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Supplementary Note 1: Preliminaries

Let H denote a d-dimensional Hilbert space and # the space of linear operators on H. The /; norm

of any operator A € H, |A|, := Tr(V/AAT), defines an [, distance between two such operators A and B,
l1(A, B) = |A — B|;. Consider an isometry,

J:He—s Hy@He JT=1, (1)

that maps an input Hilbert space H,, (of dimension d,) to a subspace of a pair of output spaces H; @ H.. In
the main text, we have used a more concise notation a, and b ® c to refer to H, and H;, ® H., respectively.
For completeness, we repeat some material from the main text. The isometry J generates a noisy quantum
channel pair (B, C) with superoperators,

B(A) = Tr.(JAJY), and C(A) = Try(JAJT), 2)

that take any element A of #, to H; and H., respectively. Both channels in this (B,C) pair represent a
completely positive trace preserving map, and each channel may be referred to as the complement of the
other channel. The dimensions d; and d., of outputs H; and H., respectively are the ranks of 5(I,) and
C(I,), respectively. These are the smallest possible output dimensions required to define (B,C) (in the
notation of Def. 4.4.4 in [1], dj, is the Choi-rank of C and d.. is the Choi-rank of B). These definitions make the
channel pair setting symmetric with respect to replacement of one channel in the pair with its complement.
In the main text, we sometimes write B : a — b, to represent that the quantum channel 3 takes operators on
"H,, to operators on H,.
Let p be a density operator with eigenvalues {\;} then,

S(p) = —Tr(plogp) = —>_ Ailog \;, 3)

denotes the von-Neumann entropy of p. For any input density operator p, in H,, p, and p. denote the
outputs B(p,) and C(p,), respectively. The entropy bias or the coherent information of B at p, is

A(B7 pa) = S(pb) - S(pc)' 4)

The channel coherent information,

QU (B) = max A(B, pa). (5)
If there is a channel D such that C = D o B, then B is said to be degradable and Q(B) = Q) (B), C is said to
be antidegradable and Q) (C) = Q(C) = 0 [2].

In what follow, we use the notation [¢] for the dyad |¢)(¢|. First, in Supplementary Note (SN) 2,
we discuss the relationship between log-singularities and continuity bounds. Next, in SN-3, we discuss
properties of channel outputs at rank 1 and full rank inputs. In SN-4, we discuss some technical details
about applications of Theorem 1 in the main text, where SN-4.3 uses some results from SN-3. Finally, SN-4
has mathematical details about the isometry, J;, and the channel coherent information, Q(l)(Bl), of the
low-noise channel, Bj, all introduced in the main text.
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Supplementary Note 2: Continuity and log-singularity

An elog-singularity in the von-Neumann entropy can dominate continuity bounds on this entropy. A
simple continuity bound on the von-Neumann entropy comes from the Fannes—Audenaert inequality [3,4].
If the I; distance between two d-dimensional density operators p and o is 2¢, that is, |p — o|; = 2¢, then

1S(p) — S(o)| < elog(d — 1) + h(e), (6)

where h(e) := —[elog, e+ (1 —€) logy (1 — €)] is the binary entropy function. Suppose p(e) = (1 —¢€)[0] +€[1] is
a qubit density operator where 0 < € < 1, and o = p(0). Then p(¢) and o have I, distance 2¢ and satisfy (6).
Notice, in the present case, the von-Neumann entropy of p(¢) has an € log-singularity and the right side of
the inequality (6) is simply h(€). The binary entropy function h(e) has an € log-singularity in the sense that
for small ¢, dh(e)/de ~ O(log(e)); that is, the gradient of the upper bound (6) is logarithmic in € and tends
to infinity as e tends to zero. In this sense, for small ¢, the continuity upper bound is essentially dominated
by a logarithmic singularity.

A continuity upper bound on the coherent information comes from the Alick-Fannes-Winter (AFW)
inequality [5,6]. We find that log-singularities can also dominate the behavior of this bound. A bipartite
density operator p, on He, = He @ Hp has coherent information I,>p(pap) = S(pp) — S(pap).- The
AFW inequality shows that if the /; distance between two density operators p,, and o4 is at most 2e,
|0ab — dab|1 < 2¢, then coherent information of p,;, and o, satisfy an inequality,

€
[ Ta>6(Pab) — La>b(0an)| < 2elogd, + (1 + E)h(m) ()

Consider a density operator,

pab(€) = (1 = €)[00] + €[¢], ®)
where |¢) g = %(|01> + [10)), |ij) denotes |i), ® |7)p € Ha @ Hp, and let o4 = pap(0). Then pgp(e) and
o4 have [; distance 2¢ and satisfy the AFW inequality (7). The von-Neumann entropy of p,;(€) has an
elog-singularity and for small ¢, changes in S(pas(€)) are logarithmic in e. The upper bound in (7) also

experiences similar logarithmic changes, that is, for small € the gradient of the upper bound is O(log ¢) and
this gradient tends to infinity as e tends to zero.

Supplementary Note 3: Spectrum of channel outputs

3.1 Rank one inputs

Suppose an input p, to a channel pair (8, C) (2) is a normalized pure state [1/],, then the channel outputs,
py and p., have the same spectrum, rank, and entropy. This elementary result is used at various places in
the main text and this supplementary information write-up. To prove this result, we use the fact that two
density operators with the same spectrum have equal rank and entropy and show that p; and p. have the
same spectrum when p, = [¢],. To obtain this spectrum consider the action of J on the normalized ket

V) as
J|w>a = ‘w>bc = Z%’lﬁi)b 02y |7i>cv )

where ¢; > 0 are Schmidt coefficients with >, ¢? = 1, and {|8;),} and {|v;).} are orthonormal kets in #,
and ., respectively. Using the Schmidt decomposition (9) and eq. (2) we obtain,

py = Tre([V]pe) = qu [Bilo, and  pe = Try([¢]oe) = qu [Yile, (10)

the spectral decompositions of p, and p., respectively. These decompositions indicate that both channel
outputs p, and p. have the same spectrum with eigenvalues {¢?}, thus proving our elementary result.



3.2 Full rank inputs

If a channel input p, has rank d,, then the channel outputs, p, and p., have ranks dj, and d., respectively.
To prove this statement, consider the spectral decomposition,

da
Pa = Zpi[ai]m (11)
i=1

of a rank d,, density operator p,, i.e., {p;} are d, strictly positive eigenvalues that sum to unity and {|a;),} is
an orthonormal basis of #,. Using this decomposition, p, can be written as a convex combination of density
operators B([a;],),

da
Po = Zpil?([ai}a)- (12)

For any ket |¢), € Hy, )
Tr(pollo) = > piTr(Bllasla) []s), (13)

is a convex sum of non-negative numbers Tr(B([c]4)[¢]s). This convex sum is strictly positive if each p; is
1/d, i.e., pgin (11)is I, /d, and py, in (12) is B(I,)/d,, a rank d;, operator (see discussion below eq. (2)). This
strict positivity of Tr(py[¢],) at p; = 1/d,, implies for arbitrary |¢),,

Tr(B([evila)[8]) > 0, (14)

for some |a;),. Notice Tr(py[¢]) in (13) is the sum of non-negative numbers. The equation above implies
that at least one of these numbers is strictly positive. Consequently, (13) is strictly positive for arbitrary |¢);.
This strict positivity implies p;, is positive definite, i.e., p, has rank dj. A straightforward modification of the
above reasoning shows that p. has rank d. when p, is rank d,.

4 Supplementary Note 4: Theorem applications

Proofs for various applications of Theorem 1 from the main text, restated below for convenience, are
given in this supplementary note.

Theorem 1. Assumed,. < dj and B maps some pure state [¢/], to an output B([¢],) of rank d,., then Q™) (B) > 0.

4.1 Channel with equal output and environment dimension

In the main text we argued how Theorem 1 applies to channels B with d. > d,. Here we give an explicit
example where Theorem 1 applies when d. = dy = 3. Consider an isometry K : H, — H; ® H. given by

K[0) = /T = p|00) + y/pl11), (15)
K1) = [21),
Kl2) = [12),

where 0 < p <1, {|0),|1),]2)} is the standard orthonormal basis. Atp = 0 each channel in the (5,C) pair
defined by J is antidegradable and has zero quantum capacity. For all other values of p, Theorem 1 shows
that both channels in the pair (B, C) have positive Q). We apply this theorem to sub-channels of B and C.

First, consider B’, a sub-channel of B obtained by restricting the input of B to a subspace spanned by
{]0),]1)}. This sub-channel B’ satisfies the conditions of Theorem 1. At p = 1, B’ has a two-dimensional
output which is larger than its one dimensional environment, and B’ maps a pure state input [1] to a one-
dimensional output. For 0 < p < 1, B’ has an output dimension 3 which is larger than its environment
dimension 2, and B’ maps [0] to an output of rank 2.

Next, consider C, a sub-channel of C obtained by restricting the input of C to a subspace spanned by
{]0}, |2) }. This sub-channel C’ also satisfies the conditions of Theorem 1. Atp = 1, C' has a two-dimensional
output which is larger than its one dimensional environment, and C’ maps a pure state input [1] to a one-
dimensional output. For 0 < p < 1, C’' has an output dimension 3 which is larger than its environment
dimension 2, and C’ maps [0] to an output of rank 2.



4.2 Incomplete Erasure Channels

In the main text we introduced the incomplete erasure channel C. We claimed that any zero quantum
capacity qubit channel C; with a qubit environment can be used to assist this incomplete erasure channel in
sending quantum information. We also asserted that our Theorem can be used to prove this claim. In what
follows we provide a systematic treatment to support our statements. For completeness we introduce the
generalized erasure channel pair [7] with superoperators,

B(A) = (1-NBi(A)E@AT(A), and (16)
C(A) = (1 - N)C1(A) P AZ(A),

where (B1,C1) is an arbitrary channel pair, 7(A) = Tr(A4)[0] is the trace channel, Z(A) = A is the identity
channel, € is the direct sum symbol, and 0 < A < 1. Here C is the incomplete erasure channel. We are
interested in the case where (81, C1) is some qubit channel pair such that Q(C;) = 0. Up to local unitaries,
any such channel pair is generated by an isometry K : H, — Hpy1 ® Hei of the form [8,9]

K:1|0) = /T —mp 00) + /mp [11), (17)
Ki|1) = /T —p [10) + /5 [01),

where 0 < m < 1and 0 < p < 1/2 such that C; is antidegradable and Q(C;) = 0. This zero capacity
qubit channel C; has a qubit environment and a noise parameter p. The second channel parameter m can
describe the type of noise, for instance at m = 0, C; is an amplitude damping channel, and atm =1C; isa
measure-and-prepare channel [10].

At p =0, C; is the trace channel 7 and C is an erasure channel with erasure probability 1 — A. For this
erasure channel both Q) (C) and Q(C) equal max(0,2) — 1) [11] i.e., they are both zero forall 0 < X < 1/2.
But as soon as p is made positive by an arbitrarily small amount, Q") (C) becomes positive over the entire
A > O range. This positivity comes from applying Theorem 1 to the C channel : d;, = 3 < d. = 4 and a pure
state [1), = (|0)4 +i|1)4)/V/2 is mapped to an output C([¢}],) of rank dj.

4.3 Corollaries

Next, we restate and prove Corollary 1 from the main text and show how it can be applied to the
complement qubit channels.

Corollary 1. Suppose d, > 1 and d; > d,(d. — 1) then QM) (B) > 0.

Proof. Follows from Theorem 1 by noting that if d, > 1 and dp > d,(d. — 1) then d. < d; and there exists
some pure state [1/], whose output, B([¢/],), has rank d.. The existence of such a pure state [¢], can be shown
by contradiction as follows. Given d; > d,(d. — 1) and d, > 1, assume no pure state [¢)], has an output
B([%]a) of rank d.. As discussed in the previous section, any pure state [¢], has outputs B([¢/],) and C([¢],)
of equal rank. Consequently, this rank can never be greater than min(dy, d.) = d., and by assumption this
rank is not d., hence all pure states must be mapped by B to outputs of rank at most d. — 1. Given any
orthonormal basis {|a;)q} of H,, any pure state [«;], must get mapped by B to an output B([«;],) of rank at
most d. — 1. Consequently the sum of operators,

dg de
ZB([ai]a) = B(Z[ai]a) = B(I.), (18)

evaluated using linearity of B and I, = ) [;]., has rank at most d,(d. — 1). By definition (see comments
below (2)), B(I,) has rank d;, thus we arrive at an inequality d < d,(d. — 1), which contradicts our starting
condition dy, > do(d; — 1). Thus given that dy > d,(d. — 1) and d, > 1 one cannot assume that no pure state
[¢], has an output B([¢)],) of rank d. i.e., there must be some pure state input [¢], with output B([¢)],) of
rank d..

[ ]



In the main text, we claimed that Corollary 1, stated above, shows that any qubit channel with a three
of four dimensional environment has a complement with non-zero quantum capacity. Now, we prove this
claim. Replacing B with its complement C in Corollary 1 results in the following statement: if d, > 1 and
de > d,(dy — 1) then Q(l)(C) > 0. When d, = dy = 2, i.e., B is a qubit channel, then the above statement
leads to

Corollary 2. The complement C of a qubit channel B has strictly positive Q(!)(C) whenever d.. > 2.

Supplementary Note 5: Qutrit Channel and Coherent information

We discuss properties of the isometry J; : Hq1 = Hp1t @ Her in eq. (6) of the main text. Below that
equation, we stated that an exchange of s with 1 — s can be achieved by local unitaries. These unitaries
exchange |1) and |2) in H,1, and exchange |0) and |1) in both #; and H.1. The isometry J; gives rise to
the channel pair (B;,C;). For the full range of 0 < s < 1/2 values, QY (B,) is strictly positive and is simply
given by A(By, pf;) where,

P = (1= 0)[0)a1 + w[t]an, (19)

and 0 < w < 1. A proof of this previous statement is discussed below. For the purposes of this discussion,
we can get away with a more concise notation than the one in the rest of this supplementary information
write-up: let p € H,; be any density operator with matrix elements p¥ = (i|p|j) where i,5 € {0,1,2}, S,
and S, be the von-Neumann entropies of B; (p) and C; (p), respectively, and A := S, — S, be the entropy bias
whose maximum over p gives the channel coherent information Q") (B;).

For any input density operator p setting p°' = p? = 0 increases S, without changing S., so we can
always maximize A using a density operator of the form,

1—w 0 0
p= 0 w(l+2)/2 w(x+iy)/2], (20)
0 w(x +1iy)/2 w(l—=2)/2

written in the standard basis using real parameters 0 < w < 1 and z, y, and z all between —1 and 1 such that
2?2 +y? + 22 < 1. In this parametrization, S}, is independent of z,y, and z, on the other hand S, depends on
z,y through 22 + y* so we set y = 0. Next, at y = 0, S in concave in 2% + 22 thus the maximum value of A
occurs when S, is minimum at 2% + 2% = 1. These simplifications leave two free parameters 0 < w < 1 and
—1 < z < 1. For a fixed w, at s = 1/2 the entropy S. is independent of z, and for other 0 < s < 1/2, S is
monotone decreasing in z, as a consequence for all 0 < s < 1/2, we set z = 1 to maximize A at

p=(1—=w)0] +w[1]. (1)

For any 0 < s < 1/2, if we let w in (21) be a small positive number ¢, then the entropy .S; has an elog-
singularity, while S, doesn't, as a consequence Q") (B;) > 0. Since Q") (B;) is positive, its value can be
obtained my maximizing A over p in (21) by varying w between zero and one while excluding w = 0 and
w = 1 where A = 0.
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