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In this Supplementary Information, we present detailed proofs of the propositions, theorems, and corollaries pre-
sented in the manuscript “Cost Function Dependent Barren Plateaus in Shallow Parametrized Quantum Circuits”. In
Supplementary Note 1 we first introduce several lemmas which will be useful in the derivation of our main results.
Then, in Supplementary Note 2, and Supplementary Note 3 we respectively provide proofs for Propositions 1 and 2
of the main text. We then derive the general equations for the variance of the cost function partial derivative in
Supplementary Note 4. In Supplementary Note 5 we explicitly evaluate the variance of the cost function derivative
for the special case when V(0) is given by a single layer of the Alternating Layered Ansatz.

In Supplementary Note 6, and Supplementary Note 7, we provide our proofs to Theorem 2 and Theorem 1, respec-
tively. Where we remark that the proof of Theorem 2 comes before that of Theorem 1 since the latter builds on the
former. Then, in Supplementary Note 8, we prove Corollaries 1, and 2. In Supplementary Note 9, we demonstrate
that the local cost function for the quantum autoencoder is faithful.

Supplementary Note 1: Preliminaries

In this section, we present properties that allow for analytic calculation of integrals of polynomial functions over
the unitary group with respect to the unique normalized Haar measure. For more details on this topic, we refer the
reader to Ref. [1, 2]. In addition, to make the Supplementary Information more self-contained, we reiterate here the
definition of a t-design. Consider a finite set {W,},cy (of size |Y|) of unitaries W, on a d-dimensional Hilbert space,
and let P ;) (W) be an arbitrary polynomial of degree at most ¢ in the matrix elements of W and at most ¢ in those

of WT. Then, we say that this finite set is a t-deisgn if [3]

1
v y;V Piaay(Wy) = /U(d) dp(W) Pt (W), (1)

where in the right-hand side U(d) denotes the unitary group of degree d. Equation (1) implies that averaging P, ;) (W)
over the t-design is indistinguishable from integrating over U(d) with respect to the Haar distribution.
Given W € U(d) the following expressions are valid for the first two moments [1, 2]
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All throughout this section the integration domain will be implied to be U(d), and unless otherwise specified we
consider W to be an operator acting on a Hilbert space H,, of dimension d. When d = 2™, as occurs for a Hilbert
space of m qubit, we adopt the symbol ¢ = (i1, .. .4,,) to denote a bitstring of length m such that é1,14s,...,4, € {0,1}.
Moreover, given two bitstrings ¢ and j we define their concatenation as - j = (i1,...%n, 1, --jn)-

Operators in the computational basis of m qubits can be written as

W= wigli)Gl, Wh=3wip i) A=) alk)Ul, B=) bepla)(pl.
ij ij k,l a.p
From the previous expressions we can derive the following lemmas.

Lemma 1. Let {Wy},ey C U(d) form a unitary ¢-design with ¢ > 1, and let A, B : H,, — H,, be arbitrary linear
operators. Then
1
Y|

> T [W,AW]B] = / du(W)Tr [WAWTB] = w. (4)

yey



Proof. The first equality follows from the definition of a ¢-design. Note that Tr [WAWTB] can be written as

Tr [WAWTB] = Y~ a;,

L
?1,715%1:31

*
b s s s *
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Then, from (2), we have

Tr [A] Tr [B]

/d,u(W)Tr (WAW'B] = % Z ag, 3, 0s1 4 = d

91,1
O

Lemma 2. Let {Wy}yey C U(d) form a unitary t-design with ¢ > 2 and let A, B,C, D : H,, — H,, be arbitrary linear
operators. Then

1
%] > Te[W, AW, BW,CW,D] = / dp(W)Te[W AW BWCOWT D]
yey
1

Td2-1

(Tr[A]Tx[C]Tx[BD] 4+ Tr[AC|Tx[B]Tx[D]) (5)

- ﬁ (Tr[AC|TY[BD)] + Tr[ AT [B|Tx[C] T [D)) -

Proof. The first equality follows from that fact that Tr[W, AW} BW,CW]D] € P32 (W,). By writting
Te[WAWTBWCWID] = >~
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we can use (3) to obtain

1
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:ﬁ (Tr[A]Tr[C]Tr[BD] + Tr[AC|Tx[B] Tr[ D))

1
TAE=D (Tr[AC|Tr[BD] + Tr[A]Tr[B] Tr[C]Tx[D]) .

O

Lemma 3. Let {Wy}yey C U(d) form a unitary t-design with ¢ > 2 and let A, B,C, D : H,, — H,, be arbitrary linear
operators. Then

ﬁ > Te[W, AW B Tx[W,CW] D] = / du(W ) Te[W AW BITe[W CW 1 D]
ey
:d21_ 1 (Tr[A]Tr[B]Tx[C]Tr[D] + Tr[AC|Tx[BD])
1
TAd@-D (Tr[AC|Tr[B|Tr[D] + Tr[A]Tx[C]Tx[BD]) .

Proof. The first equality follows from a reasoning similar to the one used in Lemma 2. By expressing

Tr [WAWTB] Tr [WCWTD] = " Tr [WAW'Bla)(8WCWTD|B)(al]
a,p



we can employ (5) to obtain
/ du(W)Te[W AW B Te[WCWTD] = / du(W)Tr [WAW'B|a)(8|WCWD|B)(a|]

1
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- d(?—) (Tr[AC|Tr[B]Tr[D] + Tr[A]Tr[C)Tx[BD]) .

O

Lemma 4. Let H = Hz ® H, be a bipartite Hilbert space of dimension d = dgd,,, and let {Wy}yey be a unitary
t-design with ¢ > 1 such that W, € U(d,,) for all y € Y. Then for arbitrary linear operators A, B : H — H, we have

_ Try [A] ® lle

[ dntw) o WAt 0 Whp = SR g, ™

and

/du(W)Tr (17 ® W)A(ly @ WHB] = diTr [Try, [A] Try, [B]] - (8)

w

Here we use the notation 1,, to indicate the identity operator on subsystem #,,, and we employ Tr,, to indicate
the partial trace over H.,,.

Proof. First, note that
Iy @ W)A(ly @ WH)B Z Wi, jWy, ®[4)(iNAMz @[5 )B,
i,5,4".3
by using (2) we have

[ e WA e WHB= 3 [ duW s gus (1 0 96 DA @150 DB
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:ﬁ Z(n@@@ [2)(G DAl ®[3)(¢])B

1
= (Try, [A]®@ 1) B.
Finally we can also obtain

/ Au(W)Tr (1 © W) (15 @ W1)B] = —-Tr [Tr,, [4] Tr, [B]

w

O

Lemma 5. If H = Hy @ H, is a bipartite Hilbert space of dimension d = dgd,, (d = 2", and d = 2”/), and if
A, B : H — H are arbitrary linear operators, then for any linear operator W : H,, — H,., we have

Tr (1 @ W)A(lz @ WHB ZTY W AgpW ' Bpg] 9)
P.q

where the summation runs over all bitstrings of length n’, and where

Agp = Trz [(1p)a] © 10)A],  Bpq = Trw (| a)(p| & 1,)B] (10)



Proof. By expanding the operators in the computational basis

Iz @W =Y wilp)(p| @), lzoW = Z wi g la) (gl @ |5, (11)

P, q.i' .3’
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k1,k2 P1,P2

11,12 91,92

we have
Tr [(1m @ W) A(ly @ WHB Z Wi, jp.j,q.5/ Wi ;j'bg. 57 p-i ZTr (W AW Bpq) - (13)
3,8 5" P.q

O

Lemma 6. Let H = H1 @ Ho@Hs @Ha be a Hilbert space of dimension d-d-d-d = d*, and let W : H1 @Ho — H1QHa
be a t-design with ¢ > 2. For arbitrary linear operators A, A’ : H — H we define
=Wl 1AW @13 @ 1,)(|p)(g| @1 @130 1), Q=W l;@ 1L)AW @ 1;® 14), (14)
V=Wl I AW @1: 2 1,)(|p)q | @1, @130 1y), B=Wel31,) AW @l1;@ 1), (15)

where p, q, p’, and q’ are bitstrings of length d.
Let us first consider the quantity

Trp [Tryje [Qa]16Tr[€27]]

AQSG) = Ty [Try; [0 Try; [4]] - . :

(16)

where Tr; indicates the partial trace over H;, and where Tr;;, := Tr;Tr;. Here the indexes j, k, and [ define Hilbert
spaces such that H; @ Hi ® Hr, = Ho ® Hs @ Ha. In addition, let us define H; = Ho := {0}, in which case for
any operator O we also define the partial trace over Hg as Trg [O] := O, and Try [O] := Try [O]. From the previous
definition, we then have that Hj, can be chosen from the set {Ha, Hs, Ha @ H3z, Hs @ Ha}, and for any such choice the
following equality always holds

() ’
[ autw) a0 g% (g v, LAy, L) - 2l 2

d* —1 d?
t (5 Opya TI'I Tr A]Trqos A/
+ 2 _P4PT dfi 11) 4 (Trgx [Try9y[A]Tr12,-[A"]] — (Tr12a [d’] 123 H)
(17)
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where d’ = d? if H4 < Hy, and d’ = d otherwise. Here we employ the notation A < B to indicate that A is a subspace
of B. Note that H, = Ha, Hy = Ho if Ha < H;, and Hy = Ho, He = Ha otherwise. In addition, we have

d if Ha <H; d? if Ha < H, 1 if Ho < Hj, and Hs € Hy
=20 HH=Ho, tW={0 iHe=Ho, t={0 ifH=H (18)
d?  otherwise d otherwise % otherwise
d if Hk = Hg, and 7‘[2 S HL
Jo ) 1—d i He =, (19)
’ 1 if Hi = Ho @ Hs, or if He = Hs ® Ha, and H; = Ha
1 otherwise

o)
where we can verify that for all 12 possible cases that Zk 1] ( df; 5 | <

Second, let us consider the quantity

Try,[Tri2; Q2] 16 Tr[Q5]] _

AQG) = Tryg [Ty (0] Ty [94]] - =

(20)




Then, for Hy, € {Ha, H3, Ha @ H3, H3 @ Ha}, the following equality always holds

(2) ’
t Trs, [T AT A
/dﬂ(IIY)AQEi)l :d21+ . <TI'123:E [Try[A]Try[A/]] o I3 [ rle([:lz] rle[ ]])
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where d’ = d? if Hy < Hy, and d’ = d otherwise. Similarly, H, = Hy, H, = Ho if Hq < H;, and Hyy = Ho, Hy = Ha

otherwise. In addition, we now have

. . 1 if Ho < Hip, and Hr = Hs
0 if Ho <H, 0 fHo < Hj,or Hip =H .
g [0 RS Hy e O M s M ot = e Ly g g e — e (22)
d otherwise == otherwise .
d 0 otherwise
. . 3 2

where we can verify that for all 9 nontrivial cases >y, [#7| < 1.
Proof. The proof of Egs. (17), and (21) can be obtain by explicitly integrating each term via (3). O

In particular, let us consider from Eq. (17) the following case which will be relevant for our proofs.

/d,u(W) (Tr34 [Tri2[1]Tri2[Q)]] —

d*—1

mmmmn) 205,400,
d2

e = (Tr234 [Tr1[A]Tr1[A']] — Tra[Trrz[A]Tr12s [A/H>

dé. Ot o A/
(23)
Oyt O v ’
- St (- PTE))
5 2 25 ! ol T r r !
_ 27(;4 _"21‘;2 (Tr234[Tr1[A]Tr1[A/H - Tras[T 14[2]T 144 ”) .

Lemma 7. Let H = H, ® Ho ® H3 be a tripartite Hilbert space of dimension d = dydads, and let O = Op ® 15 ® 13,
and Os = 17 ® Op ® 13 be linear operators on S. Here 1; indicates the identity over subsystem .S;, so that O, and
O5 have no overlapping support. Then for any linear operators Op : S; — 51, and Op : So — S we have

Try [Trij [Ol] Tr;; [02]]
d;

Trjp, [Tr; [O1] Tr; [O2]] — =0, (24)

where Tr; indicates the partial trace over H;, Tr;; := Tr;Tr;, and where we defined H; ® H; ® Hi = H such that
H; = Hi,Ha or Hz. Moreover, one can always choose H; = Ho := {0} (or Hy = Ho), in which case we define the
partial trace over Hg as Trg [O] := O, and Trjo [O] := Tr; [O].

Proof. Let us show how this equality holds for the specific case when H; = {0}, H; = Ho, and Hj = H1 ® H3, and
let us remark that all remaining cases follow similarly We have

Tro [O1] Tr [O2] = OA @ Op ® 13, Tra[01] = d20p ® 13, Trz[02] = Tra [Op] 11 ® 13, (25)
and Eq. (24) becomes

Tflg [TI‘Q [01] TTQ [OQH dQTI‘Q [OB] TI‘13 [OA ® ]].3]

TI'123 [0102] — d2 = TI‘123 [OA X OB & ]13} — d2 (26)
dad3Try [Oa] Tra (O

= d3Tr; [0a] Try [Op) — =22 [ df:] r2 (O] (27)

=0. (28)



Supplementary Note 2: Proof of Proposition 1

Here we provide a proof for Proposition 1, which we recall for convenience:

Proposition 1. Let 67 be uniformly distributed on [—m, 7] Vj. For any & € (0, 1), the probability that Cq < § satisfies

Pr{Cq <6} < (1—06)"" (;)n (29)

For any 6 € [%, 1], the probability that C1, < § satisfies

_1)\2
Pr{CL <6} > 5 (20— 1)

—_— —

(30)

Proposition 1 formalizes the narrow gorge phenomenon shown in Fig. 2 of the main text for the warm-up example.
Specifically, it bounds the volume of parameter space that is trainable in the sense that the cost deviates from its
maximum value of one. As a consequence, one finds that the probability that the global cost function is less than 1
vanishes exponentially as n — 0o, whereas for the local cost function there are neighbohoods of the minimum that
have constant probability as n — oo. In the following proof, it is helpful to define the trainable region for the global
and local cost as A§ := {0 : Cg(0) < 6} and AL := {0 : CL(0) < 5}

Proof. Let us first consider the global cost function
Ce = Tr[0gV (0)[0)0[V(8)T], (31)

with Og = 1 — |0)0], and with V(0) = ®’_, ¢=i0"7: /2 The probability of the region A§ can be bounded from
2% — 1 - Cg and noting that (1-90)P{X >1-90} < E(X).

above by defining the random variable X = H?zl cos® 5

Then

n J
Pr(A§) = P{H cos? % >1-0}
j=1

n J
<(1-6"'E H COSQ%
j=1

~a-97 () (32)

Therefore, for any § € (0,1), the probability that C < § goes to zero exponentially with n.
Now consider the local cost function Cy, given by

: RS
Cr =Tr [OLV(0)[0X0|V(8)T], with O =1 - - > j0)o]; @ 15, (33)
j=1
and where I3 is the identity on all qubits except qubit j. To show the dependence of the result on the range of
local cost function values, we write a parametrized local cost function CpL(;A) := 1 — 5 2?21 cos? % and define
A5L :={0:CL(0; ) < d}. CL in the main text is obtained for A = 1. The parameter A is introduced to show that the
range of validity of the inequality is dependent on the cost function. For § in the interval § € (1 — (2X)71, 1],

1 « 67 (1 —2X(1—4))?
Pr(Af) =P 0:— Z_>1-4,| > 34
r(45) = Pr )\nZCOS 2 = L1 (1—2)\(1—9))2 (34)
j=1 2n
which tends to 1 as n — oco. The inequality follows from the Paley-Zygmund inequality [4] in the form
1—7)2E(X)?
P(X > rE(X)) > — &= 1EX) (35)

~ VarX + (1 —r7)2E(X)?2

which holds for random variables X > 0 and scalar r with 0 < r < 1. In particular, (34) follows by taking
X = 53" cos? % and r = 2\(1 — §), so that r varies from 1 to 0 as § varies from 1 — (2))~* to 1. O



Supplementary Note 3: Proof of Proposition 2

Let us first recall that in the main text we analyze cost functions C' which can be expressed as the expectation
value of a given observable O as

C=Tr[OV(0)pV(0)], (36)

where V(0) is a parametrized quantum gate sequence and p is a general input mixed quantum state on n qubits. Here
we provide a proof for Proposition 2, which we recall for convenience:

Proposition 2. The average of the partial derivative of any cost function of the form (36) with respect to a parameter
0¥ in a block W of the ansatz V(8) is

(0,C)v =0, (37)
provided that either W or Wg form a 1-design.

As discussed in the main text, we employ an Alternating Layered Ansatz, where each layer is composed of m-qubits
gates or “blocks”. In particular, each block Wj;(0y;) in V(0) can be written as a product of (;; independent gates
from a gate alphabet A = {G,(0)} as

Wia(012) = G (055) ... G (0%) ... G1(6}) (38)

where 0}, are continuous parameter, and where G, (0},) = R, (0},)Q, with @, an unparametrized gate, and R, (0},) =
e~ 9v/2 guch that o, is a Pauli operator.

Consider now a block Wy;(0y;) in the I-th layer of the ansatz. For the rest of this Supplementary Information we
simply use the notation W when referring to this particular block. First, let S,, denote the m-qubit subsystem that
contains the qubits W acts on, and let Sz be the (n — m) subsystem on which W acts trivially, with H,,, and He
their respective associated Hilbert spaces. Then, consider a given trainable parameter 8” in W, such that we can
express W = WgWjy, with

v—1 ¢
We =[] Gu(6"), and Wa= ][] Gu(6"). (39)
p=1 n=v

Then, we recall that we have defined the forward light-cone £ of W as all gates with at least one input qubit
causally connected to the output qubits of W. We can then define S, as the subsystem of all qubits in £, and H as
its associated Hilbert space. Without loss of generality, the trainable gate sequence can be expressed as

V(0) = Ve(lg @ W)V, (40)

where 1 indicates the identity in Hz, and where we assume without loss of generality that Vi contains the gates in
L and all the blocks Wy, in the last layer of V(8).

Proof. The partial derivative of W with respect to the angle 6, is given by

8, W = Wa (—;oy> Wi, (41)

where here o, is an operator o, : H, — H., which acts non-trivially on a qubit given qubit j in H,,, i.e., o, :=
(0,); ® 15. Hence, by means of Egs. (41) and (40) we have

8,C =Tx [0 (2,V(6)) pV'}(6) + V(6)p (2,V(6))]

=Tr [OVg (g @ Wa) (ﬂw@) <—;O’V)> (I ® WB)VLPVLT (]1@@ W};,W,Z) VFI]

+Tr [OVa (1 @ WaWe) ViVl (1 @ W) <1w® (+;ay>> (1 w}) vg} .

Which can be simplified as

0,0 = 17 [(15© W) Vil (15 @ W) [1z @ 01, (12 © W) GOV (15 0 W) | (42)



or equivalently, as
0,C = f%Tr K]lm ® Wg) VPIOVR (17 ® Wa) [ﬂﬁ ® 0y, (lz ® Wg) VLPVLJr (ﬂﬁ ® W]_I,)H . (43)

In order to compute the expectation value (0, C)y we need to consider three different scenarios: (1) when only Wu
is a 1-design; (2) when only Wpg is a 1-design; and (3) when both W, and Wg form 1-designs. We first consider the
case when Wy is a 1-design. Since Wa, Wg, Vg and V1, are independent, we can compute the expectation value over
the ansatz as (0,C)v = ((0,C)w, )i, wg,v- From (42) and the definition of a 1-design in (1), we can compute

(0,Chw, = — %Tr [(ﬂw@@ W) VooV, (nﬁ® Wg) [nw@@ Jl,,/dp(WA) (g ® Wa) Vi OVk (11@@) WZ)”

2m
=0, (44)

: 1
L [(nw @ W) VipVy| (1 0 W) [nw ® 0,y — Ty [VAOVR] ® ]1“]”

where in the second equality we used Lemma 4.
On the other hand, if Wy is a 1-design, we can now employ (43) to get

(0,C) v = — % [(ﬂwe@ Wg) VIOVR (1 @ Wa) [nw® o0, /du(WB) (1 ® W) VipVyl (11@@9 Wg)”

: 1
- %Tr [(nw ® Wg) ViOVk (1 @ W) [uw ® 00y 3 Tru[VipVil] @ nw”
0, (45)

which follows from the same argument used to derive (44). Finally, from Egs. (44) and (45), we have (9,C)y =
0 (VVL,VR) if W and Wp are both 1-designs.

O
Supplementary Note 4: Variance of the cost function partial derivative
In this section, we derive the formula for the variance of the cost function gradient. Namely,
2m_1r:[‘r[0'2] ) /)
2y, =2 vl p'q p'q
(@.CPW = a1y ;<Agpq ), (s (46)
p'qd
with
’ Tr[) Tr[Qqrpr
ANP = Tr[Qgp8qp] — o] {0 ] qp]2m[ 4l ) (47)
Aqlg:f/ = Tr[WpqVprg] — Tr[\prq]2'7fnr[\Ilp/q/] ) (48)
and where
Qqp = Trr [(Ip) (@] © 1,)OVR] , (49)
Vg = Tz [(|0)(p| @ 1) ViV | - (50)

Proof. As shown in the previous section, (9,C)y = 0 when either Wy or Wy of (39) are 1-designs. Hence, we can
compute the variance of 9,C as Var[d,C] = ((0,C)?*)y — (8,C)% = ((8,C)?)v. From (43) and Lemma 5 we have

1
(0,C)? = =5 D" Tt [WaQgpW]Tpa| Tr [WaSap Wiy | (51)
pP.q
p.d



with
Tpq = Tro [(|q) (p|® 1) [nme@ o0, (1 ® W) Vi oV (1 ® Wé)”
= Ty [l © 0, (1 © W) (| @) (p| © L) VipV (1 © W]
= [ov, WaTro{(| @) (p| © 1) VEpVE)W]

- [o—y, WB\quWé} . (52)

As previously mentioned, if Wa, Wg, Vg and Vi, are independent, the expectation value of (51) can be computed
as ((0,C)*)v = ((0,C)*)vi, Wi, wa v - In addition, if Wy is a 2-design, we get from Lemma 3

(0,0 )wy = _i Z /dN(WA)Tr [WAQqPW;Lqu} Tr [WAQq/p’Wzirp’q’}

r'.q
1 1

= 1 <2gm 1 (Tr[qu]Tr[qu]Tr[Qq/p/]Tr[Fp/q/] + Tr[quQq’p’]Tr[quFp’q’])

P.q

r.q

1
(22m 1) (Tr[QqpQqrp | Tr[Lpg] Tr[Tprgr] + Tr[qu}Tr[Qq’p’]Tr[quFp'q'}))
1

= 22m — Z Tr[QgpSlqp] — 2TnTr[qu]Tr[Qq’p’] Tr[Lpelpg], (53)

/

I’

where in the third equality we used the fact that the trace of a commutator is zero: Tr[I'pq] = 0.
If W5 is also a 2-design, then from (53) we need to compute the following expectation value

<(8VC)2>WB7WA = _m Z (Tr[quQq/p'] - Z}nTr[qu]Tr[Qq/p/D /dﬂ(WB)Tr[qurp'q'] : (54)

pP.q
a;
P .q

Let us first note that
Tpalpar = [UV,WBxI/qug} {JV,WB‘l/p/q/Wé}

=2 (0, Wi Wpg W, Wi Wy W) = 2 (Wao2 Wi Wpg Uy ) - (55)

This result can be used along with Lemmas 1 and 2 to compute the integral in (55) as

/ dp(W) Tr[Tpglprgr] =2 / Ap(W) T |0, Wi Wpq W, Wi Wy Wi |

—2 / AW ) Tr [ Wi oW W U |

2m+1 9
- 92m _ ITY[UV} <Tr[\Iqu‘1]P'q’} -

1
om

Tr[wpqm[wp/q/]) , (56)

where we used the fact that o, is a Pauli operator, and hence its trace is equal to zero.
Then, combining Eqgs. (54) and (56), we obtain

_2mITy[02] 'y ‘g’
(0,0 = @12 g <AQ£qq >VR <A\I/§qq >VL ' o
p'qd
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Supplementary Note 5: Variance of the cost function partial derivative for a single
layer of the Alternating Layered Ansatz

In this section we explicitly evaluate Eqgs. (46)—(48) for the special case when V(0) is composed of a single layer
of the Alternating Layered Ansatz. This case is a generalization of the warm-up example of the main text, and
constitutes the first step towards our main theorems. In particular, we remark that the tools employed here are the
same as the ones used to derive our main result.

A. Variance of global cost function partial derivative

Let us first recall that the global cost function is C¢ = 1 — Tr [OVpVT], where O = ®i:1 Og, and where V(0) is

given by a single layer of the Alternating Layered Ansatz, i.e., V(0) = ®i:1 W1 (0k). Moreover, we recall that we
assume without loss of generality that Vg contains the gates in £ and all the blocks Wy in the last (and in this case

only) layer of V' (0). The latter means that here V1, = 1, and Vg = 1, ® (®k¢h W1 (Ok)) In addition, for simplicity,

we have defined Wy, := Wyy. Here, £ is the total number of blocks so that n = {m, and we assume that the angle 6,
we want to train is in the A-th block Wj,.

1. Expectation value over Vg

First, let us compute Qgp. From (49), we obtain

3
» = On [] Tt [WiOWilpi)anl] - (58)
k#h

Replacing this result in Eq. (47) and employing Lemma 3 (£ — 1)-times results in
(soge) =L (nfor] - Lo
P9 [y T (2Zm —[)E T h om h

3
x H <6(Pv‘1)5k 5(1"7‘1')% <Tr [6’“}2 - Q%Tr {613]) + 5(1@',';1)s,c 5(p,q’)sk (Tr [6%} - %Tr [616] 2)) ‘
k£h

Now, let us consider 5k (k=1,2,-- &) to be rank-1 projector, i.e. Tr [é\k} =Tr {6,%] = rank [54 = 1. Therefore,
we can obtain

IS
s 1 1
<Angq >VR - (22m —1)é-1 (1 N 2m> H (5(p,q)sk 0w .a")s, O ), 5(P7Q')s,€) : (59)

2. Ezpectation value over Vi,

Next, let us consider Wpq in (50). Here, we can set Vi, = 1, which leads to ¥pq = Tr; [(|p)(g| ® 11,) p]. Note that
any quantum state p can be always written as

p=Y pAltaNal, with [y) =) carla}) @ @|ap) @@ a}), (60)
A ar

where o := a7 - - - ag, and where «; are bitstrings of length m. Hence we find

3

* A

Upa =200 2 Carlin | [ daardipars, | lai)@al. (61)
A oc*,oz'A k#h
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Then, since Vi, = 1, we have <A\Ilg;q/> = A\Ilg;q', and we can use (61) to get
1%9

3
p,q, _ * *
AVRT = pann Y carcuncy o | ] taans, Oipars, Siar .05, 9 o,
AN ool k#h

ﬁ)\’ ﬁ/x’ (62)

1
X (6(QIA76A/)S;L6(&’\,ﬁ'>\,)sh — 27716(0‘)\7&’)\)5;;6(ﬁ>‘/,ﬁly)sh> .

Finally, from (59), (62), and the fact that Tr [02] = 2™, we obtain

22m—1 1 3 . .
Var [0,C¢] :(22771, —1)2(22m — 1)1 (1 - QTn) prpx Z CarCorrCpn Corn

bWV ot ol
ﬁx”ﬁm’
1
X (5(01'&;3*')5}1 5<a*,,e'*’>sh - Tm‘;m&a'*)sh 5(ﬁ%’,ﬁ'*’>sh) 1;[ (5<a*,a”>sk 5(BA’,B'*’>sk +5<a*,ﬁ'”>sk 5(a”,ﬁ*’>sk> ’
k#h §

where we used the fact that

3
Z ( H (6<p7Q)Sk 6(p/’q/)sk + 5(p/’q)sk 6(1’14')Sk ) 6(q’a,\)sk 5(p7al)\>5k 6<q,’ﬁ)\,)5k 6(Pl,ﬁly)sk )
I/’ql k#h

Pa

- Icl;[h (‘Sm&a'*)sk 5(&*',&/*’)% +5<ax,ﬁ'*’)sk 5(a’*,a*/)sk) '

Let us define

J = Zp)\p)\’ Z CQACZI/\C,EV\’ C;n\’

A0 ax’a;x
,@’\/ ’B/A'
1
x (5<a'*76”>sh 5<a*,ﬁ'*')sh ~ gmOarar)s, 5(&*',ﬁ'*’)sh) kl;[h (‘5<a*,a'*)s,€ 6(&*'75"\')% + 6<ak,ﬁ'*’>sk 5(a'*,a*’)sk) :

g-1_
which, has the form of J =1— 2% + Zle 1 (.AL — Q%BL), where Ay, B, are the purities of reduced states of p. The
latter can be understood in the following way. Let us define the set S = {S1, 52, -, S¢}, whose elements represents

each block. Then, suppose that we want to consider the partial trace of p over several subsystems Hz, where Kcs.

The reduced state lives in the composite Hilbert space Hz, where K = S\ K, and we can write o := a g - oz Let
us define the reduced state as pg := Trg [p], and its purity can be explicitly written as

2 * *
Tr [pK] = E PPN E Ca)‘ca%,ﬁ;(’ c[3>\/ ca;(.ﬁ%’a
AN ar,pN

which appears in the expression of J. Since Tr [p%{] < 1, we have J < 2871; therefor, we can write
22m72 1
<
(22m — 1)22mE=¢(1 4 2-m)8 7 9(2-%)n

where in the last inequality we used the fact that n = m&. Equation (63) shows that for the single layer of the
alternating layered ansatz the global cost functions presents a barren plateau.

Var [9,Cc] < (Ym € N), (63)

B. Variance of the local cost function partial derivative

Here we consider the case when V(0) is given by a single layer of the Alternating Layered Ansatz, and when the
local cost function is

OL=1- %iTr [(|o><0\j ® ]1;) vaf] .

j=1
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with Op, = %Z;;l |0X0[; ® 15, and where j denotes the j-th qubit. Moreover, let us assume that we are training
a parameter 6, in h-th block. This case is simpler than the one previously considered for the global cost function
as the gradient is non vanishing only when we measure a qubit j in S,. We can then redefine O} : Hj, — H;, as

6f =1 ZT:I |0X0[; ® 17, where each j is such that j € Sj,. Then, from (57) we have

T n

~ m2m—1 PR m(m + 1)2m=2
non =2 (o)) = mm v o
L n L n2 ( )
From (49), Qgp can be written as Qqp = 6quhOfW,I, which leads to
;. m2m—2
A = n2 OpqOpq’ - (65)
Next, from (50) we have ¥pq = Tr;-[(|@)(p| ® 11,) p, and it is straightforward to see that

Z Opq¥pq = Z opqTrz; [(|@)(p| ® 1n) p] = pi , (66)

Pq Pq

rq >

m23(m—1) ) 1 m - 23(771—1) 1
Var 0,1l = Lo e e (“W - 2m> = @ R ns (”’“ 2m> |

where we defined pj, := Try; [p]. Then, from (57), and by using <A\:[Ig:1q'>v = AUP9 and Tr[o2] = 2™, we can write
L

where Dy s (pn, 1/2™) = Tr[(pp, —1/2™)?] is the Hilbert-Schmidt distance between py, and 1/2™. If Dy s (pp, 1/2™) €
Q(1/poly(n)), we have that the variance of the cost function partial derivative is polinomially vanishing with n as

Var[d,C1] € © <p01;(n)> , (67)

and hence in this case Cf, presents no barren plateau.

Supplementary Note 6: Proof of Theorem 2

First, let us recall that we are considering m-local cost functions where each operator O; acts nontrivially on
qubits O; = 17 @ O; (here 17 indicates the identity on all but m qubits), and where O; can be expressed as

m
6i = af“ ® 6;’ Hence, we have
N !
Ozcoll—l—ZciOé”@Ofi, (68)

i=1

where 651 are operators acting on m/2 qubits which can be written as tensor product of Pauli operators. Here we
recall that we have defined Sy as the m-qubit subsystem on which Wy, acts and let S = {S;} be the set of all such
subsystems. As detailed in the main text the summation in Eq. (68) includes two possible cases: First, when 6;‘ :
(6;‘) acts on the first (last) m/2 qubits of a given Sk, and second, when 6;“ (O\f) acts on the last (first) m/2 qubits
of a given Sk (Sk+1). This type of cost function includes any ultralocal (i.e., where the O; are one-body) cost function,
and also VQE Hamiltonians with up to m/2 neighbor interactions.

Here we provide a proof of Theorem 2 in the main text, which we now reiterate for convenience.

Theorem 2. Consider a trainable parameter 6” in a block W of the ansatz in Fig. 3 of the main text. Let Var[0,C]
be the variance of the partial derivative of an m-local cost function C' (with O given by (68)) with respect to 8. If
Wa, Wg of (39), and each block in V() form a local 2-design, then Var[d,C] is lower bounded by

Go(L,1) < Var[d,C], (69)
with
2m(l+1)—1 9 ~
Gn(L,1) = @z — 2@ L 1)EH S Y delprr)e(0i), (70)

i€ic (kk')ekey
K >k
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where i, is the set of ¢ indices whose associated operators 51» act on qubits in the forward light-cone £ of W, and k.,
is the set of k indices whose associated subsystems Sy are in the backward light-cone L5 of W. Here we defined the
function €(M) = Dyg (M, Tr(M)1/dp) where Dyg is the Hilbert-Schmidt distance and djs is the dimension of the
matrix M. In addition, py ;s is partial trace of the input state p down to the subsystems S;Sgy1...5% .

Proof. Let us first consider the case when the operators O; are of the form (68) and act non trivially in a given
subsystem of S. We can expand

9m— lTr . I'[Qi ]Tr[Qj/ /] ’or
Var[9,C] = @12 ) chzcj <Tr L % <A\I/§qq >VL ’ (7)
Vr

1,7 Pq
r'q
where we defined

Qi = Try [(\p><q\ ® nw)vgoivR} . (72)

1. Expectation value over Vg

We recall here that we assume without loss of generality that Vg contains the gates in £ and all the blocks Wy, in
the last layer of V(0). Hence, we can express

where V. contains all the blocks in the forward light-cone £ of W, and where V consists of all the remaining blocks
in the last layer of the ansatz. When analyzing the operators §,, we have to consider two cases: 1) when O; only

acts non-trivially on qubits in Sz, and 2) when 61 acts non-trivially on qubits in S¢. If O; only acts non-trivially on
qubits in Sz, it is straightforward to show from (72) that Qpq < 1,,. Hence, in this case, we find

_ Te[, | Tr [, )]
[Q;pﬁq I - —am = 0. (74)
Let us then define i, as the set of 7 indices whose associated operators O; act on qubits in the forward light-cone £
of W. In what follows we assume that the indexes ¢,j € i, i.e., we assume that O; and O; act non-trivially on qubit
in Sy. The latter leads to

L e[ T[] . e[ T[]
<Tr[quQq 'p! - qp2m P = 5(p,q)sf5(p’7q’)sz Tr[quQq 'p’ )= qinm 2 . (75)
VR V[,

Here the delta functions arise from (72) by noting that VQO,»VR = Vg O;Vr.

In order to explicitly evaluate the expectation value in (75) we use the fact that each block in the layered ansatz is
a 2-design, and hence one can algorithmically integrate over each block using the Weingarten calculus. Specifically, as
discussed in the main text we employ the tensor network representation of Tr[},Q¢,.,/] and Tr[Qflp]Tr[Qfl,p,], and we
use the Random Tensor Network Integrator (RTNI) package of Ref. [5], which allows for the computation of averages
of tensor networks containing multiple Haar-distributed random unitary matrices and deterministic symbolic tensors.

Using this procedure, (...)y, can be computed by integrating over each block inside of V over the unitary group
with respect to the Haar measure. After each integration the result of the average is a sum of up to four new tensor
according to (3), and Lemmas 2 and 3. After all the blocks in V, have been integrated, the final result can be

expressed as

. Te[Q: | Te[, ] y y
<Tr[quQf] 'p’ = 4qp2m 2 = Z 7 5(p7q)s?5(p',q/)s?‘s(nq/)sT 5(p/7q)s, AOY, (76)
Ve T

where t, € R, S; US> = S, N Sy (with S; # 0), and where we have defined

Tr., [Try., [0 T, -, (0]

8OY = Tryy, [T, [0 T, [0,]] - n
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d)

[auwy) | @@ — 7an = [ du(Wr)

2m/2
2m4]

B | @B — 7 §)

Supplementary Figure 1. Schematic representation of the method employed to derive Eq. (76). Here we consider the case
when O; and O; act nontrivially only on the topmost m qubits in V.. (a) Tensor-network representation of the term Qg,,. All
but L — [ blocks in V. simplify to identity when computing VgOiVL. One can always define operators 051), and Oj(-l)

that Eq. (78) holds. Here Wiz is the topmost block in the first layer of V., and we define P;q as a projector operator acing on

such

m/2 qubits. (b) Tensor-network representation of the operator OEI). Note that from 01(1) we can also define an operator OEQ)

which will be of the same form as OEI). (¢) By means of the Weingarten calculus we can integrate over Wiz to compute the
expectation value of Eq. (78). The result is a single tensor. This result can be obtained by employing Eq. (23) of Lemma 6.

(d) In order the integrate the next block we use the operators O£2> to express the tensor networks in a form that coincides with
panel (c). We can then repeat this procedure L — [ times in order to integrate over all blocks and compute the expectation
value in (75). The final result is of the form of Eq. (79).

Here we use the notation Tr,_to indicate the trace over the Hilbert space associated with subsystem S, . We also
define S¢ = {Sk : S C S} as the set of subspaces Sy, which belong to the light-cone £, so that we have e 8%,
Sy, US,, US,. =S, and S,.,S.. € P(S), with P(S*) = {0,S1,...,5,S1US2...} the power set of SE If one
chooses S., =0 (or S;, = 0), with associated Hilbert space Hy = {0}, we define Try [O] := O.

Equation (76) can be derived by iteratively applying Lemma 6 each time a block in V. is integrated in (75), and
noting that at each integration the resulting tensor can always be written in a way such that Lemma 6 can be applied
again. As an example, let us consider the case when O; and O; act nontrivially only on the topmost m qubits in
V. As shown in Sup. Fig. 1(a), all but L — [ blocks in V simplify to identity when computing VLO V. Then, let
us denote by Wis the topmost gate in the first layer in V[;, and let Sl, S, be the sets of m/2 adjacent qubits (with
associated Hilbert spaces 7—[1, 7—[2) such that Wi, acts on ’Hl ® 7—[2, and such that 52 C Sy. One can always write

, e[ T, r[4] e[
<Tr[Q;qu e W> o <Trﬁ2 [Trﬁl[Ql]Trﬁl[Qg]} - T[Q;,f[m> , (78)
Ve Ve

with Q; = ngOl(l)W1T2(|p)<q|§1 ®1g), O = W120§-1)W1T2(|p’><q’ |5, ®13,), and where 01(1), and Oj(-l) are defined
according to Sup. Fig. 1(a). The proportionallity factor in Eq. (78) is given by delta functions over p, and q. Moreover,
the right-hand side of (78) is exactly of the form (16), and hence by applying Lemma 6 (or more specifically, Eq. (23))

one finds the result of Sup. Fig. 1(c). As schematically depicted in Sup. Fig. 1(b), one can then define operators 052)
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and repeat this calculation L — [ times as in Sup. Fig. 1(d). One finally finds

. Te[Q, e[, )] om(L—1)/2 Tr[0:] Tr[04]
<Tr[quQz,p,] — 2—mqp X W (Tl" [07,0]] — 27)1]) s (79)

where once again the proportionally factor is given by delta functions over p and q. For more general operators O;
and Oj, each time a block is integrated, one can always rewrite the resulting non-trivial terms in the form of either
Eq. (16), or Eq. (20). Remarkably, this means that the final result can always be expressed in terms of contractions
of the form (77), and hence Eq. (76) holds.

As previously mentioned, Eq. (76) is valid for arbitrary operators O; and O;. However, from Lemma 7 we know
that if O; and O; have no overlapping support, then AO¥ = 0, for all 7. Hence we only have to consider the cases
when ¢ = j. Moreover, if O, act non trivially in a given subsystem of S the summation in Eq. (76) simplifies and we
find

. e[, Te[Q7, )] A
<Tr[quQf1,p,] o qum e =¢(0i) Z tr 5(1’711)5?5(17',Q')S?(;(P,Q')ST 5(p',q)s7 ) (80)
Ve T

where we now denote the coefficients as ¥ since we now have t > 0, and where

72
. 1 (0] o
Moreover, we also find that the following inequality holds Vi
i 2m(L7l)/2
25> e =

where we recall that L is the number of layers in the ansatz, and that the block W is in the lth-layer of V().
Combining Egs. (71) and (80), we find

QTYL_lTI'[O'g] - o )
Var[9,C] = W Z Z C?€<Oi> Ztzrz(s(nq)sfus?a(p/,q/)szus?é(p,q’)sr O(p,q)s, <A\I/§qq >VL . (83)

P,Z, 1€,

Before proceeding to compute the expectation value over V1, let us analyze the lower bound in (82). For simplicity
of notation, let us define 7, := >"_#¥. In what follows we compare T} for two relevant (and extremum) cases: 1)
when O; acts nontrivially on the topmost m qubits in V. (see panel (a) of Fig. (2)), and 2) when O; acts nontrivially
on Sy, (see panel (b) of Fig. (2)). As discussed below, T is larger for Case 2, that for Case 1.

As schematically depicted in Sup. Fig. (2)(a), for Case 1 one needs to integrate over (L — [) blocks, and we know
from Eq. (79) (and Sup. Fig. 1) that

T 2m(L—l)/2 "

T (2m + ]_)Lfl ’ ( )

On the other hand, for Case 2 one needs to integrate over (L —)(L — 1+ 2)/4 blocks. While a closed formula cannot
be derived for this case, we can explicitly integrate over each block to obtain:

23m/2(1+2m/2)2 . _
W ) HfL—-1=2
227n(1+2m 2)2(1+21n 2+21n) . -
T Tra2)s ifL—1=3 (85)
T — 25n1/2(1+2m/2+2m)(1+2m/2(3+2W1/2(8+2m/2(3+27rl/2)))) 'f L l _ 4 .
aT2m)7 nwL—=t=
PN ifL—1=5

For all cases we can see from Sup. Fig. (2)(c) that the values of T, for Case 2 are larger than the ones obtained for
Case 1.
The latter can be understood from two key facts. First, that while integrating over a block leads to coefficients

~

smaller than one according to (3), the more blocks one integrates over, the more contributions we get for €(O;).
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b) i )
10-5} ™
—>
0 m/2 —10[
— 2 . 10
~
10—15,
—>
) . 2m/2 Lo} =
10—25,
L — [ Blocks A B w Blocks .-

Supplementary Figure 2. a) Schematic representation of Case 1. The operator O; acts nontrivially on the m topmost qubits
in V.. Note that this scenario corresponds to the one analyzed in Sup. Fig. 1. Here one needs to integrate over (L — 1) blocks.
The arrows indicate the tensor indexes that, when contracted after integrating over each block, will lead to delta functions in
p and gq. b) Schematic representation of Case 2. The operator O; acts non trivially on S,,. Here one needs to integrate over
(L —1)(L =1+ 2)/4 blocks. For the case of L odd, the operator O; acts nontrivially on the top m/2 qubits of S,, and the m/2
qubits above those. The arrows indicate the tensor indexes that, when contracted after integrating over each block, will lead
to either delta functions in p and g, or to traces over the identity on m/2 qubits. c¢) Solid lines represent the value of T, versus
m for Case 2 in panel b) (i.e., from Eq. (85)). Dashed lines represent the value of T versus m for Case 1 in panel a) (i.e., from
Eq. (84)). The y axis is shown in a logarithmic scale. For all values of (L — [) considered the values of T Case 2 are larger
that those Case 1. For a given value of (L — I) the difference between values of T in (84) and in (85) scales as 1/2m(E==1)/2,
The previous explains why as m increases we the dashed line for (L — ) converges to the solid line with (L — 1+ 1).

Second, from the fact that in Case 2 the integration over some blocks will lead to multiplicative factors 2”/2 which
will compensate the factors from (3). These large factors 2/2 essentially arise when integrating blocks in V which
act on qubits which one does not measure, and which hence lead to traces over the identity over m/2 qubits. Note that
these factors do not arise in Case I. In Sup. Fig. (2)(a) we have schematically indicated by arrows the indexes that
will lead to delta functions in p and q after each block is integrated. Each time we integrate a block containing these
indexes one obtains tensor contractions of |p)(g|. On the other hand, for Case 2, one will not only get these tensor
contractions in p and g, but as indicated in Sup. Fig. (2)(b) we have also indexes that will lead to identity-tensor
contractions and hence to factors 2/2.

In fact, for a given L the difference between the T, in (84) and in (85) scales as 1/2™(E=1=1/2 which means that
as (L — 1) increases the inequality in (82) becomes tighter. Finally, we remark that the previous explains why in
Fig. (2)(c) the values of T, from Case 1 and fixed (L — ) converge to the values of Case 2 and (L — 1+ 1).

2. FExpectation value over Vi,

Let us now consider the term

» Te[ g T [ g
(awpa >VL :<Tr[\11,,q\1/p,q,]_ [ ”q]Qm[ ”‘I]>V . (36)

Since the bitstring p (g) can be expressed as a bit-wise concatenation of the form p = (p)s.us. - (p)s, (and similarly
for q), we can first evaluate

Y Spars.os, Vap = Te- [(IP)als, ® Lu)pwal | (87)

(P@) s us
where Tr, is the partial trace over the Hilbert space H, of the qubits in S, and where we defined
pwr = Trz VLoV, (88)

as the reduced state of VLpVIT on H,, @ H,. Then, from the term &, gy O(pr,q)s. 10 (83), we get

Te[W g T [ g 1
Z O(p.a")s, O(p'.)s, (Tf[‘l’pq\llqp] - # = Dys | purs pr @ om | (89)
(Pq)s,
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where Dps (p, o) = Tr[(p — 0)?] is the Hilbert-Schmidt distance, and where we defined
pr = Try(pwr), and p, = Try (ﬁw‘r) = Trg |:VLpV11rj| s (90)

as the reduces states of VLpVLT on subsystem H.,, and H,,, respectively. Equation (89) quantifies how far p,,. is from
being a tensor product state where the state on subsystem S,, is maximally mixed. Evidently, if p,, is maximally
mixed then it will be impossible to train any angle in W.

Let us now analyze the following chain of inequalities valid for the Hilbert-Schmidt distance Dyg (ﬁwﬁ y Py @ 2%)
and any choice of S;:

- _ 1\2
4DT (pwnvpn & 27)

DHS (ﬁwn?ﬁn & 27n> > om (91)
2
S 4-DT (ﬁwv %)
Z om(L—-1+2)/2
-DHS (ﬁwa %)
Z omL D2 (92)

with Dr(A,B) = Tr [ (A— B)Q} the Trace Distance between the Hermitian operators A and B. In the first line

we employ the matrix norm equivalence, and we denote as d, the dimension of H,. The second line is derived from
the fact that the Trace Distance is non-increasing over partial trace [6], and from the fact that d, < 2m(F=0/2 yr,
Finally, the inequality in (92) employs again the matrix norm equivalence. From Egs. (92), and (83), we find that the
following lower bound holds

Var(0, ] > o ;f;[gi =PI <DHS (ﬁw, ;L) >VL . (93)

i€ic

Following a similar procedure as the one previously employed to compute expectation values over Vg, we can once
again leverage the tensor network representation of quantum circuits to algorithmically integrate over each block

and compute (Dpg (ﬁw, %))vy After considering that all the blocks in Vi, which are not in the backpropagated
light-cone of W will simplify to identity, we find

<DHS (ﬁw, 2]71,1)>VL = Y tewelprr), (94)

(k,k")Ekry
k' >k

where ¢ ,» > 0, and where k., is the set of £ indices whose associated subsystems S are in the backward light-cone
Ly of W. Here we defined the function ¢(M) = Dyg (M, Tr(M)1/dps) where Dyg is the Hilbert-Schmidt distance and
dyr is the dimension of the matrix M. In addition, py i is partial trace of the input state p down to the subsystems
SkSk+1---Skr. In addition, we find that the following inequality holds Vk, k'

Uk 2 <2m2jl1)2l : (95)
Hence, we have Var[0,C| > G, (L,1), where
Gl = e Y el )elO) (96
B G O e

k' >k

where we used the fact that Tr[o2] = 2™.

This result can be trivially generalized to the case when O; and 5j are of the general form in Eq. (68) such that
they can have overlapping support on at most m/2 qubits. Then, from (77) it is straightforward to see that AOY =0
for all 7, 7, and j, as one would always have to compute traces of the form Tr[@f ‘], which vanish since 65 ‘ can be

written as a tensor product of Pauli operators.
O
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Supplementary Note 7: Proof of Theorem 1

The following theorem provides an upper bound on the variance of the partial derivative of a global cost function
which can be expressed as the expectation value of an operator of the form

N
OZC()]l-FZCiO\“®6i2®"'®6i5- (97)

i=1

Specifically, we consider two cases of interest: (i) When N = 1 and each Oy, is a non-trivial projector (6%1@ =0y # 1)
of rank r acting on subsystem Sy, or (ii) When N is arbitrary and Oqx is traceless with Tr[52 ] < 2™ (for example,
when Oy, = ®;n:1 ol is a tensor product of Pauli operators o € {1;,0%,07,0%}, with at least one o # 1). In
Section 7 A we first consider case (i), while in Section 7B we prove Theorem 1 for case (ii).

We now reiterate Theorem 1 for convenience:

Theorem 1. Consider a trainable parameter ¥ in a block W of the ansatz in Fig. 3 of the main text. Let Var[d,C]
be the variance of the partial derivative of a global cost function C' (with O given by (97)) with respect to 8. If Wa,
Wpg of (39), and each block in V(0) form a local 2-design, then Var[9,C] is upper bounded by

Var([8,C] < F,(L,1). (98)

i) For N =1 and when each 51k is a non-trivial projector, then defining R = £ r?, we have
(i) p1o] g k=1"Tk
22m+(2m—1)(L—l)

ciR. (99)

(i) For arbitrary N and when each O satisfies Tr[O;;] = 0 and Tr[O%] < 2™, then

92m(L—l+1)+1 N

P FRER T > i (100)

ij=1

F, (L)1) =

A. N=1, and 61k is a non-trivial projector

For simplicity, let us now use Ok when refering to the operators O,r. Let us first consider the case when each Ok
is a non-trivial projector (Ok = Ok) of rank 7 acting on subsystem Sj:

r, = Tr [’O\k} =Tr {/O\,%} = rank [64 . (101)

Proof. In the previous section, we defined VR as containing all gates in the forward light-cone £ of W and all the
gates in the last layer of the ansatz. Hence, we can express Vr = V; ® V7, where V7 : Hz — H7 is given by

Ve= ) Wi, (102)

kekz

where where k7 is the set of k indices whose associated subsystems of qubits Sy are outside of the forward light-cone
L of W. One can always write |q)(p| ® 1, as a projector onto H. times a projector onto Hz:

@) pl@1,= | &) @)l ]| @la)(plc® 1. (103)
keky

Combining (49) with Eqgs. (102) and (103) leads to

Qqgp = H Try [|p> <(I|kW;IL6kaL Qqﬁp, (104)
keky
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where
Qgp = Treow [(Ip)a] ® L)V2OFVE] (105)
and where Of = ®k€ hy 6k Here Tr; indicates the trace over Hy, while Try~w is the trace over the Hilbert space

associated with the qubits in Sz N Sw.
In order to explicitly evaluate the expectation value (... )y, in

Var[d, C] = 2{;;“ 2Z<< [QapQqrpr] — W»VR <A\pg;¢>VL , (106)

p'q’

we use the fact that the blocks in V/(6) are independent, and hence (...)v; = (...)v,v,. Then, we have

Tr[Qgp) Tr[Qqrpr] Tr[QE | Tr(Q5,) ]
<Tr[Q¢IPQQ'PI} - # [Qgqu 'p’ ] # H <Qk>WkL ) (107)
Vr Ve k/Sk CSZ
with
Q= Try {|p><(I|kW2L6kaL} Try, [|pl><q/‘kW]IL5kaL} . (108)
Let us first compute the expectation value of each ;. From Lemma 3, we have:
Tk
<Qk>WkL = 1 ( > (P,q) s, 6(?',q')sk + (1 2m) 6(17 q')s, 6(10 7Q)sk>
2
< 92m 1Tk (5(P,Q)sk O(p’ q Vs, T 6(p,q’)sk 6(1"7'1)sk) J (109)

where in the inequality we have dropped the negative terms and used the fact that r < r,%. Then, we have

1
H <Q’€>Wu S (22m — H rk (5(1J )5y, 5(17 .d')sy, + 5(10 q)s, 5(17 ,'J)sk) :
kekf

kekz

Combining this result with Eq. (106) leads to the upper bound

Varfo,C) < — 2 loE <<m Qs |- WW]>
Ve

(22m — 1)2(22m — 1)éz 1 = ap*"a'p’ om
P'e (110)
X H 7 (5(13 05,90 .a")s, T Op.a)s, 5(?’,q)sk> <A\I/£qq >VL> :
keky

As discussed in the previous section, one can compute the expectation values in Eq. (110) by systematically in-
tegrating over each block over the unitary group with the respect to the Haar measure. From Eq. (76) we can find

2m_1TI'[
Var[0,C] < (22m — 1)2(22m — 57 €1 ZZ (t 5(pq 5(p ,q") 5(pq 5(? '4)S, AO;

(111)

2 ’ !
X H Tk (5(p,q)sk ‘5(p’,q’)sk + 5(p,q’)sk 5(p'7q)sk> <A\I/§qq >VL ) :
kekz

Note that by expanding the product erkz (5(p,q)sk 5(p’7q’)sk. + 6(p7q’)sk 6(11'41)5,@) Op.a)s-0(p'.a) s 0(p.a)s, O(p' )5,

one obtains a sum of 2§z terms, and according to Eqgs. (86)-(89), each term in the summation leads to a Hilbert-
Schmidt distances between two quantum states. Then, since Dpg(p1,p2) < 2 for any pair of states p1, pa, we find

Z 5(p7q)s?5(p’7q’)s?5(p,q’)sT Op,q)s, H (5(p7q)sk, 5(17'7Q')sk + 5(107<1')s,c 5(17',q)sk) <A\Iquq >VL <2-2%. (112)

pq, keks
p'q
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Replacing this result in (111) leads to

2m 2L Tr[o2] 9
Var[0,C] < om 12 - 1)%61 H e Zt AO; (113)
kekz

Next, we consider the terms AO,. From Eq. (77) we can show that

< I[ 7. (114)

k€ke

so that (113) becomes

2m2 T Tr[o
Var(d,C] < RS ., 115
ar[0, C] (22m —1)2 (22m _ Z (115)

where R = Hizl 2.
Let us finally show that > _t, < 2 VI, L. We recall from Eq. (106) that the coefficients ¢, are obtained by integrating
each block in V(0) over the unitary group with the respect to the Haar measure. Each time a block is integrated one

obtains four new tensors weighted by the coefficients 7;, with ¢ = 1,...,4 such that Zi:l In.| < 1 for all m. Consider

now the average <Tr[Qfpol-1 ' ]>V , once all the blocks have been integrated we find
R

<Tr[Q;pQ;p > Z M <Z Nz < < Z 77um>>> jtiz i (O) (116)

n1=1 p2=1 pm=1

where (i, is the number of averaged blocks, and where T},, .,
can be obtained for <Tr[Q;p] [Qé,p,]>VR as

1 (O) s a tensor contraction of O. A similar equation

.....

4 4
<Tr[Q;p] > Z DI B Tt (O), (117)
K =1

p=1 ny=1
so that
4 4 4 4
ZtT:Zmu(Z Mhz <<Z 77um>>> Znul anlz Z My, : (118)
T pn1=1 po=1 pm=1 pi=1 ph=1 =1

Taking the absolute value on both side and using the fact that Z;i:l .| <1,onegets ) t,=|> t| <1+ 2%” < 2.
Therefore, by using Tr [03] = 2™, we have

22m+%+l—L

2
Var[d,C] < (@2 — 1y2(2m — 1)%+17L7101R.

Moreover, we also find that

92m+ 2 +1—L ) 92m oy 1 L-1 g ,
@ 1@ R e T (2 B 2> o gemy i (119)

and since 227! — 2 < 2271 and 1 < 15 < 3, Var[0,C] can be upper bounded as Var[0,C] < F,,(L,1), where

22m+(2m—1)(L—l)

(22m — 1) - 3% - 22— 7)n

Fo(L,1) = AR. (120)

O
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m

B. Arbitrary N and Oir is a traceless operators such that Tr[@fk <2

‘We now consider the case when 6% is traceless. Specifically, we assume
Tr [éik} =0, and Tr [Q?k] <om. (121)
Note that if ém is a tensor product of Pauli operators then Tr {5%] =2

Proof. Let us first analyze the case of N = 1. Combining Lemma 3 with Egs. (107), and (108), we find

<Qk>WkL < 922m _ q <5(P'7¢1)Sk 5(qul)sk - 2?5(?7(1)5;C 6(?',Q')Sk) < 92m _ 15(P'7Q)sk (S(P,tl')s,C ) (122)
which yields
28zm
H <Qk>WkL < (22m — §L H 5(17 ,Q) s, 6(P,q )s;, (123)
kekz kekz
Therefore, from (111), and (123), we can obtain
22m71 ) QEZm
Var [0,C] < oE 1) = 1)52(;1 . @ 1y (124)
x ZZtTAOT H 0’ a)s, O(p.a')s, | 0P@)s- 0w a5 0p.a)s, O @), <A"I’£qq >VL : (125)
T kekf

p'qd
Let us now consider the terms AO, from (77). It is straightforward to see that AO, = 0 if S, # (), due to the fact
that Tr[O;x] = 0. Hence, let us define 7, as the set of indexes such that S, = 0. Then, we have

m(L—I1+1)
A0, < {2 (rem) (126)
0 (T &)
The latter implies
> A0, <Yt A0, <2 x 2mETHD (127)
T TET)

where we used the fact that > ¢, < 2 (see Eq. (118) in the previous section).
According to Eqs. (86)—(89), the product (erkz S(p’a)s,, 5(p,q’)sk) S(p.a)s_O(p".a")5_O(p.a")s, O(p' q)s, » l€ads to a
Hilbert-Schmidt distances between two quantum states, which is always upper bounded by 2. We then find
92m+1 , 9fzm
@ 1@ e @ %

Var [9,C] < gD (128)

Since n = m(L — 1 4 1) + m&z, we can rewrite (128) as

22m+n+1 22m -1 2(L-1)
var[o,0] < = (1( i )) 2. (129)

Finally, noting that 22™ — 1 < 22™ and 1 < 1_21,2m < %, we have

22m(L7l+1)+1

Var [0,C] < 2. (130)

329(3—%)n

Let us now consider the arbitrary N case, where the operator O can be expressed as

N
O=cll+» ciO;, (131)
i=1
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and where each O; can be expressed as O; = 6“ ® 61»2 R ® 62»5 with @k satisying (121).
Here it is convinient to define C; = Tr[O;V(8)pV1(0)], so that C = ¢y + >, ¢;C;. When computing the variance
we now have to consider the cross terms arising from Cj, and C; with ¢ # j:

Var[0,C] = ((0,C)%)y = Y _ 2 {(0,C)%)v + Y _ cic;j(0,Ci0,Cy)v (132)
( i#£j
First, let us remark that

AOUE L 2m=IHD) (1 e 7))

AOY =0 (r¢€m)’ (133)

Tr [624 =0, and Tr [éik@k/] <2™, Vi, j,k, k" and {

where AOY was defined in (77), and where Tr |:6’Lk6jk/i| < 2™ follows from the fact that Tr [63,4 < 2™ and
Tr [OJ k,} < 2™. Hence, it is straigtforward to see that the upper bound in Eq. (130) also holds for the cross terms in
(132), and we then have

Var[0,C] < F,,(L,1). (134)

where

92m(L—l+1)+1

Fo(L,1) = > e (135)

ij

322 9(3—7)n

Supplementary Note 8: Proofs of Corollaries
A. Proof of Corollary 1

Corollary 1. Consider the function F,(L,1).

(i) Let N =1 and let each Oy be a non-trivial projector, as in case (i) of Theorem 1. If (2R € O(2") and if the
number of layers L € O(poly(log(n))), then

Fo(L1) €O (2—(1—% logg 3)") , (136)

which implies that Var[0,C] is exponentially vanishing in n if m > 2.

/\

(i) Let N be arbitrary, and let each Oy satisfy Tr[O;] = 0 and Tr[O2 ] < 2™, as in case (ii) of Theorem 1. If
N € O(2"), ¢; € O(1), and if the number of layers L € O(poly log(n))), then

Fo (L)1) € < — ) (137)
>

which implies that Var[0,C] is exponentially vanishing in n if m > 2.
Let us first consider case (i) in Theorem 1.

Proof. Let us assume L € O (poly(log(n))), so that we have 22m=D(L=1) ¢ O (2rely(lee(m)) " Here, note that

poly (log(n))

lim

n—oo

-0

which means that n grows faster than the any polylogarithmic functions of n. Therefore, we can write O (poly(log(n))) C
O (n). For a nonzero constant a, we can write O (|a|n) = O (n), and we can choose a = - log, (9/8). Therefore, we

can also write O (2P°(0s(m)) c O ((9/8)ﬁ>. In addition, if we have ¢cR € O (2"), from (120), one can obtain

1—+- log, B)n

Fu(L,1) € 32(21_m)nc9 (o/9)%) 02" = 0 (2(1> , (138)

where 1 — = log2 3 > 0 for m > 2. Hence the upper bound of Var[d,C¢] exponentially vanishing when m > 2. O
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Let us now consider case (ii) in Theorem 1.

Proof. We now have 22m(L—+D+1) ¢ ¢ (gpely(lee(m)) ¢ O ((9/8)5) We have from Eq. (135) that if ¢;,¢; € O (1),
the following bound holds

1 o oy 1
FuLd) € ey O ((9/8) ) 02" =0 (2(1_72)71) .
Hence, the upper bound of Var[d,C¢] exponentially vanishing when m > 2. O

B. Proof of Corollary 2

Corollary 2. Consider the function F,,(L,l). Let O be an operator of the form (68), as in Theorem 2. If at least

one term c?e(pk7k1)e(6i) in the sum in (70) vanishes no faster than Q(1/poly(n)), and if the number of layers L is
O(log(n)), then

Gn(L,1) € Q (ﬁ(@) . (139)

On the other hand, if at least one term c?e(pk,kf)e(ai) in the sum in (70) vanishes no faster than (1/2p°ly<1°g(">>), and if the
number of layers is O(poly(log(n))), then

1

~

Proof. Let us assume that at least one term cZe(pg i )€(0;) in (70) vanishes no faster than Q(1/poly(n)). Then, if
we also assume L € O (log(n)), we have (2 4 1)~ (E+) € Q (1/ poly(n)). The latter implies

Gn(L,1) €Q <p01;(n)> & <po1;(n)> = (poé(n)) '

On the other hand, if at least one term cfe(pk,k/)e(@) in (70) vanishes no faster than € (1/2P°(0s(m)) "and if
L € O (poly(log(n))), we have (2™ + 1)~ L+ € Q (1/2r0v(Ioe(m)) - Therefore, we obtain

1 1 1
Gn(L,1) €0 (2poly(1og<n)>) ¢ <2poly(1og(n))) =9 (2poly<log<n>>> '

Supplementary Note 9: Faithfulness of local cost function for Quantum autoencoder

Recall that the global cost function (Cf;) and local cost function (Cf) for the quantum autoencoder are defined as
CG =1 Tr [|0)0]p3"]

ol =1- ;iﬁ [(\o><0|j ® 113) p%ut} .

We relate the Cf and Cf, cost functions in the following proposition. Because this proposition establishes that Cj,
and Cf, vanish under the same conditions, and because C, is faithful [7], this in turn proves that Cj, is a faithful cost
function.

Proposition 3. The cost functions for the quantum autoencoder satisfy

Cl, < C, < npCy,. (141)
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out

Proof. Let us first prove Cf, < C(,. Given the state pg
the |0); state, such that the probability of E; is given by Pr(E;) = Tr [6}#%‘”}, where 6JL = [0)0]; ® 15. Then, we

can write

, we can define E; as the event of qubit j being measured on

ng
Co=1-pPr| () E; (142)
j=1
Similarly, for the local cost function, we have
1 &
Cf =1~ o ZPr (E;). (143)
Jj=1
Then, it is known that for any set of events {E1, - - , Ey }, the following property always holds
ne 1 np
1-P E, | >— 1-Pr(E;)). 144
f\Na ) =52 0-pae) (144)

From the definition of C{; and C] in Egs. (142)- (143), and from Eq. (144) we have

Cl <Cg. (145)
Next, let us prove Cf, < ngCj,. Since for any set of events {E1,--- , E,_}, we have

np np
1-Pr| (VB | <> (1—-Pr(E)). (146)

j=1 j=1

By definition, we finally have

Cl < npCl.. (147)
Combining Eqgs. (145) and (147), we get (141), which indicates C{ =0 < C =0. O
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