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Supplementary Note 1. Stability of the hybrid BAG-DMRG algorithm
In the main text, we have presented how the spatial profiles of the pairing fields (PF) in the BCS system AB®S
converge in subsequent steps of the iteration procedure. Here, as supplementary information, we will discuss the
convergence of PF A?SMP obtained for the 1D OSMP system. Furthermore, we will test the stability of the introduced
procedure and demonstrate that the obtained results are independent of the initial choice of the PF.

From the results presented in the main text, it is evident that the PF converge to almost uniform (spatially
independent) values within the 1D OSMP system. Consequently, to simplify the presentation of the results, we will
discuss only the behaviour of the average PF, }°, APSMP /T In Supplementary Figure 1 we present the iteration
dependence of the latter for various initial starting points. As explained in the Methods section of the main text, our
DMRG-BAG algorithm can be started from arbitrary amplitudes in the 1D OSMP system. We have considered: (1)
zero PF (the result discussed in the main text), (2) constant PF APSMP = 0.1 and APSMP = 1.0, and (3) random PF
drawn from a box distribution of widths [0.0,0.1], [0.0,1.0], [-0.1,0.1], and [—1.0,0.1]. Several conclusions can be
obtained directly from the results for U/W =1 (trivial phase, Supplementary Figure 1a) and U/W = 2 (topological
phase, Supplementary Figure 1b): (i) For all considered cases, the converged spatial profiles are almost uniform within
the OSMP chain. This is best exemplified by the results presented in the right column of Fig. 2b of the main text,
where we show the convergence of the hybrid procedure for the case when iterations are initialized by random PF,
ie., APSMP ¢ [0,1]. (ii) For all considered initial PF, the results converge to the same - interaction dependent -
value. This nontrivial result shows that the hybrid BAG-DMRG procedure is numerically very stable. (iii) The quick
convergence of the hybrid procedure holds true for the entire range of the Coulomb repulsion considered in the present
studies: see results for ), A?SMP /L shown in Supplementary Figure 1¢ and Supplementary Figure 1d.
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Supplementary Figure 1. Pairing fields within the 1D OSMP system. a,b Iteration convergence of the average pairing
field amplitudes >, AP"MP /L as obtained for a U/W = 1 and b U/W = 2, starting from various initial configuration of
APSMP | Calculated for L = 36, @ = 0.5, and V = 4[eV]. All units in eV. See the Methods section of the main text for details.
¢ depicts the interaction U dependence of the convergence for the case of an initial APSMP =1 [eV]. The asymptotic value of

3, APSMP /L as function of U is given in d.



Supplementary Note 2. Ladder geometry considerations

In the main text, we have shown that the generalized Kondo-Heisenberg (¢gKH) model on the chain geometry can
support Majorana zero-energy modes (MZM) when in the presence of a superconducting (SC) pairing field Agc. Here,
we will show that the key ingredients necessary to support the MZM in the gKH model are also present in the ladder
geometry, i.e. the block-spiral magnetic state (see Supplementary Figure 2a for a sketch) and single-particle spectra
with parity-breaking quasi-particles. We will consider a spatially isotropic ladder with ¢t = ¢, = t;, the latter hopping
defined in the main text, and choose filling @ = 1.75, which supports block-magnetism at U ~ W [1, 2]. Although
accurate calculations within the grand-canonical ensemble (needed with finite pairing field Age # 0) are numerically
too demanding (due to the doubling of the lattice sites on the ladder of L rungs), precise canonical calculations of the
static structure factor can still be performed, i.e.,

S(gprqr) =Yy et rmeta =0T, Ty ), (1)

2,0 rr’

where Ty, = Sy, +s¢,, and (¢, 7) represent the leg and rung number, respectively. Our results in Supplementary Fig-
ure 2b reveal that the S(g), ¢1) lies at incommensurate values of the wavevectors, the one of the block-spiral magnetic
state signatures [3]. Another feature of the latter is the existence of two cosine-like bands in the single-particle spectral
(see also the discussion in the next section) A(q,q1,w) = A°(q),qL,w) + Ah(q” ,q1,w) near the Fermi level w ~ ep,
where
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L
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The results presented in Supplementary Figure 2¢ (for L = 36 rungs, U/W = 2.2, Jg/U = 0.25, and = = 1.75) are
consistent with this scenario and resemble the chain geometry results. Consequently, it is reasonable to assume that
the influence of a finite pairing field Agc # 0 will lead to a topological superconducting state and the emergence of
the MZM also on the ladder lattice.
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Supplementary Figure 2. Block-spiral state on the ladder geometry. a Sketch of the block-spiral state on the ladder
geometry. Color (shaded) area represents rigidly rotating 2 x 2 FM blocks. b Interaction dependence of the symmetric
component g1 = 0 of the static structure factor S(q,qL = 0). ¢ Wavevector dependence of both components (symmetric and
antisymmetric) of the single-particle spectral function A(gy,q. = 0,w) + A(g,qL = 7m,w) near the Fermi level in the block-
spiral phase (n = 20w and dw = 0.02 [eV]). All results calculated for the gKH ladder of L = 36 rungs, Ju/U = 0.25, = = 1.75,
and ASC =0.



Supplementary Note 3. Spectral functions

In Fig. 4 of the main text, we have shown the spatial dependence of the local density-of-states (LDOS) at the
Fermi level, together with equal contributions of the electron and hole components, as expected for MZM. Here, in
Supplementary Figure 3, we show that the same holds in frequency w space. Furthermore, in the same figure we show

that both spin components contribute equally (within our numerical precision).
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Supplementary Figure 3. Components of the Majorana edge states. Frequency w dependence of the edge-LDOS (¢ = 1)
near the Fermi level w ~ er Panel a depicts electron and hole contributions, while panel b the |- and {-spin component.
Calculated for L = 36, U/W = 2, Asc/W ~ 0.5, and 7 = 0.5.

The same reasoning used for the LDOS in the main text can also be applied to the off-diagonal functions G (cj, clT)

where sites j and [ belong to the left j < L/2 and the right { > L/2 portions of the system. Then, it can be shown
that

Ge (CjaCD _ VL,2j—1VR,21—41 + V5 2i VR 2 G (I, Th),
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with
GM"([1,Tr) = —-G"(Tg,I'1) = m
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Since the considered Hamiltonian is real, the spectral functions <<c]c}>>g and <<c;[cl )¢ should be real as well. Given

that the weights of ((I'yT'g))® are purely imaginary [see Supplementary Eq. (4)], the upper line in Supplemen-
tary Eq. (3) should vanish. Indeed, for real Hamiltonians, I'z, (and also I'g) contains ; with only even or odd j. In
other words, I'z, contains only v2; and I'r contains only v2;_1 or vice versa. Without losing generality, we may choose

the former possibility,

VioiVRsooi—
G* (cj,c;) = z% G*(I'p,Tr)
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G (cl,c}) = _ng G (Tr,T)=G (cj,c}) ) (5)
and obtain the spectral functions shown in Supplementary Figure 4 and Fig. 4b of the main text
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where the electron and hole contributions arise with opposite signs, as it is also visible in Supplementary Figure 4
and Fig. 4b of the main text. Finally, it is reasonable to assume that the spatial profiles of the MZMs at both

VL21VR 212141 for 1 < L/2
Vior—2042VR21—1 for I > L/2
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system edges are mutually symmetric, i.e., |Vgar—a2i+1] =~ [V 21| Then, comparing Eq. 15 of the main text and
Supplementary Eq. (6) we obtain a mirroring of the diagonal (local) and off-diagonal spectral functions

(e el Bl = 1{{e el B,
(e} _1ae ),

which is reasonably well reproduced by the numerical results.
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Supplementary Figure 4. Off-diagonal spectral functions. Frequency dependence of centrosymmetric spectral functions,
Supplementary Eq. (6), at the edge of the system £ = 1 (solid points). We also present spatially integrated, according to Eq. 16
of the main text, spectral functions as colored area. Results shown were calculated for L = 36, U/W = 2, Agc/W =~ 0.5, and
n =0.5.



Supplementary Note 4. Parameter dependence

In this section, we will discuss the pairing field Agc dependence of our results. Let us first focus on the single-particle
spectral function A(q,w) [see Eq. 7 of the main text]. In Supplementary Figure 5a and Supplementary Figure 5b we
show A(g,w) for systems (at electronic filling 77 = 0.5) without pairing field Agc = 0 for two representative values of
the interaction: U/W =1 and U/W = 2, i.e., in the block-collinear and block-spiral magnetic phases. Both spectra
exhibit a finite density-of-states (DOS) at the Fermi level ep. In the case of the block-spiral phase at U/W = 2,
Supplementary Figure 5b, one can observe two bands of quasiparticles: left and right movers reflecting the two
possible rotations of the spirals. It is obvious from these results that the quasiparticles break the parity symmetry;
i.e., going from ¢ — —¢ momentum changes the quasiparticle character, as expected for a spiral state. It is also worth
noting that for the block-magnetic order (U/W = 1 and Agc = 0) one can observe [3] the V-like shape of DOS in
the vicinity of eg. The latter indicates a semiconductor-like behaviour which was also experimentally found [4] in the
2 x 2 block-magnetic ladder compound BaFe;Ses. This result shows our model’s strength and relevance for realistic
investigations of the iron-based materials from the 123 family.
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Supplementary Figure 5. Single-particle spectra for block-collinear and block-spiral magnetism. Single-particle
spectra A(g,w) of the gKH model using L = 36 sites and electronic filling 7 = 0.5 for a U/W = 1,Asc = 0, b U/W =
2,Asc =0,¢c, U/W =1,Asc/W ~0.5, and d U/W =2, Agc/W ~0.5.

The pairing field Agc # 0 has a striking effect on these two phases, see Supplementary Figure 5¢ and Supplemen-
tary Figure 5d where we present results for Age/W ~ 0.5. As discussed in detail in the main text, the pairing field
leads to the appearance of MZM in the spiral phase (U/W = 2, Supplementary Figure 5d), with the flat §-mode
inside the superconducting gap. On the other hand, for the collinear block-magnetic phase (U/W = 1, Supplemen-
tary Figure 5¢) we observe only a trivial opening of the SC gap, without any in-gap states. These results indicate
that the Hubbard interaction strength U, as the main driver between the two magnetic states, plays a crucial role in
the stabilization of the MZM.

In order to investigate all these aspects in more detail, in Supplementary Figure 6 we present the pairing field Agc
dependence of the quantities discussed in the main text, i.e.: (i) value of edge-LDOS at the Fermi level ep (eLDOS),
(ii) chirality correlation function (kr /4 - k3z/4) at L/2 distance (kr/2), and (iii) amplitudes of extended (non-local)
SC singlet and triplet amplitudes, Ag and Ay, respectively [see Eq. 17 of the main text]. Furthermore, in the same
figure we present the value of the on-site pairing amplitude
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For the collinear block-magnetic phase (U/W = 1, Supplementary Figure 6a) we observe that the Agc does not
induce any topological phase transitions. For all considered values of the pairing field, 0 < Agc/W < 0.7, the eLDOS,
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Supplementary Figure 6. Phase diagram. Pairing field Agc dependence of: (i) the value of edge-LDOS at the Fermi level
er (eLDOS), (ii) chirality correlation function (k4 - K31/4) at L/2 distance (k1 /2), (iii) amplitudes of local and non-local SC
singlet amplitudes, Ao and As, respectively, together with triplet component Aro. Panel a shows results for the block-collinear
magnetic phase (U/W = 1), while panel b for the block-spiral phase (U/W = 2). All results were calculated for L = 36 and
n =0.5.

K12, and At are zero. Only the singlet SC amplitudes, local Ag and non-local Ag, take a finite value. The behaviour
of the U/W = 2 case is strikingly different (see Supplementary Figure 6b). The chirality correlation function k7, /, has
a finite value already at Agc = 0, reflecting the block-spiral ordering at this interaction strength, and weakly changes
till Agc/W ~ 0.6, after which it decays to zero. Simultaneously, the triplet SC amplitude Apq increases smoothly
with the pairing-field Agc (together with singlet components Ay and Ag). It is worth noting that this behaviour
is strikingly different from the U variation presented in the main text, where we observed a sudden appearance of
k12 and Ag at a specific value of U./W = 1.51. Moreover, we remark again that the pairing field influences on the
characteristics of the spiral, optimizing its shape from block to canonical, to better host the MZM.

The behaviour of the edge-LDOS in the spiral phase needs special attention. As evident from the results presented
in Supplementary Figure 6b, the value of the latter becomes finite for Agc/W 2 0.25 and vanishes for Agc/W ~ 0.7
(together with the already discussed ko and Atg). In order to explain the missing weight of edge LDOS for
Asc/W < 0.25 let us investigate the frequency dependence of the hole ((¢,cI))! and electron ((cl¢,))e contributions
to the edge-LDOS. As it is evident from the results in Supplementary Figure 7a, upon increasing Agc the peaks in
the electron- and hole-like spectral functions approach each other (Supplementary Figure 7b shows in more detail
the positions of both maxima). Within the accessible frequency resolution, both peaks are easily distinguishable for
Agc /W ~ 0.25, while they merge into a single peak for Agc/W > 0.3.

a edge-LDOS pairing-field Agc dependence b
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Supplementary Figure 7. Pairing field dependence of the edge local density-of-states. a Frequency w dependence of
edge (¢ = 1) local density-of-states (LDOS) as a function of the pairing field Agc/W ~ {0.0,0.05,...,0.7}, as calculated for
L =36, n =0.5, and U/W = 2. b Pairing field dependence of the maximum position [i.e., offset energy e, see Eq. 14 of the
main text] of the hole ((c,;ci))% and electron ({cic,))¢, contributions to edge-LDOS, see Eq. 8 of the main text (based on the
data presented in panel a).

The behaviour described above is characteristic of systems hosting the MZM, i.e., despite the Majorana modes being



located at the opposite edges of the studied chain, they overlap in any finite-L system [5, 6]. Due to this overlap, the
peaks arise at a nonzero frequency w = +e¢, see Eq. 14 of the main text. The clear splitting in the former case allows
for a systematic finite-size study, shown in Supplementary Figure 8. In order to obtain well merged Majorana modes
for Age/W =~ 0.25, one needs to consider chains with at least L ~ 60 sites (see Supplementary Figure 8c), whereas
systems half that size are sufficient for the case that is primarily studied in the present work, i.e., for Age/W ~ 0.5
(see Supplementary Figure 8d). Furthermore, it is worth noting that if the chain is too short, then the remnants of the
peaks become visible also in the middle of the system, as it is visible from results for L = 24 in Supplementary Figure 8a
and Supplementary Figure 8c. On the other hand, a clear single peak at the system’s edge always coincides with
a well-developed gap in the bulk, as shown in Supplementary Figure 8b and Supplementary Figure 8d. All these
results consistently support the scenario that the nonzero splitting ¢ originates from the overlap of the edge modes.
In Supplementary Figure 8e we explicitly show that € decays exponentially with L, as expected for systems hosting
the MZM [5, 6].
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Supplementary Figure 8. Finite-size analysis. System lengths L = {12,24...,60} dependence of the local density-of-states
a-b in the middle of the chain representing the bulk (¢ = L/2) and ¢,d at the edge (¢ = 1) of the system, as calculated for
U/W =2, a,c Agc/W ~ 0.25 and b,d Agc/W =~ 0.5. e System size L dependence of the offset energy e [see Eq. 14 of the
main text] for Agc/W =~ {0.25,0.5} (based on the data presented in panels ¢ and d).

Finally, we discuss the robustness of our results to modifications in the localized orbital interaction strength Ug.
Within our model, the latter manifests as a change in the spin exchange integral K = 4¢?/Uy. Our results, presented
in Supplementary Figure 9a, indicate that when the system is in the trivial phase, U/W = 1 and Agc/W =~ 0.5, only a
singlet SC amplitude is present for all considered values of Ux /W € [0.2,3.0]. For the topological phase at U/W = 2,
the results (the presence of the triplet SC amplitude) do not depend on Uk as long as the spiral nature of magnetism
is not destroyed, i.e., for Ux /W 2 0.8. On the other hand, when the spin exchange integral K o 1/U dominates as



an energy scale, the AFM ordering of the spins becomes energetically favorable [see Supplementary Figure 9b for the
analysis of static structure factor S(¢)] and, consequently, the system goes away from the topological phase. These
results highlight the importance of the competing energy scales present in the multi-orbital OSMP system.
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Supplementary Figure 9. Spin exchange analysis. a Dependence of the singlet Ag and triplet At SC amplitudes on the
localized orbital interaction strength Uk, calculated for L = 36, U/W = 1,2, m = 0.5, and Agc/W =~ 0.5. b Static spin
structure factor S(q) dependence on the localized orbital interaction strength U, calculated for L = 36, U/W = 2, i = 0.5,
and Asc/W ~ 0.5.
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Supplementary Note 5. Entropy and dimer order

In this section, we demonstrate that the interaction-induced topological phase transition at U, may be identified via
studying the entanglement entropy. Supplementary Figure 10a shows the dependence of the von Neumann entropy
Syn(¢) on the subsystem size, £ < L, in the vicinity of the transition, i.e., for 1.4 < U/W < 1.6. Two characteristic
behaviours emerge: for U < U, ~ 1.51W Syn(¢) displays an oscillatory behaviour, while for U > U, the entropy
increases abruptly and becomes a smooth function of £. This sudden change in the entropy behaviour signifies the
interaction-induced topological phase transition and the appearance of MZM.

We also argue that the topological transition in the OSMP chain is accompanied by a rapid change of the dimer
order D, /5 (see Supplementary Figure 10b). In Supplementary Figures 10c and 10d we have shown the entanglement
entropy, respectively for the trivial and nontrivial phases, where Syn(¢) displays clear oscillations in the former case. To
explain the physical origin of such oscillations we have also plotted the static spin-spin correlation function (T Tp41).
We can observe that the maxima of [(T; - T¢y1)| and Syn(¢) coincide. Recall to calculate the entanglement entropy,
we split the system into two subsystems cutting the bond between sites ¢ and ¢ + 1. Whenever a bond with a large
spin-spin correlation is cut, also the entanglement entropy is large. Therefore, we expect that the oscillatory behaviour
of Syx(¥) is a direct manifestation of the dimer order. Indeed, in the topological phase the spin dimerization persists
only at the very edges of the system, as shown in Supplementary Figure 10d, so that the (bulk) dimer order vanishes
presumably as 1/L, see Supplementary Fig. 10b. Due to the absence of bulk dimer order, the entanglement entropy
smoothly changes with ¢, as demonstrated also in Supplementary Figure 10a.
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Supplementary Figure 10. Entropy Syx and dimer order D, ;. a Interaction U € {1.41,1.42,...,1.59,1.60} dependence of
the von Neumann entanglement entropy Syx(¥¢) of the subsystem of size £. Calculated for L = 36, m = 0.5, and Agc/W =~ 0.5.
b Interaction dependence of the dimer order parameter D/, as calculated for L = 24,36,38, 7 = 0.5, and Asc/W ~ 0.5.
c-d Site ¢ dependence of von Neumann entanglement entropy Sy~ and local spin-spin correlation function (T - Teq1) (where
T, = S¢+ s¢ is the total on-site spin) ¢ below (U/W = 1.4) and d above (U/W = 1.6) the topological phase transition. Results
calculated for L = 36, Asc/W =~ 0.5, and 7w = 0.5.

Furthermore, the vanishing of the dimer order can also be observed in the behaviour of the chirality correlation
function (K, /s - k¢) shown in Supplementary Figure 11. As expected in the Agc — 0 limit (for which D, /5 # 0), the
(KL/2 - Ke) correlation displays a clear zig-zag-like pattern, reflecting the m/2-block nature of the spiral (for details
see Ref. [3]). It is evident from the presented results that the decay length of the k-correlation is not affected by the
pairing field strength. On the other hand, the spatial details of (/2 - k¢) change from a zig-zag to a smooth function
of distance. The latter is consistent with the D o — 0 result in this region.
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Supplementary Figure 11. Pairing field dependence of the spiral order. Site dependence of the chirality correlation
function (ks - ke) as calculated for various strengths of the SC pairing fields Asc/W ~ (0.00,0.05,...,0.75) (@ = 0.5,
U/W =2, L =36).
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