on which W acts trivially, with Hw, and Hw
their respective associated Hilbert spaces. Then, consider a given trainable parameter θν in W , such that we can
express W = WBWA, with

WB =

ν−1∏
µ=1

Gµ(θµ) , and WA =

ζ∏
µ=ν

Gµ(θµ) . (39)

Then, we recall that we have defined the forward light-cone L of W as all gates with at least one input qubit
causally connected to the output qubits of W . We can then define SL as the subsystem of all qubits in L, and HL as
its associated Hilbert space. Without loss of generality, the trainable gate sequence can be expressed as

V (θ) = VR(11w ⊗W )VL , (40)

where 11w indicates the identity in Hw, and where we assume without loss of generality that VR contains the gates in
L and all the blocks WkL in the last layer of V (θ).

Proof. The partial derivative of W with respect to the angle θν is given by

∂νW = WA

(
− i

2
σν

)
WB , (41)

where here σν is an operator σν : Hw → Hw, which acts non-trivially on a qubit given qubit j in Hw, i.e., σν :=
(σν)j ⊗ 11j . Hence, by means of Eqs. (41) and (40) we have

∂νC =Tr
[
O (∂νV (θ)) ρV †(θ) + V (θ)ρ

(
∂νV

†(θ)
)]

=Tr

[
OVR (11w ⊗WA)

(
11w ⊗

(
− i

2
σν

))
(11w ⊗WB)VLρV

†
L

(
11w ⊗W †BW

†
A

)
V †R

]
+ Tr

[
OVR (11w ⊗WAWB)VLρV

†
L

(
11w ⊗W †B

)(
11w ⊗

(
+
i

2
σν

))(
11w ⊗W †A

)
V †R

]
.

Which can be simplified as

∂νC =
i

2
Tr
[
(11w ⊗WB)VLρV

†
L

(
11w ⊗W †B

) [
11w ⊗ σν ,

(
11w ⊗W †A

)
V †ROVR (11w ⊗WA)

]]
, (42)
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or equivalently, as

∂νC = − i
2

Tr
[(

11w ⊗W †A
)
V †ROVR (11w ⊗WA)

[
11w ⊗ σν , (11w ⊗WB)VLρV

†
L

(
11w ⊗W †B

)]]
. (43)

In order to compute the expectation value 〈∂νC〉V we need to consider three different scenarios: (1) when only WA
is a 1-design; (2) when only WB is a 1-design; and (3) when both WA and WB form 1-designs. We first consider the
case when WA is a 1-design. Since WA, WB, VR and VL are independent, we can compute the expectation value over
the ansatz as 〈∂νC〉V = 〈〈∂νC〉WA〉VL,WB,VR . From (42) and the definition of a 1-design in (1), we can compute

〈∂νC〉WA =− i

2
Tr

[
(11w ⊗WB)VLρV

†
L

(
11w ⊗W †B

)[
11w ⊗ σν ,

∫
dµ(WA) (11w ⊗WA)V †ROVR

(
11w ⊗W †A

)]]
=− i

2
Tr

[
(11w ⊗WB)VLρV

†
L

(
11w ⊗W †B

)[
11w ⊗ σν ,

1

2m
Trw[V †ROVR]⊗ 11w

]]
=0 , (44)

where in the second equality we used Lemma 4.
On the other hand, if WB is a 1-design, we can now employ (43) to get

〈∂νC〉WB =− i

2
Tr

[(
11w ⊗W †A

)
V †ROVR (11w ⊗WA)

[
11w ⊗ σν ,

∫
dµ(WB) (11w ⊗WB)VLρV

†
L

(
11w ⊗W †B

)]]
=− i

2
Tr

[(
11w ⊗W †A

)
V †ROVR (11w ⊗WA)

[
11w ⊗ σν ,

1

2m
Trw[VLρV

†
L ]⊗ 11w

]]
=0 , (45)

which follows from the same argument used to derive (44). Finally, from Eqs. (44) and (45), we have 〈∂νC〉V =
0 (∀VL, VR) if WA and WB are both 1-designs.

Supplementary Note 4: Variance of the cost function partial derivative

In this section, we derive the formula for the variance of the cost function gradient. Namely,

〈(∂νC)2〉V =
2m−1Tr[σ2

ν ]

(22m − 1)2

∑
pq
p′q′

〈
∆Ωp

′q′

pq

〉
VR

〈
∆Ψp

′q′

pq

〉
VL

, (46)

with

∆Ωp
′q′

pq = Tr[ΩqpΩq′p′ ]−
Tr[Ωqp]Tr[Ωq′p′ ]

2m
, (47)

∆Ψp
′q′

pq = Tr[ΨpqΨp′q′ ]−
Tr[Ψpq]Tr[Ψp′q′ ]

2m
, (48)

and where

Ωqp = Trw

[
(|p〉〈q | ⊗ 11w)V †ROVR

]
, (49)

Ψpq = Trw

[
(|q〉〈p | ⊗ 11w)VLρV

†
L

]
. (50)

Proof. As shown in the previous section, 〈∂νC〉V = 0 when either WB or WA of (39) are 1-designs. Hence, we can
compute the variance of ∂νC as Var[∂νC] = 〈(∂νC)2〉V − 〈∂νC〉2V = 〈(∂νC)2〉V . From (43) and Lemma 5 we have

(∂νC)2 = −1

4

∑
p,q
p′,q′

Tr
[
WAΩqpW

†
AΓpq

]
Tr
[
WAΩq′p′W

†
AΓp′q′

]
, (51)
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with

Γpq = Trw

[
(|q〉〈p | ⊗ 11w)

[
11w ⊗ σν , (11w ⊗WB)VLρV

†
L (11w ⊗W †B)

]]
= Trw

[
[11w ⊗ σν , (11w ⊗WB)(|q〉〈p | ⊗ 11w)VLρV

†
L (11w ⊗W †B)]

]
=
[
σν ,WBTrw[(|q〉〈p | ⊗ 11w)VLρV

†
L ]W †B

]
=
[
σν ,WBΨpqW

†
B

]
. (52)

As previously mentioned, if WA, WB, VR and VL are independent, the expectation value of (51) can be computed
as 〈(∂νC)2〉V = 〈(∂νC)2〉VL,WB,WA,VR . In addition, if WA is a 2-design, we get from Lemma 3

〈(∂νC)2〉WA = −1

4

∑
p,q
p′,q′

∫
dµ(WA)Tr

[
WAΩqpW

†
AΓpq

]
Tr
[
WAΩq′p′W

†
AΓp′q′

]

= −1

4

∑
p,q
p′,q′

(
1

22m − 1
(Tr[Ωqp]Tr[Γpq]Tr[Ωq′p′ ]Tr[Γp′q′ ] + Tr[ΩqpΩq′p′ ]Tr[ΓpqΓp′q′ ])

− 1

2m(22m − 1)
(Tr[ΩqpΩq′p′ ]Tr[Γpq]Tr[Γp′q′ ] + Tr[Ωqp]Tr[Ωq′p′ ]Tr[ΓpqΓp′q′ ])

)
= − 1

4(22m − 1)

∑
p,q
p′,q′

(
Tr[ΩqpΩq′p′ ]−

1

2m
Tr[Ωqp]Tr[Ωq′p′ ]

)
Tr[ΓpqΓp′q′ ] , (53)

where in the third equality we used the fact that the trace of a commutator is zero: Tr[Γpq] = 0.
If WB is also a 2-design, then from (53) we need to compute the following expectation value

〈(∂νC)2〉WB,WA = − 1

4(22m − 1)

∑
p,q
p′,q′

(
Tr[ΩqpΩq′p′ ]−

1

2m
Tr[Ωqp]Tr[Ωq′p′ ]

)∫
dµ(WB)Tr[ΓpqΓp′q′ ] . (54)

Let us first note that

ΓpqΓp′q′ =
[
σν ,WBΨpqW

†
B

] [
σν ,WBΨp′q′W

†
B

]
= 2

(
σνWBΨpqW

†
BσνWBΨp′q′W

†
B

)
− 2

(
WBσ

2
νW
†
BΨpqΨp′q′

)
. (55)

This result can be used along with Lemmas 1 and 2 to compute the integral in (55) as∫
dµ(WB)Tr[ΓpqΓp′q′ ] =2

∫
dµ(WB)Tr

[
σνWBΨpqW

†
BσνWBΨp′q′W

†
B

]
− 2

∫
dµ(WB)Tr

[
WBσ

2
νW
†
BΨpqΨp′q′

]
=− 2m+1

22m − 1
Tr[σ2

ν ]

(
Tr[ΨpqΨp′q′ ]−

1

2m
Tr[Ψpq]Tr[Ψp′q′ ]

)
, (56)

where we used the fact that σν is a Pauli operator, and hence its trace is equal to zero.
Then, combining Eqs. (54) and (56), we obtain

〈(∂νC)2〉V =
2m−1Tr[σ2

ν ]

(22m − 1)2

∑
pq
p′q′

〈
∆Ωp

′q′

pq

〉
VR

〈
∆Ψp

′q′

pq

〉
VL

. (57)
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Supplementary Note 5: Variance of the cost function partial derivative for a single
layer of the Alternating Layered Ansatz

In this section we explicitly evaluate Eqs. (46)–(48) for the special case when V (θ) is composed of a single layer
of the Alternating Layered Ansatz. This case is a generalization of the warm-up example of the main text, and
constitutes the first step towards our main theorems. In particular, we remark that the tools employed here are the
same as the ones used to derive our main result.

A. Variance of global cost function partial derivative

Let us first recall that the global cost function is CG = 1− Tr
[
OV ρV †

]
, where O =

⊗ξ
k=1 Ôk, and where V (θ) is

given by a single layer of the Alternating Layered Ansatz, i.e., V (θ) =
⊗ξ

k=1Wk1 (θk). Moreover, we recall that we
assume without loss of generality that VR contains the gates in L and all the blocks Wk1 in the last (and in this case
only) layer of V (θ). The latter means that here VL = 11, and VR = 11h⊗

(⊗
k 6=hWk1 (θk)

)
. In addition, for simplicity,

we have defined Wk := Wk1. Here, ξ is the total number of blocks so that n = ξm, and we assume that the angle θν
we want to train is in the h-th block Wh.

1. Expectation value over VR

First, let us compute Ωqp. From (49), we obtain

Ωqp = Ôh

ξ∏
k 6=h

Tr
[
W †k ÔkWk|pk〉〈qk |

]
. (58)

Replacing this result in Eq. (47) and employing Lemma 3 (ξ − 1)-times results in〈
∆Ωp

′q′

pq

〉
VR

=
1

(22m − 1)ξ−1

(
Tr
[
Ô2
h

]
− 1

2m
Tr
[
Ôh

]2)
×

ξ∏
k 6=h

(
δ(p,q)Sk δ(p′,q′)Sk

(
Tr
[
Ôk

]2
− 1

2m
Tr
[
Ô2
k

])
+ δ(p′,q)Sk

δ(p,q′)Sk

(
Tr
[
Ô2
k

]
− 1

2m
Tr
[
Ôk

]2))
.

Now, let us consider Ôk (k = 1, 2, · · · , ξ) to be rank-1 projector, i.e. Tr
[
Ôk

]
= Tr

[
Ô2
k

]
= rank

[
Ôk

]
= 1. Therefore,

we can obtain

〈
∆Ωp

′q′

pq

〉
VR

=
1

(22m − 1)ξ−1

(
1− 1

2m

)ξ ξ∏
k 6=h

(
δ(p,q)Sk δ(p′,q′)Sk + δ(p′,q)Sk

δ(p,q′)Sk

)
. (59)

2. Expectation value over VL

Next, let us consider Ψpq in (50). Here, we can set VL = 11, which leads to Ψpq = Trh [(|p〉〈q | ⊗ 11h) ρ]. Note that
any quantum state ρ can be always written as

ρ =
∑
λ

pλ|ψλ〉〈ψλ| , with |ψλ〉 =
∑
αλ

cαλ |αλ1 〉 ⊗ · · · ⊗ |αλh〉 ⊗ · · · ⊗ |αλξ 〉 , (60)

where α := α1 · · ·αξ, and where αi are bitstrings of length m. Hence we find

Ψpq =
∑
λ

pλ
∑

αλ,α′λ

cαλc
∗
α′λ

 ξ∏
k 6=h

δ(q,αλ)kδ(p,α′λ)Sk

 |αλh〉〈α′λ
h | . (61)
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Then, since VL = 11, we have
〈

∆Ψp
′q′

pq

〉
VL

= ∆Ψp
′q′

pq , and we can use (61) to get

∆Ψp
′q′

pq =
∑
λ,λ′

pλpλ′
∑

αλ,α′λ

βλ
′
,β′λ′

cαλc
∗
α′λcβλ′ c

∗
β′λ′

 ξ∏
k 6=h

δ(q,αλ)Sk δ(p,α′λ)Sk
δ(q′,βλ′ )Sk

δ
(p′,β′λ′ )Sk



×
(
δ(α′λ,βλ

′
)Sh

δ
(αλ,β′λ′ )Sh

− 1

2m
δ(αλ,α′λ)Sh

δ
(βλ
′
,β′λ′ )Sh

)
.

(62)

Finally, from (59), (62), and the fact that Tr
[
σ2
ν

]
= 2m, we obtain

Var [∂νCG] =
22m−1

(22m − 1)2(22m − 1)ξ−1

(
1− 1

2m

)ξ∑
λ,λ′

pλpλ′
∑

αλ,α′λ

βλ
′
,β′λ′

cαλc
∗
α′λcβλ′ c

∗
β′λ′

×
(
δ
(α′λ,βλ′ )Sh

δ
(αλ,β′λ′ )Sh

− 1

2m
δ
(αλ,α′λ)Sh

δ
(βλ
′
,β′λ′ )Sh

)∏
k 6=h

(
δ
(αλ,α′λ)Sk

δ
(βλ
′
,β′λ′ )Sk

+ δ
(αλ,β′λ′ )Sk

δ
(α′λ,βλ′ )Sk

)
,

where we used the fact that
∑
pq
p′q′

 ξ∏
k 6=h

(
δ(p,q)Sk

δ(p′,q′)Sk
+ δ(p′,q)Sk

δ(p,q′)Sk

)
δ(q,αλ)Sk

δ
(p,α′λ)Sk

δ
(q′,βλ′ )Sk

δ
(p′,β′λ′ )Sk


=
∏
k 6=h

(
δ
(αλ,α′λ)Sk

δ
(βλ
′
,β′λ′ )Sk

+ δ
(αλ,β′λ′ )Sk

δ
(α′λ,βλ′ )Sk

)
.

Let us define
J :=

∑
λ,λ′

pλpλ′
∑

αλ,α′λ

βλ
′
,β′λ′

cαλc
∗
α′λcβλ′ c

∗
β′λ′

×
(
δ
(α′λ,βλ′ )Sh

δ
(αλ,β′λ′ )Sh

−
1

2m
δ
(αλ,α′λ)Sh

δ
(βλ
′
,β′λ′ )Sh

) ∏
k 6=h

(
δ
(αλ,α′λ)Sk

δ
(βλ
′
,β′λ′ )Sk

+ δ
(αλ,β′λ′ )Sk

δ
(α′λ,βλ′ )Sk

)
,

which, has the form of J = 1− 1
2m +

∑2ξ−1−1
l=1

(
AL − 1

2mBL
)
, where AL, BL are the purities of reduced states of ρ. The

latter can be understood in the following way. Let us define the set S = {S1, S2, · · · , Sξ}, whose elements represents
each block. Then, suppose that we want to consider the partial trace of ρ over several subsystems HK , where K ⊂ S.
The reduced state lives in the composite Hilbert space HK , where K = S \K, and we can write α := αK ·αK . Let
us define the reduced state as ρK := TrK [ρ], and its purity can be explicitly written as

Tr
[
ρ2K
]

=
∑
λ,λ′

pλpλ′
∑
αλ,βλ

′

cαλc
∗
αλ

K
·βλ′K

cβλ′ c
∗
αλK ·β

λ′
K

,

which appears in the expression of J . Since Tr
[
ρ2K
]
6 1, we have J < 2ξ−1; therefor, we can write

Var [∂νCG] <
22m−2

(22m − 1)22mξ−ξ(1 + 2−m)ξ
<

1

2(2− 1
m )n

(∀m ∈ N) , (63)

where in the last inequality we used the fact that n = mξ. Equation (63) shows that for the single layer of the
alternating layered ansatz the global cost functions presents a barren plateau.

B. Variance of the local cost function partial derivative

Here we consider the case when V (θ) is given by a single layer of the Alternating Layered Ansatz, and when the
local cost function is

CL = 1− 1

n

n∑
j=1

Tr
[(
|0〉〈0|j ⊗ 11j

)
V ρV †

]
.
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with OL = 1
n

∑n
j=1 |0〉〈0|j ⊗ 11j , and where j denotes the j-th qubit. Moreover, let us assume that we are training

a parameter θν in h-th block. This case is simpler than the one previously considered for the global cost function
as the gradient is non vanishing only when we measure a qubit j in Sh. We can then redefine OhL : Hh → Hh as
ÔhL = 1

n

∑m
j=1 |0〉〈0|j ⊗ 11j , where each j is such that j ∈ Sh. Then, from (57) we have

Tr
[
ÔhL

]
=
m2m−1

n
, Tr

[(
ÔhL

)2]
=
m(m+ 1)2m−2

n2
. (64)

From (49), Ωqp can be written as Ωqp = δpqWhO
h
LW

†
h , which leads to

∆Ωp
′q′

pq =
m2m−2

n2
δpqδp′q′ . (65)

Next, from (50) we have Ψpq = Trh [(|q〉〈p | ⊗ 11h) ρ], and it is straightforward to see that∑
pq

δpqΨpq =
∑
pq

δpqTrh [(|q〉〈p | ⊗ 11h) ρ] = ρh , (66)

where we defined ρh := Trh [ρ]. Then, from (57), and by using
〈

∆Ψp
′q′

pq

〉
VL

= ∆Ψp
′q′

pq , and Tr[σ2
ν ] = 2m, we can write

Var [∂νCL] =
m23(m−1)

n2(22m − 1)2

(
Tr[ρ2h]− 1

2m

)
=

m · 23(m−1)

n2(22m − 1)2
DHS

(
ρh,

11
2m

)
,

where DHS (ρh, 11/2m) = Tr[(ρh−11/2m)2] is the Hilbert-Schmidt distance between ρh and 11/2m. If DHS (ρh, 11/2m) ∈
Ω (1/ poly(n)), we have that the variance of the cost function partial derivative is polinomially vanishing with n as

Var[∂νCL] ∈ Ω

(
1

poly(n)

)
, (67)

and hence in this case CL presents no barren plateau.

Supplementary Note 6: Proof of Theorem 2

First, let us recall that we are considering m-local cost functions where each operator Oi acts nontrivially on
m qubits Oi = 11m ⊗ Ôi (here 11m indicates the identity on all but m qubits), and where Ôi can be expressed as
Ôi = Ôµii ⊗ Ô

µ′i
i . Hence, we have

O = c011 +

N∑
i=1

ciÔ
µi
i ⊗ Ô

µ′i
i , (68)

where Ôµii are operators acting on m/2 qubits which can be written as tensor product of Pauli operators. Here we
recall that we have defined Sk as the m-qubit subsystem on which WkL acts and let S = {Sk} be the set of all such
subsystems. As detailed in the main text the summation in Eq. (68) includes two possible cases: First, when Ôµii
(Ôµ

′
i
i ) acts on the first (last) m/2 qubits of a given Sk, and second, when Ôµii (Ôµ

′
i
i ) acts on the last (first) m/2 qubits

of a given Sk (Sk+1). This type of cost function includes any ultralocal (i.e., where the Oi are one-body) cost function,
and also VQE Hamiltonians with up to m/2 neighbor interactions.

Here we provide a proof of Theorem 2 in the main text, which we now reiterate for convenience.

Theorem 2. Consider a trainable parameter θν in a block W of the ansatz in Fig. 3 of the main text. Let Var[∂νC]
be the variance of the partial derivative of an m-local cost function C (with O given by (68)) with respect to θν . If
WA, WB of (39), and each block in V (θ) form a local 2-design, then Var[∂νC] is lower bounded by

Gn(L, l) 6 Var[∂νC] , (69)

with

Gn(L, l) =
2m(l+1)−1

(22m − 1)2(2m + 1)L+l

∑
i∈iL

∑
(k,k′)∈kLB

k′>k

c2i ε(ρk,k′)ε(Ôi) , (70)
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where iL is the set of i indices whose associated operators Ôi act on qubits in the forward light-cone L of W , and kLB

is the set of k indices whose associated subsystems Sk are in the backward light-cone LB of W . Here we defined the
function ε(M) = DHS (M,Tr(M)11/dM ) where DHS is the Hilbert-Schmidt distance and dM is the dimension of the
matrix M . In addition, ρk,k′ is partial trace of the input state ρ down to the subsystems SkSk+1...Sk′ .

Proof. Let us first consider the case when the operators Oi are of the form (68) and act non trivially in a given
subsystem of S. We can expand

Var[∂νC] =
2m−1Tr[σ2

ν ]

(22m − 1)2

∑
i,j

∑
pq
p′q′

cicj

〈
Tr[ΩiqpΩjq′p′ ]−

Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VR

〈
∆Ψp

′q′

pq

〉
VL

, (71)

where we defined

Ωiqp = Trw

[
(|p〉〈q | ⊗ 11w)V †ROiVR

]
. (72)

1. Expectation value over VR

We recall here that we assume without loss of generality that VR contains the gates in L and all the blocks WkL in
the last layer of V (θ). Hence, we can express

VR = VL ⊗ VL , (73)

where VL contains all the blocks in the forward light-cone L of W , and where VL consists of all the remaining blocks
in the last layer of the ansatz. When analyzing the operators Ωipq we have to consider two cases: 1) when Oi only
acts non-trivially on qubits in SL, and 2) when Ôi acts non-trivially on qubits in SL. If Oi only acts non-trivially on
qubits in SL, it is straightforward to show from (72) that Ωipq ∝ 11w. Hence, in this case, we find

Tr[ΩiqpΩjq′p′ ]−
Tr[Ωiqp]Tr[Ωjq′p′ ]

2m
= 0 . (74)

Let us then define iL as the set of i indices whose associated operators Oi act on qubits in the forward light-cone L
of W . In what follows we assume that the indexes i, j ∈ iL, i.e., we assume that Oi and Oj act non-trivially on qubit
in SL. The latter leads to〈

Tr[ΩiqpΩjq′p′ ]−
Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VR

= δ(p,q)SL
δ(p′,q′)SL

〈
Tr[ΩiqpΩjq′p′ ]−

Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VL

. (75)

Here the delta functions arise from (72) by noting that V †ROiVR = V †LOiVL.
In order to explicitly evaluate the expectation value in (75) we use the fact that each block in the layered ansatz is

a 2-design, and hence one can algorithmically integrate over each block using the Weingarten calculus. Specifically, as
discussed in the main text we employ the tensor network representation of Tr[ΩiqpΩiq′p′ ] and Tr[Ωiqp]Tr[Ωjq′p′ ], and we
use the Random Tensor Network Integrator (RTNI) package of Ref. [5], which allows for the computation of averages
of tensor networks containing multiple Haar-distributed random unitary matrices and deterministic symbolic tensors.

Using this procedure, 〈. . . 〉VL can be computed by integrating over each block inside of VL over the unitary group
with respect to the Haar measure. After each integration the result of the average is a sum of up to four new tensor
according to (3), and Lemmas 2 and 3. After all the blocks in VL have been integrated, the final result can be
expressed as 〈

Tr[ΩiqpΩjq′p′ ]−
Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VL

=
∑
τ

tijτ δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ ∆Oijτ , (76)

where tτ ∈ R, Sτ ∪ Sτ = SL ∩ Sw (with Sτ 6= ∅), and where we have defined

∆Oijτ = Trxτyτ [Trzτ [Oi] Trzτ [Oj ]]−
Trxτ [Tryτzτ [Oi] Tryτzτ [Oj ]]

2m
. (77)
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Supplementary Figure 1. Schematic representation of the method employed to derive Eq. (76). Here we consider the case
when Oi and Oj act nontrivially only on the topmost m qubits in VL. (a) Tensor-network representation of the term Ωiqp. All
but L − l blocks in VL simplify to identity when computing V †LOiVL. One can always define operators O(1)

i , and O
(1)
j such

that Eq. (78) holds. Here W12 is the topmost block in the first layer of VL, and we define P 1
pq as a projector operator acing on

m/2 qubits. (b) Tensor-network representation of the operator O(1)
i . Note that from O

(1)
i we can also define an operator O(2)

i

which will be of the same form as O(1)
i . (c) By means of the Weingarten calculus we can integrate over W12 to compute the

expectation value of Eq. (78). The result is a single tensor. This result can be obtained by employing Eq. (23) of Lemma 6.
(d) In order the integrate the next block we use the operators O(2)

i to express the tensor networks in a form that coincides with
panel (c). We can then repeat this procedure L − l times in order to integrate over all blocks and compute the expectation
value in (75). The final result is of the form of Eq. (79).

Here we use the notation Trxτ to indicate the trace over the Hilbert space associated with subsystem Sxτ . We also
define SL = {Sk : Sk ⊂ SL} as the set of subspaces Sk which belong to the light-cone L, so that we have Syτ ∈ SL,
Sxτ ∪ Syτ ∪ Szτ = SL, and Sxτ , Szτ ∈ P(SL), with P(SL) = {∅, S1, . . . , Sξ, S1 ∪ S2 . . .} the power set of SL. If one
chooses Szτ = ∅ (or Sxτ = ∅), with associated Hilbert space H0 = {0}, we define Tr∅ [O] := O.

Equation (76) can be derived by iteratively applying Lemma 6 each time a block in VL is integrated in (75), and
noting that at each integration the resulting tensor can always be written in a way such that Lemma 6 can be applied
again. As an example, let us consider the case when Oi and Oj act nontrivially only on the topmost m qubits in
VL. As shown in Sup. Fig. 1(a), all but L − l blocks in VL simplify to identity when computing V †LOiVL. Then, let
us denote by W12 the topmost gate in the first layer in VL, and let S̃1, S̃2 be the sets of m/2 adjacent qubits (with
associated Hilbert spaces H̃1, H̃2) such that W12 acts on H̃1 ⊗ H̃2, and such that S̃2 ⊂ Sw. One can always write〈

Tr[ΩiqpΩjq′p′ ]−
Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VL

∝
〈

TrH̃2

[
TrH̃1

[Ω1]TrH̃1
[Ω′1]

]
− Tr[Ω1]Tr[Ω′1]

2m

〉
VL

, (78)

with Ω1 = W12O
(1)
i W †12(|p〉〈q |S̃1

⊗ 11S̃2
), Ω′1 = W12O

(1)
j W †12(|p′〉〈q′ |S̃1

⊗ 11S̃2
), and where O(1)

i , and O(1)
j are defined

according to Sup. Fig. 1(a). The proportionallity factor in Eq. (78) is given by delta functions over p, and q. Moreover,
the right-hand side of (78) is exactly of the form (16), and hence by applying Lemma 6 (or more specifically, Eq. (23))
one finds the result of Sup. Fig. 1(c). As schematically depicted in Sup. Fig. 1(b), one can then define operators O(2)

i
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and repeat this calculation L− l times as in Sup. Fig. 1(d). One finally finds〈
Tr[ΩiqpΩjq′p′ ]−

Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VL

∝ 2m(L−l)/2

(2m + 1)L−l

(
Tr [OiOj ]−

Tr [Oi] Tr [Oj ]

2m

)
, (79)

where once again the proportionally factor is given by delta functions over p and q. For more general operators Oi
and Oj , each time a block is integrated, one can always rewrite the resulting non-trivial terms in the form of either
Eq. (16), or Eq. (20). Remarkably, this means that the final result can always be expressed in terms of contractions
of the form (77), and hence Eq. (76) holds.

As previously mentioned, Eq. (76) is valid for arbitrary operators Oi and Oj . However, from Lemma 7 we know
that if Oi and Oj have no overlapping support, then ∆Oijτ = 0, for all τ . Hence we only have to consider the cases
when i = j. Moreover, if Ôi act non trivially in a given subsystem of S the summation in Eq. (76) simplifies and we
find 〈

Tr[ΩiqpΩjq′p′ ]−
Tr[Ωiqp]Tr[Ωjq′p′ ]

2m

〉
VL

= ε(Ôi)
∑
τ

t̂iiτ δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ , (80)

where we now denote the coefficients as t̂iiτ since we now have t̂iiτ > 0, and where

ε(Ôi) = Tr
[
Ô2
i

]
−

Tr
[
Ôi

]2
2m

= DHS

(
Ôi,Tr[Ôi]

11
2m

)
. (81)

Moreover, we also find that the following inequality holds ∀i∑
τ

t̂iiτ >
2m(L−l)/2

(2m + 1)L−l
, (82)

where we recall that L is the number of layers in the ansatz, and that the block W is in the lth-layer of V (θ).
Combining Eqs. (71) and (80), we find

Var[∂νC] =
2m−1Tr[σ2

ν ]

(22m − 1)2

∑
pq
p′q′

∑
i∈iL

c2i ε(Ôi)
∑
τ

t̂iiτ δ(p,q)SL∪Sτ
δ(p′,q′)SL∪Sτ

δ(p,q′)Sτ δ(p′,q)Sτ

〈
∆Ψp

′q′

pq

〉
VL

. (83)

Before proceeding to compute the expectation value over VL, let us analyze the lower bound in (82). For simplicity
of notation, let us define Tτ :=

∑
τ t̂
ii
τ . In what follows we compare Tτ for two relevant (and extremum) cases: 1)

when Oi acts nontrivially on the topmost m qubits in VL (see panel (a) of Fig. (2)), and 2) when Oi acts nontrivially
on Sw (see panel (b) of Fig. (2)). As discussed below, Tτ is larger for Case 2, that for Case 1.

As schematically depicted in Sup. Fig. (2)(a), for Case 1 one needs to integrate over (L− l) blocks, and we know
from Eq. (79) (and Sup. Fig. 1) that

Tτ =
2m(L−l)/2

(2m + 1)L−l
. (84)

On the other hand, for Case 2 one needs to integrate over (L− l)(L− l+ 2)/4 blocks. While a closed formula cannot
be derived for this case, we can explicitly integrate over each block to obtain:

Tτ =



23m/2(1+2m/2)2

(1+2m)3 if L− l = 2
22m(1+2m/2)2(1+2m/2+2m)

1+d2)5 if L− l = 3
25m/2(1+2m/2+2m)(1+2m/2(3+2m/2(8+2m/2(3+2m/2))))

(1+2m)7 if L− l = 4
23m(1+2m/2(2+2m/2(4+2m/2(2+2m/2))))(1+2m/2(3+2m/2(8+2m/2(3+2m/2))))

(1+2m)9 if L− l = 5

. (85)

For all cases we can see from Sup. Fig. (2)(c) that the values of Tτ for Case 2 are larger than the ones obtained for
Case 1.

The latter can be understood from two key facts. First, that while integrating over a block leads to coefficients
smaller than one according to (3), the more blocks one integrates over, the more contributions we get for ε(Ôi).
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Supplementary Figure 2. a) Schematic representation of Case 1. The operator Oi acts nontrivially on the m topmost qubits
in VL. Note that this scenario corresponds to the one analyzed in Sup. Fig. 1. Here one needs to integrate over (L− l) blocks.
The arrows indicate the tensor indexes that, when contracted after integrating over each block, will lead to delta functions in
p and q. b) Schematic representation of Case 2. The operator Oi acts non trivially on Sw. Here one needs to integrate over
(L− l)(L− l+ 2)/4 blocks. For the case of L odd, the operator Oi acts nontrivially on the top m/2 qubits of Sw and the m/2
qubits above those. The arrows indicate the tensor indexes that, when contracted after integrating over each block, will lead
to either delta functions in p and q, or to traces over the identity on m/2 qubits. c) Solid lines represent the value of Tτ versus
m for Case 2 in panel b) (i.e., from Eq. (85)). Dashed lines represent the value of Tτ versus m for Case 1 in panel a) (i.e., from
Eq. (84)). The y axis is shown in a logarithmic scale. For all values of (L − l) considered the values of Tτ Case 2 are larger
that those Case 1. For a given value of (L− l) the difference between values of Tτ in (84) and in (85) scales as 1/2m(L−l−1)/2.
The previous explains why as m increases we the dashed line for (L− l) converges to the solid line with (L− l + 1).

Second, from the fact that in Case 2 the integration over some blocks will lead to multiplicative factors 2m/2 which
will compensate the factors from (3). These large factors 2m/2 essentially arise when integrating blocks in VL which
act on qubits which one does not measure, and which hence lead to traces over the identity over m/2 qubits. Note that
these factors do not arise in Case I. In Sup. Fig. (2)(a) we have schematically indicated by arrows the indexes that
will lead to delta functions in p and q after each block is integrated. Each time we integrate a block containing these
indexes one obtains tensor contractions of |p〉〈q |. On the other hand, for Case 2, one will not only get these tensor
contractions in p and q, but as indicated in Sup. Fig. (2)(b) we have also indexes that will lead to identity-tensor
contractions and hence to factors 2m/2.

In fact, for a given L the difference between the Tτ in (84) and in (85) scales as 1/2m(L−l−1)/2, which means that
as (L − l) increases the inequality in (82) becomes tighter. Finally, we remark that the previous explains why in
Fig. (2)(c) the values of Tτ from Case 1 and fixed (L− l) converge to the values of Case 2 and (L− l + 1).

2. Expectation value over VL

Let us now consider the term〈
∆Ψp

′q′

pq

〉
VL

=

〈
Tr[ΨpqΨp′q′ ]−

Tr[Ψpq]Tr[Ψp′q′ ]

2m

〉
VL

. (86)

Since the bitstring p (q) can be expressed as a bit-wise concatenation of the form p = (p)SL∪Sτ · (p)Sτ (and similarly
for q), we can first evaluate ∑

(pq)SL∪Sτ

δ(p,q)SL∪Sτ
Ψqp = Trτ [(|p〉〈q |Sτ ⊗ 11w)ρ̃Wk] , (87)

where Trτ is the partial trace over the Hilbert space Hτ of the qubits in Sτ , and where we defined

ρ̃Wk = TrL∪τ [VLρV
†
L ] , (88)

as the reduced state of VLρV
†
L on Hw ⊗Hτ . Then, from the term δ(p,q′)Sτ δ(p′,q)Sτ in (83), we get∑

(pq)Sτ

δ(p,q′)Sτ δ(p′,q)Sτ

(
Tr[ΨpqΨqp]− Tr[Ψpq]Tr[Ψqp]

2m

)
= DHS

(
ρ̃wτ , ρ̃τ ⊗

11
2m

)
, (89)
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where DHS (ρ, σ) = Tr[(ρ− σ)2] is the Hilbert-Schmidt distance, and where we defined

ρ̃τ = Trw(ρ̃wτ ) , and ρ̃w = Trτ (ρ̃wτ ) = Trw

[
VLρV

†
L

]
, (90)

as the reduces states of VLρV
†
L on subsystem Hτ , and Hw, respectively. Equation (89) quantifies how far ρ̃wτ is from

being a tensor product state where the state on subsystem Sw is maximally mixed. Evidently, if ρ̃w is maximally
mixed then it will be impossible to train any angle in W .

Let us now analyze the following chain of inequalities valid for the Hilbert-Schmidt distance DHS

(
ρ̃wτt , ρ̃τt ⊗ 11

2m

)
and any choice of Sτ :

DHS

(
ρ̃wτt , ρ̃τt ⊗

11
2m

)
>

4DT

(
ρ̃wτt , ρ̃τt ⊗ 11

2m

)2
2mdτ

(91)

>
4DT

(
ρ̃w,

11
2m

)2
2m(L−l+2)/2

>
DHS

(
ρ̃w,

11
2m

)
2m(L−l+2)/2

, (92)

with DT (A,B) = Tr
[√

(A−B)2
]
the Trace Distance between the Hermitian operators A and B. In the first line

we employ the matrix norm equivalence, and we denote as dτ the dimension of Hτ . The second line is derived from
the fact that the Trace Distance is non-increasing over partial trace [6], and from the fact that dτ 6 2m(L−l)/2 ∀τ .
Finally, the inequality in (92) employs again the matrix norm equivalence. From Eqs. (92), and (83), we find that the
following lower bound holds

Var[∂νC] >
Tr[σ2

ν ]

2(22m − 1)2(2m + 1)L−l

∑
i∈iL

c2i εi

〈
DHS

(
ρ̃w,

11
2m

)〉
VL

. (93)

Following a similar procedure as the one previously employed to compute expectation values over VR, we can once
again leverage the tensor network representation of quantum circuits to algorithmically integrate over each block
and compute 〈DHS

(
ρ̃W ,

11
2m

)
〉VL . After considering that all the blocks in VL which are not in the backpropagated

light-cone of W will simplify to identity, we find〈
DHS

(
ρ̃w,

11
2m

)〉
VL

=
∑

(k,k′)∈kLB
k′>k

tk,k′ε(ρk,k′) , (94)

where tk,k′ > 0, and where kLB is the set of k indices whose associated subsystems Sk are in the backward light-cone
LB ofW . Here we defined the function ε(M) = DHS (M,Tr(M)11/dM ) where DHS is the Hilbert-Schmidt distance and
dM is the dimension of the matrix M . In addition, ρk,k′ is partial trace of the input state ρ down to the subsystems
SkSk+1...Sk′ . In addition, we find that the following inequality holds ∀k, k′

tk,k′ >
2ml

(2m + 1)2l
. (95)

Hence, we have Var[∂νC] > Gn(L, l), where

Gn(L, l) =
2m(l+1)−1

(22m − 1)2(2m + 1)L+l

∑
i∈iL

∑
(k,k′)∈kLB

k′>k

c2i ε(ρk,k′)ε(Ôi) , (96)

where we used the fact that Tr[σ2
ν ] = 2m.

This result can be trivially generalized to the case when Ôi and Ôj are of the general form in Eq. (68) such that
they can have overlapping support on at most m/2 qubits. Then, from (77) it is straightforward to see that ∆Oijτ = 0

for all τ , i, and j, as one would always have to compute traces of the form Tr[Ôµii ], which vanish since Ôµii can be
written as a tensor product of Pauli operators.
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Supplementary Note 7: Proof of Theorem 1

The following theorem provides an upper bound on the variance of the partial derivative of a global cost function
which can be expressed as the expectation value of an operator of the form

O = c011 +

N∑
i=1

ciÔi1 ⊗ Ôi2 ⊗ · · · ⊗ Ôiξ . (97)

Specifically, we consider two cases of interest: (i) When N = 1 and each Ô1k is a non-trivial projector (Ô2
1k = Ô1k 6= 11)

of rank rk acting on subsystem Sk, or (ii) When N is arbitrary and Ôik is traceless with Tr[Ô2
ik] 6 2m (for example,

when Ôik =
⊗m

j=1 σ
µ
j is a tensor product of Pauli operators σµj ∈ {11j , σxj , σ

y
j , σ

z
j }, with at least one σµj 6= 11). In

Section 7A we first consider case (i), while in Section 7B we prove Theorem 1 for case (ii).
We now reiterate Theorem 1 for convenience:

Theorem 1. Consider a trainable parameter θν in a block W of the ansatz in Fig. 3 of the main text. Let Var[∂νC]
be the variance of the partial derivative of a global cost function C (with O given by (97)) with respect to θν . If WA,
WB of (39), and each block in V (θ) form a local 2-design, then Var[∂νC] is upper bounded by

Var[∂νC] 6 Fn(L, l) . (98)

(i) For N = 1 and when each Ô1k is a non-trivial projector, then defining R =
∏ξ
k=1 r

2
k, we have

Fn(L, l) =
22m+(2m−1)(L−l)

(22m − 1) · 3 n
m · 2(2− 3

m )n
c21R . (99)

(ii) For arbitrary N and when each Ôik satisfies Tr[Ôik] = 0 and Tr[Ô2
ik] 6 2m, then

Fn(L, l) =
22m(L−l+1)+1

3
2n
m · 2(3− 4

m )n

N∑
i,j=1

cicj . (100)

A. N = 1, and Ô1k is a non-trivial projector

For simplicity, let us now use Ôk when refering to the operators Ôik. Let us first consider the case when each Ôk
is a non-trivial projector (Ô2

k = Ôk) of rank rk acting on subsystem Sk:

rk := Tr
[
Ôk

]
= Tr

[
Ô2
k

]
= rank

[
Ôk

]
. (101)

Proof. In the previous section, we defined VR as containing all gates in the forward light-cone L of W and all the
gates in the last layer of the ansatz. Hence, we can express VR = VL ⊗ VL, where VL : HL → HL is given by

VL =
⊗
k∈kL

WkL , (102)

where where kL is the set of k indices whose associated subsystems of qubits Sk are outside of the forward light-cone
L of W . One can always write |q〉〈p | ⊗ 11w as a projector onto HL times a projector onto HL:

|q〉〈p | ⊗ 11w =

⊗
k∈kL

|q〉〈p |k

⊗ |q〉〈p |L ⊗ 11w . (103)

Combining (49) with Eqs. (102) and (103) leads to

Ωqp =

 ∏
k∈kL

Trk

[
|p〉〈q |kW †kLÔkWkL

]ΩLqp , (104)
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where

ΩLqp = TrL∩w
[
(|p〉〈q | ⊗ 11w)VLO

LVL
]
, (105)

and where OL =
⊗

k∈kL
Ôk. Here Trk indicates the trace over Hk, while TrL∩w is the trace over the Hilbert space

associated with the qubits in SL ∩ Sw.
In order to explicitly evaluate the expectation value 〈. . . 〉VR in

Var[∂νC] =
2m−1Tr[σ2

ν ]

(22m − 1)2
c21
∑
pq
p′q′

〈(
Tr[ΩqpΩq′p′ ]−

Tr[Ωqp]Tr[Ωq′p′ ]

2m

)〉
VR

〈
∆Ψp

′q′

pq

〉
VL

, (106)

we use the fact that the blocks in V (θ) are independent, and hence 〈. . . 〉VR = 〈. . . 〉VL,VL . Then, we have〈
Tr[ΩqpΩq′p′ ]−

Tr[Ωqp]Tr[Ωq′p′ ]

2m

〉
VR

=

〈
Tr[ΩLqpΩLq′p′ ]−

Tr[ΩLqp]Tr[ΩLq′p′ ]

2m

〉
VL

 ∏
k/Sk⊂SL

〈Ωk〉WkL

 , (107)

with

Ωk = Trk

[
|p〉〈q |kW †kLÔkWkL

]
Trk

[
|p′〉〈q′ |kW †kLÔkWkL

]
. (108)

Let us first compute the expectation value of each Ωk. From Lemma 3, we have:

〈Ωk〉WkL
=

rk
22m − 1

((
rk −

1

2m

)
δ(p,q)Sk δ(p

′,q′)Sk
+
(

1− rk
2m

)
δ(p,q′)Sk

δ(p′,q)Sk

)
6

1

22m − 1
r2k

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)
, (109)

where in the inequality we have dropped the negative terms and used the fact that rk 6 r2k. Then, we have∏
k∈kL

〈Ωk〉WkL
6

1

(22m − 1)ξL

∏
k∈kL

r2k

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)
.

Combining this result with Eq. (106) leads to the upper bound

Var[∂νC] 6
2m−1Tr[σ2

ν ]

(22m − 1)2(22m − 1)ξL
c21
∑
pq
p′q′

(〈
Tr[ΩLqpΩLq′p′ ]−

Tr[ΩLqp]Tr[ΩLq′p′ ]

2m

〉
VL

×

 ∏
k∈kL

r2k

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)〈∆Ψp
′q′

pq

〉
VL

)
.

(110)

As discussed in the previous section, one can compute the expectation values in Eq. (110) by systematically in-
tegrating over each block over the unitary group with the respect to the Haar measure. From Eq. (76) we can find

Var[∂νC] 6
2m−1Tr[σ2

ν ]

(22m − 1)2(22m − 1)ξL
c21
∑
pq
p′q′

∑
τ

(
tτδ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ ∆Oτ

×

 ∏
k∈kL

r2k

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)〈∆Ψp
′q′

pq

〉
VL

)
.

(111)

Note that by expanding the product
∏
k∈kL

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)
δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ ,

one obtains a sum of 2ξL terms, and according to Eqs. (86)–(89), each term in the summation leads to a Hilbert-
Schmidt distances between two quantum states. Then, since DHS(ρ1, ρ2) 6 2 for any pair of states ρ1, ρ2, we find

∑
pq
p′q′

δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ

 ∏
k∈kL

(
δ(p,q)Sk δ(p

′,q′)Sk
+ δ(p,q′)Sk

δ(p′,q)Sk

)〈∆Ψp
′q′

pq

〉
VL

6 2 · 2ξL . (112)
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Replacing this result in (111) leads to

Var[∂νC] 6
2m2ξLTr[σ2

ν ]

(2m − 1)2(22m − 1)ξL
c21

 ∏
k∈kL

r2k

∑
τ

tτ∆Oτ . (113)

Next, we consider the terms ∆Oτ . From Eq. (77) we can show that

∆Oτ 6
∏
k∈kL

r2k , (114)

so that (113) becomes

Var[∂νC] 6
2m2ξLTr[σ2

ν ]

(22m − 1)2(22m − 1)ξL
c21R

∑
τ

tτ , (115)

where R =
∏ξ
k=1 r

2
k.

Let us finally show that
∑
τ tτ 6 2 ∀l, L. We recall from Eq. (106) that the coefficients tτ are obtained by integrating

each block in V (θ) over the unitary group with the respect to the Haar measure. Each time a block is integrated one
obtains four new tensors weighted by the coefficients ηi, with i = 1, . . . , 4 such that

∑4
µ=1 |ηµ| 6 1 for all m. Consider

now the average
〈

Tr[ΩiqpΩjq′p′ ]
〉
VR

, once all the blocks have been integrated we find

〈
Tr[ΩiqpΩjq′p′ ]

〉
VR

=

4∑
µ1=1

ηµ1

(
4∑

µ2=1

ηµ2

(
. . .

(
4∑

µm=1

ηµm

)))
Tµ1,µ2,...,µm(O) , (116)

where µm is the number of averaged blocks, and where Tµ1,µ2,...,µm(O) is a tensor contraction of O. A similar equation
can be obtained for

〈
Tr[Ωiqp]Tr[Ωjq′p′ ]

〉
VR

as

〈
Tr[Ωiqp]Tr[Ωjq′p′ ]

〉
VR

=

4∑
µ′1=1

ηµ′1

 4∑
µ′2=1

ηµ′2

. . .
 4∑
µ′m=1

ηµ′m

Tµ′1,µ′2,...,µ′m(O) , (117)

so that

∑
τ

tτ =

4∑
µ1=1

ηµ1

(
4∑

µ2=1

ηµ2

(
. . .

(
4∑

µm=1

ηµm

)))
− 1

2m

4∑
µ′1=1

ηµ′1

 4∑
µ′2=1

ηµ′2

. . .
 4∑
µ′m=1

ηµ′m

 . (118)

Taking the absolute value on both side and using the fact that
∑4
µ=1 |ηµ| 6 1, one gets

∑
τ tτ = |

∑
τ tτ | 6 1+ 1

2m 6 2.
Therefore, by using Tr

[
σ2
ν

]
= 2m, we have

Var[∂νC] 6
22m+ n

m+l−L

(22m − 1)2(22m − 1)
n
m+l−L−1 c

2
1R .

Moreover, we also find that

22m+ n
m+l−L

(22m − 1)2(22m − 1)
n
m+l−L−1 c

2
1R =

22m

22m − 1
·
(

22m−1 − 1

2

)L−l
· 2

n
m

22n(1− 2−2m)
n
m
c21R , (119)

and since 22m−1 − 1
2 < 22m−1 and 1 6 1

1−2−2m 6 4
3 , Var[∂νC] can be upper bounded as Var[∂νC] < Fn(L, l), where

Fn(L, l) =
22m+(2m−1)(L−l)

(22m − 1) · 3 n
m · 2(2− 3

m )n
c21R . (120)
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B. Arbitrary N and Ôik is a traceless operators such that Tr[Ô2
ik] 6 2m

We now consider the case when Ôik is traceless. Specifically, we assume

Tr
[
Ôik

]
= 0 , and Tr

[
Ô2
ik

]
6 2m . (121)

Note that if Ôik is a tensor product of Pauli operators then Tr
[
Ô2
ik

]
= 2m.

Proof. Let us first analyze the case of N = 1. Combining Lemma 3 with Eqs. (107), and (108), we find

〈Ωk〉WkL
6

2m

22m − 1

(
δ(p′,q)Sk

δ(p,q′)Sk
− 1

2m
δ(p,q)Sk δ(p

′,q′)Sk

)
6

2m

22m − 1
δ(p′,q)Sk

δ(p,q′)Sk
, (122)

which yields ∏
k∈kL

〈Ωk〉WkL
6

2ξLm

(22m − 1)ξL

∏
k∈kL

δ(p′,q)Sk
δ(p,q′)Sk

. (123)

Therefore, from (111), and (123), we can obtain

Var [∂νC] 6
22m−1

(22m − 1)2(22m − 1)ξL
c21 ·

2ξLm

(22m − 1)ξL
(124)

×
∑
pq
p′q′

∑
τ

tτ∆Oτ

 ∏
k∈kL

δ(p′,q)Sk
δ(p,q′)Sk

 δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ

〈
∆Ψp

′q′

pq

〉
VL

. (125)

Let us now consider the terms ∆Oτ from (77). It is straightforward to see that ∆Oτ = 0 if Sτz 6= ∅, due to the fact
that Tr[Ôik] = 0. Hence, let us define τp as the set of indexes such that Sτz = ∅. Then, we have

∆Oτ 6

{
2m(L−l+1) (τ ∈ τp)
0 (τ 6∈ τp)

. (126)

The latter implies ∑
τ

tτ∆Oτ 6
∑
τ∈τp

tτ∆Oτ 6 2× 2m(L−l+1) , (127)

where we used the fact that
∑
tτ 6 2 (see Eq. (118) in the previous section).

According to Eqs. (86)–(89), the product
(∏

k∈kL
δ(p′,q)Sk

δ(p,q′)Sk

)
δ(p,q)Sτ δ(p′,q′)Sτ δ(p,q′)Sτ δ(p′,q)Sτ , leads to a

Hilbert-Schmidt distances between two quantum states, which is always upper bounded by 2. We then find

Var [∂νC] 6
22m+1

(22m − 1)2(22m − 1)ξL
c21 ·

2ξLm

(22m − 1)ξL
· 2m(L−l+1) . (128)

Since n = m(L− l + 1) +mξL, we can rewrite (128) as

Var [∂νC] 6
22m+n+1(22m − 1)2(L−l)

24n(1− 2−2m)
2n
m

c21 . (129)

Finally, noting that 22m − 1 6 22m and 1 6 1
1−2−2m 6 4

3 , we have

Var [∂νC] 6
22m(L−l+1)+1

3
2n
m 2(3− 4

m )n
c21 . (130)

Let us now consider the arbitrary N case, where the operator O can be expressed as

O = c011 +

N∑
i=1

ciOi , (131)



22

and where each Oi can be expressed as Oi = Ôi1 ⊗ Ôi2 ⊗ · · · ⊗ Ôiξ with Ôik satisying (121).
Here it is convinient to define Ci = Tr[OiV (θ)ρV †(θ)], so that C = c0 +

∑
i ciCi. When computing the variance

we now have to consider the cross terms arising from Ci, and Cj with i 6= j:

Var[∂νC] = 〈(∂νC)2〉V =
∑
i

c2i 〈(∂νCi)2〉V +
∑
i6=j

cicj〈∂νCi∂νCj〉V . (132)

First, let us remark that

Tr
[
Ôik

]
= 0 , and Tr

[
ÔikÔjk′

]
6 2m , ∀i, j, k, k′ and

{
∆Oijτ 6 2m(L−l+1) (τ ∈ τp)
∆Oijτ = 0 (τ 6∈ τp)

, (133)

where ∆Oijτ was defined in (77), and where Tr
[
ÔikÔjk′

]
6 2m follows from the fact that Tr

[
Ô2
ik

]
6 2m and

Tr
[
Ô2
jk′

]
6 2m. Hence, it is straigtforward to see that the upper bound in Eq. (130) also holds for the cross terms in

(132), and we then have

Var[∂νC] 6 Fn(L, l) . (134)

where

Fn(L, l) =
22m(L−l+1)+1

3
2n
m 2(3− 4

m )n

∑
ij

cicj . (135)

Supplementary Note 8: Proofs of Corollaries

A. Proof of Corollary 1

Corollary 1. Consider the function Fn(L, l).

(i) Let N = 1 and let each Ô1k be a non-trivial projector, as in case (i) of Theorem 1. If c21R ∈ O(2n) and if the
number of layers L ∈ O(poly(log(n))), then

Fn (L, l) ∈ O
(

2−(1− 1
m log2 3)n

)
, (136)

which implies that Var[∂νC] is exponentially vanishing in n if m > 2.

(ii) Let N be arbitrary, and let each Ôik satisfy Tr[Ôik] = 0 and Tr[Ô2
ik] 6 2m, as in case (ii) of Theorem 1. If

N ∈ O(2n), ci ∈ O(1), and if the number of layers L ∈ O(poly(log(n))), then

Fn (L, l) ∈ O
(

1

2(1− 1
m )n

)
, (137)

which implies that Var[∂νC] is exponentially vanishing in n if m > 2.

Let us first consider case (i) in Theorem 1.

Proof. Let us assume L ∈ O (poly(log(n))), so that we have 2(2m−1)(L−l) ∈ O
(
2poly(log(n))

)
. Here, note that

lim
n→∞

∣∣∣∣poly(log(n))

n

∣∣∣∣ = 0,

which means that n grows faster than the any polylogarithmic functions of n. Therefore, we can writeO (poly(log(n))) ⊂
O (n). For a nonzero constant a, we can write O (|a|n) = O (n), and we can choose a = 1

m log2 (9/8). Therefore, we

can also write O
(
2poly(log(n))

)
⊂ O

(
(9/8)

n
m

)
. In addition, if we have c21R ∈ O (2n), from (120), one can obtain

Fn(L, l) ∈ 1

3
n
m 2(2− 3

m )n
O
(

(9/8)
n
m

)
O (2n) = O

(
1

2(1− 1
m log2 3)n

)
, (138)

where 1− 1
m log2 3 > 0 for m > 2. Hence the upper bound of Var[∂νCG] exponentially vanishing when m > 2.
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Let us now consider case (ii) in Theorem 1.

Proof. We now have 22m(L−l+1)+1) ∈ O
(
2poly(log(n))

)
⊂ O

(
(9/8)

n
m

)
. We have from Eq. (135) that if ci, cj ∈ O (1),

the following bound holds

Fn(L, l) ∈ 1

3
2n
m 2(3− 4

m )n
O
(

(9/8)
n
m

)
O
(
22n
)

= O
(

1

2(1− 1
m )n

)
.

Hence, the upper bound of Var[∂νCG] exponentially vanishing when m > 2.

B. Proof of Corollary 2

Corollary 2. Consider the function Fn(L, l). Let O be an operator of the form (68), as in Theorem 2. If at least
one term c2i ε(ρk,k′)ε(Ôi) in the sum in (70) vanishes no faster than Ω(1/ poly(n)), and if the number of layers L is
O(log(n)), then

Gn(L, l) ∈ Ω

(
1

poly(n)

)
. (139)

On the other hand, if at least one term c2i ε(ρk,k′)ε(Ôi) in the sum in (70) vanishes no faster than Ω
(

1/2poly(log(n))
)
, and if the

number of layers is O(poly(log(n))), then

Gn(L, l) ∈ Ω

(
1

2poly(log(n))

)
. (140)

Proof. Let us assume that at least one term c2i ε(ρk,k′)ε(Ôi) in (70) vanishes no faster than Ω (1/ poly(n)). Then, if
we also assume L ∈ O (log(n)), we have (2m + 1)−(L+l) ∈ Ω (1/ poly(n)). The latter implies

Gn(L, l) ∈ Ω

(
1

poly(n)

)
Ω

(
1

poly(n)

)
= Ω

(
1

poly(n)

)
.

On the other hand, if at least one term c2i ε(ρk,k′)ε(Ôi) in (70) vanishes no faster than Ω
(
1/2poly(log(n))

)
, and if

L ∈ O (poly(log(n))), we have (2m + 1)−(L+l) ∈ Ω
(
1/2poly(log(n))

)
. Therefore, we obtain

Gn(L, l) ∈ Ω

(
1

2poly(log(n))

)
Ω

(
1

2poly(log(n))

)
= Ω

(
1

2poly(log(n))

)
.

Supplementary Note 9: Faithfulness of local cost function for Quantum autoencoder

Recall that the global cost function (C ′G) and local cost function (C ′L) for the quantum autoencoder are defined as

C ′G = 1− Tr
[
|0〉〈0|ρout

B
]

C ′L = 1− 1

nB

nB∑
j=1

Tr
[(
|0〉〈0|j ⊗ 11j

)
ρout
B

]
.

We relate the C ′L and C ′G cost functions in the following proposition. Because this proposition establishes that C ′L
and C ′G vanish under the same conditions, and because C ′G is faithful [7], this in turn proves that C ′L is a faithful cost
function.

Proposition 3. The cost functions for the quantum autoencoder satisfy

C ′L 6 C ′G 6 nBC
′
L . (141)
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Proof. Let us first prove C ′L 6 C ′G. Given the state ρout
B , we can define Ej as the event of qubit j being measured on

the |0〉j state, such that the probability of Ej is given by Pr (Ej) = Tr
[
ÔLj ρ

out
B

]
, where ÔLj = |0〉〈0|j ⊗ 11j . Then, we

can write

C ′G = 1− Pr

 nB⋂
j=1

Ej

 (142)

Similarly, for the local cost function, we have

C ′L = 1− 1

nB

nB∑
j=1

Pr (Ej) . (143)

Then, it is known that for any set of events {E1, · · · , EnB}, the following property always holds

1− Pr

 nB⋂
j=1

Ej

 ≥ 1

nB

nB∑
j=1

(1− Pr (Ej)) . (144)

From the definition of C ′G and C ′L in Eqs. (142)– (143), and from Eq. (144) we have

C ′L 6 C ′G . (145)

Next, let us prove C ′G 6 nBC
′
L. Since for any set of events {E1, · · · , EnB}, we have

1− Pr

 nB⋂
j=1

Ej

 6
nB∑
j=1

(1− Pr (Ej)) . (146)

By definition, we finally have

C ′G 6 nBC
′
L. (147)

Combining Eqs. (145) and (147), we get (141), which indicates C ′L = 0 ⇐⇒ C ′G = 0.
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