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SUPPLEMENTARY NOTE 1: CALCULATION OF SCATTERING PHASE SHIFT

First, we consider the quasi 1D system, where the |g〉 and |e〉 atoms are radially confined by the 2D
state-independent optical lattice and calculate the effective 1D scattering length [1]. Next, we consider the
scattering problem in the effective 1D system, where the |e〉 atom is localized by the 1D near-resonant optical
lattice and calculate the scattering phase shift using the effective 1D scattering length [2].

A. Effective 1D scattering length

We consider the two-channel model consisting of the open channel |o〉 ≡ |g ⇑; e ⇓〉 and the closed channel
|c〉 ≡ |g ⇓; e ⇑〉. The scattering problem in the two-channel model is studied in Supplementary Ref. [1], and
we calculate the effective 1D scattering length a1D based on our experimental parameters. In the case of the
two-terminal experiment, |⇑〉 = |mF = +5/2〉 or |mF = +1/2〉, and |⇓〉 = |mF = −5/2〉. The non-interacting
Hamiltonian in the relative coordinates Ĥ0 is given by

Ĥ0 =

(
Ĥz + Ĥ⊥ 0

0 Ĥz + Ĥ⊥ + δ(B)

)
, (1)

where δ(B) = hδµB > 0 denotes the Zeeman energy difference between the two channels with δµ =
110.72(51)∆mF Hz/Gauss [3]. Here Ĥz + Ĥ⊥ represents the free-particle Hamiltonian:

Ĥz = − ~2

2µ

∂2

∂z2
, (2)

Ĥ⊥ = − ~2

2µ

(
∂2

∂ρ2
+

1

ρ

∂

∂ρ
− m2

z

ρ2

)
+

1

2
µω2
⊥ρ

2. (3)

Here µ = m/2 is the reduced mass, and ω⊥ = 2π×22.0 kHz is the radial trap frequency of the tube potential,
and Ĥz and Ĥ⊥ satisfy the following Schrödinger equations:

Ĥzξk(z) =
~2k2

2µ
ξk(z), (4)

Ĥ⊥χn⊥,mz (ρ) = (n⊥ + 1)~ω⊥χn⊥,mz (ρ), (5)
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where ξk(z) = eikz/
√

2π represents the plane wave with the wave number k, and χn⊥,mz (ρ) is the eigenfunc-

tion of Ĥ⊥, with mz = 0,±1,±2, . . . and n⊥ = |mz|, |mz|+ 2, |mz|+ 4, . . . . The interaction Hamiltonian V̂
is given by the 3D Fermi pseudopotential:

V̂ =
2π~2

µ
A3Dδ(r)

(
∂

∂r
r ·
)
, (6)

where

A3D =

(
ad aex

aex ad

)
. (7)

Here ad = (a+
eg + a−eg)/2 and aex = (a+

eg − a−eg)/2, and a+
eg = 1878(37)aB and a−eg = 220(2)aB (aB: Bohr

radius) correspond to the spin-singlet and spin-triplet interorbital scattering lengths, respectively [4].
In order to solve the scattering problem, the incident wave Ψ0(ρ, z) = ξk(z)χ0,0(ρ) |o〉, with energy E =

~2k2/(2µ) + ~ω⊥, is considered. Here we assume the low-energy scattering ~2k2/(2µ) < ~ω⊥, δ(B). The
scattering wave function Ψ(ρ, z) is obtained by solving the Lippmann-Schwinger equation:

Ψ(ρ, z) = Ψ0(ρ, z) +
2π~2

µ

(
GE(ρ, z; 0, 0) 0

0 GE−δ(B)(ρ, z; 0, 0)

)
A3Dη, (8)

where G(ρ, z; ρ′, z′) is the free Green’s function, and η is the regularized scattering wave function, defined as

η =

(
ηoc

ηcc

)
=

∂

∂z
{zΨ(0, z)}z→0+. (9)

The equation with respect to η is obtained by substituting Supplementary Equation (8) into Supplementary
Equation (9):

η = Ψ0(0, 0) +
2π~2

µ

∂

∂z

{
z

(
GE(0, z; 0, 0) 0

0 GE−δ(B)(0, z; 0, 0)

)
A3Dη

}
z→0+

. (10)

Here GE(0, z; 0, 0) and GE−δ(B)(0, z; 0, 0) are calculated as follows:

GE(0, z; 0, 0) = − µ

πa2
⊥~2

(
i
eik|z|

k
+

∑
n=1,2,...

e−κn|z|

κn

)
, (11)

GE−δ(B)(0, z; 0, 0) = − µ

πa2
⊥~2

∑
n=0,1,2,...

e−λn(B)|z|

λn(B)
, (12)

where a⊥ =
√

~/(µω⊥) = 1377aB denotes the oscillator length. Here κn and λn(B) are given by

κn =

√(
2

a⊥

)2

n− k2, (13)

λn(B) =

√(
2

a⊥

)2

n+ γ(B)2 − k2, (14)
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where γ(B) =
√

2µδ(B)/~.
We obtain the scattering wave function of the open channel in the limit |z| → ∞:

ψoc(ρ, |z| → ∞)→ 1√
2π
{eikz + f(k)eik|z|}χ00(ρ), (15)

where f(k) represents the scattering amplitude given by

f(k) = −2
√

2πi

a⊥k
(adηoc + aexηcc). (16)

The regularized scattering wave function η is calculated as follows:

η =
1√

2πa⊥
|o〉 −MA3Dη =

1√
2πa⊥

(12 +MA3D)−1 |o〉 , (17)

where the matrix M is defined as

M = diag

[
2i
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+
1
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1

2
, 1−

(
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2

)2
)
,

1

a⊥
ζ

(
1

2
,

(
λ0(B)a⊥

2

)2
)]

. (18)

Here ζ(1/2, z) is the Hurwitz zeta function identical to L(z − 1) introduced in Supplementary Ref. [5]. The
scattering amplitude f(k) can be expressed as

f(k) = − 2i

a2
⊥k
〈o| (A−1

3D +M)−1 |o〉 . (19)

Thus the effective 1D scattering length a1D is obtained as

a1D = lim
k→+0

−1 + f(k)−1

ik

= −a⊥
2

(
a⊥
a0

+ ζ

(
1

2
, 1

))
+
a⊥
2

(a⊥/a1)2

a⊥/a0 + ζ(1/2, (γ(B)a⊥)2/4)
, (20)

where a0 = (a2
d − a2

ex)/ad and a1 = (a2
d − a2

ex)/aex.
Supplementary Figure 1 shows the effective 1D scattering length as a function of the magnetic field for

the parameter set relevant to our experiment. In particular, we obtain a1D/aB = 515 (∆mF = 5), 165
(∆mF = 3) at 45 Gauss and a1D/aB = 2667 (∆mF = 5), 1212 (∆mF = 3) at 135 Gauss.

B. Scattering problem in (0+1)D system

Here we consider a scattering problem in a (0+1)D system, where the |g〉 atom and the |e〉 atom are
itinerant and localized, respectively. This problem is studied in Supplementary Ref. [2], and we calculate the
scattering phase shifts based on our experimental parameters. The non-interacting Hamiltonian Ĥ0 is given
by

Ĥ0 = Ĥg + Ĥe = − ~2

2m

∂2

∂z2
g

− ~2

2m

∂2

∂z2
e

+
1

2
mω2

zz
2
e , (21)
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Supplementary Figure 1: Magnetic-field dependence of the effective 1D scattering length. The
open channel is defined as |o〉 = |g,+5/2; e,−5/2〉 (a red line) or |o〉 = |g,+1/2; e,−5/2〉 (a blue line).

where zg(e) denotes the z coordinate of the |g〉(|e〉) atom, and ωz = 2π × 24.4 kHz is the trap frequency
of the near-resonant optical lattice for the |e〉 atom. We assume that the confinement of the near-resonant
optical lattice is negligible for the |g〉 atom. The Hamiltonians Ĥg and Ĥe satisfy the following Schrödinger
equations:

Ĥgξk(zg) =
~2k2

2m
ξk(zg), (22)

Ĥeφnz
(ze) =

(
nz +

1

2
~ωz

)
φnz

(ze). (23)

The interaction part is given by the effective 1D potential:

V̂1D(ze, zg) = − 2~2

ma1D
δ(ze − zg). (24)

The incident wave ψ0(ze, zg) = ξk(zg)φ0(ze), with energy E = ~2k2/2m + ~ωz/2, is considered, and the
scattering wavefunction ψ(ze, zg) satisfy the Lippmann-Schwinger equation as follows:

ψ(ze, zg) = ψ0(ze, zg)−
2~2

ma1D

∫ +∞

−∞
dz′gE(ze, zg; z

′, z′)ψ(z′, z′), (25)

where gE(ze, zg; z
′, z′) represents the two-body free Green’s function. Here we assume the low-energy scat-

tering ~2k2/2m < ~ωz. Thus the Green’s function is expressed as

gE(ze, zg; z
′, z′) = − im

~2

eik|zg−z
′|

k
φ0(ze)φ

∗
0(z′)− m

~2

∑
n=1,2,...

e−κn|zg−z′|

κn
φn(ze)φ

∗
n(z′), (26)
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where κn =
√

2n/a2
z − k2, with az being the oscillator length az =

√
~/(mωz) = 925aB.

We obtain the scattering wave function in the limit |zg| → ∞:

ψ(ze, |zg| → ∞)→ 1√
2π

[
eikzg + {f0(k) + sgn(zg)f1(k)}eik|zg|

]
φ0(ze). (27)

The scattering amplitudes f0(k) and f1(k) are expressed as

f0(k) =
2
√

2πi

ka1D

∫ +∞

−∞
dz′ cos kz′φ∗0(z′)ψ(z′, z′), (28)

f1(k) =
2
√

2π

ka1D

∫ +∞

−∞
dz′ sin kz′φ∗0(z′)ψ(z′, z′). (29)

The function ψ(z, z) satisfies the following integral equation:

ψ(z, z) = ψ0(z, z)− 2~2

ma1D

∫ +∞

−∞
dz′gE(z, z; z′, z′)ψ(z′, z′). (30)

On the other hand, the scattering amplitude can be expressed with the scattering phase shift δl(ε):

fl(k) = − 1

1 + i cot δl(~2k2/2m)
. (31)

We calculate the scattering amplitudes f0(k) and f1(k) by solving Supplementary Equation (30) numeri-
cally. Supplementary Figure 2a-b show the scattering phase shifts of the atom in the |↑ (↓)〉 state as functions
of ε, where the |↑〉 and |↓〉 states correspond to the |g〉 |mF = +5/2〉 and |g〉 |mF = +1/2〉 states, respectively.
We find that δl↑ − δl↓ for l = 1 at 135 Gauss is larger than that at 45 Gauss, which accounts for the faster
transport dynamics observed in a magnetic field of 135 Gauss (see Fig. 5 in the main text).

SUPPLEMENTARY NOTE 2: CALCULATION OF TRANSPORT DYNAMICS

As mentioned in the main text, the time derivative of the atom-number difference ∆N is the current,
determined by the Landauer-Büttiker formula (see Equation (3) in the main text). The fugacity eβµ+(−) ,
with µ+(−) being the chemical potential of the atoms in the |+(−)〉 state, is expressed using Equation (11)
in the main text:

eβµ+ = eβ~ωtrapN+ − 1 = eβ~ωtrap(N+∆N)/2 − 1, (32)

eβµ− = eβ~ωtrapN− − 1 = eβ~ωtrap(N−∆N)/2 − 1. (33)

Thus the current is expressed in terms of ∆N assuming the total number of atoms N is conserved, and the
transport dynamics is given by the first order differential equation of ∆N , which can be solved numerically. In
order to perform the numerical calculation of the transport dynamics, we consider the spatial inhomogeneity
of the atom numbers in the tube potentials, as shown in Equation (6) in the main text. Supplementary
Figure 3 shows the calculated transport dynamics in a magnetic field of 45 Gauss.

∗ Electronic address: koukiono3@yagura.scphys.kyoto-u.ac.jp
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Supplementary Figure 2: Energy dependence of scattering phase shifts. a. 45 Gauss. b. 135 Gauss.
Here εF = h× 2 kHz denotes the estimated Fermi energy in the central tube.
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Supplementary Figure 3: Calculation of transport dynamics in a magnetic field of 45 Gauss. An
index i0 corresponds to the index of the central tube. The solid line is the same as the dashed line shown
in Fig. 2c in the main text.
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