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Supplementary information

1. RIGOROUS PROOFS FOR STATEMENTS REGARDING THE MOTIVATING EXAMPLE

We first give a simple proof that the motivating example f(x) considered in the main text is in general hard to
compute classically. Then, we show that training a classical ML model to predict the function f(x) is easy on a
classical computer.

Proposition 1 (Restatement of Proposition 1). Consider input vector x € RP encoded into an n-qubit state |x) =
Soh_iaklk). If a randomized classical algorithm can compute

f(x) = (x| U ynOUqun |x) (S1)

up to 0.15-error with high probability over the randomness in the classical algorithm for any n, Ugny and O in a time
polynomial to the description length of Ugnn and O, the input vector size p, and the qubit system size n, then

BPP = BQP. (S2)

Proof. We consider p = 1 and |x) = |0™) the all zero computational basis state. A language L is in BQP if and only
if there exists a polynomial-time uniform family of quantum circuits {Q,, : n € N}, such that

1. For all n € N, @, takes an n-qubit computational basis state as input, apply @, on the input state, and
measures the first qubit in the computational basis as output.

2. For all z € L, the probability that output of Q|.| applying on the input z is one is greater than or equal to 2/3.
3. For all z ¢ L, the probability that output of Q|.| applying on the input z is zero is greater than or equal to 2/3.

If we have the randomized classical algorithm that can compute f(x), then for all z: input bitstring, we consider the
unitary quantum neural network given by

Ugny = Qo) Q) X7, (S3)
i=1
where X; is the Pauli-X matrix acting on the i-th qubit, and the observable O is given by Z;. Hence, we have

1. For all z € L, f(x) = (x| U&NNOUQNN |x) = (#] QFZ|Z1Q\Z\ |z) = Pr[the output of @, applying on the input z
is one | — Pr[the probability that output of Q. applying on the input z is zero] > 2/3 —1/3 = 1/3.

2. Forall z ¢ L, f(x) = (x| U(ENNOUQNN |x) = (2] QL|Z1Q‘Z‘ |z) = Pr[the output of Q.| applying on the input z
is one | — Pr[the probability that output of Q.| applying on the input z is zero] < 1/3 —2/3 = —1/3.
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Supplementary Figure 1. We present an illustration of the complexity class for classical machine learning algorithm with the
availability of data. To the right, we have a diagram showing the relations between different complexity classes.

By assumption, we can use the randomized classical algorithm to compute an estimate f(x) such that | f(x) — f(x)| <

0.15 with high probability over the randomness of the classical algorithm. Therefore with high probability, f(x) > 0
if z € L and f(x) < 0if z ¢ L. We can use the indication of whether f(x) is positive or negative to determine if
z € L or z ¢ L with high probability over the randomness of the classical algorithm. This implies that L € BPP.

Together, the existence of the randomized classical algorithm implies that BQP C BPP. By definition, we have
BPP C BQP, hence BPP = BQP.

We will now give a classical machine learning algorithm that could learn f(x) efficiently using few samples. Recall
that the data point is given by {x;}¥ ;, where x; € RP. Now, we consider a classical ML model with the kernel function
k(x;,x;) = (30_, zaxji)?, which can be evaluated in time linear in the dimension p. Note that this definition of
kernel is equivalent to the quantum kernel Tr(p(z;)p(z;)) = |(z;|x;)|? for the encoding |z;) = > F_, @ik |k). We will
now use the theoretical framework we developed in the main text (the section on testing quantum advantage). In
particular, we will use the prediction error of quantum kernel method given in Eq. 8. It shows that for any observable
O and quantum neural network Uqnn, the prediction error after training from N data points {(z;,y; = f(x;))} is
given by

min(d, Tr(0?))

Exen|h(x) — f(x)[ < ¢ I 7 (S4)
where d is the Hilbert space dimension of {p(z;)} ;. Because we have p(z;) = |z;){z;| and |2;) = > F_, ik |k), the

dimension of the Hilbert space is upper bounded by p?. Therefore,

Brcoll(x) - £(9] < oyf 2L TOD) [17, (55)

This is the result stated in the main text. For more details about the machine learning models, the prediction error
bound, and the proof for the prediction error bound of quantum kernel methods, see Supplementary Section 4 and 5 A.

2. COMPLEXITY-THEORETIC ARGUMENT FOR THE POWER OF DATA

In the main text, we give an argument based on an example to demonstrate the power of data. However, this is not
satisfactory when we want to put the power of data on a rigorous footing. To demonstrate this fact from a rigorous
standpoint, let us capture classical ML algorithms that can learn from data by means of a complexity class, which we
refer to as BPP/samp. A language L of bit strings is in BPP/samp if and only if the following holds: There exists
probabilistic Turing machines D and M. D generates samples x with |x| = n in polynomial time for any input size
n. D defines a sequence of input distributions {D,}. M takes an input z of size n along with 7 = {(z;, yi)}filly(") of
polynomial size, where z; is sampled from D,, using Turing machine D and y; conveys language membership: y; =1
if x; € L and y; = 0 if x; ¢ L. Moreover, we require

e The probabilistic Turing machine M to process all inputs z in polynomial time (polynomial runtime).

e For all z € L, M outputs 1 with probability greater than or equal to 2/3 (prob. completeness).



e For all ¢ L, M outputs 1 with probability less than or equal to 1/3 (prob. soundness).

If the Turing machine M neglects the sampled data 7, this is equivalent to the definition of BPP. Hence BPP is
contained inside BPP /samp.

We can also see that T is a restricted form of randomized advice string. It is not hard to show that BPP /samp is
contained in P /poly based on the same proof strategy for Adleman’s theorem. We consider a new probabilistic Turing
machine M’ that runs M for 18n times. Each time, we use an independently sampled training set 7 from D,,. Then
we take a majority vote from the 18n runs. By Chernoff bound, the probability of failure for any given x with |z| =n
would be at most 1/e™. Hence by union bound, the probability that all x with |z| = n succeeds is at least 1 — (2/e)™.
This implies the existence of a particular choice of the 18n training sets and 18n random bit-strings used in each run
of the probabilistic Turing machine M, such that for all « with |z| = n the decision of whether x € L is correct. We
simply define the advice string a,, to one particular choice of the 18n training sets and 18n random bit-strings, which
will be a string of size polynomial in n. Hence we know that BPP/samp is contained in P/poly. An illustration is
given in Supplementary Figure 1. We leave open the question of whether BPP/samp is strictly contained in P/poly.

The separation between P/poly and BPP is often illustrated by undecidable unary languages. The separation
between BPP /samp and BPP could also be proved using a similar example. Actually, an undecidable unary language
serves as an equally good example. Here, we choose to present a slightly more complicated example to demonstrate
what BPP/samp could do. Let us consider an undecidable unary language Lypaqa = {1™|n € A}, where A is a subset
of the natural numbers N and a classically easy language Lcasy € BPP. We assume that for every input size n, there
exists an input a,, € Leasy and an input b, ¢ Leasy. We define a new language as follows:

L= U {z|Vx € Leasy, 1" € Luara, |z] = n} U{z|Ve ¢ Leasy, 1" ¢ Lnara, |z] = n}. (S6)

n=1

For each size n, if 1" € Lyara, L would include all € Leasy with |2| =n. If 1" € Lypaa, L would include all ¢ Leagy
with |z| = n. By definition, if we can output whether « € L for an input x using a classical algorithm (BPP), we can
output whether 1" € Ly,:q by computing whether € Le,sy. This is however impossible due to the undecidability
of Lypaq. Hence the language L is not in BPP. On the other hand, for every size n, a classical machine learning
algorithm can use a single training data point (zg,yo) to decide whether z € L. An algorithm is as follows. Using
Yo, we know whether xg € Lc,sy. Hence, we know whether 1" € Lyarq. Then for any input = with size n, we can
output the correct answer by using the knowledge of whether 1" € Ly,.q combined with a classical computation to
decide whether & € Leasy. This example nicely illustrates the power of data and how machine learning algorithms can
utilize it. In summary, the data provide information that is hard to compute with a classical computer (e.g., whether
1™ € Lyara). Then the classical machine learning algorithm would perform classical computation to infer the solution
from the given knowledge (e.g., computing whether & € Leasy). The same language L also yields a separation between
BPP/samp and BQP because L is constructed to be undecidable.

From a practical perspective, it is impossible to obtain training data that is undecidable. But it is still possible
to obtain data that cannot be efficiently computed with a classical computer, since the universe operates quantum
mechanically. If the universe computes classically, then the data we can obtain will be computable by BPP and there
is no separation between classical ML algorithm with data from BPP and BPP. We now present a simple argument for
a separation between classical algorithm learning with data coming from quantum computation and BPP. This follows
from a similar argument as the previous example. Here, we assume that there is a sequence of quantum circuits such
that the Z measurement on the first qubit (being +1 with probability > 2/3 or < 1/3) is hard to decide classically.
This defines a unary language Lj, 4 that is outside BPP, but inside BQP. We can then use Lj, 4 in replace of Lparg
for the example above. When the data comes from BQP, the class classical ML algorithms that can learn from the
data would not have a separation from BQP.

3. RELATION BETWEEN QUANTUM KERNEL METHODS AND QUANTUM NEURAL NETWORKS

In this section we demonstrate the formal equivalence of an arbitrary depth neural network with a quantum kernel
method built from the original quadratic quantum kernel. This connection helps demonstrate the feature map induced
by this kernel to motivate its use as opposed to the simpler inner product. While this equivalence shows the flexibility
of this quantum kernel, it does not imply that it allows learning with a parsimonious amount of data. Indeed, in
many cases it requires both an exponential amount of data and exponential precision in evaluation due to the fidelity
type metric. In later sections we show simple cases where it fails for illustration purposes.

Proposition 2. Training an arbitrarily deep quantum neural network Ugnn with a trainable observable O is equivalent
to training a quantum kernel method with kernel ko (z;, z;) = Tr(p(x;)p(x;)).



4

Proof. Let us define p; = p(2;) = Uenc(23) [0")(0"| Usnc(x;)T to be the corresponding quantum states for the classical
input x;. The training of a quantum neural network can be written‘ as

N

i (Te(OUp; UM, v), S7
Ueggglm);(r( piU"),yi) (S7)

where (7, y) is a loss function that measures how close the prediction g is to the true label y, C is the space of all
possible unitaries considered by the parameterized quantum circuit, O is some predefined observable that we measure
after evolving with U. Let us denote the optimal U to be U*, then the prediction for a new input x is given by
Te(OU* plax) (U*)1).

On the other hand, the training of the quantum kernel method under the implied feature map is equivalent to
training W € C2"*2" under the optimization

N
min H(Te(Wps), ys) + X Te(WTW), S8
o DT W) ) + ATHOVW) (55)
where A > 0 is the regularization parameter and I(g,y) is the loss function. Let us denote the optimal W to be
W*, then the prediction for a new input z is given by Tr(W*p(x)). The well-known kernel trick allows efficient
implementation of this machine learning model, and connects the original quantum kernel to the derivation here.
Using the fact that p; is Hermitian and set A = 0, the quantum kernel method can be expressed as

N

i (T (OUp; UM, v). S9

pdmin Z} (Tr(OUp;UT), 33) (S9)
OeC2nX2n7O:Of 1=

This is equivalent to training an arbitrarily deep quantum neural network U with a trainable observable O.

4. PROOF OF A GENERAL FORM OF PREDICTION ERROR BOUND

This section is dedicated to deriving the precise statement for the core prediction error bound from which we base
our methodology: E.|h(xz) — f(z)] < O(y/s/N) given by the first inequality in Equation (3). We will provide a
detailed proof for the following general theorem when we include the regularization parameter A. The regularization
parameter A will be used to improve prediction performance by limiting the complexity of the machine learning model.

Theorem 1. Consider an observable O with ||O|, <1, a quantum unitary U (e.g., a quantum neural network or a
general Hamiltonian evolution), a mapping of classical input x to quantum system p(x), and a training set of N data
{(zi,y; = Tr(OYp(x:)))}Y,, with OV = UTOU being the Heisenberg evolved observable. The training set is sampled
from some unknown distribution over the input x. Suppose that k(xz,z") can be evaluated efficiently and the kernel
function is re-scaled to satisfy Zf\le k(zi,z;) = N. Define the Gram matriv K;; = k(x;,x;). For any A > 0, with
probability at least 1 — & over the sampling of the training data, we can learn a model h(x) from the training data,
such that the expected prediction error is bounded by

Tr( A, OV U Tr(Ayen, OV U log(1/6
Bolh(z) — 10V p(o)| < O [ [ 20780 | [TlAeen07 00 [lsll/0)) - gy
N N N
where the two operators Agra, Agen are given as
N N
A = N ) (K + A 72)ijp(:) @ play), (S11)
i=1j=1
N
Agen = 32 S (K + AT K (K +AD™Y)s50(w0) @ play). (512)
i=1j=1

This is a data-dependent bound as Ara and Agen both depend on the N training data.



When we take the limit of A — 0, we have Ay = 0 and Agey = SN, Z;v:l(K_l)ijp(xi) ® p(z;). Thus with
probability at least 0.99 = 1 — §, we have

E,|h(z) - Tr(0Y plx))| < O < wll )> , (s13)
where sg(N) = Zf\il Zj\le([(—l)ij Tr(OY p(x;)) Tr(OY p(x;)). This is the formula stated in the main text. However,
in practice, we would recommend the use of regularization A > 0 to prevent numerical instability and to obtain
prediction error bound when we use a regularized ML model.

In Section 4 A, we will present the definition of the machine learning models used to prove Theorem 1. In Sec-
tion 4 B and 4 C, we will analyze the training error and generalization error of the machine learning models we consider
to prove the prediction error bound given in Theorem 1.

A. Definition and training of machine learning models

We consider a class of machine learning models, including Gaussian kernel regression, infinite-width neural networks,
and quantum kernel methods. These models are equivalent to training a linear function mapping from a (possibly
infinite-dimensional) Hilbert space H to R. The linear function can be written as (w, ¢(z)), where w parameterizes
the linear function, (-,-) : H x H — R is an inner product, and ¢(x) is a nonlinear mapping from the classical input
x to the Hilbert space H. For example, in quantum kernel method, we use the space of 2™ x 2" Hermitian matrices
as the Hilbert space H. This yields a natural definition of inner product (p, o) = Tr(po) € R.

Because the output y = Tr(UTOUp(z)) of the quantum model satisfies y € [—1, 1], we confine the output of the
machine learning model to the interval [—1,1]. The resulting machine learning model would be

hy(z) = min(1, max(—1, (w, ¢(z)))). (S14)
For efficient optimization of w, we consider minimization of the following loss function
al 2
min \w, w) + Y ((w,é(x)) — Tr(UTOUp(:))) ", (S15)
i=1

where \ > 0 is a hyper-parameter. We define ® = (¢(z1),...,é(xy)). The kernel matrix K = ®T® is an N x N matrix
that defines the geometry between all pairs of the training data. We see that K;; = (¢(2;), ¢(z;)) = k(zs,z;) € R.
Without loss of generality, we consider Tr(K) = N, which can be done by rescaling k(z;, ;). The optimal w can be
written down explicitly as

N N
:ZZ J(K + D)™y Te(UTOU p(ay)). ($16)

Hence the trained machine learning model would be

hu(z) = min | 1, max [ —1 ZZMH (K + X))~ Te(UTOUp(x;) | ] - (S17)

i=1 j=1

This is an analytic representation for various trained machine learning models, including least-square support vector
machine [1], kernel regression [2, 3], and infinite-width neural networks [4]. We will now analyze the prediction error
of these machine learning models:

eu (@) = |hu(x) = TH(UOUp(a) (S18)

which is uniquely determined by the kernel matrix K and the hyper-parameter \. In particular, we will focus on
providing an upper bound on the expected prediction error

E, €w(z =N Zew )+ E; ep(x W Zew x;), (S19)

Training error Generalization error

which is the sum of training error and generalization error.



B. Training error

We will now relate the training error to the optimization problem, i.e., Equation (S15), for obtaining the ma-
chine learning model h,(x). Because |O| < 1, we have Tr(UtOUp(x)) € [~1,1], and hence €, (z) = |hy(x) —
Tr(UTOUp(x))| < [{w, ¢(z)) — Tr(UTOUp(z))|. Using the convexity of 22 and Jensen’s inequality, we obtain

N N
1 1
T 2 cuwlwi) 4| 5 D (W, 6()) = Tr(UTOUp(2:))’. (520)
i=1 i=1
We can plug in the expression for the optimal w given in Equation (S16) to yield
N f f
iz%(m - \/Tr(Atra(U OJT\J])@)(U OU))j (s21)
i=1

where A, = A2 Ef\il Z;yzl((K+)\I)_2)ijp(xi) ®p(z;). When K is invertible and A = 0, we can see that the training
error is zero. However, in practice, we often set A > 0.

C. Generalization error

A Dbasic theorem in statistics and learning theory is presented below. This theorem provides an upper bound on
the largest (one-sided) deviation from expectation over a family of functions.

Theorem 2 (See Theorem 3.3 in [5]). Let G be a family of function mappings from a set Z to [0,1]. Then for any

0 > 0, with probability at least 1 — & over identical and independent draw of N samples from Z: z1,...,zn, we have
forallge g,
1 & log(2/3)
E.[9(2)] < N;g(zz)—FQEJ Elellg)*zgzg zi)| +3 ToN (522)
where o1, ...0N are independent and uniform random variables over +1.
For our purpose, we will consider Z to be the space of classical input with z; = z; drawn from some input

distribution. Each function g would be equal to €, /2 for some w, where €, is defined in Equation (S18). The reason
that we divide by 2 is because the range of €, is [0,2]. And Vy =1,2,3,..., we define G, to be {e,/2 | V|w]| <~}
The definition of an infinite sequence of family of functions G, is useful for proving a prediction error bound for an
unbounded class of machine learning models h,,(x), where ||w|| could be arbitrarily large. Using Theorem 2 and
multiplying the entire inequality by 2, we can show that the following inequality holds for any w with ||w]| < ~,

log(42/9)
ON

1

E w AT
6 Nﬁ

(S23)

vii<y N

w(zi) < 2E, lsup —Zmev ;)

with probability at least 1 — §/2v2. This probabilistic statement holds for any v = 1,2,3,. .., but this does not yet
guarantee that the inequality holds for all v with high probability. We need to apply a union bound over all v to
achieve this, which shows that Inequality (S23) holds for all v with probability at least 1 — 777, §/29* > 1 — 4.

Together we have shown that, for any w € 7, the generalization error E [e, (z)] — & Zfil €w(;) is upper bounded
by

g, [ECHIwIT/0) (s21)

9E,,
N

: N Zalev

with probability at least 1 — J, where we consider the particular inequality with v = [||w||]. We will now analyze the
above inequality using Talagrand’s contraction lemma.

IIVH<H|WH

Lemma 1 (Talagrand’s contraction lemma; See Lemma 5.7 in [5]). Let G be a family of function from a set Z to R.

=1

Let ly,...,In be Lipschitz-continuous function from R — R with Lipschitz constant L. Then
1 X
E, |sup — Y oili(g(2:))| < LE, sup— ai9(z)| - (S25)
sup > oyl up 7 Z i9(z:)




We consider [;(s) = |min(1, max(—1,s)) — Tr(UTOUp(z;))|, zi = x;, and G = {g,(z:) = (v, z) | [|v] < [Iwl|1}.
This choice of functions gives €,(z;) = l;(g(z;)). Furthermore, I; is Lipschitz-continuous with Lipschitz constant 1.
Talagrand’s contraction lemma then allows us to bound the formula in Equation (524) by

| i Zhn ¥ ZU’ V.ol W (526)
=2 [|V|i%?WIW N ‘V” ZO—I 1'1 10g(4[!x”12/6) (827)

- 1 o/ AT (528)
< 2H|LN‘H Egiiaiajk(xi,xj) +6\/—1°g(4”2w ($29)
<o) |, flogtIwIPTS s0)
oI, sl o o176 s
< 8\/H|‘;VV|HQ n 6\/10‘%2(;‘:7/6). (332)

The first inequality uses Cauchy’s inequality. The second inequality uses the fact that ||v|| < [||w|]]. The third
inequality uses a Jensen’s inequality to move E, into the square-root. The fourth inequality uses the fact that o; are
independent and uniform random variable taking 41, —1. The fifth inequality uses /z +y < v/ + /y,Vz,y > 0 and
our assumption that we rescale K such that Tr(/K) = N. The sixth inequality uses the fact that #2 > log(z),Vx € N.

Finally, we plug in the optimal w given in Equation (S16). This allows us to obtain an upper bound of the
generalization error:

(933)

- [\/Tt(Agen (UTOU) @ (UTOD))] log(4/9)
g <8 Yo +6\ =N

where Agen = S, Zjvzl((K + M) K (K + M) 7Y)p(z;) @ p(z;). When K is invertible and A = 0, we have
Agen = Zf\il Z;vzl(K_l)Up(xz) 0y p(xj)

5. SIMPLIFIED PREDICTION ERROR BOUND BASED ON DIMENSION AND GEOMETRIC
DIFFERENCE

In this section, we will show that for quantum kernel methods, we have

in(d, Tr(O?
E,|h%(z) - Tr (O p(a))| < O ( “W) 7 (834)
where d is the dimension of the training set space d = dim(span(p(z1),...,p(zn))). If we use the quantum kernel
method as a reference point, then the prediction error of another machine learning algorithm that produces h(x) using
kernel matrix K can be bounded by

B, |h(z) — Te(OY p(2))| < O <g m“”ﬁ””) , (335)

where g = \/HVKQK_lx/ KQH assuming the normalization condition Tr(K®) = Tr(K) = N.



A. Quantum kernel method

In quantum kernel method, the kernel function that will be used to train the model is defined using the quantum
Hilbert space kg(x,z’) = Tr(p(z)p(x’)). Correspondingly, we define the kernel matrix Kg = ko(xi,xj). We will
focus on p(z) being a pure state, so the scaling condition Tr(K®Q) = Zfil kq(zs,z;) = N is immediately satisfied.
We also denote the trained model as hQ for the quantum kernel method. We now consider an orthonormal basis
{o1,...,04} for the d-dimensional quantum state space formed by the training data span{p(z1),...,p(zx)} under
the inner product (p, o) = Tr(po). We have ¢, is Hermitian, Tr(c7) = 1, but ¢, may not be positive semi-definite.

We consider an expansion of p(x;) in terms of o):

d
= Z QipOp, (S36)
p=1

where o € RV*?. The coefficient « is real as the vector space of Hermitian matrices is over real numbers. Note that
multiplying a Hermitian matrix with an imaginary number will not generally result in a Hermitian matrix, hence
Hermitian matrices are not a vector space over complex numbers. We can perform a singular value decomposition
on o = USVT, where U € CN*4, 2V € C¥™? with UTU = I, ¥ is diagonal and ¥ = 0, VIV = VVT = I. Then
KQ = aoﬁ UX2UT. This allows us to explicitly evaluate A, and Agen given in Equation (S11) and (S12):

d

2 T
Atra - )‘ ZZ ( 22 +AI) V ) UP®UQ7 (837)
p=1g=1 Pq
d
gen ;; ( 22 + AI)2 V ) op ® 0y, (338)

which can be done by expanding p(z;) in terms of o,. Because ¥ > 0, when we take the limit of A — 0, we have
Apa =0 and Agep = Zzzl ZZ:1 Opq0p @ 0g = Zj}:l op ® 0p. Hence Tr(AyaOY ® OV) = 0 and Tr(Age,OY ® OY) =
Zzzl Tr(o,0Y)%. From Equation (S10) with A — 0, we have

Tr(OY0,)? N log(1/0)

5 & (S39)

d

Because {o1,...,0%} forms an orthonormal set in the space of 2™ x 2" Hermitian matrices, 22:1 Tr(OY0,)? is the
Frobenius norm of the observable OV restricted to the subspace span{oy,...,ox}.

We now focus on obtaining an informative upper bound on how large Z;l:l Tr(OUUp)2 could be. First, because
we can extend the subspace span{oy,...,o0} to the full Hilbert space span{oy, .. a4n}, we have ZZ:I Tr(0OY0,)% <
S Tr(0V0,)? = Tr((0V)?) = [|0Y][7.. Next, we will show that 3¢ Tr(0Vs,)? < d[|0Y|%. < d, where [|OV]|
is the spectral norm of the observable OY. We pick a linearly-independent set of {pl, ooy pit from {p(x1),...p(zNn)}
We assume that all the quantum states are pure, hence we have p; = |¢;)(4],Vi = 1,...,d. The pure states
{|¥1),...,|¥k)} may not be orthogonal, so we perform a Gram-Schmidt process to create an orthonormal set of
quantum states {|¢1),...,|or)}. Because p; are linear combination of |¢,) (¢,|,Vq,r =1,...,d, we have

d d
UP:ZZSPQT|¢Q><¢T|3VPZ17"-7d~ (S40)

q=1r=1

The condition Tr(c,0,/) = 0y implies that 22:1 Zle SpqrSp'qr = Oppr. 1f we view s as a vector s of size d?, then
(Sp,Sp') = Opp. Thus {s1,...,s;} forms a set of orthonormal vectors in R% | which implies Zzzl sps;; < 1. Let us

define the projection operator P = ZZZI |¢q) (dq|. We will also consider a vector o € R, where 0y = (9| OY |by).



We have

d

Z ofsps;r)o (S41)

p=1

d d 2
ZTT(OUUp)z = Z (Z Z qu’l" <¢T| OU |¢q>>

p:l q:l =1

<

2

d
ofo = <ZZ (¢r| OY |¢q>> = HPOUPH; (S42)

g=1r=1

IN

The inequality comes from the fact that ZZ:1 sps; =< I. With a proper choice of basis, one could view POY P as an
d x d matrix. Hence ||POUPHF <+Vd ||POUPHOO < \/&HOUHOO. This established the fact that Zzzl Tr(OUUp)2 <
d HOUHiO < d. Combining with Equation (S39), we have

. 2
EJh9(x) — Tr(0Vp(a)| < 0 [ | ALIOTe) | flos1/0) ) (343)

This elucidates the fact that the prediction error of a quantum kernel method is bounded by minimum of the dimension
of the quantum subspace formed by the training set and the Frobenius norm of the observable OY.

Choosing a small but non-zero A allows us to consider an approximate space of span{p(x1),...,p(zrn)} formed
by the training set. The training error 1/Tr(Ay,OV ® OV)/N would increase slightly, and the generalization error
\/ Tr(AgenOY @ OY)/N would reflect the Frobenius norm of OV restricted to a smaller subspace, which only contains
the principal components of the space formed by the training set. This would be a better choice when most states
lie in low-dimensional subspace with small random fluctuations. One may also consider training a machine learning
model with truncated kernel matrix K, where all singular values below A\ are truncated. This makes the act of
restricting to an approximate subspace more explicit.

B. Another machine learning method compared to quantum kernel

We now consider an upper bound on the prediction error using the quantum kernel method as a reference point for
some machine learning algorithm. For the following discussion, we consider classical neural networks with large hidden
sizes. The function generated by a classical neural network with large hidden size after training is equivalent to the
function h(z) given in Equation (S16) with A = 0 and with a special kernel function kntk(z,z") known as the neural
tangent kernel (NTK) [4]. The precise definition of kxtk (2, 2") depends on the architecture of the neural network. For
example, a two-layer feedforward neural network (FNN), a three-layer FNN, or some particular form of convolutional
neural network (CNN) all correspond to different knTk(x,x’). Given the kernel kntk (z,2’), we can define the kernel

matrix K;; = knri(2i, ;). For neural tangent kernel, the scaling condition Tr(K) = Zf\il knTk (%, ;) = N may not
be satisfied. Hence, we define a normalized kernel matrix K = NK/Tr(K). When A = 0, the trained machine learning

model (given in Equation (S16)) under the normalized matrix K and the original matrix K are the same. In order
to apply Theorem 1, we will use the normalized kernel matrix K for the following discussion. From Equation (S10)
with A = 0, we have

E.|h(x) — Tr(0V p(x))] < O W A0 0O | J st/ ‘”) , (544)

where A = Zfil Z;.V:l(Kfl)ijp(xi) ® p(z;). Using Equation (S36) on the expansion of p(x;), we have

d d N N
A= Z Z ZZ(K_l)ijaipajqu ® oy (S45)

d d
= Z Z(aTK_la)qup ® oy (546)
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Using the definition of spectral norm, we have

d d
Tr(AOY ® OY) = Z Z(oﬁKﬁla)pq Tr(0,0Y) Tr(a,0Y) (S47)
p=1qg=1
d
< ||aTK71a||OOZTr(OU0p)2. (S48)
p=1
Recall from the definition below Equation (S36), we have

a=UxVT K® = aal = UX?U". (S49)

Using the fact that orthogonal transformation do not change the spectral norm, HoﬁK’lcyHOO = HEUTK’lUEnoo =
|usutk US|, = [VESK VRS . Hence

d
Tr(A0Y ® OV) < H\/KQK*\/KQH 3 Tr(0V0,)% (S50)
[ee) =1

Together with Equation (S44), we have the following prediction error bound

Tr(OY0,)? N log(1/9)
N N ’

d
E,|h(z) — Tr(0Y p(z))| < O M 2yt (S51)

where g = \/ H\/K QK-IWVK QH . The scalar g measures the closeness of the geometry between the training data
(oo}

points defined by classical neural network and quantum state space. Note that without the geometric scalar g, this
prediction error bound is the same as Equation (S39) for the quantum kernel method. Hence, if ¢ is small, classical
neural network could predict as well (or potentially better) as the quantum kernel method. The same analysis in
Section 5 A allows us to arrive at the following result

E.|h(x) - TH(OV p(a)| < O [ gy W LIOTE) - JlosC/) ). (352)

The same analysis holds for other machine learning algorithms, such as Gaussian kernel regression.

6. DETAILED DISCUSSION ON THE RELEVANT QUANTITIES S, D, AND G

There are some important aspects on the three relevant quantities s, d, g that were not fully discussed in the main
text, including the limit when we have infinite amount of data and the effect of regularization. While in practice
one always has a finite amount of data, constructing these formal limits both clarifies the construction and provides
another perspective through which to understand the finite data constructions. This section will provide a detailed
discussion of these aspects.

A. Model complexity s

While we have used sg(N) = Zi\;l Zjvzl(K’l)ij Tr(OYp(x;)) Tr(OYp(x;)) in the main text, this is a simplified
quantity when we do not apply regularization. The model complexity sy (NN) under regularization is given by

(K + AD UK (K + MDYy Tr(0Yp(a) TH(OV play))  (S53)

WE
M-

s(N) = [w]|* = Tr(4gen 0¥ @ OV) =

o
Il
—

<
Il
-

(VE(K + D) >VE);; THOV p(a)) THOV p(a)). (354)

I
M-
] =

s
I
—
<.
I
-
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Training machine learning model with regularization is often desired when we have a finite number N of training
data. ||w||” has been used extensively in regularizing machine learning models, see e.g., [1, 6, 7]. This is because
we can often significantly reduce generalization error \/Tr(AgenOV ® OV)/N by slightly increasing the training error

\/ Tr(AyaOV @ OV)/N. In practice, we should choose the regularization parameter A to be a small number such that
the training error plus the generalization error is minimized.

The model complexity sx(N) we have been calculating can be seen as an approximation to the true model com-
plexity when we have a finite number N of training data. If we have exact knowledge about the input distribution
given as a probability measure u,, we can also write down the precise model complexity in the reproducing kernel
Hilbert space ¢(z) where k(z,y) = ¢(x)Té(y). Starting from

H}Ailn Awiw + / Hngb(:c) - Tr(OUp(x))||2 dpty, (S55)

we can obtain

w— <)J+ / ¢<z>¢<x>*dum>l / Tr(0Y p(x)) () dps- (S56)

Hence the true model complexity is

-2
wiP? = / / djta iy THOU p(1)) TH(OV p(a2)) () (m / ¢(£)¢(£)Tdue) b(x2) (357)
= Tr(AgenOY @ OY), (S58)

where the operator

Agen = / / iy iy &) (AI N / ¢(£)¢(£)Tdug)2 6(x2) pla1) ® p(as). (859)

If we replace the integration over the probability measure with N random samples and apply the fact that k(x,y) =
#(x)'p(y), then we can obtain the original expression given in Equation (S12).

B. Dimension d

The dimension we considered in the main text is the effective dimension of the training set quantum state space.
This can be seen as the rank of the quantum kernel matrix Kg = Tr(p(z;)p(x;)). However, it will often be the
case that most of the states lie in some low-dimensional subspace, but have negligible contributions in a much higher
dimensional subspace. In this case, the dimension of the low-dimensional subspace is the better characterization.
More generally, we can perform a singular value decomposition of K©

N
KQ = Ztiuiuz, (860)
i=1

with £1 > to > ... > tny. We define o; = Zjvzl uiip(x;)/ HZ;\; uijp(:zzj)H , where ||| is the Frobenius norm. o;
F

is the i-th principal component of the quantum state space. Recall the normalization condition Tr(K®) = N, so
Zi]il t; = N. If the training set quantum state space is one-dimensional (d = 1), then

t1:N7ti:0,Vi>1. (861)

If all the quantum states in the training set are orthogonal (d = N), then

t;=1,Vi=1,...,N. (S62)
By the Eckart-Young-Mirsky theorem, for any k > 1, the first k£ principal components o1,...,0 form the best
k-dimensional subspace for approximating span{p(z1),...,p(zn)}. The approximation error is given by
2
N k N
Z p([L’l) — Z \/tijujio—j = Z tl. (863)
i=1 j=1 I=k+1

F
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As we can see, when the spectrum is flatter, the dimension is larger. The error decreases at most as szi ptt SN —FK,
where the equality holds when all states are orthogonal. In the numerical experiment, we choose the following measure
as the approximate dimension

N

N
1

k=1

due to the independence to any hyperparameter. Alternatively, we can also define approximate dimension by choosing
the smallest & such that Ez]\i py1 ti/IN < e for some € > 0. Both give similar trend, but the actual value of the dimension
would be different.

From the discussion, we can see that in the above definitions, the dimension will always be upper bounded by the
number N of training data. Similar to the case of model complexity, we can also define the dimension d when we
have the exact knowledge about the input distribution given by probability measure p,. For a quantum state space
representing n qubits, we simply consider the spectrum ¢, > to > ... > ton of the following operator

/ vee(p(z))vee(p(x))dpts. (565)

When we replace the integration by a finite number of training samples, the spectrum would be equivalent to the
spectrum given in Equation (S60) except for the additional zeros.

Remark 1. The same definition of dimension can be used for any kernels, such as projected quantum kernels or
neural tangent kernels (under the normalization Tr(K) = N ).

C. Geometric difference g

The geometric difference is defined between two kernel functions K*, K2 and the corresponding reproducing kernel
Hilbert space ¢1(x), ¢2(z). If we have a function represented by the first kernel w'¢; (), what would be the model
complexity for the second kernel? We consider the ideal case where we know the input distribution pu, exactly. The
optimization for training the first kernel method with regularization A > 0 is

min iy 4 / HVT¢2($) —wigy (ac)H2 Aty (S66)
The solution is given by
-1
v <M+ / @@)@(@Tduw) / w1 ()2 ()t (S67)
Hence the model complexity for the optimized v is
-2
lv* = w' ( / / dpta, Ay 91 (1) 92 (1) (AI + / $2(€)d2(6)" dﬂg) @2 (w2)¢1(22)" ) W (S68)

< Gen IWII". (569)

where the geometric difference is

2
P2 (w2)p1(w2)T (S70)

Jgen = H//duzldum%(%l)@(ﬂflﬁ <)\I+/¢2(§)¢2(§)Tdﬂﬁ)

o0

The subscript in geen is added because when A > 0, there will also be a contribution from training error. When we
only have a finite number N of training samples, we can use the fact that k(x,y) = ¢(x)Té(y) and the definition that
K;; = k(x;,x;) to obtain

Jgen = \/H\/ﬁ\/ﬁ(K2+M)2 VEPVET| (S71)
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This formula differs from the main text due to the regularization parameter A. If A = 0, then the above formula for
ggen Teduces to the formula ggen = \/H\/ K1(K?)~1y KlH .

When A is non-zero, the geometric difference can become much smaller. This is the same as the discussion on model
complexity s in Section 6 A. However, a nonzero A induces a small amount of training error. For a finite number N
of samples, the training error can always be upper bounded:

N
o Vi a(a) — wion ) |P < ¥ [VEIE? 4 AN 2VET]| = g 1w, (872)
i=1

where gia = )\\/H\/Kl(K2 + )\I)*Q\/Klu . This upper bound can be obtained by plugging the solution for v in

Equation (S66) under finite samples into the training error % vazl [[viga(z:) — wigy (gz:Z)H2 and utilizing the fact

that wiAw < [|A4]|_, |w||®. In the numerical experiment, we report geen given in Equation (S71) with the largest A
such that the training error gy, < 0.045.

7. CONSTRUCTING DATASET TO SEPARATE QUANTUM AND CLASSICAL MODEL

In the main text, our central quantity of interest is the geometric difference g, which provides a quantification for a
given data set, how large the prediction gap can be for possibly function or labels associated with that data. Here we
detail how one can efficiently construct a function that saturates this bound for a given data set. This is the approach
that is used in the main text to engineer the data set with maximal performance.

Given a (projected) quantum kernel kQ(z;,z;) = ¢9(z;)T¢?(z;) and a classical kernel k€(z;, ;) = ¢ (x;)¢C(z;),
our goal is to construct a dataset that would best separate the two models. Consider a dataset (x;,y;),Vi=1,...,N.
We use the model complexity s = Zi\;l Z;V:l(K ~1).;viy; to quantify the generalization error of the model. The
model complexity has been introduced in the main text, where a detailed proof relating s to prediction error is given
in Supplementary Section 4. To separate between quantum and classical model, we consider sq = 1 and s¢ is as large
as possible for a particular choice of targets yi,...,yn. To achieve this, we solve the optimization

N «—N _
min Zi:l Zj:l((Kc) 1)z’jyz'yj
N N -
veRN 31 2= (K ™1)ijiy;

(S73)

which has an exact solution given by a generalized eigenvalue problem. The solution is given by y = vV KQv, where v is
the eigenvector of VKQ(KC)"'VKQ corresponding to the eigenvalue g? = H\/ KQK®)~'WKQ H . This guarantees

that sc = g?sq = ¢°, and note that by definition of g, sc < g?sq. Hence this dataset fully utilized the geometric
difference between the quantum and classical space.

We should also include regularization parameter A when constructing the dataset. Detailed discussion on model
complexity s and geometric difference g with regularization is given in Supplementary Section 6. Recall that for A > 0,

so =y (VEC (KC + AI) > VEKO),;, (S74)

which is the model complexity that we want to maximize. Similar to the unregularized case, we consider the (unreg-
ularized) model complexity sq = yT(K2Q)~1y to be one. Solving the generalized eigenvector problem yields the target

y = VKQv, where v is the eigenvector of
VKQVKS (K© + AI) " VKCVEQ (S75)

with the corresponding eigenvalue
0 = H\/KQ\/KC (KC+A1)~° \/KC\/KQH . (S76)

The larger X is, the smaller gécn would be. In practice, one should choose a A such that the training error bound
g2a8q = \? HVKQ (K€ +\)~2y KQH for the classical ML model is small enough. In the numerical experiment, we

choose a A such that the training error bound g2,sq < 0.002 and Jgen 1s as large as possible. Finally, we can turn this
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dataset, which maps input z to a real value y, into a classification task by replacing y with +1 if y > median(y1,...,yn)
and —1 if y < median(y,...,yn).

The constructed dataset will yield the largest separation between quantum and classical models from a learning-
theoretic sense, as the model complexity fully saturates the geometric difference. If there is no quantum advantage in
this dataset, there will likely be none. We believe this construction procedure will eventually lead to the first quantum
advantage in machine learning problems (classification problems to be more specific).

8. LOWER BOUND ON LEARNING QUANTUM MODELS

In this section, we will prove a fundamental lower bound for learning quantum models stated in Theorem 3. This
result says that in the worst case, the number N of training data has to be at least Q(Tr(O?)/€?) when the input
quantum state can be distributed across a sufficiently large Hilbert space. Quantum kernel method matches this lower
bound. When the data spans over the entire Hilbert space, the dimension d will be large and the prediction error of
the quantum kernel method given in Equation (S34) becomes

mm%@—ﬂﬂﬂmmnso< ﬂ§%>. (577)

Hence we can achieve ¢ error using N < O(Tr(0?)/€?) matching the fundamental lower bound.

Theorem 3. Consider any learning algorithm A. Suppose for any unknown unitary evolution U, any unknown
observable O with bounded Frobenius norm Tr(O?) < B, and any distribution D over the input quantum states, the
learning algorithm A could learn a function h such that

E,p |h(p) — THOUpU)| < e, (s78)
from N training data (p;, Tr(OUp;U")),Vi =1,..., N with high probability. Then we must have
N > Q(B/é). (S79)

Proof. We select a Hilbert space with dimension d = B/4€? (this could be a subspace of an exponentially large Hilbert
space). We define the distribution D to be the uniform distribution over the basis states |z){z| of the d-dimensional
Hilbert space. Then we consider the unknown unitary U to always be the identity, while the possible observables are

d
0, = 262% |x) (x|, (S80)
r=1

with v, € {£1},Vz =1,...,d. There are hence 2¢ different choices of observables O,.

We now set up a simple communication protocol to prove the lower bound on the number of data needed. This is a
simplified version of the proofs found in Refs.[8, 9]. Alice samples an observable O,, uniformly at random from the 2¢
possible choices. We can treat v as a bit-string of d entries. Then she samples N quantum states |z;)(x;|,Vi =1,...,N.
Alice then gives Bob the following training data 7 = {(|z;)(zi|, (z:| Oy |2:)) = va,,Vi = 1,..., N}. Notice that the
mutual information I(v,7T) between v and the training data 7 satisfies

I(s,T) < N, (S81)

because the training data contains at most N values of s.
With high probability, the following is true by the requirement of the learning algorithm A. Using the training
data 7T, Bob can apply the learning algorithm A to obtain a function f such that

E,p |h(p) — Tr(OUpUT)| < e. (S82)

Using Markov’s inequality, we have

Pr[|h(p) — Tr(OUpUT)| < 2¢] > (S83)

~ N|H

For all 2 = 1,...,d, if |h(|z){(z|) — Te(OU |z)(x| UT)| < 2¢, we have |h(|z)(x|)/2¢ — v,| < 1. This means that if
h(Jx){z]) > 0, then v, = 1 and if h(Jz)(z|) < 0, then v, = —1. Hence Bob can construct a bit-string @ given as
0, = sign(h(|z){x])), Yz = 1,...,d. Using Equation (S83), we know that at least d/2 bits in ¥ will be equal to v.
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Because with high probability, ¢ and v has at least d/2 bits in common. Fano’s inequality tells us that I(v, ) > Q(d).
Because the bit-string ¢ is constructed solely from the training data 7. Data processing inequality tells us that
I(v,0) < I(v,T). Together with Equation (S81), we have

N >1I(v,T) > I(v,5) > Q(d). (S84)

Recall that d = B/4¢?, we have hence obtained the desired result N > Q(B/¢?).

9. LIMITATIONS OF QUANTUM KERNEL METHODS

Even though the quantum kernel method saturates the fundamental lower bound Q(Tr(0O?)/€?) and can be made
formally equivalent to infinite depth quantum neural networks it has a number of limitations that hinder its practical
applicability. In this section we construct a simple example where the overhead for using the quantum kernel method
is exponential in comparison to trivial classical methods.

Specifically, it has the limitation of closely following this lower bound for any unitary U and observable O. This is
not true for other machine learning methods, such as classical neural networks or projected quantum kernel methods.
It is possible for classical machine learning methods to learn quantum models with exponentially large Tr(O?), which
is not learnable by the quantum kernel method. This can already be seen in the numerical experiments given in the
main text. In this section, we provide a simple example that allows theoretical analysis to illustrate this limitation.

We consider a simple learning task where the input vector x € {0, 7}™. The encoding of the input vector x to the
quantum state space is given as

%) = [ exp(iXgax) [07) . (585)
k=1

The quantum state |x) is a computational basis state. We define p(x) = |x)(x|. The quantum model applies a unitary
U = I, and measures the observable O =TI ® ... ® I ® Z. Hence f(x) = Tr(Op(x)) = (2x,, — 7). Notice that for this
very simple quantum model, the function f(x) is an extremely simple linear model. Hence a linear regression or a
single-layer neural network can learn the function f(x) from training data of size n with high probability.

Despite being a very simple quantum model, the Frobenius norm of the observable Tr(O?) is exponentially large,
i.e.,, Tr(O?) = 2". We now show that a quantum kernel method will need a training data of size N > Q(2") to
learn this simple function f(x). Suppose we have obtained a training set given as {(x;, Tr(Op(x;))},; where each
x; is selected uniformly at random from {0, 7}". Recall from the analysis in Section 4 A, the function learned by the
quantum kernel method will be

BO(x) = min [ 1max [ —1, 57 3 Tr(p(x:)p()) (K2 + A1) 7Y, Tr(Op(x,)) | | - (S86)

i=1j=1

where KS = k?(x;,%x;) = Tr(p(x:)p(x;)). The main problem of the quantum kernel method comes from the precise
definition of the kernel function k(x;,x) = Tr(p(x;)p(x)). For at least 2™ — N choices of x, we have Tr(p(x;)p(x)) =
0,Vi = 1,...,N. This means that for at least 2" — N choices of x, h9(x) = 0. However, by construction, f(x) €
{1,—1}. Hence the prediction error can be lower bounded by

B D 0 It R (587)

on’
xe{0,m}"

Therefore, if N < (1 — €)2™, then the prediction error will be greater than e. Hence we need a training set of size
N > (1 — €)2™ to achieve a prediction error < e.

In general, when we place the classical vectors x into an exponentially large quantum state space, the quantum
kernel function Tr(p(x;)p(x;)) will be exponentially close to zero for x; # x;. In this case K@ will be close to the
identity matrix, but Tr(p(x;)p(x)) will be exponentially small. For a training set of size N < 27, h?(x) will be
exponentially close to zero similar to the above example. Despite h®(x) being exponentially close to zero, if we
can distinguish > 0 and < 0, then h® could still be useful in classification tasks. However, due to the inherent
quantum measurement error in evaluating the kernel function Tr(p(x;)p(x;)) on a quantum computer, we will need
an exponential number of measurements to resolve such an exponentially small difference.
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10. PROJECTED QUANTUM KERNEL METHODS

In the main text, we argue that projection back from the quantum space to a classical one in the projected
quantum kernel can greatly improve the performance of such methods. There we focused on the simple case of a
squared exponential based on reduced 1-particle observables, however this idea is far more general. In this section
we explore some of these generalizations including a novel scheme for calculating functions of all powers of RDMs
efficiently.

From discussions on the quantum kernel method, we have seen that using the native quantum state space to
define the kernel function, e.g., k(x;,z;) = Tr(p(z;)p(x;)) can fail to learn even a simple function when the full
exponential quantum state space is being used. We have to utilize the entire exponential quantum state space
otherwise the quantum machine learning model could be simulated efficiently classically and a large advantage could
not be found. In this section, we will detail a set of solutions that project the quantum states back to approximate
classical representations and define the kernel function using the classical representation. We refer to these modified
quantum kernels as projected quantum kernels. The projected quantum kernels are defined in a classical vector
space to circumvent the hardness of learning due to the exponential dimension in quantum Hilbert space. However,
projected quantum kernels still use the exponentially large quantum Hilbert space for evaluation and can be hard to
simulate classically.

Some simple choices based on reduced density matrices (RDMs) of the quantum state are given below.

1. A linear kernel function using 1-RDMs

Qi (@i, xj) =Y Tr [Trpnlp(es)] Trasn[o(2;)]] (S88)
k

where Tr,,, # k(p) is the partial trace of the quantum state p over all qubits except for the k-th qubit. It could
learn any observable that can be written as a sum of one-body terms.

2. A Gaussian kernel function using 1-RDMs

Qg(ws, z;) = exp (—VZ (Trmzklp(z:)] — TTn#k[ﬂ(%)]f) ; (S89)
k

where v > 0 is a hyper-parameter. It could learn any nonlinear function of the 1-RDMs.

3. A linear kernel using k—RDMs

Qf(wiywy) = > Tr[Trnglp(@)| Trmgrlo(z))]] (590)
KeSy(n)

where Si(n) is the set of subsets of & qubits from n, Tr,, ¢ is a partial trace over all qubits not in subset K. It
could learn any observable that can be written as a sum of k-body terms.

The above choices have a limited function class that they can learn, e.g., @ can only learn observables that are sum
of single-qubit observables. It is desirable to define a kernel that can learn any quantum models (e.g., arbitrarily
deep quantum neural networks) with sufficient amount of data similar to the original quantum kernel k2 (z;, x;) =
Tr(p(x;)p(x;)) as discussed in Supplementary Section 3.

We now define a projected quantum kernel that contains all orders of RDMs. Since all quantum models f(z) =
Tr(OUp(x)UT) are linear functions of the full quantum state, this kernel can learn any quantum models with sufficient
data. A k-RDM of a quantum state p(z) for qubit indices (p1,pa,...,pr) can be reconstructed by local randomized
measurements using the formalism of classical shadows [9]:

prp2 ) (z) = B [@F_; (3]5p, bp, ) (8p, bp, | = 1] (591)
where b, is a random Pauli measurement basis X, Y, Z on the p,-th qubit, and s, is the measurement outcome +1

on the p,-th qubit of the quantum state p(z) under Pauli basis b, . The expectation is taken with respect to the
randomized measurement on p(x). The inner product of two k-RDMs is equal to

Tr [p(pl,pz ..... P (g25) P P2 Pk)(xj)]:| —E [Hle(gas; 0.0 w1 — 4] (S92)
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where we used the fact that the randomized measurement outcomes for p(z;) and p(x;) are independent. We extend
this equation to the case where some indices p,., ps coincide. This would only introduce additional features in the
feature map ¢(z) that defines the kernel k(z;, ;) = ¢(x;)T¢(x;). The sum of all possible k-RDMs can be written as

n n n k
Qo) pla) = 30 oo 30 Tr [plresr ) aer) a)] ~ B (Z(g%sgéb;b;—4>> SERE)

pi=1  pp=1 p=1

where we used Equation (S92) and linearity of expectation. A kernel function that contains all orders of RDMs can
be evaluated as

(o] k n
00 g g
QY (p(w:), p(x5)) = Z WQ]C(P(%)’P(%)) = Eexp (n 2(95s;sg5b;b; - 4)) ; (594)
k=0 p=1
where 7 is a hyper-parameter. The kernel function Q3°(p(;), p(x;)) can be computed by performing local randomized
measurement on the quantum states p(x;) and p(z;) independently. First, we collect a set of randomized measurement
data for p(x;), p(x;) independently:

p(z;) — {((Si’T, i’r), oy (8ETBETY) Y =1,..., NG}, (S95)
p(z;) — {((s{’T, b{’r), oy (85T, Y =1, .., N, Y, (S96)

where N is the number of repetition for each quantum state. For each repetition, we will randomly sample a Pauli
basis for each qubit and measure that qubit to obtain an outcome £1. For the r-th repetition, the Pauli basis in the
k-th qubit is given as by and the measurement outcome +1 is given as s;". Then we compute

N, N, n
1 SN gl o0
m Z_l Zl exp <n 2(95527‘1 S{,'Tz 51);’7‘1 bg],r2 — 4)) ~ Q’Y (p(l'7)7 p(.’lij)) (897)

— p=1
ToF£T]

We reuse all pairs of data 71,7y to reduce variance when estimating Q?Yo(p(;vl), since the resulting estimator would
still be equal to the desired quantity in expectation. This technique is known as U-statistics, which is often used to
create minimum-variance unbiased estimators. U-statistics is also applied in [9] for estimating Renyi entanglement
entropy with high accuracy.

11. SIMPLE AND RIGOROUS QUANTUM ADVANTAGE

In Ref.[10], the authors proposed a machine learning problem based on discrete logarithm which is assumed to be
hard for any classical machine learning algorithm, complementing existing work studying learnability in the context
of discrete logs [11, 12]. Much of the challenge in their construction [12] was related to technicalities involved in the
original quantum kernel approach. Here we present a simple quantum machine learning algorithm using the projected
quantum kernel method. The problem is defined as follows, where p is an exponentially large prime number and g is
chosen such that computing log, () in Z; is classically hard and log, () is one-to-one.

*

Definition 1 (Discrete logarithm-based learning problem). For all input x € Ly,

where n = [log,(p)], the output is

b

)+, logy(x) € [s,5 + ﬁ],
y(w) = {—1, log,(x) ¢ [s,s + é] (898)

for some s € Zy,. The goal is to predict y(x) for an input x sampled uniformly from Z,.

Let us consider the most straight-forward feature mapping that maps the classical input = into the quantum state
space [log,(x)) using Shor’s algorithm for computing discrete logarithms [13].

Training the original quantum kernel method using this feature mapping will require training data {(z;,v:)}¥;
with N being exponentially large to yield a small prediction error. This is because for a new z € Zj, such that
log, (z) # log,(z;),Vi = 1,..., N, quantum kernel method will be equivalent to random guessing. Hence the quantum
kernel method has to see most of the values in the range of log,(z) (Z;) to make accurate predictions. This is the
same as the example to demonstrate the limitation of quantum kernel methods in Supplementary Section 9. Since
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Z,, is exponentially large, the quantum kernel method has to use an exponentially amount number of data N for this
straight-forward feature map. The central problem is that all the inputs x are maximally far apart from one another,
and this impedes the ability for quantum kernel methods to generalize.

On the other hand, we can project the quantum feature map |logg (z)) back to a classical space, which is now just
a number logg(x) € Zy. Recall that Z, contains all number from 0,...,p — 1, thus we consider mapping z to a real
number z = log,(z)/p € [0,1). Let us define t = s/p. In this projected space, we are learning a simple classification
problem where y(z) = +1 if z € [t,t + p73]7 and y(z) = —1if z ¢ [t,t + pfg]. We are using a periodic boundary
where 0 and 1 are the same point. If t + 2-3 < 1, then there exists some a,b € [0,1) and a < b, such that y(z) = +1,
ifa <z <0, and y(z) = —1, otherwise. In this case we have y(z) = sign((b — 2)(z — a)), where sign(t) = +1 if
t > 0, otherwise sign(t) = —1. If t + % > 1, then there exists some a,b € [0,1) and a < b, such that y(z) = —1, if
a <z <b, and y(z) = +1, otherwise. In this case we have y(z) = sign((a — z)(z — b)). Through this analysis, we can
see that we only need to learn a simple quadratic function to perform accurate classification. Hence one could simply
define a projected quantum kernel as

kP, 25) = ((log, (w:)/p)(log, (z;)/p) + 1), (599)
where the division in (logg(xi) /p) is performed as real number in R. This projected quantum kernel can efficiently

learn any quadratic function az? + bz + ¢ with z = logg(as,») /D, hence solving the above learning problem.
Theorem 4 (Corollary 3.19 in [5]). Let H be a class of functions taking values in {+1,—1} with VC-dimension d.

Then with probability > 1 — § over the sampling of z1,...zn from some distribution D, we have
2dlog(eN/d log(1/6
I1h(z) # y(2) <—ZI (20) # y(z0)] + \/ (N Jloe /o) (8100)

for all h € H, where I[Statement] =1 if Statement is true, otherwise I[Statement] = 0.

A simple and rigorous statement could be made by noticing that the VC-dimension [5, 14] for the function class
{sign(az? + bz + ¢)|a, b,c € R} is 3. Let us apply Theorem 4 with

z =log,(v)/p and H = {sign(az® + bz + ¢)|a, b,c € R}. (5101)
This theorem bounds the prediction error for new inputs z coming from the same distribution as how the training data
is sampled. For a given set of training data (2;,y(2;))Y.;, we perform a minimization over a,b,c € R such that the
training error ZZ 1 I[1(z;) # y(2;)] is zero. This can be achieved by applying a standard support vector machine

algorithm [15] using the above kernel k*®, because y(z;) € H, so one can always fit the training data perfectly. Using
Eq. (S100) with § = 0.01, we can provide a prediction error bound for the trained projected quantum kernel method

Fo(@) = ho(log, (2)/p) = ha(2) = sign(a.2* + b.z +c.). (8102)

Because we fit the training data perfectly, we have

— ZI (1) # y(z)] = 0. (S103)

With probability at least 0.99, a projected quantum kernel method f.(x) = h.(log,(z)/p) that perfectly fit a data set
of size N = O(log(1/€)/e?) has a prediction error
P f@)#y@@)<e (S104)
This concludes the proof showing that the discrete logarithm-based learning problem can be solved with a projected
quantum kernel method using a sample complexity independent of the input size n.
Despite the limitations of the quantum kernel method, the authors in [10] have shown that a clever choice of feature
mapping  — p(z) would also allow quantum kernels Tr(p(z;)p(z;)) to predict well in this learning problem.

12. DETAILS OF NUMERICAL STUDIES

Here we give the complete details for the numerical studies presented in the main text. For the input distribution, we
focused on the fashion MNIST dataset [16]. We use principal component analysis (PCA) provided by scikit-learn [17]
to map each image (28 x 28 grayscale) into classical vectors x; € R", where n is the number of principal components.
After PCA, we normalize the vectors x; such that each dimension is centered at zero and the standard deviation is
one. Finally, we sub-sample 800 data points from the dataset without replacement.
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A. Embedding classical data into quantum states

The three approaches for embedding classical vectors x; € R™ into quantum states |x;) are given below.

e E1: Separable encoding or qubit rotation circuit. This is a common choice in literature, e.g., see [18, 19].

n
i) = Qe
j=1

where z;; is the j-th entry of the n-dim. vector x;, X; is the Pauli-X operator acting on the j-th qubit.

0"y | (S105)

e E2: IQP-style encoding circuit. This is an embedding proposed in [20] that suggests a quantum advantage.
[xi) = Uz (xi) HZ" Uz (x;) HE™ [0") (S106)

where H®" is the unitary that applies Hadamard gates on all qubits in parallel, and

Uz(Xi) = exp Zl’iij + Z Z l’ijl‘ij/Zij/ , (8107)
j=1

j=1j/=1

with Z; defined as the Pauli-Z operator acting on the j-th qubit. In the original proposal [20], z € [0, 27]™, and
they used Uz(x;) = exp (2?21 TijZy+ 35—y 2oy (1 — i) (m — xij/)Zij/> instead. Here, due to the data

pre-processing steps, x will be centered around 0 with a standard deviation of 1, hence we made the equivalent
changes to the definition of Uz (x;).

e E3: A Hamiltonian evolution ansatz. This ansatz has been explored in the literature [21-23] for quantum
many-body problems. We consider a Trotter formula with 7 Trotter steps (we choose T' = 20) for evolving an
1D-Heisenberg model with interactions given by the classical vector x; for a time ¢ proportional to the system
size (we choose t = n/3).

T
n n+1
.t
xi) = | [Jexp <—1T%‘ (X X1 + Y5V + Zij+1)) @ lv3) (5108)
j=1 j=1

where X;,Y;, Z; are the Pauli operators for the j-th qubit and |¢;) is a Haar-random single-qubit quantum
state. We sample and fix the Haar-random quantum states |¢;) for every qubit.

B. Definition of original and projected quantum kernels

We use Tensorflow-Quantum [24] for implementing the original/projected quantum kernel methods. This is done
by performing quantum circuit simulation for the above embeddings and computing the kernel function k(x;,x;).
For quantum kernel, we store the quantum states |x;) as explicit amplitude vectors and compute the squared inner
product

K(xi, %) = |(xilx) . (5109)

On actual quantum computers, we obtain the quantum kernel by measuring the expectation of the observable |0™)(0" |
on the quantum state Uemp (X;) Uemb (x;) [0™). For projected quantum kernel, we use the kernel function

KPQxi,xj) =exp [ =y > (Te(Pp(xi)k) — Tr(Pp(x,)x))” | (5110)
k Pe{X,Y,Z}

where P is a Pauli matrix and v > 0 is a hyper-parameter chosen to maximize prediction accuracy. We compute
the kernel matrix K € RV*N with K;; = k(x;,x;) using the sub-sampled dataset with N = 800 for both the
original /projected quantum kernel.
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C. Dimension and geometric difference
Following the discussion in Supplementary Section 6 B, the approximate dimension of the original /projected quan-

tum space is computed by

N

1 N
3 (N L g) , (s111)

k=1

where N = 800 and t; > ty > ... > ty are the singular values of the kernel matrix K € RN*N - Based on the
discussion in Supplementary Section 6 C, we report the minimum geometric difference g of the original/projected
quantum space (we refer to both the original /projected quantum kernel matrix as K¥/Q)

Jeen = \/ |VEPIQVES ()¢ a0 VRSV K (S112)

under a condition for having a small training error

Gtra = A\/H\/M(KC n )J)—Q\/KP/QH < 0.045. (S113)

The actual value of g will depend on the list of choices for A and classical kernels K. We consider the following list
of A

A € {0.00001,0.0001, 0.001,0.01,0.025,0.05, 0.1}, (S114)

and classical kernel matrix K¢ being the linear kernel k(x;,x;) = xng or the Gaussian kernel k7(x;,x;) =
exp(—7 ||x; — xj||2) with hyper-parameter v from the list

~v € {0.25,0.5,1.0,2.0,4.0,8.0, 16.0, 32.0,64.0} / (n Var[z;x]) (S115)
for estimating the minimum geometric difference. Var|x;;] is the variance of all the coordinates k = 1,...,n from all
the data points x1,...,zx. One could add more choices of regularization parameters A\ or classical kernel functions,

such as using polynomial kernels or neural tangent kernels, which are equivalent to training neural networks with
large hidden layers (a package, called Neural Tangents [25], is available for use). This will provide a smaller geometric
difference with the quantum state space, but all theoretical predictions remain unchanged.

D. Datasets

We include a variety of classical and quantum data sets.

1. Dataset (C): For the original classical image recognition data set, i.e., Dataset (C) in Figure 3(b), we choose
two classes, dresses (class 3) and shirts (class 6), to form a binary classification task. The prediction error
(between 0.0 and 1.0) is equal to the portion of data that are incorrectly labeled.

2. Dataset (Q, E1/E2/E3): For the quantum data sets in Figure 3(b), we consider the following quantum neural
network
T

n ¢
Uonw = | [T exp <—1TJj (XX + YV + Zij+1)) ; (S116)
j=1

where we choose T' = ¢ = 10 and J; € R are randomly sampled from the Gaussian distribution with mean 0 and
standard deviation 1. We measure Z; after the quantum neural network, hence the resulting function is

F(x) = Tr(Zy Ugnn [%) (x| Uan)- (S117)

The mapping from x to |x) depends on the feature embedding (E1, E2, or E3) discussed in Section 12 A. A
different embedding |x) corresponds to a different funtion f(x), and hence would result in a different dataset.
The prediction error for these datasets are the average absolute error with f(x).
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3. Engineered datasets: In Figure 4, we consider datasets that are engineered to saturate the potential of a
quantum ML model. Given the choice of classical kernel K© that has the smallest geometric difference g with
a quantum ML model K9, we can create a data set that saturates sc = g*sq following the procedure in
Supplementary Section 7. In particular, we construct the dataset such that sq =1 and s¢c = g*. We compute
the eigenvector v corresponding to the maximum eigenvalue of

VEQVEKC (K 4 A1) * VEOVEKS (S118)

and construct y’ = VKQv € RY. y! corresponds to a real number for data point x;. Finally we define the label
of input data point x; as

. , .
o {Slgn(yi)7 with prob. 0.9, (S119)

* )random 4 1, with prob. 0.1.

This data set will show the maximal separation between quantum and classical ML model. The plots in Figure 4
uses engineered datasets generated by saturating the geometric difference of classical ML models and quantum
ML models based on projected quantum kernels in Equation (S110) under different embeddings (E1, E2, and
E3). In Supplementary Figure 2, we show the results for quantum ML models based on the original quantum
kernels.

E. Classical machine learning models

We present the list of classical machine learning models that we compared with. We used scikit-learn [17] for
training the classical ML models.

e Neural network: We perform a grid search over two-layer feedforward neural networks with hidden layer size
h € {10, 25, 50, 75, 100, 125, 150, 200} . (S120)
For classification, we use MLPClassifier. For regression, we use MLPRegressor.
e Linear kernel method: We perform a grid search over the regularization parameter
C € {0.006,0.015,0.03,0.0625,0.125,0.25, 0.5, 1.0, 2.0,4.0, 8.0, 16.0, 32.0, 64.0, 128.0, 256, 512, 1024 }. (S121)

For classification, we use SVC with linear kernel. For regression, we choose the best between SVR and Kernel-
Ridge (both using linear kernel).

e Gaussian kernel method: We perform a grid search over the regularization parameter
C € {0.006,0.015,0.03,0.0625,0.125,0.25,0.5, 1.0, 2.0, 4.0, 8.0, 16.0, 32.0, 64.0, 128.0, 256, 512, 1024}. (S122)
and kernel hyper-parameter
v € {0.25,0.5,1.0,2.0, 3.0,4.0,5.0,20.0} / (n Var[z]). (5123)
Var[z;x] is the variance of all the coordinates k = 1,...,n from all the data points x1,...,xy. For classification,

we use SVC with RBF kernel (equivalent to Gaussian kernel). For regression, we choose the best between SVR
and KernelRidge (both using RBF kernel).

e Random forest: We perform a grid search over the individual tree depth
max._depth € {2,3,4,5}, (S124)
and number of trees
n_estimators € {25, 50, 100, 200, 500}. (S125)

For classification, we use RandomForestClassifier. For regression, we use RandomForestRegressor.
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e Gradient boosting: We perform a grid search over the individual tree depth
max_depth € {2,3,4,5}, (5126)
and number of trees
n_estimators € {25, 50, 100, 200, 500}. (S127)

For classification, we use GradientBoostingClassifier. For regression, we use GradientBoostingRegressor.

e Adaboost: We perform a grid search over the number of estimators
n_estimators € {25, 50, 100, 200, 500}. (5128)

For classification, we use AdaBoostClassifier. For regression, we use AdaBoostRegressor.

F. Quantum machine learning models

For training quantum kernel methods, we use the kernel function k9(x;,x;) = Tr(p(x;)p(x;)). For classification,
we use SVC with the quantum kernel. For regression, we choose the best between SVR and KernelRidge (both using
the quantum kernel). We perform a grid search over

C € {0.006,0.015,0.03,0.0625,0.125,0.25,0.5, 1.0, 2.0, 4.0, 8.0, 16.0, 32.0, 64.0, 128.0, 256, 512, 1024}. (S129)

For training projected quantum kernel methods, we use the kernel function

PO, x) =exp [ —v> Y (Tr(Pp(xi)e) — Tr(Pp(x,)i))” | (5130)
k Pe{X,Y,Z}

where P is a Pauli matrix. For classification, we use SVC with the projected quantum kernel kF?(x;,x;). For
regression, we choose the best between SVR and KernelRidge (both using the projected quantum kernel kF9(x;, x;)).
We perform a grid search over

C € {0.006,0.015,0.03,0.0625, 0.125, 0.25, 0.5, 1.0, 2.0, 4.0, 8.0, 16.0, 32.0, 64.0, 128.0, 256, 512, 1024 }. (5131)
and kernel hyper-parameter
~v € {0.25,0.5,1.0,2.0,3.0,4.0,5.0,20.0} /(n Var[Tr(Pp(x;)x)])- (S132)

Var[Tr(Pp(x;)r)] is the variance of Tr(Pp(x;)x) for all P € {X,Y, Z}, all coordinates k = 1,...,n, and all data points
T1,...,Zn. We report the prediction performance under the best hyper-parameter for all classical and quantum
machine learning models.

13. ADDITIONAL NUMERICAL EXPERIMENTS

In the main text, we have presented engineered data sets to saturate the geometric inequality s¢ < g(C||PQ)2$pQ
between classical ML and projected quantum kernel. As an additional experiment to see if the same approach can
work with the original quantum kernel method, we can create similar engineered data sets that saturate the geometric
inequality between classical ML and quantum kernel The result is given in Supplementary Figure 2. We can see that
due to the large dimension d and small geometric difference g(C||Q) between classical ML and quantum kernel at large
system size, there are no obvious advantage even for this best-case scenario. Interestingly, we see some advantage of
projected quantum kernel over classical ML even when this data set is not constructed for projected quantum kernel.

In Supplementary Figure 3, we show the prediction performance for learning a quantum neural network under a
wide range for the number of training data N. We can see that there is a non-trivial advantage for small training size
N = 100 when comparing projected quantum kernel and the best classical ML model. However, as training size N
increases, every model will improve and the prediction advantage will shrink.

In Supplementary Figure 4, we compare the prediction error bound sx(N) for classical kernel methods and the
prediction performance of the best classical ML model (including a variety of classical ML models in Section 12 E).
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Supplementary Figure 2. Prediction accuracy (higher the better) on engineered data sets. A label function is engineered
to match the geometric difference ¢g(C||QK) between the original quantum kernel and classical approaches. No substantial
advantage is found using quantum kernel methods at large system size due to the small geometric difference g(C||QK). We
consider the best performing classical ML models among Gaussian SVM, linear SVM, Adaboost, random forest, neural networks,
and gradient boosting.
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Supplementary Figure 3. Prediction error (lower the better) on quantum data set (E2) over different training set size N. We
can see that as the number of data increases, every model improves and the separation between them decreases.

To be more precise, we consider different classical kernel functions and different regularization parameter A\. Then we
compute

N N —oN . N N — e AYTRT
siea(N) = \/)‘2 Dic1 21 (K 4+ M) 72) 5503y, " \/21_1 > (K + M) 7K (K + AT )Z]yzyj' (5133)

N N

This is a generalization of sx (V) described in the main text, where we consider regularized classical kernel methods
with a regularization parameter A to improve generalization performance (setting A = 0 reduces to sx(N) given in
the main text). See Section 4 for a detailed proof of an upper bound to the prediction error (note that the output
label y; = Tr(OYp(x;))). We can see that while the prediction error bound and the actual prediction error has a
non-negligible gap, the two figures follow a similar trend. When the prediction error bound is small, the prediction
error of the best classical ML is also fairly small (and vice versa). It shows that sk (V) is a good predictive metric
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Supplementary Figure 4. A comparison between the prediction error bound based on classical kernel methods (see Eq. (S10))
and the prediction performance of the best classical ML model on the three quantum datasets. We consider the best performing
classical ML models among Gaussian SVM, linear SVM, Adaboost, random forest, neural networks, and gradient boosting.
While the prediction error bound is an upper bound to the actual prediction error, the trends are very similar (a large prediction
error bound gives a large prediction error).
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