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Here we present the detailed derivations of the optical N -invariant and Fresnel equations for a two-

dimensional parity and time-reversal breaking electron fluid. The Fresnel equations represent the scattering

theory from a surface charge density. We also derive the dynamical variables of the bound modes (bulk mag-

netoplasmons) which correspond to poles of the reflection matrix. We conclude with a rigorous analysis of the

boundary edge physics and demonstrate the robustness of the gapless edge plasmons. To avoid confusion, we de-

note three-dimensional (3D) vectors with arrows ~A = (Ax,Ay,Az) and reserve boldface for two-dimensional

(2D) vectors A = (Ax, Ay) which corresponds to strictly in-plane fields.
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Supplementary Note 1: Boundary conditions of a semi-infinite interface with surface charge

We consider a semi-infinite interface in the z direction and unbounded in the x-y plane. In this case, we have a two-

dimensional (2D) material located at z = 0, which amounts to a free surface charge, and arbitrary three-dimensional (3D)

materials in the z > 0 and z < 0 spaces. To include the the 2D material in a 3D theory, we let the surface charges at the interface

be described as,

~J (t, ~r) = δ(z)J(t, r), ρ(t, ~r) = δ(z)ρ(t, r), (1)

where δ(z) is the Dirac delta function localized at z = 0 and J = (Jx, Jy) is a 2D current. This current is conserved in the

r = (x, y) plane and obeys the 2D continuity equation,

∂

∂t
ρ(t, r) +∇∇∇ · J(t, r) = 0. (2)

The differential form of Maxwell’s equations are then expressed in Gaussian units as,

~∇ · ~D(t, ~r) = 4πρ(t, ~r) = 4πδ(z)ρ(t, r), (3a)

~∇× ~H(t, ~r) =
4π

c
~J (t, ~r) +

1

c

∂

∂t
~D(t, ~r) =

4π

c
δ(z)J(t, r) +

1

c

∂

∂t
~D(t, ~r), (3b)

where ~D and ~H are the electric displacement and auxiliary magnetic fields respectively. ~D and ~H capture the field + material

response in the 3D half-spaces z > 0 and z < 0 while the free surface charge J represents the response of the 2D material at

z = 0. The remaining equations relate the electric field ~E to the magnetic field ~B,

~∇ · ~B(t, ~r) = 0, (3c)

~∇× ~E(t, ~r) = −1

c

∂

∂t
~B(t, ~r). (3d)

The boundary conditions are well known and can be derived from the integral forms of Maxwell’s equations [1]. We repeat them

here for completeness. Integrating Supplementary Eq. (3a) over an infinitesimal width along z, the boundary condition on the

displacement field ~D reads,

Dz,+(t, r, 0+)−Dz,−(t, r, 0−) = ∆Dz(t, r) = 4πρ(t, r) , (4a)

where the labels + and − correspond to the fields immediately in the z > 0 and z < 0 spaces respectively. Repeating in a

similar manner for Supplementary Eq. (3b), the boundary condition on the auxiliary field ~H is,

Hi,+(t, r, 0+)−Hi,−(t, r, 0−) = ∆Hi(t, r) =
4π

c
εijJ

j(t, r) , (4b)

where i = x, y labels in-plane indices and εij = −εji is the antisymmetric matrix, which should not be confused with permit-

tivity. The boundary conditions on the electric ~E and ~B magnetic fields are simply,

Ei,+(t, r, 0+) = Ei,−(t, r, 0−) = Ei(t, r, 0) = Ei(t, r) , (4c)

and,

Bz,+(t, r, 0+) = Bz,−(t, r, 0−) = Bz(t, r, 0) = Bz(t, r) , (4d)

which are continuous across the interface and denote the fields that interact with the charge at z = 0.
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2D linear response theory

Generically, the 2D current density can be expressed in terms of polarization and magnetization densities,

Ji(t, r) = ∂tPi(t, r) + cεij∂
jMz(t, r), ρ(t, r) = −∂iP i(t, r). (5)

For simplicity, we assume the material is non-magnetic Mz = 0, such that polarization density P(t, r) only couples to the

in-plane electric field E(t, r) = ~E‖(t, r, 0) at z = 0. In real space, the linear response is,

Pi(t, r) =

ˆ t

−∞
dt′
ˆ
dr′χij(t− t′, r, r′)Ej(t′, r′). (6)

Due to translational symmetry in time, we can always convert to the frequency ω space,

Pi(ω, r) =

ˆ
dr′χij(ω, r, r

′)Ej(ω, r′). (7)

However, the response function χ depends on the boundary conditions in r and is therefore fundamentally different for the bulk

and edge. Here, we only consider an infinite (bulk) medium such that χij(ω, r, r′) = χij(ω, r − r′). In this case, the in-plane

momentum q = (qx, qy) is conserved and we can Fourier transform to the reciprocal space as,

Pi(ω,q) = χij(ω,q)Ej(ω,q), χij(ω, r− r′) =

ˆ
dq

(2π)2
χij(ω,q)eiq·(r−r

′), (8)

where we have implicitly assumed the medium is continuous (translational symmetry). Hence, the boundary condition on the

electric displacement field amounts to,

∆Dz(ω,q) = −i4πqiχij(ω,q)Ej(ω,q) , (9a)

while the boundary conditions on the auxiliary magnetic fields are,

εij∆Hj(ω,q) = i4π
ω

c
χij(ω,q)Ej(ω,q) . (9b)

This gives the complete set of equations needed to specify the electromagnetic field in the bulk medium.

Supplementary Note 2: Navier-Stokes equations of the viscous Hall fluid

We consider a 2D electron fluid [2–5], such as graphene, subject to a time-varying electromagnetic field. The dynamics of a

classical fluid are governed by the famous Navier-Stokes equations which fundamentally describe viscous flow. These equations

determine the spatiotemporal evolution of the velocity field v = (vx, vy) and the number density n to external forces and internal

pressures,

mn [∂tv + (v · ∇∇∇)v + γv] = −∇∇∇p+ f +∇∇∇ · ς. (10)

Here, m is the effective mass of the electron [6] and∇∇∇ = (∂x, ∂y) is the 2D del operator. Combining Supplementary Eq. (10)

with the continuity relation provides the complete set of equations needed to specify v and n with appropriate boundary condi-

tions,

∂n

∂t
+∇∇∇ · (nv) = 0. (11)
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r = (x, y) labels in-plane coordinates. Additionally, these quantities are directly proportional to the 2D charge ρ and current

J = (Jx, Jy) densities via,

ρ = −en, J = −env = ρv, (12)

where e is the elementary charge of the electron. Notice that charge is conserved ∂tρ+∇∇∇ · J = 0 due to the continuity equation

[Supplementary Eq. (11)].

We will walk through each term in Supplementary Eq. (10) sequentially to understand its physical significance. ∂tv is

the acceleration denoting the rate of change of the velocity field. The nonlinear term (v · ∇∇∇)v is known as the convective

acceleration arising from nonuniform fluid flow, but can be neglected at linear order. The damping term γv is proportional to

the phenomenological transport time γ = τ−1, characterising momentum-non-conserving collisions. p is the thermodynamic

pressure, related to fluctuations in the internal energy of the fluid, and f = (fx, fy) is the external Lorentz force,

f = ρE +
1

c
J× (Bẑ) = −en

(
E +B

v

c
× ẑ
)
, (13)

where c is the speed of light. Note that E(t, r) = ~E‖(t, r, 0) represents the parallel electric field strictly at the location of the 2D

electron fluid z = 0. B is a uniform magnetic field that induces cyclotron motion. Finally, we arrive at the last contribution ς̄ ,

the rank-two viscous stress tensor. The divergence of the stress∇∇∇ · ς̄ describes the restoring force generated by deformations in

the fluid.

In two dimensions, the stress tensor can be expressed in terms of the rank-four viscosity tensor ηij,kl and the velocity gradient

(strain-rate) tensor (∂ivj + ∂jvi)/2,

ςij =
1

2
ηij,kl(∂

kvl + ∂lvk). (14)

Repeated spatial indices (i = x, y) implies summation. Viscosity is a measure of a fluid’s resistance to deformation. In a 2D

isotropic fluid, there are three possible contributions to the viscosity tensor,

ηij,kl = ζδijδkl + η(δikδjl + δilδjk − δijδkl)− ηH(δjkεil − δilεkj). (15)

ζ and η are the bulk and shear viscosities [7–9] respectively, which govern dissipation due to compression and shearing. In 2D,

the viscous stress tensor can then be expressed in compact Pauli notation [10],

ς = ζ∇∇∇ · v + (η − iηHτy) [(∂xvx − ∂yvy)τz + (∂xvy + ∂yvx)τx] , (16)

where the Pauli matrices τi act on Cartesian coordinates. From the second law of thermodynamics, ζ ≥ 0 and η ≥ 0 must always

be positive to ensure lossy fluid flow. Generally, ζ and η can also be frequency dependent but in undoped graphene [11], the

bulk viscosity vanishes ζ = 0 and the shear viscosity η is a very small constant. One additional viscous component is permitted

in parity and time-reversal breaking fluids – the so-called Hall viscosity ηH [12–15]. Hall viscosity, also known as odd viscosity

in fluid mechanics [16–19], can be either positive or negative as it is dissipationless. The stress response due to ηH generates a

force perpendicular to an applied strain and therefore does no work. In most cases – in fact the topologically nontrivial cases –

Hall viscosity acts as a repulsion to the applied magnetic field B which leads to very intriguing phenomena.

Magnetohydrodynamic linear response theory

Within the regimes we are interested, the amplitude of the perturbing electric field E is relatively weak. Therefore, the

fluctuations in the number density δn can be linearized around its equilibrium value n(t, r) = n0 + δn(t, r). The equilibrium
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number density n0 (electron concentration) is assumed large compared to the fluctuations |δn|/n0 � 1. This also implies the

velocity field |v|/vF � 1 is comparably small relative to the Fermi velocity vF . Hence, we may neglect the nonlinear convective

acceleration and linearize the pressure component∇∇∇p = (B/n0)∇∇∇n, where B is the bulk modulus [20] and determines the speed

of sound in the 2D electron fluid v2
s = B/(mn0) = v2

F /2. We have assumed linear dispersion characteristic of graphene [21, 22]

to obtain the proportionality of vs to the Fermi velocity vF . Inserting the charge density ρ = −en and linearized current density

J = −en0v into Supplementary Eq. (10), we obtain the linear form of the viscous hydrodynamic model,

∂tJ = −v2
s∇∇∇ρ− (γ − ν∇∇∇2)J− (ωc + νH∇∇∇2)J× ẑ +

e2n0

m
E , (17)

along with the continuity equation ∂tρ+∇∇∇ · J = 0. Here, Dν =
√
ντ =

√
ν/γ and DH =

√
νH/ωc are the diffusion lengths.

Note, the charge couples strictly to the in-plane electric field E(t, r) = ~E‖(t, r, 0) at the location of the surface charge z = 0. In

a semiclassical electron fluid, the kinetic viscosities ν and νH are related [10, 14],

ν =
B2

0

B2 +B2
0

ν0, νH =
BB0

B2 +B2
0

ν0, (18)

where ν0 ≥ 0 is the kinematic shear viscosity at zero bias B = 0, and B0 = cn0/(4πeN0ν0) is an intrinsic magnetic field of

the electron fluid. N0 being the density of states at the Fermi energy. Notice that the product of ωc and νH is positive definite

ωcνH > 0; the Hall viscosity repels the magnetic field for all values of B. The Hall diffusion length DH is therefore a real

mesoscopic scale of the charged viscous Hall fluid. In the dissipationless limit γ → and ν → 0, we obtain the hydrodynamic

model of an ideal quantum Hall fluid.

To derive the linear response theory, we transfer to the reciprocal space and use the continuity equation ωρ = q · J. In terms

of ω and q we have,

− iωJi = −iv
2
s

ω
qiq

jJj − ΓJi − ΩcεijJ
j +

e2n0

m
Ei, (19a)

where Γ(q) = γ + νq2 is the viscous damping rate and Ωc(q) = ωc − νHq2 is the viscous cyclotron frequency. Rearranging we

obtain,

[ω(−iω + Γ)δij + ωΩcεij + iv2
sqiqj ]J

j = ω
e2n0

m
Ei, (19b)

which gives,

Ji =
e2n0

m

[ω[(−iω + Γ)δij − Ωcεij ] + iv2
s(q2δij − qiqj)]Ej

ω[(−iω + Γ)2 + Ω2
c ] + v2

sq
2(ω + iΓ)

. (19c)

Using Pi = iJi/ω,

Pi =
e2n0

m

[−(ω + iΓ)δij + iΩcεij + ω−1v2
s(q2δij − qiqj)]Ej

ω[(ω + iΓ)2 − Ω2
c ]− v2

sq
2(ω + iΓ)

= χijE
j . (19d)

The susceptibility tensor in reciprocal space is then,

χij(ω,q) = χT (ω, q)(δij − q̂iq̂j) + χL(ω, q)q̂iq̂j + ig(ω, q)εij , (20a)

where,

χT = −e
2n0/m

ωω̃

(
1 +

ωΩ2
c

ω(ω̃2 − Ω2
c)− v2

sq
2ω̃

)
, χL = − (e2n0/m)ω̃

ω(ω̃2 − Ω2
c)− v2

sq
2ω̃
, g =

(e2n0/m)Ωc
ω(ω̃2 − Ω2

c)− v2
sq

2ω̃
.

(20b)
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Here, ω̃ = ω + iΓ is the dissipative frequency. In the lossless limit Γ → 0 we obtain the linear response theory of an ideal

quantum Hall fluid,

χT = −e
2n0/m

ω2

(
1 +

Ω2
c

ω2 − Ω2
c − v2

sq
2

)
, χL = − e2n0/m

ω2 − Ω2
c − v2

sq
2
, g =

(e2n0/m)Ωc
ω(ω2 − Ω2

c − v2
sq

2)
. (20c)

We will now prove that the viscous Hall fluid is topologically nontrivial in the quantum limit.

Supplementary Note 3: Optical N -invariant

We utilize the Green’s function (response function) formalism popularized by Volovik [23] and Gurarie [24] to evaluate the

optical N -invariant. This approach is very powerful because it is naturally generalized to dissipative and finite temperature

systems [25]. Since χ is precisely the Green’s function of the polarization density P, it possesses a topological index,

N =
1

24π2

ˆ
d3q F(Ω,q), F = εαβγtr

[
χ
∂χ−1

∂qα
χ
∂χ−1

∂qβ
χ
∂χ−1

∂qγ

]
. (21)

qα = (Ω,q) is the 2+1D momentum and d3q = dΩdq is the total volume element in reciprocal space. Note that we let ω → Ω

be a complex parameter and analytically continue χ into the complex plane. The integral of Ω is performed vertically over all

imaginary (Matsubara) frequencies =(Ω) ∈ (−i∞,+i∞) and within a spectral gap 0 < ~ω < Ebg, where ω = <(Ω). It is not

obvious that this contour is convergent and nondegenerate so we will provide a short proof.

First we need to prove the infinite line integral over Ω is regularized and topologically equivalent to the circle S1 in the

dissipationless limit. Consider the closed left-handed hemispherical contour of radius R in the complex plane. Applying the

residue theorem gives,

− 2πi
∑

Ωi∈ΩΩΩ

res[F(Ωi)] =

˛
dΩF(Ω) =

ˆ ω+iR

ω−iR
dΩF(Ω) +

ˆ
arc

dΩF(Ω), (22)

where ω is the photon energy in the gap 0 < ~ω < Ebg and
´

arc
is the integral over the arc. The arc radius R is large enough to

encircle all poles Ωi ∈ ΩΩΩ in the right complex plane, where ΩΩΩ is the set of poles bounded by the contour. Taking |Ω| → ∞ we

know from the f -sum rule that,

lim
|Ω|→∞

χij(Ω,q)→ − e
2n0

mΩ2
δij , (23)

which is independent of q and detχ 6= 0. We also assume the response function is regularized at q →∞,

lim
q→∞

χ(Ω,q)→ χ(Ω, q), (24)

which will be exploited in the following sections. Since the identity δij > 0 is positive definite for all values of q, the path is

nondegenerate for large enough contours in the complex plane [26]. In the asymptotic limit R → ∞, the temporal component

approaches the identity multiplied by a simple pole lim|Ω|→∞ χ∂Ωχ
−1 ∝ 12/Ω, since detχ 6= 0 is invertible. The arc integral

is then proportional to,

lim
|Ω|→∞

ˆ
arc

dΩF(Ω) ∝ lim
|Ω|→∞

ˆ
arc

dΩ

Ω
εijtr

[
χ∂iχ

−1χ∂jχ
−1
]
→ 0. (25)

The arc integral vanishes because χ is independent of q in the asymptotic limit and therefore lim|Ω|→∞ χ∂iχ
−1 → 0 since

again, detχ 6= 0 is invertible. Hence, the imaginary line integral is convergent,

− 2πi
∑

Ωi∈ΩΩΩ

res[F(Ωi)] =

ˆ ω+i∞

ω−i∞
dΩF(Ω), (26)
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which defines the homotopy of a circle S1 when including the point at |Ω| =∞.

Homotopy equivalence of susceptibility and conductivity

Here we prove that even with dissipation, N is identical under the substitution χ = iσ/Ω,

F = εαβγtr

[
σ
∂σ−1

∂qα
σ
∂σ−1

∂qβ
σ
∂σ−1

∂qγ

]
+ δF , δF = 3Ω−1εijtr

[
σ
∂σ−1

∂qi
σ
∂σ−1

∂qj

]
, (27a)

where we have used the cyclic properties of the trace. Now we use σ∂iσ−1σ = −∂iσ to rewrite δF as,

δF = −3Ω−1εijtr
[
∂iσ∂jσ

−1
]

= −3Ω−1εij∂itr
[
σ∂jσ

−1
]
, (27b)

where we have used the properties of the antisymmetric tensor. We are left with a total divergence in the wave vector q, which

in polar coordinates is,

δN =
−1

8π2

ˆ
dΩ

Ω

ˆ
S

dq εij∂itr
[
σ∂jσ

−1
]

=
−1

8π2

ˆ
dΩ

Ω

˛
∂S

dqiε
ijtr

[
σ∂jσ

−1
]

=
−1

8π2

ˆ
dΩ

Ω
lim
q→∞

˛
dφtr

[
σ∂φσ

−1
]

= 0.

(28)

The response function is continuous in q, even in the presence of dissipation. Assuming limq→∞ σ(Ω,q) → σ(Ω, q) is reg-

ularized in the continuum theory, the surface integral vanishes from the divergence theorem since limq→∞ σ∂φσ
−1 = 0 is

independent of φ. Hence, N can be equivalently defined through the susceptibility χ or conductivity σ tensor. The same

conclusion holds in the lattice case due to periodic boundary conditions.

Topological quantization and effect of dissipation

Now we show the effects of dissipation on N and determine when the invariant is topologically quantized (immune to pertur-

bations). Consider a variation in the response function χ→ χ+ δχ, which results in,

χ∂αχ
−1 → χ∂αχ

−1 + δχ∂αχ
−1 + χ∂α(δχ)−1 = χ∂αχ

−1 − χ∂αχ−1δχχ−1 − ∂αδχχ−1 (29a)

where we have utilized δχ−1 = −χ−1δχχ−1. To first-order in δχ we have,

δF = −3εαβγtr
[
χ∂αχ

−1δχ∂βχ
−1χ∂γχ

−1
]
− 3εαβγtr

[
∂αδχ∂βχ

−1χ∂γχ
−1
]

= −3εαβγtr
[
∂αχ

−1δχ∂βχ
−1χ∂γχ

−1χ
]
− 3εαβγtr

[
χ−1∂αδχ∂βχ

−1χ∂γχ
−1χ

] (29b)

This can be expressed as one derivative by the product rule,

δF = −3εαβγtr
[
∂α(χ−1δχ)∂βχ

−1χ∂γχ
−1χ

]
, (29c)

and then changing the order of the derivative,

δF = −3εαβγ∂αtr
[
χ−1δχ∂βχ

−1χ∂γχ
−1χ

]
+ 3εαβγtr

[
χ−1δχ∂α(∂βχ

−1χ∂γχ
−1χ)

]
. (29d)

Using the antisymmetric properties of the Levi-Civita symbol, the second term can be shown to reduce to zero,

εαβγtr
[
χ−1δχ∂α(∂βχ

−1χ)∂γχ
−1χ

]
+ εαβγtr

[
χ−1δχ∂βχ

−1χ∂α(∂γχ
−1χ)

]
= εαβγtr

[
δχ∂βχ

−1∂αχ∂γχ
−1
]

+ εαβγtr
[
χ−1δχ∂βχ

−1χ∂γχ
−1∂αχ

]
= εαβγtr

[
δχ∂βχ

−1∂αχ∂γχ
−1
]

+ εαβγtr
[
δχ∂βχ

−1χ∂γχ∂αχ
−1
]

= 0.

(29e)
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Hence, the variation in δN due to δF is,

δN = −ε
αβγ

8π2

ˆ
d3q ∂αtr

[
δχ∂βχ

−1χ∂γχ
−1
]
. (30)

In the absence of dissipation Γ→ 0, the susceptibility is a continuous function along the =(Ω) axis. By the divergence theorem,

δN = 0 vanishes as long as the integrand vanishes sufficiently fast on the boundary at infinity. Due to the f -sum rule, the

temporal boundaries vanish which was proven in the previous sections. The remaining boundary term in polar coordinates reads,

δN =
1

8π2

ˆ
dΩdφdq∂qtr[δχ(∂Ωχ

−1χ∂φχ
−1 − ∂φχ−1χ∂Ωχ

−1)]

=
1

8π2

ˆ
dΩdφ lim

q→∞
tr[δχ(∂Ωχ

−1χ∂φχ
−1 − ∂φχ−1χ∂Ωχ

−1)]→ 0

(31)

Since the response function limq→∞ χ(Ω,q) → χ(Ω, q) is regularized in the continuum theory, the surface integral vanishes

because limq→∞ χ∂φχ
−1 → 0 is independent of φ. As a consequence, the 2D momentum space is topologically equivalent to

the sphere R2 ' S2 and the N -invariant is quantized N ∈ Z.

However, when Γ 6= 0, the requirement of causality introduces a discontinuity along the =(Ω) axis due to Γ → sgn[=(Ω)]Γ

[25]. This means contributions from temporal boundaries are permitted,

δN = − εij

8π2

ˆ
d3q ∂Ωtr

[
δχ∂iχ

−1χ∂jχ
−1
]
6= 0, (32)

but the boundary terms over q vanish because the response function is regularized limq→∞ χ(Ω,q) → χ(Ω, q). Hence, N is

not quantized in lossy systems but can still be evaluated through the aforementioned recipe.

Optical N -invariant of the viscous Hall fluid

First note, using properties of the trace and the antisymmetric tensor, we can express F as,

F = 3εijtr
[
χ∂Ωχ

−1χ∂iχ
−1χ∂jχ

−1
]

= −3εijtr
[
χ∂Ωχ

−1∂iχ∂jχ
−1
]

= −3q−1tr
[
χ∂Ωχ

−1(∂qχ∂φχ
−1 − ∂φχ∂qχ−1)

] (33a)

and we have transformed to polar coordinates. In this case we have,

χij = −e
2n0/m

Ω∆

[
(ΩΩ̃− v2

sq
2)ϕ̂iϕ̂j + ΩΩ̃q̂iq̂j − iΩΩcεij

]
, ∆ = Ω̃A− ΩΩ2

c , A = ΩΩ̃− v2
sq

2 (33b)

which has the derivatives,

1

q
∂φχij = −e

2n0/m

Ω∆
v2
sq(ϕ̂iq̂j + q̂iϕ̂j), (33c)

∂qχij =
e2n0/m∆′

Ω∆2

[
(ΩΩ̃− v2

sq
2)ϕ̂iϕ̂j + ΩΩ̃q̂iq̂j − iΩΩcεij

]
− e2n0/m

Ω∆

[
(ΩΩ̃− v2

sq
2)′ϕ̂iϕ̂j + ΩΩ̃′q̂iq̂j − iΩΩ′cεij

]
=
e2n0/m

Ω∆2

[
(∆′A−∆A)ϕ̂iϕ̂j + Ω(∆′Ω̃− Ω̃′∆)q̂iq̂j − iΩ(∆′Ωc −∆Ω′c)εij

]
=
e2n0/m

Ω∆2

{
[Ω̃′A2 + Ω(Ω2

cA
′ − Ω2

c
′
A)]ϕ̂iϕ̂j + [ΩΩ̃A′ + Ω2(Ω2

cΩ̃
′ − Ω2

c
′
Ω̃)]q̂iq̂j

− iΩ[Ωc(Ω̃A)′ − Ω′c(Ω̃A)− ΩΩ′cΩ
2
c ]εij

}
(33d)
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This inverse susceptibility tensor is found via,

χ−1
ij = − m

e2n0

[
ΩΩ̃ϕ̂iϕ̂j + (ΩΩ̃− v2

sq
2)q̂iq̂j + iΩΩcεij

]
(33e)

Which gives the derivatives,

∂Ωχ
−1
ij = − m

e2n0
[(Ω + Ω̃)δij + iΩcεij ],

1

q
∂φχ

−1
ij =

mv2
sq

e2n0
(ϕ̂iq̂j + q̂iϕ̂j), (33f)

∂qχ
−1
ij = − m

e2n0

[
ΩΩ̃′ϕ̂iϕ̂j + (ΩΩ̃− v2

sq
2)′q̂iq̂j + iΩΩ′cεij

]
(33g)

The temporal derivative is,

χik∂Ωχ
−1
kj =

1

Ω∆

{
[∆ + Ω(Ω̃Ω− v2

sq
2)]δij + (Ω + Ω̃)v2

sqiqj + iv2
sΩcq

2q̂iϕ̂j − i(Ω2 + v2
sq

2)Ωcεij

}
(33h)

while the spatial derivatives are,

1

q
(∂qχik∂φχ

−1
kj − ∂φχik∂qχ

−1
kj ) =

v2
sq

Ω∆2

[
(∆′A−A′∆)φ̂iq̂j + Ω(∆′Ω̃− Ω̃′∆)q̂iφ̂j + iΩ(∆′Ωc −∆Ω′c)(φ̂iφ̂j − q̂iq̂j)

]
− v2

sq

Ω∆
[A′φ̂iq̂j + ΩΩ̃′q̂iφ̂j + iΩΩ′c(φ̂iφ̂j − q̂iq̂j)]

=
v2
sq

Ω∆2

[
(∆′A− 2A′∆)φ̂iq̂j + Ω(∆′Ω̃− 2Ω̃′∆)q̂iφ̂j + iΩ(∆′Ωc − 2∆Ω′c)(φ̂iφ̂j − q̂iq̂j)

]
(33i)

The trace is then,

F = − 3v2
sq

Ω2∆3
[−iΩ(Ω + Ω̃)v2

sq
2(∆′Ωc − 2∆Ω′c) + iv2

sq
2Ωc(∆

′A− 2A′∆)

− iΩc(Ω2 + v2
sq

2)(∆′A− 2A′∆− Ω∆′Ω̃ + 2ΩΩ̃′∆)]

= −i 3v2
sq

Ω2∆3
[v2
sq

2Ωc∆
′(A− Ω(Ω + Ω̃)) + 2v2

sq
2∆(Ω′cΩ(Ω + Ω̃)−A′Ωc)

+ Ωc(Ω
2 + v2

sq
2)(∆′v2

sq
2 − 2∆(v2

sq
2)′)]

= −i 6v2
sq

Ω2∆3
[v2
sq

2∆Ω′cΩ(Ω + Ω̃)− Ωc∆Ω(Ω̃′v2
sq

2 + Ω(v2
sq

2)′)]

= −i6v
2
sq

2

Ω∆2
[q(Ω + Ω̃)Ω′c − (2Ω + qΩ̃′)Ωc]

(33j)

which gives,

F = −i6v
2
sq

2

Ω

[q(Ω + Ω̃)Ω′c − (2Ω + qΩ̃′)Ωc]

[Ω(Ω̃2 − Ω2
c)− v2

sq
2Ω̃]2

(34)

Inserting Ω̃ = Ω + iΓ with Γ = γ + νq2 and Ωc = ωc − νHq2, we arrive at,

F = −12i
v4
sq

2

Ω

[Ω(ωc + νHq
2) + i(γνH + ωcν)q2]

[Ω(Ω̃2 − Ω2
c)− v2

sq
2Ω̃]2

, (35)

with the implication that Γ → sgn[=(Ω)]Γ has the same sign as the Matsubara frequency. With dissipation, the integral can be

evaluated numerically for arbitrary imaginary contours, but N is not quantized. It is quantized, however, for quantum systems

Γ = 0. In the dissipationless limit we have,

F = −12i
v4
sq

2

Ω2

ωc + νHq
2

(Ω2 − Ω2
c − v2

sq
2)2

, (36)
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Note that F is singular at Ω = 0 and whenever <(Ω) ≥ min[
√

Ω2
c + v2

sq
2] as these correspond to bulk excitations. Hence, we

must choose a contour within the spectral gap 0 < ω < min[
√

Ω2
c + v2

sq
2], where ω is the photon energy. The dispersion is

parabolic when 2ωcνH < v2
s and has a minimum at q = 0 with value min[

√
Ω2
c + v2

sq
2] = ωc. When 2ωcνH > v2

s however, the

dispersion resembles a Mexican-hat potential and has a minimum at q =
√

(2ωcνH − v2
s)/2ν2

H with value min[
√

Ω2
c + v2

sq
2] =

(vs/2νH)
√

4ωcνH − v2
s . In graphene, the dispersion will generally be parabolic 2ωcνH < v2

s due to the large Fermi velocity. N

is therefore defined within the spectral gap 0 < ω < |ωc| where bulk current propagation is forbidden. We perform the integral

over all imaginary frequencies =(Ω) ∈ (−i∞,+i∞),

−i
2π2

ˆ ω+i∞

ω−i∞

dΩ

Ω2

v4
sq

2(ωc + νHq
2)

(Ω2 − Ω2
c − v2

sq
2)2

= −res

[
v4
sq

2

πΩ2

ωc + νHq
2

(Ω2 − Ω2
c − v2

sq
2)2

]
Ω=
√

Ω2
c+v2sq

2

=
3

4π

v4
sq

2(ωc + νHq
2)

(Ω2
c + v2

sq
2)5/2

, (37)

and all wave vectors to obtain,

N =

ˆ
qdqdφ

3

4π

v4
sq

2(ωc + νHq
2)

(Ω2
c + v2

sq
2)5/2

= sgn(ωc) + sgn(νH) . (38)

|N | = 2 is nontrivial whenever ωcνH > 0 and trivial |N | = 0 when ωcνH < 0.

Supplementary Note 4: Fresnel equations of 2D electron fluids

For simplicity, we assume the surface charge at z = 0 is deposited on a dielectric substrate n2
− = ε− for z < 0 and a dielectric

superstrate n2
+ = ε+ for z > 0. The wave vector in each of the dielectrics is n±ω = ck± = c

√
q2 + k2

z± and in-plane wave

vector q · q = q2. The incident electric and magnetic fields can be expressed in an orthogonal ŝ and p̂ basis as,

~E0(z) = (E0sŝ+ E0pp̂′+)e−ikz+z, ~H0(z) = n+(−E0sp̂′+ + E0pŝ)e−ikz+z. (39a)

The incident wave travels toward the interface at z = 0. The unit polarization vectors are defined as,

ŝ =
1

q


qy

−qx

0

 , p̂+ =
1

k+q


−qxkz+

−qykz+

q2

 , p̂′+ = p̂+(−kz+) =
1

k+q


qxkz+

qykz+

q2

 . (39b)

p̂′ is the unit vector of the reverse propagating−kz wave and has in-plane components p̂′i = q̂iζ = −p̂i. The in-plane components

can be represented as ŝi = εij q̂
j and p̂i = −q̂iζ which are orthogonal ŝip̂i = 0. Moreover, defining the cosine ζ = kz/k, we

have εij ŝj = ζ−1p̂i and εij p̂j = −ζŝi. The reflected field travels upward +z away from the interface,

~Er(z) = [(E0srss + E0prsp)ŝ+ (E0srps + E0prpp)p̂+]eikz+z, (40a)

while the reflected magnetic field is,

~Hr(z) = n+[−(E0srss + E0prsp)p̂+ + (E0srps + E0prpp)ŝ]eikz+z. (40b)

Finally, the transmitted fields are,

~Et(z) = [(E0stss + E0ptsp)ŝ+ (E0stps + E0ptpp)p̂′−]e−ikz−z, (41a)
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with,

~Ht(z) = n−[−(E0stss + E0ptsp)p̂′− + (E0stps + E0ptpp)ŝ]e−ikz−z, (41b)

which propagates away from the interface −z.

First we utilize Supplementary Eq. (4c) to equate tangential electric fields Ei at z = 0 in the ŝi and q̂i directions,

E0s + E0srss + E0prsp = E0stss + E0ptsp, ζ+(E0p − E0srps − E0prpp) = ζ−(E0stps + E0ptpp), (42)

which gives 4 equations relating the reflection and transmission coefficients,

1 + rss = tss, rsp = tsp, ζ+(1− rpp) = ζ−tpp, −ζ+rps = ζ−tps . (43)

Now we use Supplementary Eq. (4b) to relate the in-plane magnetic field to the surface charge. In the ŝi and q̂i basis we have,

εij∆Hj = (−n+ζ+E0s + n+ζ+Ers + n−ζ−Ets)ŝi + (−n+E0p − n+Erp + n−Etp)q̂i

= i4π
ω

c
χijE

j = i4π
ω

c
[χT (E0s + Ers)ŝi + ζ+χ

L(E0p − Erp)q̂i − ig(E0s + Ers)q̂i + igζ+(E0p − Erp)ŝi].
(44)

This gives us two equations for ŝ and q̂,

n+ζ+(E0s−E0srss−E0prsp)−n−ζ−(E0stss +E0ptsp) = −i4πω
c

[χT (E0s +E0srss +E0prsp) + igζ+(E0p−E0srps−E0prpp)]

(45a)

and,

n+(E0p+E0srps+E0prpp)−n−(E0stps+E0ptpp) = −i4πω
c

[ζ+χ
L(E0p−E0srps−E0prpp)−ig(E0s+E0srss+E0prsp)]. (45b)

We can decompose this into 4 equations,

n+ζ+(1− rss)− n−ζ−tss = −i4πω
c

[χT (1 + rss)− iζ+grps] , (46a)

n+ζ+rsp + n−ζ−tsp = i4π
ω

c
[χT rsp + iζ+g(1− rpp)] , (46b)

n+(1 + rpp)− n−tpp = −i4πω
c

[ζ+χ
L(1− rpp)− igrsp] , (46c)

n+rps − n−tps = i4π
ω

c
[ζ+χ

Lrps + ig(1 + rss)] . (46d)

We rearrange and isolate for the reflection coefficients. This can be expressed as a 2× 2 matrix,Ers
Erp

 =

rss rsp

rps rpp


E0s
E0p

 . (47)

The cross polarization rsp and rps terms are known as the magneto-optic Kerr effect (MOKE). Noting that the cosine in each

dielectric ζ± = kz±/k± with kz± =
√
k2
± − q2 and k± = n±ω/c we have,

D2 = (4πω/c)2(χTχL − g2), (48a)
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rss =
(n+ζ+ − n−ζ−)(n+ζ

−1
+ + n−ζ

−1
− ) + i4π(ω/c)[(n+ζ

−1
+ + n−ζ

−1
− )χT − (n+ζ+ − n−ζ−)χL] +D2

(n+ζ+ + n−ζ−)(n+ζ
−1
+ + n−ζ

−1
− )− i4π(ω/c)[(n+ζ

−1
+ + n−ζ

−1
− )χT + (n+ζ+ + n−ζ−)χL]−D2

, (48b)

rps = rsp =
−2n+4π(ω/c)g

(n+ζ+ + n−ζ−)(n+ζ
−1
+ + n−ζ

−1
− )− i4π(ω/c)[(n+ζ

−1
+ + n−ζ

−1
− )χT + (n+ζ+ + n−ζ−)χL]−D2

, (48c)

rpp = −
(n+ζ+ + n−ζ−)(n+ζ

−1
+ − n−ζ−1

− ) + i4π(ω/c)[(n+ζ+ + n−ζ−)χL − (n+ζ
−1
+ − n−ζ−1

− )χT ] +D2

(n+ζ+ + n−ζ−)(n+ζ
−1
+ + n−ζ

−1
− )− i4π(ω/c)[(n+ζ

−1
+ + n−ζ

−1
− )χT + (n+ζ+ + n−ζ−)χL]−D2

, (48d)

The equations simplify significantly when there is reflection symmetry n+ = n− but this is generally not true for the setups

we are interested in. It is also straightforward to show that these reduce to the classical Fresnel equations when we remove the

surface charge density. The MOKE rotation (s-effect) is defined by the ratio of reflected p̂ to ŝ polarization due to an incident ŝ

polarized wave,

tan

(
Θ

2

)
exp(iΦ) =

rps
rss

. (49)

Since Θ ∝ g is directly proportional to the gyrotropy g, any zero in g = 0 will result in a zero in the MOKE Θ = 0.

Supplementary Note 5: Viscous bulk magnetoplasmons

Here we derive the dispersion of the bulk magnetoplasmon (BMP) and understand the influence of Hall viscosity νH on the

bulk physics. These are the self-consistent field solutions of Maxwell’s equations and the Navier-Stokes equations. We focus

strictly on the quantum (dissipationless) limit Γ → 0. Since the electronic oscillations are low frequency and extremely deep

subwavelength (vs/c)
2 � 1, we can utilize the quasistatic approximation ~∇× ~E = ~0, also known as the Galilean approximation,

~E(t, ~r) = −~∇φ(t, ~r). (50)

The electric field ~E is essentially purely longitudinal. The electric potential φ is generated from fluctuations in the charge density

% and is evaluated through the divergence of the electric displacement field ~D(t, ~r) = −ε(z)~∇φ(t, ~r). From this we construct

Poisson’s equation,

− ~∇ · [ε(z)~∇φ(t, ~r)] = 4πδ(z)%(t, r). (51)

ε(z) = ε+Θ(z) + ε−Θ(−z) is the dielectric function in the regions above and below the Hall fluid, which captures the surface

effects. Θ(z) being the Heaviside step function. For simplicity, we assume ε± ≥ 1 are positive scalar constants although

dispersive and nonlocal effects can be included straightforwardly. The δ-function at z = 0 creates a discontinuity in the normal

electric field Ez = −∂zφ. Integrating over the infinitesimal width of the 2D electron fluid yields,

− ε+
∂φ(t, ~r)

∂z

∣∣∣∣
z=0+

+ ε−
∂φ(t, ~r)

∂z

∣∣∣∣
z=0−

= 4π%(t, r). (52)

Although Ez is discontinuous, the potential must be continuous φ(t, r, 0−) = φ(t, r, 0+) through the Hall fluid. Moreover, the

potential satisfies Laplace’s equation ~∇2φ(t, ~r) = 0 in the immediate vicinity of the 2D charge density and therefore decays as

|z| → ∞. This permits a simple representation in the momentum space.
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Bulk dispersion relation

We consider an unbounded Hall fluid. Due to translational symmetry in the x-y plane, the in-plane momentum q = (qx, qy)

is conserved. Hence, the potential φ can be expressed in the frequency-momentum space as,

φ(t, ~r) = φqe
iq·re−iωte−q|z|, (53)

where q =
√
q · q is the magnitude of the momentum. In the bulk momentum space, the potential φq and fluctuating charge

density %q are related by,

εqφq = 2π%q, (54)

where ε = (ε+ + ε−)/2 is the average dielectric constant at the interface. Conversely, the presence of the potential generates

current due to the force gradient Piq = −iχijqjφq. The induced current density must simultaneously satisfy the continuity

equation %q = −iq ·Pq, which imposes a self-consistency constraint. From this we obtain the characteristic equation,

ε+ 2πqχL(ω, q) = 0 . (55)

Supplementary Equation (55) is only satisfied for certain vales of ω and q which establishes the dispersion relation ω = ωb(q)

of the BMP. In the quantum limit Γ→ 0, the frequency of oscillations are purely real =(ω) = 0. We obtain the BMP dispersion,

ω2
b (q) = Ω2

p(q) + Ω2
c(q) + v2

sq
2 , (56)

where,

Ωp(q) =

√
2πe2n0q

mε
, Ωc(q) = ωc − νHq2. (57)

Ωp(q) is the effective plasma frequency and is momentum dependent in 2D. Ωc(q) is the effective cyclotron frequency which

is momentum dependent due to Hall viscosity νH . As expected, the biasing magnetic field B 6= 0 creates a low frequency

band gap at q = 0, precisely at the cyclotron frequency ωb(0) = |ωc|. We also recover the square root dispersion ωb(q) ∝
√
q

for low momenta q ≈ 0 which is characteristic of surface plasmons. However, for ultra high momenta q → ∞, the BMP

dispersion is parabolic ωb(q) ∝ q2 since viscosity dominates in the deep wavelength. This has multiple important consequences.

Topologically, it regularizes the continuum theory at q →∞ by introducing a mesoscopic length scale DH =
√
νH/ωc.

Dynamical variables of the viscous Hall fluid: energy and angular momentum

In this section, we derive the necessary quantities to understand the energy and angular momentum of the BMP in the qua-

sistatic regime. The momentum density ~S is derived from the Poynting vector as,

~S(t, ~r) =
c

4π
~E(t, ~r)× ~H(t, ~r). (58)

The divergence of ~S gives Poynting’s theorem in the quasistatic limit,

~∇ · ~S(t, ~r) + u̇(t, ~r) = −~E(t, ~r) · ~J (t, ~r), u̇(t, ~r) =
1

4π
~E(t, ~r) · ∂

∂t
~D(t, ~r). (59)
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As we can see, only the electric field contributes to the energy density u as the magnetic field contributions are negligible. Note

that,

U̇(t) =

ˆ
d~r u̇(t, ~r) =

1

4π

ˆ
d~r ~E(t, ~r) · ∂

∂t
~D(t, ~r) =

ˆ
dr φ(t, r)

∂

∂t
%(t, r) (60)

where we have integrated by parts and used ~∇ · ~D(t, ~r) = 4πδ(z)%(t, r). We follow the conventional procedure for deriving u

with dispersion. The 2D charge density is related to φ through the susceptibility tensor,

%(t, r) =

ˆ t

−∞
dt′
ˆ
dr′∇iχij(t− t′, r, r′)∇j

′
φ(t′, r′) =

ˆ t

−∞
dt′
ˆ
dr′X(t− t′, r, r′)φ(t′, r′)

=

ˆ ∞
0

dt′
ˆ
dr′X(t′, r, r′)φ(t− t′, r′),

(61)

where we have integrated by parts,

X(t, r, r′) = −∇i∇j ′χij(t, r, r′). (62)

Now consider an arbitrary eigenmode of the system φn(t, ~r) = [φn(~r)e−iωnt+φ∗n(~r)eiωnt]/
√

2. The scalar product with another

arbitrary mode n′ is Un′n =
´∞

0
dtU̇n′n(t),

Un′n =
1

2

¨
drdr′

ˆ ∞
0

dt

ˆ ∞
0

dt′[φn′(r)e−iωn′ t + φ∗n′(r)eiωn′ t]X(t′, r, r′)∂t[φn(r′)e−iωn(t−t′) + φ∗n(r′)eiωn(t−t′)]

=
−i
2

¨
drdr′

ˆ ∞
0

dt[φn′(r)e−iωn′ t + φ∗n′(r)eiωn′ t][ωnX(ωn, r, r
′)φn(r′)e−iωnt − ωnX(−ωn, r, r′)φ∗n(r′)eiωnt]

=
1

2

¨
drdr′

[
φ∗n′(r)

ωnX(ωn, r, r
′)

ωn′ − ωn
φn(r′) + φn′(r)

ωnX
∗(ωn, r, r

′)

ωn′ − ωn
φ∗n(r′)

]
=

1

2

¨
drdr′

[
φ∗n′(r)

ωnX(ωn, r, r
′)

ωn′ − ωn
φn(r′) + φ∗n(r)

ωnX(ωn, r, r
′)

ωn′ − ωn
φn′(r

′)

]
.

(63a)

But U∗n′n = Un′n = Unn′ is real so,

φ∗n(r)
ωnX(ωn, r, r

′)

ωn′ − ωn
φn′(r

′) = φ∗n′(r)
ωn′X(ωn′ , r, r

′)

ωn − ωn′
φn(r′), (63b)

and therefore,

Un′n = −1

2

¨
drdr′φ∗n′(r)

ωnX(ωn, r, r
′)− ωn′X(ωn′ , r, r

′)

ωn − ωn′
φn(r′). (63c)

Taking the limit of n′ → n

Unn = −1

2

¨
drdr′φ∗n(r)

∂

∂ω
[ωX(ω, r, r′)]ω=ωn

φn(r′). (64)

Assuming translational symmetry in the x-y plane X(ω, r, r′) = X(ω, r− r′), we can convert to the momentum space,

Unn = −1

2

ˆ
dq

(2π)2

∂

∂ω
[ωX(ω,q)]ω=ωn

|φnq|2. (65)

Finally, assuming rotational symmetry in the x-y plane X(ω,q) = −qiqjχij(ω,q) = −χL(ω, q)q2 we obtain,

U =

ˆ
dq

(2π)2
uq, uq =

1

2

∂

∂ω

[
ωχL(ω, q)

]
q2|φq|2 , (66)
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for an arbitrary mode. Evaluating specifically for the BMP ω = ωb(q) we obtain,

uq =
m2ε2

32π3e4n2
0

[
2ω2

b (q)− Ω2
p(q)

]
|φq|2 . (67)

Now we conduct the same procedure for the angular momentum. Due to rotational symmetry in the x-y plane, the relevant

quantity is the angular momentum along ẑ. The torque density along ẑ is expressed as,

τ(t, ~r) =
1

4π
εijE i(t, ~r)Dj(t, ~r), (68)

which gives rate of change of the angular momentum M ,

Ṁ(t) =

ˆ
d~r τ(t, ~r) =

εij
4π

ˆ
d~r E i(t, ~r)Dj(t, ~r) =

ˆ
dr φ(t, r)εij∇iP j(t, r) (69)

We have integrated by parts and used ~D(t, ~r) = ~E(t, ~r) + 4πδ(z)P(t, r). The form of this equation is very similar to the energy

density and is evaluated in the same way. We note that,

εij∇iP j(t, r) = −εij
ˆ t

−∞
dt′
ˆ
dr′∇iχjk(t− t′, r, r′)∇k′φ(t′, r′) =

ˆ t

−∞
dt′
ˆ
dr′G(t− t′, r, r′)φ(t′, r′)

=

ˆ ∞
0

dt′
ˆ
dr′G(t′, r, r′)φ(t− t′, r′),

(70)

where we have integrated by parts,

G(t, r, r′) = εij∇i∇k
′
χjk(t, r, r′). (71)

Note that G is a pseudo-scalar and is odd under r↔ r′. Now we analyze the overlap of two distinct modes. The scalar product

is Mn′n =
´∞

0
Ṁn′n(t),

Mn′n =
i

2

¨
drdr′

[
φ∗n′(r)

G(ωn, r, r
′)

ωn′ − ωn
φn(r′)− φn′(r′)

G(−ωn, r, r′)
ωn′ − ωn

φ∗n(r′)

]
=
i

2

¨
drdr′

[
φ∗n′(r)

G(ωn, r, r
′)

ωn′ − ωn
φn(r′) + φ∗n(r)

G(ωn, r, r
′)

ωn′ − ωn
φn′(r

′)

] (72a)

Again, M∗n′n = Mn′n = Mnn′ is real so,

φ∗n(r)
G(ωn, r, r

′)

ωn′ − ωn
φn′(r

′) = φ∗n′(r)
G(ωn′ , r, r

′)

ωn − ωn′
φn(r′) (72b)

and therefore,

Mn′n = − i
2

¨
drdr′φ∗n′(r)

G(ωn, r, r
′)−G(ωn′ , r, r

′)

ωn − ωn′
φn(r′) (72c)

Taking the limit of n′ → n

Mnn = − i
2

¨
drdr′φ∗n(r)

∂

∂ω
[G(ω, r, r′)]ω=ωn

φn(r′). (73)

Assuming translational symmetry in the x-y plane G(ω, r, r′) = G(ω, r− r′), we can convert to the momentum space,

Mnn = − i
2

ˆ
dq

(2π)2

∂

∂ω
[G(ω,q)]ω=ωn

|φnq|2. (74)
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Finally, with rotational symmetry in the x-y plane, G(ω,q) = qiqkεijχjk = −ig(ω, k)q2 we obtain,

M =

ˆ
dq

(2π)2
mq, mq = −1

2

∂g(ω, q)

∂ω
q2|φq|2 , (75)

for an arbitrary mode. Evaluating specifically for the BMP ω = ωb(q) we obtain,

mq =
m2ε2

32π3e4n2
0

Ωc(q)

ω2
b (q)

[
2ω2

b (q) + Ω2
p(q)

]
|φq|2 . (76)

Note that the angular momentum jz per unit energy ω is defined as,

mq

uq
= − ∂g

∂ω

/
∂(ωχL)

∂ω
=
jz
ω

(77)

which can be evaluated for any particular mode For the viscous BMP specifically ω = ωb we have,

mq

uq
= −

[
∂g

∂ω

/
∂(ωχL)

∂ω

]
ω=ωb

=
Ωc
ω2
b

(
2ω2

b + Ω2
p

2ω2
b − Ω2

p

)
, (78)

which gives an angular momentum jz of,

jz =
Ωc
ωb

(
2ω2

b + Ω2
p

2ω2
b − Ω2

p

)
. (79)

Note that due to rotational symmetry, the high-symmetry points q = 0 and q =∞ must be integers jz = ±1, 0 since the system

is properly regularized. For the viscous BMP we have jz(0) = sgn[Ωc(0)] = sgn(ωc) and jz(∞) = sgn[Ωc(∞)] = −sgn(νH).

The difference is precisely the N -invariant ∆jz = jz(0)− jz(∞) = sgn(ωc) + sgn(νH) = N .

Supplementary Note 6: Topological edge magnetoplasmons

Here we derive the topological edge states of the dissipationless semi-infinite viscous Hall fluid – these are topological edge

magnetoplasmons (EMPs). To accurately model the edge physics we need to impose appropriate boundary conditions on the

fields. The electric potential φ and its normal derivative n̂·∇∇∇φ are continuous across the boundary. However, due to nonlocality in

a hydrodynamic electron fluid, we require additional boundary conditions (ABCs) on the current density J. Charge conservation

necessitates a vanishing normal current,

n̂ · J|∂V = 0, (80a)

where n̂ is the outward normal unit vector and ∂V denotes the boundary of some volume V . A viscous hydrodynamic fluid also

requires a BC on the tangential current which is related to momentum conservation. The tangential current is proportional to the

shear stress (off-diagonal stress) on ∂V [10], [
−e t̂ · ς · n̂+mvbt̂ · J

]
∂V

= 0 . (80b)

t̂ = n̂ × ẑ is the unit tangential vector, ς is the viscous stress tensor and vb is the boundary scattering velocity that dictates the

slip flow.

In the case of a half-space, Poisson’s equation is modified to,

− ~∇ · [ε(z)~∇φ(t, ~r)] = 4πδ(z)Θ(x)ρ(t, r). (81)
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ε(z) = ε+Θ(z) + ε−Θ(−z) is the dielectric function in the regions above and below the Hall fluid, which captures the surface

effects. Θ(z) being the Heaviside step function. The δ-function at z = 0 creates a discontinuity in the normal electric field

Ez = −∂zφ. Integrating over the infinitesimal width of the 2D electron fluid yields,

− ε+
∂φ(t, ~r)

∂z

∣∣∣∣
z=0+

+ ε−
∂φ(t, ~r)

∂z

∣∣∣∣
z=0−

= 4πΘ(x)ρ(t, r). (82)

Although Ez is discontinuous, the potential must be continuous φ(t, r, 0−) = φ(t, r, 0+) through the Hall fluid. Moreover, the

potential satisfies Laplace’s equation ~∇2φ(t, ~r) = 0 in the immediate vicinity of the 2D charge density z 6= 0 and therefore

decays as |z| → ∞. This permits a simple representation in the momentum space. Due to translational symmetry along y, the

transverse momentum qy and frequency ω are still good quantum numbers. We Fourier transform over x to obtain,

φk(z) = φke
−|z|
√
k2+q2y , (83a)

where k is the Fourier variable of x and φk = φk(0) is related to the charge density by,

φk =
4π

ε
L̄kρk, L̄k =

1

2
√
k2 + q2

y

, ρk =

ˆ ∞
0

ρ(x)e−ikxdx. (83b)

ε = (ε+ + ε−)/2 is the average dielectric constant at the interface and L̄k is the Poisson kernel. Transforming back to real space

gives the potential at all points in the plane z = 0,

φ(x) =
1

2π

ˆ ∞
−∞

φke
ikxdk =

4π

ε

ˆ ∞
0

L(x− x′)ρ(x′)dx′, (84a)

where L(x) is the Green’s function (inverse transform) of L̄k,

L(x) =
1

2π

ˆ ∞
−∞

L̄ke
ikxdk =

1

2π
K0(|qyx|). (84b)

K0 is the zeroth order modified Bessel function of the second kind. Note that the Green’s function L(x) diverges logarithmically

L(x) ∼ − log(|qyx|/2) as the argument |qyx| → 0.

Fetter approximation

Unfortunately, the Green’s function L(x) does not satisfy a simple differential equation which can relate φ(x) and ρ(x)

locally. Due to the fringing fields in the surrounding dielectrics z 6= 0, we only possess a nonlocal integral relation which

significantly complicates the problem. Problems of this type can always be solved via the Wiener-Hopf method [27]. However,

due to the mathematical complexity of this technique, some of the intuition regarding the fundamental physics is lost. Instead

we implement the Fetter approximation [28] which substitutes the Poisson kernel L̄k with its paraxial approximation,

L̄k ≈
|qy|

k2 + 2q2
y

, L(x) ≈ e−
√

2|qyx|

2
√

2
. (85)

Note that the paraxial and exact kernels have the same first two terms in power series around k2 = 0 but the paraxial function has

a much simpler analytic structure as it is meromorphic. Indeed, the approximate Green’s function satisfies a simple differential

equation,

(2q2
y − ∂2

x)L(x) = |qy|δ(x), (86)
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and therefore has a local representation. In the Fetter approximation we can break up the equation into two local half-spaces for

x ≥ 0 and x < 0,

ε(2q2
y − ∂2

x)φ(x) =

0 x < 0

4π|qy|ρ(x) x ≥ 0.
(87)

The Fetter approximation is very accurate for moderate momentum qy but produces a qualitatively different solution at qy → 0

compared to the full Wiener-Hopf method. The Fetter approximation generates a finite group velocity ∂ω/∂qy at qy → 0 and

does not capture the true logarithmic divergence ∂ω/∂qy → ∞ due to the long-range Coulomb interaction [29]. However, this

is not particularly important for the topological physics so we continue with the Fetter approach here. Note that the numerical

simulations of the quantum circulator in the main manuscript use the full Coulomb potential to.

Boundary conditions and characteristic equation

For clarity, we label the potential in the two half-spaces as φ−(x) = φ(x < 0) and φ+(x) = φ(x ≥ 0). The solution for φ− is

obvious. φ+ is more complicated however because we have three independent decay vectors for arbitrary ω and qy . Generically,

the φ± potentials can be expanded as a linear sum in decay constants η,

φ−(x) = φ0e
√

2|qy|x, φ+(x) =

3∑
i=1

φie
−ηix, (88)

where the coefficients φi and edge dispersion ω = ωe(qy) are to be determined by the boundary conditions. We also require

<η > 0 to ensure the potential is evanescent and satisfies the boundary condition at infinity φ+(∞) = 0. Inserting into the

hydrodynamic Navier-Stokes equations [Supplementary Eq. (17)] we obtain the cubic dispersion relation for q2 = −η2 + q2
y ,

(q2 + q2
y)
[
ω2 − Ω2

c(q)− v2
sq

2
]
− 2Ω2

pq
2 = 0, Ωp =

√
2πe2n0|qy|

mε
, (89a)

where Ωp is the bulk 2D plasma frequency and Ωc(q) = ωc − νHq2. Expanding in powers of q2 we obtain,

−ν2
Hq

6 + (2ωcνH − v2
s − ν2

Hq
2
y)q4 + (ω2 − ω2

b − Ω2
p + ν2

Hq
4
y)q2 + q2

y(ω2 − ω2
c ) = 0 . (89b)

ω2
b (qy) = Ω2

p(qy) + v2
sq

2
y + Ω2

c(qy) is the bulk plasmon dispersion. The dispersion relations gives 3 possible roots q2
i and

therefore three decay constants ηi =
√
q2
y − q2

i . The induced current for x ≥ 0 is then,

δρ(x) =
e2n0

2mΩ2
p

3∑
i=1

(q2
i + q2

y)φie
−ηix, (90a)

Jx(x) = i
e2n0

2mΩ2
p

3∑
i=1

(ωηi − Ωciqy)
q2
i + q2

y

q2
i

φie
−ηix, (90b)

Jy(x) =
e2n0

2mΩ2
p

3∑
i=1

(ωqy − Ωciηi)
q2
i + q2

y

q2
i

φie
−ηix, (90c)

where Ωci = ωc − νHq2
i .
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Supplementary Fig. 1: Edge states for partial-slip, no-slip and stress-free boundary conditions in nontrivial and trivial regimes. As we

can see, the topological edge state (blue curve in top panels) is the only stable solution that exists for all possible boundary conditions. All

other edge states are unstable as they can be gapped out by continuously deforming the boundary condition 0 < vb < ∞. Fetter EMPs with

νH = 0 are not regularized and gapped in the hydrodynamic continuum theory and therefore do not possess a topological interpretation.

We now implement the boundary conditions on x = 0. We have four unknowns which requires the specification of four

boundary conditions. The continuity of the potential φ+(0) = φ−(0) follows immediately and requires,

φ0 =

3∑
i=1

φi. (91)

We also require continuity of the normal derivative ∂xφ+(0) = ∂xφ−(0). We confirm this by integrating the Fetter equation

[Supplementary Eq. (87)] over an infinitesimal width,

− ∂xφ(x)
∣∣∣0+

0−
=

ˆ 0+

0

ρ(x)dx = 0. (92)

Since ρ contains no δ-functions, the integral vanishes. This produces a second relation,

√
2|qy|φ0 +

3∑
i=1

ηiφi = 0. (93)

We must also impose boundary conditions on the current density J. Charge conservation demands the vanishing of Jx(0) = 0

on the boundary x = 0,

3∑
i=1

(ωηi − Ωciqy)
q2
i + q2

y

q2
i

φi = 0. (94)

For a viscous hydrodynamic fluid, we require a boundary condition on the tangential current Jy which ensures momentum

conservation. In the quantum limit, with outward normal vector n̂ = −x̂ and tangential vector t̂ = ŷ, the boundary condition

requires that the tangential stress ςxy be proportional to the tangential current Jy . This is a statement of momentum conservation,

lH(∂xJx − iqyJy)|x=0 = Jy|x=0, (95)
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where lH = νH/vb is the Hall slip length and vb ≥ 0 is the boundary scattering velocity. Using the continuity equation, this can

be expressed as,

[ωlHρ+ (1 + 2iqylH)Jy]x=0 = 0. (96)

Note that lH is either positive or negative depending on the sign of νH . The two extremes are the no-slip |lH | = 0 and stress-free

|lH | =∞ boundary conditions, while the partial-slip |lH | 6= 0 is a mixed boundary condition. Generically, the mixed boundary

condition on Jy with |lH | 6= 0 finite can be expressed as,

3∑
i=1

{
ilH [2qy(ωqy − Ωciηi)− ωq2

i ] + ωqy − Ωciηi
} q2

i + q2
y

q2
i

φi = 0. (97)

Combining this with the previous set of equations generates the edge dispersion ω = ωe(qy). It would appear that the value

of lH can affect the dispersion, which it will for spurious unstable solutions. However, if no-slip and stress-free are satisfied

simultaneously, then the edge wave is independent of lH ,

Jy|x=0 = (∂xJx − ∂yJy)|x=0 = ∂tρ|x=0 = 0. (98)

Note that no-slip and stress-free together imply ∂tρ vanishes. Hence, we get two additional constraints on the current density,

3∑
i=1

(ωqy − Ωciηi)
q2
i + q2

y

q2
i

φi = 0,

3∑
i=1

(q2
i + q2

y)φi = 0, (99)

which must be combined with the BCs on φ. In Supplementary Fig. 1 we solve for the edge states in the no-slip, stress-free and

partial-slip boundary conditions. As we can see, only the topologically protected edge state in the nontrivial regime ωcνH > 0

persist for arbitrary values of lH = νH/vb. The spurious solutions in the no-slip and stress-free cases can be gapped out for

any finite values of lH = νH/vb and are therefore unstable. Notice that the edge magnetoplasmons predicted by Fetter (with

νH = 0) do not possess a topological interpretation and are not stable as they can be gapped out by perturbations.

Ultra-subwavelength topological circulators

We exploit the robust chiral edge plasmons in the nontrivial phase N = 2 to design an ultra-subwavelength topological

circulator. Circulators are passive 3- or 4-port devices that route signals in specific directions and are considered the fundamental

nonreciprocal component since both isolators and gyrators can be constructed from them. Signals that enter a port are transmitted

solely to the next adjacent port in either a clockwise or counterclockwise fashion with no reflection. We consider a 3-port

geometry as pictured in Supplementary Fig. 2. Dipoles are placed near the entry ports and oscillate at a frequency in the band

gap. The signals are transmitted clockwise sequentially from 1 → 2 → 3 → 1 with no back-scattering and navigate sharp

defects with impunity.
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