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SUPPLEMENTARY INFORMATION FOR

Locally commensurate charge-density wave with three-unit-cell periodicity in YBa2Cu3Oy

I. Vinograd et al.

doping p [holes] Tc [K] oxygen content y chain ordering

0.088 52.3 ± 2 6.49 O-II

0.104 59.6 ± 2 6.54 O-II

0.109 60.0 ± 1 6.56 O-II

0.125 68.5 ± 1 6.68 O-VIII

0.136 78.3 ± 1 6.77 O-III

Supplementary Table 1: Properties of the single crystals studied in this work. The oxygen content of the O-II ordered
sample with p = 0.088 was determined by 63Cu-NMR in ref. [1].

Supplementary Note 1. Interpretation of earlier Cu NMR results

We further elaborate on the interpretation of initial 63Cu NMR experiments in YBCO in terms of unidirectional
CDW, running along the crystallographic a axis, with a commensurate 4a period [2]. As explained in the main text,
this proposal was aimed at providing a single explanation for two separate observations: a splitting of NMR lines for
those Cu sites below oxygen-full chains and the invisibility of this effect for those sites below empty chains in the
ortho-II (O-II) structure. The unequal intensity of the split NMR peaks, which is inconsistent with a period 4 (as
correctly pointed out in ref. [3]) was attributed to the (observed) small differences in the relaxation time T2. However,
it was not possible to establish how much of this intensity difference stemmed from a T2 effect as the peaks strongly
overlap and T2 of 63Cu nuclei is very short (∼ 10µs) in high fields.

There are two conditions for the 63Cu NMR spectra to be consistent with a wave vector q ' 1/3: 1) the contrasting
response below empty and full chains (i.e. along a) must have a separate explanation, 2) most of the intensity
difference between the split peaks must be an intrinsic property, not a T2 artefact. The present work uses 17O NMR
to show that the unequal intensities of the two peaks indeed result mostly from the period-3 CDW.
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Supplementary Figure 1: For incommensurate modulations, the NMR line shape is independent of the value of the CDW
wave vector q. This is illustrated here for q = 0.291 (panels a and b) and q = 0.323 (panels c and d). It is easier to visualise the
large (actually infinite) number of inequivalent sites for q = 0.291 than for q = 0.323, when showing a 11 unit-cell long section
(especially for the high charge-density - red - sites). To have the same visual effect with q = 0.323 would require to plot the
modulation over about four times the length (40 unit cells).

Supplementary note 2: Phase dependence of commensurate CDWs

For incommensurate CDWs a global phase cannot be defined as the phase between the modulations maximum and
the atomic position varies. On the other hand, an ideal commensurate modulation locks in with the lattice and the
phase is fixed.

Supplementary Fig. 2 visualises how the choice of the phase affects the expected line shapes for unidirectional
modulation with periods λ = 3b and λ = 4a, respectively. It should be noted that depending on the phase of the
modulation with period 3b the resulting histogram can be symmetric or asymmetric, however, for even periods like
4a the histogram is always symmetric, as can be easily seen from the polar plot of Supplementary Fig. 2m: For
even periods to any atom sampling a positive charge amplitude there is another atom sampling a negative charge
amplitude.
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Supplementary Figure 2: Right-hand panels show the expected NMR spectra for commensurate modulations ρ(x) =
ρ0 + ∆ρ cos(q · x + φ) with wave length λ = 3b (k-n) and λ = 4a (o). Spectra are based on histograms, convoluted with a
Gaussian of width wG= 0.3 (in units of ∆ν). The histograms are determined by sampling the modulation (vertical bars) at the
atomic positions (grey circles) shown in central panels f -j. Atoms that experience a positive amplitude have a positive (red)
shift ν − ν0 in the NMR spectra. Negative shifts are blue. Atom sizes indicate the charge amplitude due to the CDW. Polar
plots in a-e serve to visualise how the amplitude of the modulation at each atomic position changes with phase φ increasing
from φ = 0◦ to 90◦ for λ = 3b (a-d) and fixed at the irrational value φ = 180◦/e for λ = 4a (panel e), to show the most generic
case. For φ = 45◦ there would be just two distinct sites. Atoms are represented by grey arrows of unit length. The arrows’
projections on the vertical axis are equivalent to the cosinusoidal modulation’s amplitude at the atomic position.
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Supplementary Note 3: Bi-directional CDWs

A bi-directional modulation of the charge density takes the form:

ρ(x) = ρ0 +
∆ρa

2
cos(qa · x+ φa) +

∆ρb
2

cos(qb · y + φb)

No simple splitting is expected to result from an isotropic (∆ρa = ∆ρb) bi-directional CDW as the modulation is
sampled at more than two distinct positions. For commensurate modulations, histograms will have more peaks and
these are more likely to overlap, thus leading to a broadened line shape, as shown in Supplementary Figs. 3a and
3b. For incommensurate modulations, the histogram has a single singularity centred at zero shift (Supplementary
Fig. 3c), and thus no splitting either. Clearly, bi-directional modulations are inconsistent with the high-field NMR
data.
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Supplementary Figure 3: Panels a and b: Histograms and simulated spectra of isotropic 2D commensurate CDW with
λa = 3a and λb = 3b and equal (φa,b = 0◦) or differing (φa = 0◦, φb = 90◦) phases, respectively. Panel c: Histogram and
broadened spectrum for an isotropic 2D incommensurate CDW.

Supplementary Note 4: Intra-unit-cell phase relationship from fitting of 17O(3) NMR spectra

Full and empty oxygen chains lead to two distinct O(3) sites, O(3F) and O(3E), and two distinct Cu(2) sites, Cu(2E)
and Cu(2F). However, the O(3E) and O(3F) NMR lines overlap at low temperature in the present experiments. In
order to fit the O(3) lines, we use the following constraints. 1) Given the absence of line splitting for Cu(2E) sites [2],
O(3E) satellites are also supposed not to split. 2) For O-II order at p = 0.109, O(3E) and O(3F) lines must have
equal amplitudes and we assume they also have equal widths (as observed in the short-range CDW phase [4]). 3) The
area ratio of the split O(3F) sites A and B is assumed to be 2:1, as found for O(2). 4) Asymmetric line shapes are
assumed for all sites, which simplifies the fitting procedure. The O(3E) line might however not be asymmetric if it
indeed does not split (the splitting and the asymmetry were found to be proportional for O(2) sites [5]). Reducing
the asymmetry of O(3E) is not expected to significantly affect the accuracy of the fit but the splitting between A and
B sites would somewhat increase. Fits with these constraints are shown in Supplementary Fig. 4a,b. An anti-phase
(d symmetry) intra-unit-cell relationship between O(2) and O(3F) appears to be preferred by the fitting procedure
(Fig. 4c), as can be seen from Supplementary Fig. 4a where O(3F) splits similarly to O(2), even though O(3F) sites
are shifted by b/2 with respect to O(2). Nevertheless, a simulation with opposite O(3F) splitting (Supplementary
Fig. 4b), corresponding to an in-phase relationship with O(2), is not much worse and thus cannot be fully excluded.
These fits yield a quadrupole splitting of O(3F) lines that is about one third of that for O(2) lines, but as discussed
above this value depends on the imposed constraints such as the line asymmetry. Therefore we can only conclude
that the CDW amplitude at O(3) sites is of the same order of magnitude as at O(2) sites, though probably smaller
by a factor 2-3.
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Supplementary Figure 4: a,b 17O NMR spectrum of the O(3) satellites for the O-II ordered p = 0.109 sample at Bz = 27.4 T
& 2.8 K. The sample was tilted by ∼ 16◦ from the c axis towards a. Experimental data is fitted with three peaks: O(3E) and
O(3F) A & B with equal widths and asymmetry. The area ratio is 3:2:1. The minority peak B has a larger (smaller) effective
quadrupole frequency νquad in a (b). Grey lines belong to O(2) satellites and need to be considered due to partial overlap with
O(3). Panel c shows how the relative χ2 error of the fit depends on the difference in νquad, ∆νquad. Minima for ∆νquad < 0
and ∆νquad > 0 correspond to the fits shown in panels b and a, respectively.
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Supplementary Note 5: Supporting data for commensurate period λ = 3b

Full fitted satellite 17O-spectra of O(2) sites are shown in Supplementary Fig. 6 for all samples. The area ratio of
the peaks A and B cannot be optimised in the OriginPro fitting-routine directly, as this poses a non-linear constraint.
Fig. 5a shows that the fitting quality is optimal close to AA/AB = 2 : 1. As the peaks A and B correspond to
different sampled charge environments, they have different quadrupole frequencies νquad (half the separation between
the satellites LF1 and HF1). The variation of the quadrupole frequencies (with respect to νquad,0 outside of the high
field phase, where the line shape is a single peak) is plotted against the field Bz in Supplementary Fig. 5b. Fig. 5c
shows that the ratio of the quadrupole shifts ∆νquad,B /∆νquad,A field-independent. The average value is about −2
and lies within the experimental uncertainty to the expected ratio −2 : 1 for a commensurate period λ = 3b and
φ = 0◦. Other periods and phases would lead to both a different area ratio and a different quadrupole shift ratio.
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Supplementary Figure 5: Panel a: Relative χ2 (squared residuals) of full 17O NMR spectra at Bz = 25.7 T and 27.1 T
for p = 0.109, respectively. The optimal area ratio is determined from the minimal relative χ2 using quadratic fits (continuous
lines). Panel b: Quadrupole shifts ∆νquad,A and ∆νquad,B vs. Bz for p = 0.109 as used to calculate the quadrupole shift ratio
in panel c using Eq. 2). Panel c is identical to Main Fig. 4c. Thin dashes are guides to the eye while the thick vertical dashed
line in panels b and c marks the vortex meting field at 2 K, Bmelt ∼ 23 T. Error bars are defined as standard deviations from
least squares fits.
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Supplementary Note 6: Quadratic dependence ∆νtot ∝ ∆ρ2

In Fig. 1a of the main text, we have simulated the NMR spectrum for a unidirectional incommensurate modulation,
assuming that the quadrupole frequency and the Knight shift are linear functions of the modulation of the charge
density ρ(x). In principle both ∆νquad and ∆K can have a non-linear dependence on ∆ρ cos(q ·x+φ). We can include
a quadratic term in the spirit of a Taylor expansion up to second order and write

νtot(x) = ν0 + ∆νtot(x) = ν0 + γB∆K(x) + n ·∆νquad(x)

=ν0 + (a
(1)
K + a

(1)
Q )∆ρ(x) +

(a
(2)
K + a

(2)
Q )

2
∆ρ(x)2

where the linear and quadratic coefficients a(1) and a(2) result from linear and quadratic quadrupole shifts and Knight

shifts which combine differently depending on the particular quadrupole satellite (n) as a(1) = a
(1)
K + n · a(1)Q for the

linear component and correspondingly as a(2) = a
(2)
K + n · a(2)Q for the quadratic component. We find that we can

describe the splitting on the HF2 and HF1 satellites with a unidirectional incommensurate wave vector q = 0.323
and a(1) ≈ a(2) in units of a(1) of the HF2 satellite since the large quadratic component leads to a histogram with
singularities of different amplitudes. Although these simulations work rather well and could be improved by adding
cubic and higher orders, a strongly non-linear dependence on the charge density and thus the doping p is neither
expected for the Knight shift, nor the quadrupole frequency, as on average, linear increase of νquad with hole doping
seems to be equally correct for electron doped [6] (where νquad decreases with electron doping) and hole doped cuprates,
both for in-plane Cu(2) and O(2) & O(3) sites [7–9]. Supplementary Fig. 7 shows that the quadratic contribution

to the Knight shift, a
(2)
K , surpasses the linear contribution. However, experimentally the Knight shift increases only

moderately with doping and tends to saturate near optimal doping, as can be seen from low-temperature Knight shift
data of Zhou et al. [10]. As a commensurate modulation with λ = 3b and φ = 0◦ fits the full spectrum consistently
without the need of a non-linear dependence of Knight shifts and quadrupole shifts, we do not discuss incommensurate
modulations any further.
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Supplementary Figure 7: Open circles mark NMR spectra of the O(2) satellites of the p = 0.109 YBCO sample at
Bz = 27.1 T & 2 K. The satellites are modelled by broadening a histogram (blue bars) for a unidirectional incommensurate
modulation by an asymmetric (extreme value distribution) line shape (black line). For HF2 the modelling is best if the total

shift ∆νtot(x) has nearly equal linear and quadratic contributions in the charge density (a(2) = 0.9a(1)). Modelling of HF2

and HF1 independently allows to extract a
(1)
K = 0.44, a

(2)
K = 0.54 and a

(1)
Q = 0.56, a

(2)
Q = 0.36. The low-frequency side of the

LF2 satellite is not modelled properly for parameters determined from HF2 and HF1. Asterisks mark intensity from partially
overlapping O(3) satellites.
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