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Here we present the detailed derivations of the optical N-invariant and Fresnel equations for a two-
dimensional parity and time-reversal breaking electron fluid. The Fresnel equations represent the scattering
theory from a surface charge density. We also derive the dynamical variables of the bound modes (bulk mag-
netoplasmons) which correspond to poles of the reflection matrix. We conclude with a rigorous analysis of the
boundary edge physics and demonstrate the robustness of the gapless edge plasmons. To avoid confusion, we de-
note three-dimensional (3D) vectors with arrows A = (Az, Ay, A.) and reserve boldface for two-dimensional

(2D) vectors A = (A, Ay) which corresponds to strictly in-plane fields.
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Supplementary Note 1: Boundary conditions of a semi-infinite interface with surface charge

We consider a semi-infinite interface in the z direction and unbounded in the x-y plane. In this case, we have a two-
dimensional (2D) material located at z = 0, which amounts to a free surface charge, and arbitrary three-dimensional (3D)
materials in the z > 0 and z < 0 spaces. To include the the 2D material in a 3D theory, we let the surface charges at the interface

be described as,

J(t,7) =d8(x)I(t,x),  p(t,7) =d(2)p(t,v), (1)
where §(z) is the Dirac delta function localized at z = 0 and J = (J,, Jy) is a 2D current. This current is conserved in the

r = (z,y) plane and obeys the 2D continuity equation,

%p(t, r)+V.-J(r)=0. (2)

The differential form of Maxwell’s equations are then expressed in Gaussian units as,

V- D(t,7) = drp(t,7) = 4nd(2)p(t, ), (3a)
- - a7 5, 10 = s 10 =
V X H(t,T) = ?j(tﬂ’) + gaD(tﬂ = ?5(2)-](7571?) + Eap(taf‘)v (3b)

where D and H are the electric displacement and auxiliary magnetic fields respectively. D and H capture the field + material
response in the 3D half-spaces z > 0 and z < 0 while the free surface charge J represents the response of the 2D material at
z = 0. The remaining equations relate the electric field £ to the magnetic field B,

V- B(t,7) =0, (3c)

—

V x E(t,7) = —==B(t,7). (3d)
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The boundary conditions are well known and can be derived from the integral forms of Maxwell’s equations [1l]. We repeat them
here for completeness. Integrating Supplementary Eq. (3a) over an infinitesimal width along z, the boundary condition on the

displacement field D reads,

D, +(t,r,07) =D, _(t,r,07) = AD,(t,r) = 4mp(t,1) |, (4a)

where the labels + and — correspond to the fields immediately in the z > 0 and z < 0O spaces respectively. Repeating in a

similar manner for Supplementary Eq. , the boundary condition on the auxiliary field H is,

4 .
Hi,+(t7 r, O+) - Hi.* <t7 r, 0_) = AHZ (t7 I') = leij J] (t7 I‘) ) (4b)
' C
where i = x,y labels in-plane indices and €;; = —¢;; is the antisymmetric matrix, which should not be confused with permit-

tivity. The boundary conditions on the electric Eand B magnetic fields are simply,

6i,+(t7 r, 0+) = gl (t7 r, 0_) = gi (ta r, O) = Ei (t7 I') ) (4’0)

,—

and,

’BZ,-F(ta r, O+) = BZ,—(tvrv 07) = BZ(ta r, 0) = BZ(tar) ‘a (4d)

which are continuous across the interface and denote the fields that interact with the charge at z = 0.



2D linear response theory

Generically, the 2D current density can be expressed in terms of polarization and magnetization densities,
Ji(t,r) = 0, Pi(t,r) + cel-jajMz(t,r), p(t,r) = —0; P'(t,r). (5)

For simplicity, we assume the material is non-magnetic M, = 0, such that polarization density P(¢,r) only couples to the

in-plane electric field E(t,r) = é_'h (t,r,0) at z = 0. In real space, the linear response is,

t
Pi(t,r) = / dt//dl‘/XU(t — t',r,r’)Ej(t’,r'). (6)

Due to translational symmetry in time, we can always convert to the frequency w space,
Pi(w,r) = /dr/Xij(w,r,r’)Ej(w,r’). @)

However, the response function x depends on the boundary conditions in r and is therefore fundamentally different for the bulk
and edge. Here, we only consider an infinite (bulk) medium such that x;;(w,r,r’) = x;;(w,r —r’). In this case, the in-plane
momentum q = (¢, ¢y) is conserved and we can Fourier transform to the reciprocal space as,

Pi(w,q) = xij(w, @) B (w,q),  xij(w,r 1) = / (;ls)ﬂij(w’ q)e' ), ®)
where we have implicitly assumed the medium is continuous (translational symmetry). Hence, the boundary condition on the

electric displacement field amounts to,

ADZ (UJ, q) = _i47rinij (UJ, q)Ej (wv q) i (93)

while the boundary conditions on the auxiliary magnetic fields are,

. W .
EZJAH](waq) = ’L47TEX”(W7(1)E] (W,q) - (9b)

This gives the complete set of equations needed to specify the electromagnetic field in the bulk medium.

Supplementary Note 2: Navier-Stokes equations of the viscous Hall fluid

We consider a 2D electron fluid [2H5], such as graphene, subject to a time-varying electromagnetic field. The dynamics of a
classical fluid are governed by the famous Navier-Stokes equations which fundamentally describe viscous flow. These equations
determine the spatiotemporal evolution of the velocity field v = (v, v,) and the number density n to external forces and internal

pressures,
mn[ov+ (v-V)v4+yv]=-Vp+£f4+V.q (10)

Here, m is the effective mass of the electron [6] and V = (0., 9y) is the 2D del operator. Combining Supplementary Eq.
with the continuity relation provides the complete set of equations needed to specify v and n with appropriate boundary condi-

tions,

on
o TV () =0. an



= (z,y) labels in-plane coordinates. Additionally, these quantities are directly proportional to the 2D charge p and current

r
J = (Jg, Jy) densities via,
p = —en, J = —env = pv, (12)

where e is the elementary charge of the electron. Notice that charge is conserved 0;p + V - J = 0 due to the continuity equation
[Supplementary Eq. (TT)].

We will walk through each term in Supplementary Eq. sequentially to understand its physical significance. 0;v is
the acceleration denoting the rate of change of the velocity field. The nonlinear term (v - V)v is known as the convective
acceleration arising from nonuniform fluid flow, but can be neglected at linear order. The damping term ~yv is proportional to
the phenomenological transport time v = 7!, characterising momentum-non-conserving collisions. p is the thermodynamic

pressure, related to fluctuations in the internal energy of the fluid, and f = (f,, f,) is the external Lorentz force,
1
f:pE+fJ><(Bé):fen(E+BX><2), (13)
c c

where c is the speed of light. Note that E(¢,r) = ‘cj\l (t,r,0) represents the parallel electric field strictly at the location of the 2D
electron fluid z = 0. B is a uniform magnetic field that induces cyclotron motion. Finally, we arrive at the last contribution ¢,
the rank-two viscous stress tensor. The divergence of the stress V - ¢ describes the restoring force generated by deformations in
the fluid.

In two dimensions, the stress tensor can be expressed in terms of the rank-four viscosity tensor 7);; x; and the velocity gradient

(strain-rate) tensor (9'v? + d7v?)/2,

1
Gij = inij,kl(akvl + olvk). (14)

Repeated spatial indices (¢ = z,y) implies summation. Viscosity is a measure of a fluid’s resistance to deformation. In a 2D

isotropic fluid, there are three possible contributions to the viscosity tensor,
Nij it = G030kt + N(0ik0j1 + 0110k — 8i0k1) — N (Sjk€ir — Jir€ry)- (15)

¢ and 7 are the bulk and shear viscosities [7H9] respectively, which govern dissipation due to compression and shearing. In 2D,

the viscous stress tensor can then be expressed in compact Pauli notation [10],
¢ =(V v+ (n—inuTy) [(0svs — Oyvy)Ts + (0pvy + Oyvs)Ts], (16)

where the Pauli matrices 7; act on Cartesian coordinates. From the second law of thermodynamics, ¢ > 0 and > 0 must always
be positive to ensure lossy fluid flow. Generally, ¢ and 1 can also be frequency dependent but in undoped graphene [11]], the
bulk viscosity vanishes ¢ = 0 and the shear viscosity 7 is a very small constant. One additional viscous component is permitted
in parity and time-reversal breaking fluids — the so-called Hall viscosity nz [12H15]. Hall viscosity, also known as odd viscosity
in fluid mechanics [16H19], can be either positive or negative as it is dissipationless. The stress response due to 1y generates a
force perpendicular to an applied strain and therefore does no work. In most cases — in fact the topologically nontrivial cases —

Hall viscosity acts as a repulsion to the applied magnetic field B which leads to very intriguing phenomena.

Magnetohydrodynamic linear response theory

Within the regimes we are interested, the amplitude of the perturbing electric field E is relatively weak. Therefore, the

fluctuations in the number density dn can be linearized around its equilibrium value n(¢,r) = ng + dn(t,r). The equilibrium



number density ng (electron concentration) is assumed large compared to the fluctuations |dn|/ng < 1. This also implies the
velocity field |v|/vp < 1 is comparably small relative to the Fermi velocity vr. Hence, we may neglect the nonlinear convective
acceleration and linearize the pressure component Vp = (B /ng)Vn, where B is the bulk modulus [20] and determines the speed
of sound in the 2D electron fluid v2 = B/(mng) = v%/2. We have assumed linear dispersion characteristic of graphene [21122]]
to obtain the proportionality of v, to the Fermi velocity vy. Inserting the charge density p = —en and linearized current density

J = —engv into Supplementary Eq. (I0), we obtain the linear form of the viscous hydrodynamic model,

2
e“ng
E

I = —v2Vp — (v = vVHI — (we + v VI x 2 + ) a7

m

along with the continuity equation d;p + V - J = 0. Here, D, = \/uT = \/v/y and Dy = /vy Jw, are the diffusion lengths.
Note, the charge couples strictly to the in-plane electric field E(t,r) = é_'h (t,r,0) at the location of the surface charge z = 0. In
a semiclassical electron fluid, the kinetic viscosities v and vy are related [10l 14],

B? BB,

V= 732 T Bg Vo, Vg = 732 T Bg Vo,

(18)

where vy > 0 is the kinematic shear viscosity at zero bias B = 0, and By = cng/(4me/Ny1y) is an intrinsic magnetic field of
the electron fluid. Ny being the density of states at the Fermi energy. Notice that the product of w,. and vy is positive definite
wevg > 0; the Hall viscosity repels the magnetic field for all values of B. The Hall diffusion length Dy is therefore a real
mesoscopic scale of the charged viscous Hall fluid. In the dissipationless limit v — and v — 0, we obtain the hydrodynamic
model of an ideal quantum Hall fluid.

To derive the linear response theory, we transfer to the reciprocal space and use the continuity equation wp = q - J. In terms

of w and q we have,

2 2
v . : en
— sz, = 7Z'iq7;q](]j — FJ, — chijjj + 0
w

L, (192)
m

where I'(q) = v + vq? is the viscous damping rate and Q.(q) = w. — vz ¢ is the viscous cyclotron frequency. Rearranging we

obtain,

627?,0

[w(—iw + )6 + wQeeij + iv2qiq;] 7 = w -

g (19b)

which gives,

e’no [w[(—iw +T)di; — Qeeij] + 02 (¢°0i5 — qig;)|

Ji = 19
m Wl(—iw + T2 + 2] + 02¢2(w + T (19¢)
Using P; = iJ;/w,
p = eng [—(w +il)dy; + ihei; + w™ i (g0 - %iq;)1 7 _ i E. (19d)
m wl(w +i)2 — Q2] — v2¢?(w + i)
The susceptibility tensor in reciprocal space is then,
Xij(w, @) = X" (w, ) (05 — @idy) + X" (w, @) @id; + ig(w, q)es, (20a)
where,
e’ng/ 02 2 ” 2 Q
T_ _¢o/m (o w2 L_ _ (e*ng/m)w _ (€2no/m)Q.
X Wi w@ -2 —2¢a) N T @) —2@e T w@ - 02) - e

20b)



Here, o = w + I is the dissipative frequency. In the lossless limit I' — 0 we obtain the linear response theory of an ideal

quantum Hall fluid,

2 2 2 2
T eng/m Q L e“ng/m B (e ng/m)$e
X =772 (1 T2 _Qgc_ v§q2) XTTeme o2 YT o oazo v2 @) (20c)

We will now prove that the viscous Hall fluid is topologically nontrivial in the quantum limit.

Supplementary Note 3: Optical /V-invariant

We utilize the Green’s function (response function) formalism popularized by Volovik [23] and Gurarie [24]] to evaluate the
optical N-invariant. This approach is very powerful because it is naturally generalized to dissipative and finite temperature

systems [25]]. Since x is precisely the Green’s function of the polarization density P, it possesses a topological index,

Ox—' ox ' ox7!

N =
dqa "~ Oqp X dq,

21

/d?’q}" (Q,q), F =Pt | x

2472

do = (£2,q) is the 2+1D momentum and d®q = df2dq is the total volume element in reciprocal space. Note that we let w —
be a complex parameter and analytically continue y into the complex plane. The integral of (2 is performed vertically over all
imaginary (Matsubara) frequencies (£2) € (—ioo, +i00) and within a spectral gap 0 < fiw < Ej,g, where w = (). It is not
obvious that this contour is convergent and nondegenerate so we will provide a short proof.

First we need to prove the infinite line integral over ) is regularized and topologically equivalent to the circle S* in the
dissipationless limit. Consider the closed left-handed hemispherical contour of radius R in the complex plane. Applying the
residue theorem gives,

w+iR
—omi 3 resF ()] = yﬁdw(m - / dOF(Q) + / dOF(Q), 22)
Q;€Q woilt arc
where w is the photon energy in the gap 0 < hw < FEye and farc is the integral over the arc. The arc radius R is large enough to
encircle all poles §2; € Q in the right complex plane, where € is the set of poles bounded by the contour. Taking || — oo we

know from the f-sum rule that,

. 62Tlo
\Ql|lgloo xij(€2,q) — *m%‘, (23)

which is independent of q and det x # 0. We also assume the response function is regularized at g — oo,

lim x(2,q) = x(2,q), 24)

q—00
which will be exploited in the following sections. Since the identity d;; > 0 is positive definite for all values of q, the path is
nondegenerate for large enough contours in the complex plane [26]. In the asymptotic limit R — oo, the temporal component

1

approaches the identity multiplied by a simple pole lim|o|_,o Xdax ™" o< 12/€, since det x # 0 is invertible. The arc integral

is then proportional to,

|Q1\ii>noc . dQF(Q) x |Q1\ii>noc . %e”tr [x0ix 'x0;x7 '] = 0. (25)
The arc integral vanishes because X is independent of q in the asymptotic limit and therefore lim|q|_,oc X0; x~! — 0 since
again, det x # 0 is invertible. Hence, the imaginary line integral is convergent,
w+ico
— 2mi Z res[F(€2;)] Z/ - dQF(), (26)

Q,€Q



which defines the homotopy of a circle S* when including the point at || = oco.

Homotopy equivalence of susceptibility and conductivity

Here we prove that even with dissipation, NV is identical under the substitution y = io /€2,

do=t o1 9ot y do=t o1t
F =ePr o 7 o 7 o 7 +0F, OF =30 Leltr |:O' 7 UU:| , (27a)
940 Oqz gy 9q;  Oq;
where we have used the cyclic properties of the trace. Now we use 00;0 ' = —0;0 to rewrite 0.F as,
OF = =30 Le¥tr [&-Uaja_l] = 301 9;tr [Uaja_l] , (27b)

where we have used the properties of the antisymmetric tensor. We are left with a total divergence in the wave vector q, which
in polar coordinates is,

_ L
T 8n2

—L [d@ dgie”tr [09;071] = —1 % lim ygd(btr [0040~ '] = 0.
q—00

N -
o 8m2 | Q Jas 82
(28)

d§2 g

a /S dq €7 9;tr [09;0 7]
The response function is continuous in g, even in the presence of dissipation. Assuming lim, ., 0(2,q) — (€, ¢q) is reg-
ularized in the continuum theory, the surface integral vanishes from the divergence theorem since lim, o 00p0 ™1 = 0 is
independent of ¢. Hence, NV can be equivalently defined through the susceptibility x or conductivity o tensor. The same

conclusion holds in the lattice case due to periodic boundary conditions.

Topological quantization and effect of dissipation

Now we show the effects of dissipation on IV and determine when the invariant is topologically quantized (immune to pertur-

bations). Consider a variation in the response function y — x + dx, which results in,

1

X0aX ' = XO0aX "+ 6x0aX " + X0a(6x) T = X0ax " — x0axOXX T — Dabxx T (29a)

1:

where we have utilized 6y~ ! = —x " 'dxx~'. To first-order in 5} we have,

OF = —3¢*B74r [Xﬁaxfléxﬁﬁxflx&yx*l] — 3P4y [3045)(8[3)(1)(67)(1]

= —=3e*Mtr [Dax " 0xpx " X0y x " x] = 3¢* P tr [X T 0abXOpx T X0y XX =
This can be expressed as one derivative by the product rule,
OF = —3e*tr [(i)a(x_l(Sx)BgX_leVX_lx] , (29¢)
and then changing the order of the derivative,
OF = =37 0ntr [x T ox0px X0y x 1 x] + 36*Ptr [Xx 10X 0a (95X X0 x X)) - (29d)

Using the antisymmetric properties of the Levi-Civita symbol, the second term can be shown to reduce to zero,
1 [X 716X 0a (05X X)X x] + €t [X T 6XO5x T XDa (05X )]
= €t [6x0sx  ax0yx ] + PVt [x T ox0sx T X0y X OaX] (29¢)

= *Prr [6x0sx ' Oax0yx '] + Mty [6x0sx ' x0x0ax "] = 0.



Hence, the variation in 6N due to §.F is,

By

N =~ 82

/d3q O tr [6)((%)(_1)(87)(_1} . (30)

In the absence of dissipation T" — 0, the susceptibility is a continuous function along the &(2) axis. By the divergence theorem,
0N = 0 vanishes as long as the integrand vanishes sufficiently fast on the boundary at infinity. Due to the f-sum rule, the

temporal boundaries vanish which was proven in the previous sections. The remaining boundary term in polar coordinates reads,

N = # /de¢dq8qtr[5x(89x_lxa¢x_1 — dgX " x0ax )]

1 (€29)
=53 dQde qli_}rr;O tr[0x (Fax X0 — Ipx 'xOax 1) = 0
Since the response function lim,_, x(2,q) — x(£2, ¢) is regularized in the continuum theory, the surface integral vanishes
because lim,_,c x95Xx ! — 0 is independent of ¢. As a consequence, the 2D momentum space is topologically equivalent to
the sphere R? ~ S2 and the N-invariant is quantized N € Z.

However, when I" # 0, the requirement of causality introduces a discontinuity along the $(2) axis due to I' — sgn[I(Q)|T

[25]]. This means contributions from temporal boundaries are permitted,

Ei‘j

ON = —
82

/d3q dotr [x0;x ' x0;x '] #0, (32)

but the boundary terms over q vanish because the response function is regularized limg_,. x(2,q) — x(£2, ¢). Hence, N is

not quantized in lossy systems but can still be evaluated through the aforementioned recipe.

Optical N-invariant of the viscous Hall fluid

First note, using properties of the trace and the antisymmetric tensor, we can express J as,

F = 3€etr [xOox'x0ix 'x0;x ']

g (33a)
= —3eYtr [Xasz)(*l@ixajxfl} = —3¢ tr [xagxfl(ﬁqxéy)x*l — 8¢X8q)(*1)]
and we have transformed to polar coordinates. In this case we have,
2 ~ ~ ~ ~
Y= - P00 2P, + 00y - 90| A=0A-Q0L A=00al? (3
which has the derivatives,
1 eng/m o .
66¢Xij = ——qp Us4(id; + 4ip)); (33¢)
2 AI ~ B 2 5 B
8quj :% |:(QQ — v§q2)gbi¢j + QQ(}Z(L — iQQCEij] — € nO/m [(QQ — ’UEC]Q)/@Z'@]' + QQI(quAJ — ZQQ/CEZJ
QA QA
e?ng/m . -~ = .
=9 A/Q [(A’A — MA@ + QA Q — U A)GiGy — QA Q. — AQ;)%}
e2ng/m | ~ P ~ - P
S {[9642 + QA - Q2 A))pip; + (DA + QAQ2Y — 02'D))Gud

— iQ[0.(Q4) — 2(Q4) - mgﬂz]eij}

(33d)



This inverse susceptibility tensor is found via,

_ m ~

v = - [QQ%% Q0 — v2¢)did; + iQei; (33¢)

Which gives the derivatives,

1 m ~ . 1 _1_mv§qAA o
aQXij = 762710 [(Q+ Q)Csij + ZQcﬁij]7 65¢Xij = ng (SDin + qisﬁj), (33f)
Ooxi; = ——5— |V G5 + (A2 — v2¢%) Gid; + I (33g)
€°Nyo
The temporal derivative is,

XadoXi) = ox " {18+ 000 25, + (@ + Qodag; +20PdE 10 2%y} (3

while the spatial derivatives are,

1 _ _ vf AL ~ o~ A . PPN .
6(8qxik8¢xkj1 — 8¢X¢kaquj1) = sz {(A,A — A/A)¢in + Q(A/Q — Q/A)qi(bj + ’LQ(A/QC — AQ,C)(QSZ(;SJ — qiqj)}
v? sd
0A

Ys . 1) ~/ A 7 . A A A
= sz [(A’A —24'A)¢ig; + QA Q= 20'A)Gip; + iQUA' Q. — 2AQ0) (pip; — qiqj)]

[A' s + QY Gid; + iQ(Didb; — Gsdy)]

(33i)
The trace is then,

3v§q
Q2A3
— (0% + 023 (ATA - 24'A — QA'Q + 200/ A)]

F=— [—iQ(Q + Q)2 (A'Q, — 2AQ)) + iv2?Q(A'A — 24'A)

- '322‘13[ 2200 (A — Q(Q+ Q) + 2022 A(QLQ(Q + Q) — A'Q)

+ Qc( + 026 (A2 g% — 2A(v2g*)")]

(33)

_ -S;Aqs[ 22AQQQ + 0) — QAN 2 + Qv2g?))]
602 ) .
— ;;qu [g(Q + D, — (20 + ¢Q)Q]

which gives,

(6v2¢° [a(Q+ D), — (20 + )]

F=- - a
Q02 - 92) - v22Q)?

(34)

Inserting Q = Q + il with ' = v + v¢% and Q. = w, — vy g2, we arrive at,

1% [Uwe + vug®) +i(ywu + wer)g?]
0 o2 eear |

(35)

with the implication that I' — sgn[S(Q)]T" has the same sign as the Matsubara frequency. With dissipation, the integral can be
evaluated numerically for arbitrary imaginary contours, but NV is not quantized. It is quantized, however, for quantum systems
I" = 0. In the dissipationless limit we have,

4,2 2
V4 We +VH(q

=—12
R R G o

(36)
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Note that F is singular at = 0 and whenever £(2) > min[/Q2 + v2¢?] as these correspond to bulk excitations. Hence, we
must choose a contour within the spectral gap 0 < w < min[y/Q2 4 v2¢?], where w is the photon energy. The dispersion is
parabolic when 2w, < v? and has a minimum at ¢ = 0 with value min[/Q2 + v2¢2] = w.. When 2w.vy > v2 however, the

dispersion resembles a Mexican-hat potential and has a minimum at ¢ = \/(2w.vy — v2)/2v% with value min[/Q2 + v2¢?] =
(vs/2vp)/4wevy — v2. In graphene, the dispersion will generally be parabolic 2w vy < v2 due to the large Fermi velocity. N
is therefore defined within the spectral gap 0 < w < |w,.| where bulk current propagation is forbidden. We perform the integral

over all imaginary frequencies () € (—io0, +i00),

—i (U700 vit(wetvng®) i’ wetvmg _ 3 v (we +vng?) 37
el S v (L o A E TN (R R P = S R
and all wave vectors to obtain,
3 v?(we +vug?) )
N = /qd déf)?W = sgn(we) + sgn(vp) | (38)

|N| = 2 is nontrivial whenever w.vgy > 0 and trivial |N| = 0 when w.vgy < 0.

Supplementary Note 4: Fresnel equations of 2D electron fluids

For simplicity, we assume the surface charge at z = 0 is deposited on a dielectric substrate n2 = ¢_ for z < 0 and a dielectric
superstrate ni = e for z > 0. The wave vector in each of the dielectrics is nyw = cky = ¢y/q¢? + k2, and in-plane wave

vector q - q = ¢2. The incident electric and magnetic fields can be expressed in an orthogonal 3 and p basis as,
Eo(2) = (Eos8 + Eopil )e ™47, Ho(z) = ny (—EosPy. + Eops)e =t (39a)

The incident wave travels toward the interface at z = 0. The unit polarization vectors are defined as,

qy _quz+ qzkz+
5 Z ! k = pel—hos) = —— | gk (39b)
$= = |—qz |~ P+ = 73— | —qyk.+ | » Py =P4(—Rzq) = 77— |
q q kiq dyRz+ + ki q Qyriz+
0 ¢ ¢
P’ is the unit vector of the reverse propagating —k, wave and has in-plane components p;, = §;¢ = —p;. The in-plane components
can be represented as $; = €;;¢’ and p; = —g;¢ which are orthogonal §;p° = 0. Moreover, defining the cosine ¢ = k, /k, we
have €;;87 = (7', and €;;p7 = —(5,. The reflected field travels upward +z away from the interface,
En(2) = [(EosTss + EopTsp)d + (E0sTps + EopTpp )Py €=+, (40a)

while the reflected magnetic field is,
7:[7"(2) = n+[* (5037"55 + €0prsp)]3+ + (5057”[)5 + Egprpp)é]eik”'z. (40b)
Finally, the transmitted fields are,

é_’;(z) = [(Eostss + Eoptsp)d + (Eostps + Eoptpp)f’/—}eiikz_z’ (41a)
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with,

Hi(2) = n_[—(Eostss + Eoptsp)P + (Eostps + Eoptpp)dle =2, (41b)

which propagates away from the interface —z.

First we utilize Supplementary Eq. to equate tangential electric fields F; at z = 0 in the §; and ¢; directions,
Eos + EosTss + g()prsp = Epstes + g()ptspv <+ (5010 - SOSTPS - goprpp) = C* (SOStPS + goptpp)v (42)

which gives 4 equations relating the reflection and transmission coefficients,

’ 147 =t Tsp = tspa C+(1 - rpp) = C*tl)lh _C+Tps = C*tps - (43)

Now we use Supplementary Eq. to relate the in-plane magnetic field to the surface charge. In the 5; and g; basis we have,

€ij AT = (=144 E0s + g CiErs +M_CEts)di + (=14 E0p — Ny Erp + N_Etp) i )
. w ; . w ~ ~ . ~ . ~
= Z47T;XijEJ = Z47T;[XT(505 + Ers)8i + (X (Eop — Erp)di — 19(Eos + Ers) i +19C4 (Eop — Erp)3il.

This gives us two equations for $ and ¢,

. w .
TL+C+ (505 - gOsrss - gOprsp) - ’I’L_C_ (gOStSS + 5Optsp) = _247‘-; [XT (803 + gOsrss + 50;07“51)) + ZgC+ (5017 - gOsTps - gOprpp)]
(45a)

and,
LW .
ny (5017 +503TP5 +50Prpp) —n-— (gOStiDS +goptpp) = _2477-; [CJrXL (EOP - gOSrps - gOper) - Zg(gOs +SOSTSS +50prsp>] . (4’5b)

We can decompose this into 4 equations,

N Co(1 = ag) — n_(_tys = —i47r%[XT(1 F Tas) — iCrgrps] | (462)
M Cirap + 1oty = T [Ty 4+ iCog(1 = )] | (46b)

n (L 1) = notyy = =T (G (1= 1) = igriy] | (46¢)
Mt Tps — Ntps = z'47r%[g+erps +ig(1+14)] | (46d)

We rearrange and isolate for the reflection coefficients. This can be expressed as a 2 x 2 matrix,

grs Tss Tsp 503
= : (47)
Erp Tps Tpp| |Eop
The cross polarization r,, and 7, terms are known as the magneto-optic Kerr effect (MOKE). Noting that the cosine in each

dielectric (4 = k.4 /ks withk,y = /k3 — ¢? and k+ = niw/c we have,

D? = (drw/c)* (X" x* — ¢%), (48a)
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Tss = (46 =n-C)(neCy" +n ¢ +idm(w/e)[(n (G +n X = (4 ¢y —nC)xt] + D? (48b)

(nyCy +n_C)(np (it + n_¢-') — i47T(W/C)[(”+§:1 +n_CXT + (e Gy +n_C)xE] — D2

—2n44m(w/c)g
niCr +n-C)(ny (G +no¢Ch) —idm(w/e)[(ny G+ noCHXT + (ny Gy +n-¢)xF] — D?

, (48¢)

Tps = Tsp =
(

(G Ao = (T Fidm(w/e)[(n4 G+ nmCOxE = (ne (= o (CHXT] + D
Top = — ., (48d)

(n4-Ch +n-C) (e (5 +n-(Ch) —idm(w/e)[(n4 1+ n-CHXT + (04 Gy +n-C)xE] — D2

The equations simplify significantly when there is reflection symmetry ny = n_ but this is generally not true for the setups
we are interested in. It is also straightforward to show that these reduce to the classical Fresnel equations when we remove the
surface charge density. The MOKE rotation (s-effect) is defined by the ratio of reflected p to § polarization due to an incident §

polarized wave,

tan (2) exp(i®) = Tps | (49)

TSS

Since © g is directly proportional to the gyrotropy ¢, any zero in g = 0 will result in a zero in the MOKE © = 0.

Supplementary Note 5: Viscous bulk magnetoplasmons

Here we derive the dispersion of the bulk magnetoplasmon (BMP) and understand the influence of Hall viscosity v on the
bulk physics. These are the self-consistent field solutions of Maxwell’s equations and the Navier-Stokes equations. We focus
strictly on the quantum (dissipationless) limit I' — 0. Since the electronic oscillations are low frequency and extremely deep

subwavelength (v, /c)? < 1, we can utilize the quasistatic approximation V x & = 0, also known as the Galilean approximation,
E(t,7) = —Vo(t, 7). (50)

The electric field € is essentially purely longitudinal. The electric potential ¢ is generated from fluctuations in the charge density
o and is evaluated through the divergence of the electric displacement field D(t,7) = —e(z)V¢(t, 7). From this we construct

Poisson’s equation,
~ V- [e(2)Vo(t, 7] = 4rd(2)o(t, ). (51)

e(z) = €40(z) + e_O(—=z) is the dielectric function in the regions above and below the Hall fluid, which captures the surface
effects. ©(z) being the Heaviside step function. For simplicity, we assume 4 > 1 are positive scalar constants although

dispersive and nonlocal effects can be included straightforwardly. The J-function at z = 0 creates a discontinuity in the normal

electric field £, = —0.¢. Integrating over the infinitesimal width of the 2D electron fluid yields,
op(t 09(t,
— €+M + E_M =dmo(t,T). (52)
0z |,_o+ 0z |, -

Although &, is discontinuous, the potential must be continuous ¢(t,r,07) = ¢(t,r,0") through the Hall fluid. Moreover, the
potential satisfies Laplace’s equation ﬁ%b(t, 7) = 0 in the immediate vicinity of the 2D charge density and therefore decays as

|z| = oo. This permits a simple representation in the momentum space.
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Bulk dispersion relation

We consider an unbounded Hall fluid. Due to translational symmetry in the z-y plane, the in-plane momentum q = (g5, gy )

is conserved. Hence, the potential ¢ can be expressed in the frequency-momentum space as,
(1, 7) = pae’dTe™ e, (53)

where ¢ = /q - q is the magnitude of the momentum. In the bulk momentum space, the potential ¢ and fluctuating charge

density pq are related by,

£qPq = 2T0q, (54)

where ¢ = (e + €_)/2 is the average dielectric constant at the interface. Conversely, the presence of the potential generates

current due to the force gradient Pjq = —iX;j¢’¢q. The induced current density must simultaneously satisfy the continuity
equation o4 = —iq - Pg, which imposes a self-consistency constraint. From this we obtain the characteristic equation,
e+ 2mgxt(w,q) =0 (55)

Supplementary Equation (53] is only satisfied for certain vales of w and ¢ which establishes the dispersion relation w = w;(q)

of the BMP. In the quantum limit I' — 0, the frequency of oscillations are purely real $(w) = 0. We obtain the BMP dispersion,

wi(q) = (q) + Q2(q) +vid® | (56)
where,
2me2ngg
Qp(Q) = Tgov Qc(q) = We — VHq2~ (57)

Q,(q) is the effective plasma frequency and is momentum dependent in 2D. Q.(q) is the effective cyclotron frequency which
is momentum dependent due to Hall viscosity vy. As expected, the biasing magnetic field B # 0 creates a low frequency
band gap at ¢ = 0, precisely at the cyclotron frequency w;(0) = |w.|. We also recover the square root dispersion wy,(q) o \/q
for low momenta ¢ ~ 0 which is characteristic of surface plasmons. However, for ultra high momenta ¢ — oo, the BMP
dispersion is parabolic wy(g) o< ¢* since viscosity dominates in the deep wavelength. This has multiple important consequences.

Topologically, it regularizes the continuum theory at ¢ — oo by introducing a mesoscopic length scale Dy = /vy /we.

Dynamical variables of the viscous Hall fluid: energy and angular momentum

In this section, we derive the necessary quantities to understand the energy and angular momentum of the BMP in the qua-

sistatic regime. The momentum density S is derived from the Poynting vector as,

C =

S(L’F’) - 4Tl'g(t7F) X H(t/’_") (58)

The divergence of S gives Poynting’s theorem in the quasistatic limit,

S it ) = 0 TR, ) = €SB (59)
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As we can see, only the electric field contributes to the energy density u as the magnetic field contributions are negligible. Note

that,

00) = [ drate = o [aren . 5 5wn = [ oty e (60)

where we have integrated by parts and used V - D(¢, 7) = 47(2)o(t, r). We follow the conventional procedure for deriving

with dispersion. The 2D charge density is related to ¢ through the susceptibility tensor,
/ dt/drlelj —tr, e\ (! / dt/dr’tht/rr)qS(t r')

:/ dt’/dr’X(t’7r,r’)¢(t—t’,r’),
0

where we have integrated by parts,

(61)

X(t,r,x') = —VV vt 1, v). (62)

Now consider an arbitrary eigenmode of the system ¢y, (, 7) = [¢,, (7)e ™t +¢7 () e’“n] /+/2. The scalar product with another
arbitrary mode n’ is Uprn, = [° AtUpm (1),

Upyn = //drdr / dt/ dt ¢n e~ Wn /t+¢ ( ) iw,, /t] ( ,r,r’)@t[gbn(r’) —iwn ( +¢ ( ) iwnp, (t— t)]
= — // drdr// dt[(bn/ (r)e*iwn/t + Q‘)Z,( )elw"'t][wnx(wm r, r/)(bn(r/)e*iwnt _ wnX(—wn, r, r’)d);(r’)ei“’"t]

5[] e [T a4 g 22 g )

’— Wy Wn/ — Wy
wnX Wp,T,T v wnX(wp, T, 1’
=g [[ v’ o 2SR ) g gy T )]
Wn! — Wn Wn! — Wn
(63a)
ButU;,,, = Uyy, = Upyy is real so,
wn X (W, 1, 1") , Wpr X (Wny, T, 1) ,
() —/————L = ¢y, (r)———————"—,(r"), 63b
oS ) — g, (T ) (630)
and therefore,
) n’X n' s, !
- / drdr’ ¢, X (wn, 7, 1') = e X (@ ¥ r)qﬁn(r’). (63¢)
Wy — Wy
Taking the limit of n’ — n
Upn = 1 drdr’ ¢ (I')i (WX (w,r,1")] o (") (64)
nn 2 n Ow s Ly w=w, ¥n .
Assuming translational symmetry in the z-y plane X (w,r,r’) = X (w,r — r’), we can convert to the momentum space,
1 dq 0 9
U =——= | —— [wX(w, _ nal”- 65
2 / (2’/T)2 aw [w (UJ q)]w_wn |¢ q‘ ( )
Finally, assuming rotational symmetry in the 2-y plane X (w,q) = —¢'¢? xi; (w, q) = —x(w, )¢ we obtain,
dq 10
U= / Enpte M= g, e @ o] led (66)
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for an arbitrary mode. Evaluating specifically for the BMP w = wj,(g) we obtain,

m2e?

Ug = 32r3ein? [2w7 (q) — Q2(q)] leq|® | (67)

Now we conduct the same procedure for the angular momentum. Due to rotational symmetry in the x-y plane, the relevant

quantity is the angular momentum along 2. The torque density along Z is expressed as,

T(t,7) = ew ENt, P)DI(t,7), (68)

which gives rate of change of the angular momentum M,

- / ar r(t,7) = / 4 €4 (t,7YD (1, 7) = / dr ¢(t, T)ei; VP (t, ) (69)

We have integrated by parts and used D(¢, 7) = &(t, 7) + 4w6(z)P (¢, r). The form of this equation is very similar to the energy

density and is evaluated in the same way. We note that,

€i; VI PI(t, r)——e”/ dt' /drlejk( —t'r r)Vk / dt’ /ert—t r, v )o(t', 1)

:/ dt'/dr'G(t’,r,r’)qﬁ(tft',r’),
0

where we have integrated by parts,

(70)

G(t,r,r') = eijVin/Xjk(t,r,r’). (71)

Note that G is a pseudo—scalar and is odd under r <> r’. Now we analyze the overlap of two distinct modes. The scalar product

is Mo = [ My

_ E Ay G(wmrvr/) AN / G(_wnvrvr/) ® ()
Mo = [[ v [ o9 S22 01 < g0y E B g ) .
a
) G mnH ) ! * G mnH ) !
=5[] v [0 S, ) 4 g S )
Wnr — Wy, Wnp' — Wy,
Again, M}, = My, = My, is real so,
% G(wn,r r ) ’ * G(wn’arar/) !
G = 0 (1) = 07, () T T g () (712b)
and therefore,
My == [ dvev'sr, o < aLLE P (720)
Wn — Wy
Taking the limit of n’ — n
My, = —z//drdr'qb* (r)i [G(w,r,1)] on(r) (73)
nn 9 n Ow P w=wy PN .

Assuming translational symmetry in the -y plane G(w, r,r’) = G(w,r — r’), we can convert to the momentum space,

Mnn:*

dg 0
| G (6@, 160al” (74)

N | .
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Finally, with rotational symmetry in the 2-y plane, G(w, q) = q'q"€;;x;x = —ig(w, k)q® we obtain,

dq 10g(w, q
M Z/quy Mg = —g%ff\%lz ) (75)

for an arbitrary mode. Evaluating specifically for the BMP w = wj,(g) we obtain,

_om?e? Q.(q)
32m3etn w2(q)

Mg [2w7 (q) + Q2(q)] |¢q|* | (76)

Note that the angular momentum j, per unit energy w is defined as,

mq __0g [O(wx") _j:
/ ow  w D

Ug ow

which can be evaluated for any particular mode For the viscous BMP specifically w = wy, we have,

mq _ _[9g [O(n") _ Qe (249 (78)
Uqg Ow ow e, Wi \2wp—Q2 )7

which gives an angular momentum j, of,

Q. (2w +Q32
jo=—t (w” ”) . 19

Wy 2w§ - QIQ)

Note that due to rotational symmetry, the high-symmetry points ¢ = 0 and ¢ = oo must be integers j, = 41, 0 since the system
is properly regularized. For the viscous BMP we have j,(0) = sgn[2.(0)] = sgn(w,) and j,(c0) = sgn[Q.(c0)] = —sgn(vmy).
The difference is precisely the N-invariant Aj, = 5.(0) — j.(0c0) = sgn(w.) + sgn(vgy) = N.

Supplementary Note 6: Topological edge magnetoplasmons

Here we derive the topological edge states of the dissipationless semi-infinite viscous Hall fluid — these are topological edge
magnetoplasmons (EMPs). To accurately model the edge physics we need to impose appropriate boundary conditions on the
fields. The electric potential ¢ and its normal derivative -V ¢ are continuous across the boundary. However, due to nonlocality in
a hydrodynamic electron fluid, we require additional boundary conditions (ABCs) on the current density J. Charge conservation

necessitates a vanishing normal current,

o0

where 7 is the outward normal unit vector and OV denotes the boundary of some volume V. A viscous hydrodynamic fluid also
requires a BC on the tangential current which is related to momentum conservation. The tangential current is proportional to the

shear stress (off-diagonal stress) on 9V [10],

[—et-c-n+mut-J],, =0| (80b)

t = f x % is the unit tangential vector, ¢ is the viscous stress tensor and v is the boundary scattering velocity that dictates the
slip flow.

In the case of a half-space, Poisson’s equation is modified to,

— V- [e(2)Vg(t, 7] = 4m8(2)O(x)p(t, T). 81)
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e(z) = €40(z) + e_O(—2) is the dielectric function in the regions above and below the Hall fluid, which captures the surface
effects. ©(z) being the Heaviside step function. The J-function at z = 0 creates a discontinuity in the normal electric field

&, = —0,¢. Integrating over the infinitesimal width of the 2D electron fluid yields,

Op(t, 7 d9(t,
—ey ¢éz ) i + 5_% = 470(x)p(t, ). (82)

Although &, is discontinuous, the potential must be continuous ¢(¢,r,07) = ¢(t,r,0") through the Hall fluid. Moreover, the
potential satisfies Laplace’s equation §2¢(t, 7) = 0 in the immediate vicinity of the 2D charge density z # 0 and therefore
decays as |z| — oo. This permits a simple representation in the momentum space. Due to translational symmetry along y, the

transverse momentum g, and frequency w are still good quantum numbers. We Fourier transform over x to obtain,
S1(2) = ppe” TV (83a)

where k is the Fourier variable of = and ¢y, = ¢ (0) is related to the charge density by,

1

2\/k%* +¢2

e = (e +¢&_)/2 s the average dielectric constant at the interface and Ly is the Poisson kernel. Transforming back to real space

47 _ > ,
o = ?Lkpk, Ly Pk = / p(x)eﬂkmdz. (83b)
0

gives the potential at all points in the plane z = 0,

1= ik Am [ / N gl
o(r) = — pre™tdk = — L(z — 2")p(z")da, (84a)
27T — 00 & 0
where L(z) is the Green’s function (inverse transform) of Ly,
L) = = [ e dn = - Ko(lgya)) (84b)
Tom ) F = gn oyl

K is the zeroth order modified Bessel function of the second kind. Note that the Green’s function L(x) diverges logarithmically

L(z) ~ —log(|gyx|/2) as the argument |g,z| — 0.

Fetter approximation

Unfortunately, the Green’s function L(z) does not satisfy a simple differential equation which can relate ¢(x) and p(x)
locally. Due to the fringing fields in the surrounding dielectrics z # 0, we only possess a nonlocal integral relation which
significantly complicates the problem. Problems of this type can always be solved via the Wiener-Hopf method [27]. However,
due to the mathematical complexity of this technique, some of the intuition regarding the fundamental physics is lost. Instead
we implement the Fetter approximation [28] which substitutes the Poisson kernel L, with its paraxial approximation,

_ |qy| 6*\/5‘%1"

L~ —tl ~C 85
k ey x e (85)

Note that the paraxial and exact kernels have the same first two terms in power series around k2 = 0 but the paraxial function has
a much simpler analytic structure as it is meromorphic. Indeed, the approximate Green’s function satisfies a simple differential

equation,

(2q; — 92)L(z) = |qy|d(x), (86)
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and therefore has a local representation. In the Fetter approximation we can break up the equation into two local half-spaces for

z>0and z <0,

5 ) 0 x <0
e(2q, — 03)¢(z) = (87)
srlg,lp(a) = > 0.

The Fetter approximation is very accurate for moderate momentum g, but produces a qualitatively different solution at g, — 0
compared to the full Wiener-Hopf method. The Fetter approximation generates a finite group velocity dw/dq, at ¢, — 0 and
does not capture the true logarithmic divergence Ow/dgq, — oo due to the long-range Coulomb interaction [29]]. However, this
is not particularly important for the topological physics so we continue with the Fetter approach here. Note that the numerical

simulations of the quantum circulator in the main manuscript use the full Coulomb potential to.

Boundary conditions and characteristic equation

For clarity, we label the potential in the two half-spaces as ¢_(z) = ¢(z < 0) and ¢4 (z) = ¢(x > 0). The solution for ¢_ is
obvious. ¢ is more complicated however because we have three independent decay vectors for arbitrary w and g,. Generically,

the ¢4 potentials can be expanded as a linear sum in decay constants 7,

3
6 (w) = goeV2IWIT g (2) = g, (88)
=1

where the coefficients ¢; and edge dispersion w = w,(g,) are to be determined by the boundary conditions. We also require
Rn > 0 to ensure the potential is evanescent and satisfies the boundary condition at infinity ¢4 (00) = 0. Inserting into the

hydrodynamic Navier-Stokes equations [Supplementary Eq. ] we obtain the cubic dispersion relation for ¢ = —n? + qz,

2me2n
(@ +qp) [w? = Q2(q) —vi¢®] —200¢° =0,  Q, =/ %, (89a)

where €2, is the bulk 2D plasma frequency and 2.(¢) = w. — vg¢*. Expanding in powers of ¢ we obtain,

—viq® + Queve — v —vig) g + (W —wp — Q)+ vigy)d’ + 4 (WP —w?) =0, (89b)

wi(gy) = Q(qy) + vig} + Q2(qy) is the bulk plasmon dispersion. The dispersion relations gives 3 possible roots ¢7 and

therefore three decay constants n; = 4/ qZ — ¢2. The induced current for z > 0 is then,

€2n0 3
) = 2 4 2)pie M 90
p(x) 202 ;(qz + ¢ pie M, (90a)
62n0 q»2 + q2
Jo(x) =1 i — Qe : Lpie 7, 90b
(1) = i3 ;(wn i) =g e (90b)
Jyfa) = om0 ZB:( Qo) T g o (90¢)
y\r) = WGy — i) — 5 Qi€ “, c
QmQIQJ P Y 2

where Q. = w. — Vg



19

partial-slip 0 < vp < 00 no-slip vy = 0 no-stress vp =0

—— topological edge states.

w/we

Fetter EMPs
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wevg <0

w/we

0 05 1 15 2 25
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Supplementary Fig. 1: Edge states for partial-slip, no-slip and stress-free boundary conditions in nontrivial and trivial regimes. As we
can see, the topological edge state (blue curve in top panels) is the only stable solution that exists for all possible boundary conditions. All
other edge states are unstable as they can be gapped out by continuously deforming the boundary condition 0 < v, < oo. Fetter EMPs with

vy = 0 are not regularized and gapped in the hydrodynamic continuum theory and therefore do not possess a topological interpretation.

We now implement the boundary conditions on x = 0. We have four unknowns which requires the specification of four

boundary conditions. The continuity of the potential ¢, (0) = ¢_(0) follows immediately and requires,

3
do=>  ¢i O1)
i=1
We also require continuity of the normal derivative 0, ¢4 (0) = 0,¢—(0). We confirm this by integrating the Fetter equation
[Supplementary Eq. (87)] over an infinitesimal width,
ot ot
— 0,0(x) o = / plx)dz = 0. (92)
0

Since p contains no J§-functions, the integral vanishes. This produces a second relation,

3
V2lgylo0 + > michi = 0. 93)
=1

We must also impose boundary conditions on the current density J. Charge conservation demands the vanishing of .J,.(0) = 0
on the boundary x = 0,

3

Z (wni - QciQy)

=1 g

2 2
q; +4q
——5 ¢ =0. 94)

For a viscous hydrodynamic fluid, we require a boundary condition on the tangential current J, which ensures momentum
conservation. In the quantum limit, with outward normal vector # = —# and tangential vector f = ¢}, the boundary condition

requires that the tangential stress ¢, be proportional to the tangential current .J,,. This is a statement of momentum conservation,

lH(aach - iQny)lz:O = Jy'z:Oa (95)
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where [ = v /vy is the Hall slip length and v, > 0 is the boundary scattering velocity. Using the continuity equation, this can

be expressed as,
[wigp + (1+ 2igyly)Jy],_, = 0. (96)

Note that [ is either positive or negative depending on the sign of vf. The two extremes are the no-slip |Iz7| = 0 and stress-free
|lzr] = oo boundary conditions, while the partial-slip |l| # 0 is a mixed boundary condition. Generically, the mixed boundary

condition on J, with |l | # 0 finite can be expressed as,

& a +aq;
> {ilu[2qy (way — Qo) — wai] + way — Qeimi } 2 Y = 0. 97
i=1

K2

Combining this with the previous set of equations generates the edge dispersion w = we(gy). It would appear that the value
of I can affect the dispersion, which it will for spurious unstable solutions. However, if no-slip and stress-free are satisfied

simultaneously, then the edge wave is independent of [z,
Jylo=0 = (0uJs — OyJy)|s=0 = Otpla=0 = 0. 93)

Note that no-slip and stress-free together imply 0;p vanishes. Hence, we get two additional constraints on the current density,

3 @ +aq; 2
> (way — Qeimi) = 7 0i=0, > (@ +a)pi =0, (99)
i=1 i i=1

which must be combined with the BCs on ¢. In Supplementary Fig. [T we solve for the edge states in the no-slip, stress-free and
partial-slip boundary conditions. As we can see, only the topologically protected edge state in the nontrivial regime w.vy > 0
persist for arbitrary values of [y = vy /vp. The spurious solutions in the no-slip and stress-free cases can be gapped out for
any finite values of l;; = vy /v, and are therefore unstable. Notice that the edge magnetoplasmons predicted by Fetter (with

vy = 0) do not possess a topological interpretation and are not stable as they can be gapped out by perturbations.

Ultra-subwavelength topological circulators

We exploit the robust chiral edge plasmons in the nontrivial phase N = 2 to design an ultra-subwavelength topological
circulator. Circulators are passive 3- or 4-port devices that route signals in specific directions and are considered the fundamental
nonreciprocal component since both isolators and gyrators can be constructed from them. Signals that enter a port are transmitted
solely to the next adjacent port in either a clockwise or counterclockwise fashion with no reflection. We consider a 3-port
geometry as pictured in Supplementary Fig.[2] Dipoles are placed near the entry ports and oscillate at a frequency in the band
gap. The signals are transmitted clockwise sequentially from 1 — 2 — 3 — 1 with no back-scattering and navigate sharp

defects with impunity.
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Supplementary Fig. 2: Geometry of a 3-port ultra-subwavelength topological circulator. The port width is d = 274 nm. The pathways
are designed with nontrivial viscous Hall fluid N = 2 and surrounded by dielectric. The signals are generated by dipole sources placed at the
entry ports which oscillate in the band gap w/4m = w./4m = 2.26 THz. Signals are routed from 1 — 2 — 3 — 1 with no back-scattering.
A defect at port 3 is navigated with impunity.
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