
Supplementary Information: Avalanches and edge-of-chaos learning

in neuromorphic nanowire networks

Joel Hochstetter1, Ruomin Zhu1, Alon Loeffler1, Adrian Diaz-Alvarez2, Tomonobu
Nakayama1,2,3, and Zdenka Kuncic1,2,4

1School of Physics, University of Sydney, Sydney, NSW, 2006, Australia
2International Center for Materials Nanoarchitectonics (WPI-MANA), National Institute for

Materials Science (NIMS), 1-1 Namiki, Tsukuba, Ibaraki, 305-0044, Japan
3Graduate School of Pure and Applied Sciences, University of Tsukuba, 1-1 Namiki, Tsukuba,

Ibaraki, 305-0044, Japan
4The University of Sydney Nano Institute, Sydney, NSW, 2006, Australia

1



Supplementary Figure 1: Simulated self-assembled Ag nanowire networks. a Simulated network with
100 nanowires and 261 Ag|PVP|Ag junctions located at the intersection between nanowires. b Graphical rep-
resentation of simulated network with nodes and edges corresponding to nanowires and junctions, respectively.
Green and red asterisks refer to the source and drain, respectively.
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Supplementary Figure 2: Experimental observation of first order transition. a Experimental network
conductance (Gnw) time-series at different voltages for networks initialised in low conductance state (LCS). b
Persistent conductance fluctuations leads to transitions between multi-stable states. c Steady state conductance
vs. voltage for experimental networks initialised in LCS. Networks were left with no applied voltage for 3 hours
between measurements to allow junction filaments to reset. For points with Gnw(t = ∞) = 0, current lies
below experimental noise floor. Values and error bars correspond to mean and standard deviation of Gnw from
t = 210 s to 300 s after stimulus is applied. Details of experimental set-up are described in Methods.
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Supplementary Figure 3: Formation of parallel transport pathways. Snapshots of simulated junction
conductance states (Gjn) for steady-state network for different applied voltages (a: V ∗ = 1.1, b: V ∗ = 1.5, c:
V ∗ = 2.5, with V ∗ = V/Vth), demonstrating the formation of multiple parallel transport pathways at higher
voltages. A 100 nanowire, 261 junction network is used.
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Supplementary Figure 4: Multi-stability under constant bias. For simulated networks with a wide
range of initial states (taken by extracting filament states of the network at different times during a 1.8 V DC
activation), the steady-state conductance (G∗

nw(t = ∞)) is compared with applied voltage bias. Depending on
the voltage networks of different initial states may converge to the same, or different, multi-stable steady states.
G∗

init refers to network conductance of initial state. A 100 nanowire, 261 junction network is used.
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Supplementary Figure 5: G − V transition for different electrode locations. Simulated steady-state
conductance vs. voltage (V ∗ = V/Vth) plots for different source-drain path lengths (n) on a network with 500
nodes and 1079 junctions. Networks are initialised to Λ = 0 for all junctions and the location of the first-order
transition universally occurs at V ∗ = 1, with the network transitioning between G∗

nw = 0 and G∗
nw = 1.
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Supplementary Figure 6: Collective switching dynamics in a high voltage regime. a For voltage
V ∗ = 2 = 0.18 V, simulated conductance states (in units of conductance quantum G0) of each junction along
shortest source-drain path. Junctions are numbered sequentially according to distance from source (#1 closest,
#9 farthest). Network conductance, G∗

nw(t) (normalised by source-drain path length), is also shown. b Corre-
sponding junction voltage time series. c-e Snapshots of junction conductance (edges shown on a logarithmic
colourbar scale) at different time-points during activation. Node colour indicates voltage on nanowires between
source (green asterisk) and drain (red asterisk). A 100 nanowire, 261 junction network is used.
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Supplementary Figure 7: Network dependence of avalanche statistics in simulation. Top row shows
avalanche statistics for ensemble of 1000 NWNs at V ∗ = 1 with fixed density 0.10 nw(µm)−2, for increasing
network size L×L where L = 50, 100, 150, 200µm. Bottom row shows avalanche statistics for ensemble of 1000
NWNs with fixed size 200 × 200µm2, for increasing density 0.06, 0.10, 0.14 nw(µm)−2. a, d show avalanche
size distributions. b, e show avalanche life-time distributions. c, f show avalanche average size as function
of life-time. Increasing the network density or size does not significantly affect the slope of the power law
region, but increases the value of the power law break for P (S), P (T ) and 〈S〉(T ). Logarithmic binning is
used for histograms. The percolation threshold (minimum density such that the network has a large connected
component) is ≈ 0.057 nw(µm)−2 [1]. Avalanches are observed at densities well above the percolation threshold,
unlike in nanoparticle networks [2].
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Supplementary Figure 8: Finite-size scaling analysis of avalanche size distributions in simulation.
Re-scaled avalanche size distribution (P (S)Sτ , for avalanche size S and exponent τ) is plotted against avalanche
size re-scaled by network size (S/LD, where D is another exponent called the avalanche dimension) for different
network sizes (L × L). Each column corresponds to network density (0.06, 0.10, 0.14 nw(µm)−2). The top
row (a-c) and bottom row (d-f) show the corresponding plots for V ∗ = 1 and V ∗ = 1.8, respectively. The
finite-size scaling (FSS) hypothesis states that at criticality, the re-scaled avalanche size distribution collapses
onto a universal scaling function G(x), where G(x) = constant for x � 1 and G(x) = 0 for x > 1 [3, 4]. The
collapse follows P (S) = aS−τG(S/sc(L)) where sc(L) = bLD, where a and b are constant metric factors. FSS
breaks down at small avalanche sizes (below a lower cut-off), hence the deviation between collapsed curves for
small S/LD. The scaling collapse is performed manually to determine estimates of τ and D to the nearest 0.1.
The method follows section 7.4 of Pruessner [4]. Briefly, P (S) is logarithmically binned, τ is determined first
such that the power-law part is horizontal, then D is chosen such that the peaks of the bumps at the right of the
distribution have the same x-value. The height of the collapsed curves is multiplied by a constant factor, such
that the power-law (flat) region has a y-value of 1. At V ∗ = 1, a collapse at each density is found, providing
strong evidence that for each density at the critical voltage, NWNs exhibit avalanche criticality. The exponents
found, τ = 1.8 − 2 and D = 1.2 − 1.6, are consistent with the estimated avalanche exponents at V ∗ = 1
obtained by maximum likelihood fitting (τ ≈ 1.95). For V ∗ = 1.8, at each density for increasing network size
the probability density (height of bump) grows, suggesting divergence in the L→∞ limit and indicating that
NWNs at this voltage are super-critical.
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Supplementary Figure 9: Avalanche shape collapse analysis. Simulated a and experimental c data
showing avalanche size (s(t, T )) as a function of time t for different lifetimes (T ). Re-scaled size (s(t, T )T 1−1/σνz)
as a function of re-scaled time t/T are plotted for simulation b and experiment d respectively. Avalanches of
different life-times (each curve) approximately converge onto a universal scaling function, as predicted by the
theory of critical phenomena [5]. Each curve corresponds the average over avalanches of a certain lifetime.
Only avalanches of lifetime 5 < T < xmax (where xmax ≈ 20 is the cut-off of corresponding P (T ) distribution)
and greater than 50 unique avalanches used. Exponent obtained using method from Marshall et. al. [6].
All trajectories for each avalanche duration are averaged to obtain characteristic shape. Re-scaled curves are
linearly interpolated between t/T = 0.2 and t/T = 1 in increments between 0.01. At each interpolated points
the mean (black curve) and standard deviation (light blue shading) are determined. 1/σνz is determined to
minimise mean square error divided by the square of the span of the re-scaled curves. The span is obtained by
subtracting the minimum from the maximum value of s(t, T )T 1−1/σνz for a given 1/σνz. Error bars (1σ) are
obtained by boostrapping with 1000 samples. An ensemble of 3000 networks of size 100× 100µm2 and density
0.1 nw(µm)−2 at V ∗ = 1 are used for simulations. For experiment, datasets from 2 networks are combined to
obtain sufficiently many avalanche statistics. Collapse can be improved by sampling a much larger number of
avalanches.
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Supplementary Figure 10: Ordered (λ < 0), edge-of-chaos (λ ≈ 0) and chaotic (λ > 0) junction
states. Each column corresponds to a single network (100 nanowire, 261 junction) simulation for triangular AC
input with A = 1.25 V and f = 0.1, 0.5, 0.85 Hz (left to right). First column (a, d): f = 0.1 Hz, r = 7.7×103 and
λ = −2.6 s−1; all junction filament states return to 0 between cycles (reaching V = 0), resulting in symmetric
repeatable I−V , Gnw−V and Gjn cycles. Second column (b, e) a state near the edge-of-chaos, with f = 0.5 Hz,
r = 7.1×103 and λ = 0.4 s−1; network does not fully deactivate as polarity of voltage is reversed. Third column
(c, f): f = 0.85 Hz, r = 5.9× 103 and λ = 4.1 s−1; network trajectories are chaotic. First row: conductance of
junctions Gjn along shortest path from source to drain, as a function of time t (in units of the period T = 1/f)
for a single period, with triangular stimulus signal shown (black). Second row: corresponding magnitude of
junction voltage, |Vjn|. Third row: 20 cycles of a network G − V curve plotted on a semilogarithmic scale.
Corresponding network I − V and G− V curves on a linear scale are given in Fig. 7 in the main text.
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Supplementary Figure 11: Examples of chaotic trajectories with different Lyapunov exponents
Each column corresponds to a single NWN simulation for a triangular AC input (n = 20) cycles, with f = 1.5 Hz
and A = 1.25, 1.5, 2 V (left to right). Top row: I−V curves, with arrows indicating direction of voltage control.
Bottom row: corresponding network conductance, Gnw. First column (a, d): V = 1.25 V, r = 3.8 × 103 and
λ = 3.0 s−1. Second column (b, e): V = 1.5 V, r = 4.1 × 103 and λ = 5.0 s−1. Third column (c, f): V = 2 V,
r = 5.8 × 103 and λ = 9.7 s−1. A 100 nanowire, 261 junction network is used, but qualitatively similar results
are found on a range of network sizes and densities. In these curves the network is inactive (low Gnw) at high
V due to the lag between junction filament growth and pathway formation (paths of junctions with Gjn = G0)
across the network at high f .
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Supplementary Figure 12: Transformed signals from simulated non-linear transformation (NLT)
task. Dotted black line shows target signal for each task (sin, square, phase shifted, double frequency). Each
colour curve corresponds to a different input stimuli at amplitude of 1 V and Lyapunov exponent λ. Blue
lines correspond to f = 0.25 Hz and λ = −1.46 s−1. The NLT accuracy of this ordered state is 99% for sine,
74% for square, 54% for phase shifted and 0% for double frequency. Red lines correspond to f = 0.85 Hz and
λ = 0.02 s−1. The NLT accuracy of this edge-of-chaos state is 98% for sine, 81% for square, 56% for phase
shifted and 75% for double frequency. Red lines correspond to f = 1.00 Hz and λ = 1.26 s−1. The NLT accuracy
of this chaotic state is 93% for sine, 61% for square, 30% for phase shifted and 29% for double frequency. A
network of 100 nodes, 261 junctions is used.
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Supplementary Figure 13: Ordered (λ < 0), edge-of-chaos (λ ≈ 0) and chaotic (λ > 0) node
voltages for non-linear transformation simulations. Each plot shows the nanowire (node) voltages (Vnd)
for the same 10 randomly chosen nodes for a 100 nanowire, 261 junction NWN under a triangular AC input with
A = 1 V and f = 0.25, 0.85, 1.00 Hz (left to right). Vnd of each node is re-scaled so the maximum value is 1, curves
are temporally rescaled by period T = 1/f . The corresponding Lyapunov exponents are −1.45 s−1, 0.02 s−1

and 1.26 s−1. The corresponding performance in each task and transformed signals are shown in Supplementary
Fig. 12.
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Supplementary Figure 14: Effect of Gon/Goff on network dynamics under DC bias. Simulations
using a 100 nanowire, 261 junction NWN with Gon/Goff = 10, compared with Gon/Goff = 103 in Fig. 3. a
Conductance states of each junction, Gjn, along shortest source-drain path (in units of conductance quantum
G0). Junctions are numbered sequentially according to distance from source (#1 closest, #9 farthest). Network
conductance, G∗

nw(t) (normalised by source-drain path length), is also shown. b Corresponding junction voltage,
V ∗

jn = Vjn/Vset, dynamical re-distribution. c-e Snapshots of Gjn distribution at different time-points during
network activation. Node colour indicates voltage on nanowires between source (green asterisk) and drain (red
asterisk).
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Supplementary Figure 15: AC avalanche dynamics. Characteristic AC avalanche size distributions.
Statistics are produced from simulations on an ensemble 500 independently generated networks of size 150 ×
150µm2 with 2000 nanowires and 6000 junctions with pulses of amplitude 5 V and frequencies 0.25 Hz (λ ≈
−2 s−1, green), 0.5 Hz (λ ≈ 0 s−1, pink), 1 Hz (λ ≈ 2 s−1, black). For comparison, red dots corresponds to P (S)
under DC at V ∗ = 1 for network of the same size (as in Supplementary Fig. 7). The corresponding maximum
likelihood power-law fit as a red line indicating avalanche criticality in the DC case. However, any attempts to
fit a power-law to green / pink / black curves fails Kolmogorov-Smirnov test (p < 0.2) unless range of fit is made
very small (xmax/xmin / 2), indicating deviation from avalanche criticality. Data is binned logarithmically.
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Supplementary Figure 16: Effect of changing frame on avalanche statistics for simulations. Each
row shows effect of changing avalanche frame (∆t) on avalanche statistics at different voltages (top: V ∗ = 0.7,
middle: V ∗ = 1.0, bottom: V ∗ = 1.8). a, d, g show avalanche size distributions (P (S)). b, e, h show
avalanche life-time distributions (P (T )). c, f, i show avalanche average size (〈S〉(T )) as a function of life-time.
∆t = 160 ms is the average inter-event-interval at V ∗ = 1. An ensemble of 1000 networks of size 100µm×100µm
and density 0.10 nw(µm)−2 is used. For critical states (V ∗ = 1) changing the frame width does not significantly
change the slope, or shape of the curves, except at the tail where finite size effects are present. For sub-critical
state (V ∗ < 1) and super-critical state (V ∗ > 1) distributions are more significantly altered, but retain similar
qualitative shape when ∆t is varied.
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Supplementary Figure 17: Effect of cut-offs on fitted power-law exponents. Fitted exponents and
p-value obtained by the Kolmolgorov-Smirnov test of avalanche distributions (P (S), P (T ) with exponents τ , α
respectively) for different upper cut-offs of fit (xmax) for simulations. Lower cut-offs (xmin) are fixed to 7 for
both P (S) and P (T ). An ensemble of 1000 networks of size 150µm×150µm and density 0.10 nw(µm)−2 is used.
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Supplementary Figure 18: Examples of avalanches in simulations and experiments. Example
events per time bin (frame) and conductance time-series used in avalanche analysis. (a-c) correspond to data
taken from one chosen network at V ∗ = 0.7, 1.0, 1.8 respectively. Avalanche distributions (averaging over
1000 independent networks of density 0.10 nw(µm)−2 and size 100µm×100µm) are shown in Fig. 5. Simulated
avalanches are initiated by manually perturbing the network and allowing it relax to steady state conductance.
(d) Example of experimental data and subsequent extracted events. In experiment avalanches are triggered by
noise / junction breakdown events. For simulation at each V ∗ (a-c) the time-frame (∆t = 160 ms) corresponding
to average inter-event-interval (〈IEI〉) at V ∗ = 1 is chosen to bin switching events. For, V ∗ = 0.7 and V ∗ = 1.8
〈IEI〉 is 755 ms and 25 ms respectively. In experiment, the time-frame (∆t = 168 ms) was chosen to correspond
to the experimental 〈IEI〉 for the dataset displayed.
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Supplementary Figure 19: Experimental I − V curve for single Ag|PVP|Ag junction. (a) Experi-
mental I −V curve taken with A = 2.5 V triangular wave and compliance current of 1µA. (b) Simulated I −V
curve under triangular wave with A = 25 mV, f = 0.2 Hz and b = 2. A compliance current of 1µA and initial
filament state of Λ = 7.5× 10−3 Vs is used.
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Supplementary Figure 20: Comparison between binary and tunnelling models. Network conductance
time-series for binary and tunnelling models compared with experimental data. Binary model [7] has G(Λ) =
Gon = G0 if |Λ| > Λcrit and G(Λ) = Goff otherwise. In simulation, a 100 × 100µm2 network of density
0.1 nw/µm2 with 992 nodes and 3008 junctions is used stimulated with a voltage of V = 0.21 V (V ∗ ≈ 1.1).
To achieve similar activation time and conductance as experiment Gon = 5 × 10−10 S, Goff = 7 × 10−10 S,
Λcrit = 0.03 Vs and Λmax = 0.045 Vs. Details of experimental set-up are provided in Methods, at a voltage of
V = 7.5 V (V ∗ ≈ 1.1). Note, the binary model is numerically unstable at low voltages (V ∗ ∼ 1) as junctions
can exhibit persistent switching between states across adjacent time-points (thick blue sections).
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Supplementary Notes

Model validation

Model justification

According to the literature, resistive switching across Ag|PVP|Ag junctions is most likely mediated by conductive
filament formation (and dissolution) due to electrochemical metallisation [8]. This has been studied in Ag-PVP-
Ag nanowire-nanowire junctions [9–11] and in PVP coated Ag nanoparticle films above the percolation threshold
[12]. Furthermore, Ag filament formation across Ag|PVP|Ag junctions has been directly visualised by SEM [13].

The modelling approach chosen here uses a simple ‘memristive’ model [14–16] that captures the basic phe-
nomenology of voltage-controlled junction switching observed experimentally (Supplementary Fig. 19). A junc-
tion’s conductanceGjn = I/V varies between two states (Goff andGon) separated by several orders of magnitude.
When junction voltage exceeds a set threshold Vset, a junction switches between these states in a non-linear
manner. Upon reversal of bias, the junction reverts to a low conductance state when the voltage is sufficiently
high. The junction can also decay to a low conductance state when the voltage (polarity independent) drops
below Vreset [17]. Resistive switching is repeatable on adjacent cycles after an initial transient period.

While not as comprehensive as the model proposed in e.g. Ref. [18], this model improves on previous models
of the dynamics of Ag|PVP|Ag nanowire junctions [7, 17] by including tunnelling [19] which is important at low
voltage regimes (Supplementary Fig. 20) due to the nanoscale dimensions of junctions.

Parameter dependence

The qualitative behaviour of the simulations does not have a strong dependence on model parameters:

• Vset and Vreset affect the voltages at which individual junctions, and hence the network as a whole, activates
or deactivates, respectively. When the ratio Vset/Vreset remains fixed, identical behaviour is obtained by
re-scaling the voltage applied to networks, and re-scaling time.

• Λcrit sets the time-scale for filament formation. Λmax denotes the amount of memory of the junction
to its high conductance state; increasing Λmax increases junction memory and hence time-scale of their
deactivation when voltage is reduced below Vreset. b scales the rate of filament decay relative to growth.

• φ sets the tunnelling barrier height. As φ increases, Gjn approaches a step-function in Λ. As φ reduces, the
exponential decay of filaments changes over a longer distance. A φ chosen based off material properties
better qualitatively reproduces experimental data than a step function (Supplementary Fig. 20). The
range of tunnelling (determined by φ) does not affect the observation of avalanches or chaotic dynamics.
Further, it is not necessary to remain in the tunnelling regime; all junctions which activate/deactivate will
pass through this regime.

• The effect of Gon/Goff is described in Discussion and is compared in Supplementary Fig. 14 and Fig. 3.

• For the order-chaos transition results: Changing b, the ratios Λmax/Λcrit and Vset/Vreset affect the fre-
quencies and voltages at which chaotic, edge-of-chaos and ordered dynamics are reached. However, for
each set of model parameters we explored the network can be tuned into these three regimes by sweeping
frequency and amplitude of the driving signal. The same qualitative trend from Fig. 8 holds: above a
certain amplitude increasing frequency causes Lyapunov exponent to first increase (from below to above
λ = 0) then decrease (falling below λ = 0, for sufficiently high f). The observation of chaos in this model
requires a combination between polarity-driven and decay-driven off-switching for junctions.

Model assumptions

• Junctions are assumed to be deterministic. To study the effects of junction noise on network dynamics, a
noise term could be added to equation 2.

• The model assumes homogeneity of junction parameters between junctions. In reality variations in PVP
thickness and contact geometry will mean Vset, Vreset, Λcrit, Λmax will differ from junction to junction.
The model could be modified to draw each of these parameters from a probability distribution.

• Capacitive effects, which may play a role in low current (pA) regimes, are not considered here. This model
could be modified by considering each junction as an RC circuit.

• Breakdown of junctions [20] or nanowires [11] due to electromigration is omitted. These effects may play
a role for modelling persistent fluctuations of networks on long time-scales (Supplementary Fig. 5b). A
model similar to used for filament breakdown between nanoparticles [21] could be used.
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