
1

Supplementary Information for Noise-induced barren plateaus in variational
quantum algorithms

In this Supplementary Information we provide proofs for the main results of the manuscript “Noise-induced bar-
ren plateaus in variational quantum algorithms”. In Supplementary Note 1 we first present some definitions and
lemmas which will be useful in deriving our results. We point readers to [1, 2] for additional background. Then,
in Supplementary Note 2 we present a detailed proof of our main result Theorem 1. Supplementary Notes 3 and 4
respectively contain the proofs for Lemma 1 on cost concentration, and Remark 1 on a generalization to correlated
(degenerate) parameters. We present our proof for Remark 2 on extensions to the noise model to k-local noise in
Supplementary Note 5 and our proofs of Corollaries 2 and 3 on application-specific results in Supplementary Note 6.
In Supplementary Note 7 we discuss our Remark 3 on a construction where the cost function is summed over some
dataset. Finally, the proof for Proposition 1 on measurement noise is detailed in Supplementary Note 8.

Supplementary Note 1 - Preliminaries

A. Definitions

Quantum states. Given some choice of Hilbert space H, we denote the set of density operators as S(H).

Pauli expansion. We note that one can always expand Hlm and O in the Pauli basis as

Hlm =
∑
i

ηilmσ
i
n = c0lmσ

0
n + ηlm · σn , (1)

O =
∑
i

ωiσin = ω0σ0
n + ω · σn . (2)

where now σin ∈ {11, X, Y, Z}⊗n\{11⊗n} length-n Pauli strings. Here we remark that for the sake of simplicity we have
made a subtle change in notation as now σ0

n = 11⊗n is treated on a separate footing. With this notation, σn,ηlm,ω are
real vectors of length 22n− 1 and run over indices i ∈ [4n− 1]. Moreover, we recall that we have defined Nlm = |ηlm|,
and NO = |ω| as the number of non-zero elements in each respective vector. Furthermore, note that we can always
set ω0 = 0 and η0lm = 0 for all lm. This does not lose us generality in our setting as a non-zero ω0 corresponds to a
trivial measurement, while a non-zero η0lm simply leads to a different choice in the Hamiltonian normalization.

Vector norms. In what follows we use the usual definitions of the p-norms such that ‖a‖∞ ≡ maxi |ai| is the
largest element of vector a and ‖a‖2 ≡

√∑
i |ai|2 is the Euclidean norm.

Setting for our analysis. As shown in Supplementary Figure 1 we break down the circuit into L unitaries
preceded and followed by noisy channels acting on all qubits. Let ρ0 and ρl respectively denote the input state and
the state obtained after the l-th unitary. Let N = N1 ⊗ · · · ⊗ Nn denote the n-qubit noise channel. Then the noisy
cost function C̃, defined as the expectation value of an operator O, can be represented as follows:

C̃ = Tr
[
O
(
N ◦ UL(θL) ◦ N ◦ · · · ◦ U2(θ2) ◦ N ◦ U1(θ1) ◦ N

)
(ρ0)

]
, (3)

where the l-th unitary channel Ul(θl) implements the unitary operator

Ul(θl) =
∏
m

e−iθlmHlmWlm . (4)

Here we recall that θl = {θlm} are continuous parameters and Wlm denote unparameterized gates.

Noise model. We consider a noise model where local Pauli noise channels Nj act on each qubit j before and after
each unitary Ul(θl). The action of Nj on a local Pauli operator σ ∈ {X,Y, Z} can be expressed as

Nj(σ) = qσσ , (5)

where −1 < qX , qY , qZ < 1. Here, we characterize the noise strength with a single parameter

q =
√

max{|qX |, |qY |, |qZ |} . (6)
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Supplementary Figure 1. Setting for our analysis. An n-qubit input state ρ0 is sent through a variational ansatz U(θ)
composed of L unitary layers Ul(θl) sequentially acting according to Eq. (4). Here, Ul denotes the quantum channel that
implements the unitary Ul(θl). The parameters in the ansatz θ = {θl}Ll=1 are trained to minimize a cost function that is
expressed as the expectation value of an operator O as in Eq. (3). We consider a noise model where local Pauli noise channels
Nj act on each qubit j before and after each unitary. We denote the state obtained after l applications of noise followed by
unitary as ρl.

Representation of the quantum state. Here we will use the Pauli representation of an n qubit state

ρ =
1

2n

(
11⊗n + a · σn

)
, (7)

where ai = 〈σin〉 = Tr[ρ σin]. The state ρ can then be represented by a vector a of length (4n − 1), with elements ai,
which we will refer to as the Pauli coefficients.

Recalling that ρl is the state obtained after the application of the l-th unitary, we employ the notation a(l)i for its
Pauli coefficients. That is, we explicit write the output of layer l as

ρl =
1

2n
(11⊗n +

22n−1∑
i=1

a
(l)
i σin) =

1

2n
(11⊗n + a(l)·σn). (8)

B. Useful lemmas

Here we present some supplementary lemmas which will be useful in deriving our main results.

Supplementary Lemma 1. (Pauli coefficients under unitary transformations) Let Λ be an n-qubit operator whose
Pauli basis decomposition is

Λ = λ011⊗n + λ · σn, (9)

where λ0 ∈ R and λ ∈ R22n−1. Then ‖λ · σ‖p is invariant under the unitary transformation Λ → UΛU† for any
unitary operator U . In particular, this also implies ‖λ‖2 is invariant under unitary transformations.

Proof. Denote the new Pauli coefficients after unitary transformation as λ′. We note the first term in Eq. (9) is
invariant under such transformations. Thus

λ′ · σ = U(λ · σ)U† (10)

and so unitary invariance of ‖λ · σ‖p follows from the unitary invariance of Schatten norms. To see the unitary
invariance of ‖λ‖2 note that for p = 2 we have

‖λ · σ‖2 =
√

Tr [(λ · σ)2] (11)

=
√

Tr
[
λ · λ 11⊗n

]
(12)

= 2n/2‖λ‖2 (13)
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and thus unitary invariance of ‖λ · σ‖2 implies unitary invariance of ‖λ‖2.

Supplementary Lemma 2. (Pauli coefficients under noise) Consider an operator Λ of the form (9). Under the
action of a noise channel N of the form in Eq. (5) on a single Pauli string σin we have

|λ′i| 6 q2|λi| , (14)

where we define λ′i as the coefficient such that λ′i σin = N (λiσ
i
n). Additionally, we also have

‖λ′‖p 6 q2 ‖λ‖p . (15)

for all 1 6 p 6∞.

Proof. The effect of a single layer of noise can be expressed as follows

λi
N−−→ q

x(i)
X q

y(i)
Y q

z(i)
Z λi , (16)

for all i ∈ [1, 2n − 1], where x(i) + y(i) + z(i) 6 n is the number of non-identity terms in the i-th Pauli string. Noting
that x(i) + y(i) + z(i) > 1 ∀i and using Eq. (6), we obtain the desired statement. Equation (15) follows simply from
explicit calculation of the vector norms.

Supplementary Lemma 3. (Action of noise + unitaries) Consider a channel

Wk = Uk ◦ N ◦ · · · ◦ N ◦ U2 ◦ N ◦ U1 ◦ N ◦ U0 (17)

that consists of k noise channels N of the form (5) interleaved with unitary channels Ui. Consider the action of this
channel on an operator Λ of the form (9). We have∥∥Wk(Λ)

∥∥
∞ 6 λ0 + q2k

∥∥λ∥∥
1
. (18)

Proof. We have ∥∥Wk(Λ)
∥∥
∞ =

∥∥∥Wk
(
λ011 +

∑
i

λiσ
i
n

)∥∥∥
∞

(19)

=
∥∥∥λ011 +Wk

(∑
i

λiσ
i
n

)∥∥∥
∞

(20)

6
∥∥λ011∥∥∞ +

∑
i

∥∥∥Wk(λiσ
i
n)
∥∥∥
∞

(21)

6 λ0 + q2k
∑
i

∥∥λiσin∥∥∞ (22)

= λ0 + q2k
∑
i

|λi| (23)

= λ0 + q2k
∥∥λ∥∥

1
, (24)

where the first inequality is a series of triangle inequalities, the second inequality comes from repeated application of
Supplementary Lemmas 1 and 2, and the third equality follows from the fact that the eigenvalues of a Pauli string
are ±1.

Supplementary Lemma 4 (Wenzel/Audenaert [3], Theorem 3). (Schatten norms of commutators) Let X and Y
be complex matrices. Let ‖ · ‖p, ‖ · ‖q, ‖ · ‖r, denote the respective Schatten p-, q-, r-norms. The inequality∥∥[X,Y ]

∥∥
p
6 Cp,q,r

∥∥X∥∥
q

∥∥Y ∥∥
r

(25)

holds for all (p, q, r) satisfying 1
p 6 1

q + 1
r , excluding the octant p > 2, q < 2, r < 2, and where

Cp,q,r = max
{

21/p, 21−1/q, 21−1/r, 21+1/p−1/q−1/r
}
. (26)

The proof follows from an extensive investigation using complex interpolation theory, and can be found in Ref. [3].
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Supplementary Lemma 5 (Müller-Hermes/França/Wolf [4], Theorem 6.1). (Evolution of relative entropy) Consider
a channel

W = Uk ◦ N ◦ · · · ◦ N ◦ U2 ◦ N ◦ U1 ◦ N (27)

that consists of k noise channels N = N1 ⊗ ... ⊗Nn where each N is a depolarizing noise channel with depolarizing
probability p, interleaved with unitary channels Ui. Denote the relative entropy as D

(
·
∥∥ · ). We have

D

(
W(ρ)

∥∥∥∥11⊗n2n

)
6 (1− p)2kD

(
ρ

∥∥∥∥11⊗n2n

)
6 (1− p)2kn. (28)

Supplementary Lemma 6. Consider a single instance of the noise channel N = N1 ⊗ ... ⊗ Nn where each local
noise channel {Nj}nj=1 is a Pauli noise channel that satisfies (5). Then, we have

D2

(
N (ρ)

∥∥∥11⊗n
2n

)
6 q2D2

(
ρ
∥∥∥11⊗n

2n

)
. (29)

where D2

(
·
∥∥ · ) denotes the sandwiched 2-Rényi relative entropy.

Proof. We note that this comes as a consequence of Corollary 5.6 of Ref. [5]. Let us first restate the result for
convenience: For some density operator σ and p > 0 consider the channel Ap,σ(·) = p(·) + (1 − p)σ. Suppose that
some other channel B satisfies ∥∥∥Γ

− 1
2

B(σ) ◦ B ◦ A
−1
p,σ ◦ Γ

1
2
σ

∥∥∥
2→2

6 1 (30)

where A−1p,σ denotes the inverse map of Ap,σ and Γpσ denotes the map Γpσ(·) = σ
p
2 (·)σ

p
2 . Then, for all states ρ,

D2

(
B⊗n(ρ)‖B⊗n

(
σ⊗n

))
6 α(p, σ)D2

(
ρ‖σ⊗n

)
(31)

where α(p, σ) = exp
((

1−
∥∥σ−1∥∥−1) log(p)

log(‖σ−1‖)

)
. If one chooses Ap,σ to be the depolarizing channel Dpd with

depolarizing probability pd, then (31) implies that if some qubit channel B satisfies∥∥B ◦ D−1pd ∥∥2→2
6 1 . (32)

then for any n-qubit states ρ we have

D2

(
B⊗n(ρ)

∥∥∥11⊗n
2n

)
6 (1− pd)D2

(
ρ
∥∥∥11⊗n

2n

)
, (33)

where we have used the standard inequality ln(x+ 1) > x
x+1 .

Now suppose that B is the qubit Pauli noise channel B as defined in (5). We can explicitly write the condition (32)
as

sup
X 6=0

‖B ◦ D−1pd (X)‖2
‖X‖2

6 1. (34)

We note that the superoperator (Pauli transfer matrix) of the concatenated channel B◦D−1pd is diagonal with diagonal
entries (1, qx

1−pd ,
qy

1−pd ,
qz

1−pd ). Consider an arbitrary complex matrix X decomposed in the Pauli basis as X = a11+b·σ,
where σ is the vector of Pauli matrices and b is a vector of complex coefficients. Then one can verify

‖X‖2 =
√

2
√
|a|2 +

∑
i |bi|2 , (35)

‖B ◦ D−1p (X)‖2 =
√

2

√
|a|2 +

∑
i

(
qi

1−pd

)2
|bi|2 , (36)

where the second equality is obtained by reading off the diagonal entries of the superoperator of B ◦D−1pd . In order to
satisfy condition (34), one can pick

1− pd = max
i∈{X,Y,Z}

|qi| . (37)

Thus, by denoting q =
√

maxi∈{X,Y,Z} |qi| and inspecting (33) we obtain the result as required.
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Finally, for convenience we quote two standard results and once again point the reader to [2] for further details.

Supplementary Lemma 7. (Tracial matrix Hölder’s inequality [6])

Consider two d× d matrices A and B. Then we have∣∣TrA†B
∣∣ 6 ‖A‖r ‖B‖s, (38)

for all 1 6 r, s 6∞ such that 1
r + 1

s = 1.

Supplementary Lemma 8. (Pinsker’s inequality [7])

Consider two quantum states ρ, σ ∈ S(H). Then, the quantum relative entropy D(ρ‖σ) is lower bounded as

D(ρ‖σ) >
1

2 ln 2
‖ρ− σ‖21 . (39)

Supplementary Note 2 - Proof of Theorem 1

Here we provide the proof for our main result of Theorem 1, which we now recall for convenience.

Theorem 1 (Upper bound on the partial derivative). Consider an L-layered ansatz as defined in Eq. (4). Let θlm
denote the trainable parameter corresponding to the Hamiltonian Hlm in the unitary Ul(θl) appearing in the ansatz.
Suppose that local Pauli noise of the form in Eq. (5) with noise parameter q acts before and after each layer as in
Supplementary Figure 1. Then the following bound holds for the partial derivative of the noisy cost function

|∂mC̃| 6 F (n), (40)

where

F (n) =
√

8 ln 2NO
∥∥ω∥∥∞∥∥Hlm

∥∥
∞n

1/2qL+1 (41)

and where ω is defined in Eq. (1), with respective number of non-zero elements NO.

Proof. We write the overall channel that the state undergoes before measurement as the concatenation of two channels:

N ◦ UL(θL) ◦ · · · ◦ N ◦ U2(θ2) ◦ N ◦ U1(θ1) ◦ N (·) =Wa ◦Wb(·) , (42)

where

Wb = U−m(θl) ◦ N ◦ Ul−1(θl−1) ◦ · · · ◦ N ◦ U1(θ1) ◦ N , (43)

Wa = N ◦ UL(θL) ◦ · · · ◦ Ul+1(θl+1) ◦ N ◦ U+
m(θl) . (44)

Here the define the unitary channels U−m(θl) and U+
m(θl) that respectively correspond to the following unitaries:

U−m(θl) =

m∏
s=1

e−iθlsHls , U+
m(θl) =

∏
s>m

e−iθlsHls , (45)

such that U+
m(θl)U

−
m(θl) = Ul(θl). For simplicity of notation let us denote ∂lmC̃ = ∂θlmC̃. We have

∂lmC̃ = Tr[O∂lmρL] , (46)

with

∂lm ρL = ∂lm
(
Wa ◦Wb(ρ0)

)
(47)

=Wa

(
∂lm ρ̄l

)
, (48)

where we denote ρ̄l =Wb(ρ0). Thus we can write the derivative of the noisy cost function as∣∣∂lmC̃∣∣ =
∣∣Tr
[
W†a(O) ∂lm ρ̄l

] ∣∣ (49)

6
∥∥W†a(O)

∥∥
∞

∥∥(∂lm ρ̄l)∥∥1 (50)
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whereW†a is the adjoint map ofWa, and Eq. (50) comes from application of Hölder’s inequality. We now upper bound
both terms individually.

The first term can be bounded as ∥∥W†a(O)
∥∥
∞ 6 q2(L−l+1)

∥∥ω∥∥
1

(51)

6 q2(L−l+1)NO
∥∥ω∥∥∞ . (52)

The first inequality comes from application of Supplementary Lemma 3, additionally noting that ω0 = 0 and that
Pauli channels are self-adjoint maps. The second inequality follows by using the bound |ωi| 6

∥∥ω∥∥∞.
Second, let us upper bound on the 1-norm of ∂lm ρ̄l = ∂lmWb(ρ0). We have

∂lm ρ̄l = -iHlmρ̄l + iρ̄lHlm (53)

= −i
[
Hlm , ρ̄l

]
. (54)

This enables us to write ∥∥∂lm ρ̄l∥∥1 =
∥∥∥[Hlm , ρ̄l

]∥∥∥
1

(55)

=

∥∥∥∥[Hlm ,
1

2n
(
11⊗n + ā(l)·σn

)]∥∥∥∥
1

(56)

=

∥∥∥∥[Hlm ,
1

2n
(
ā(l)·σn

)]∥∥∥∥
1

(57)

6 2

∥∥∥∥ 1

2n
(
ā(l)·σn

)∥∥∥∥
1

∥∥Hlm

∥∥
∞ (58)

6 2

√
2 ln 2 D

(
ρ̄l

∥∥∥ 11
2n

)∥∥Hlm

∥∥
∞ (59)

6 2

√
2 ln 2 D2

(
ρ̄l

∥∥∥ 11
2n

)∥∥Hlm

∥∥
∞ (60)

6
√

8 ln 2 · q2ln
∥∥Hlm

∥∥
∞ (61)

=
√

8 ln 2
∥∥Hlm

∥∥
∞ n1/2ql . (62)

In the second equality we use the Pauli decomposition (8). In the third equality we use the fact that Hlm and 11⊗n
commute. The first inequality is due to application of Supplementary Lemma 4. In the second inequality we use
Pinsker’s inequality. The third inequality comes from the monotonicity of the sandwiched 2-Rényi relative entropy.
The fourth inequality follows from repeated application of Supplementary Lemma 6 along with the data-processing
inequality, and an upper bound on the 2-Rényi relative entropy that is saturated for pure states. The final line is
simply a rearrangement of terms.

Inserting (52) and (62) into Eq. (50), we finally obtain∣∣∂lmC̃∣∣ 6 √8 ln 2NO
∥∥ω∥∥∞∥∥Hlm

∥∥
∞n

1/2qL+1 , (63)

as required, where we have loosened the bound by using q2(L−l+1) < qL−l+1 for 0 6 q < 1.

1. Stronger bound for low noise levels under more restrictive Pauli noise model

We note that via alternative proof techniques one may obtain a similar bound to Theorem 1 for a different class of
local Pauli noise models, where the bound is stronger in the regime of low noise strength (i.e., large q) and relatively
uniform local Pauli error probabilities (i.e., close to local depolarizing noise). The core idea is that certain qubit
Pauli channels can be decomposed into a depolarizing channel with non-trivial depolarizing probability, followed by
a different Pauli channel.

Consider a unital Pauli channel Ppx,py,pz whose action on qubit state ρ takes the form

Ppx,py,pz (ρ) = pIρ+ pxXρX + pyY ρY + pzZρZ . (64)
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where (pI , px, py, pz) is a probability vector. It can then be checked (e.g. by using the superoperator formalism) that

Ppx,py,pz = Pp′x,p′y,p′z ◦ Dp . (65)

is a valid decomposition of Ppx,py,pz , where Dp is a depolarizing channel with depolarizing probability p =

4 min(pI , px, py, pz) and Pp′x,p′y,p′z is a Pauli channel with pj =
pj−pi
1−4pi for all j ∈ {I,X, Y, Z} where pi = min(pI , px, py, pz).

The decomposition (65) allows us to directly use Supplementary Lemma 5 along with the data-processing inequality
to modify Eqs. (59)-(61) to obtain the result∣∣∂lmC̃∣∣ 6 √8 ln 2NO

∥∥ω∥∥∞∥∥Hlm

∥∥
∞n

1/2q̂L+1 , (66)

where q̂ = 1 − 4 min(pI , px, py, pz). We note that set of Pauli noise models for which p > 0 in (65) is a strict subset
of those for which q < 1 in (5).

Supplementary Note 3 - Proof of Lemma 1

In this section, we provide a proof for Lemma 1. We note that this Lemma is derived by employing techniques
similar to those used in deriving Theorem 1 in Section B.

Lemma 1 (Concentration of the cost function). Consider an L layer ansatz of the form in Eq. (4). Suppose that
local Pauli noise of the form of Eq. (5) with noise strength q acts before and after each layer as in Supplementary
Figure 1. Then, for a cost function C̃ of the form in Eq. (3), the following bound holds∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ 6 G(n)
∥∥∥ρ− 1

2n

∥∥∥
1
, (67)

where

G(n) = NO‖ω‖∞ q2L+2 . (68)

Here ‖ · ‖∞ is the infinity norm, ω is defined in Eq. (1) and NO = |ω| is the number of non-zero elements in the Pauli
decomposition of O.

Proof. We denote the overall channel that the state undergoes before measurement as W. We can write

C̃ = Tr[OW(ρ)] (69)

= Tr[W†(O) ρ] (70)

=
1

2n

(
Tr
[
W†(O)

]
+ Tr

[
W†(O)a(0) · σn

])
, (71)

where W† is the adjoint map to W, and in the final line we used the Pauli decomposition (8). Note as we are dealing
with Pauli noise and unitary operations, W† is a valid (trace preserving) channel composed of unitaries and Pauli
noise. This enables us to write ∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ =

∣∣∣∣Tr
[
W†(O)

(
ρ− 11

2n
)]∣∣∣∣ (72)

6
∥∥W†(O)

∥∥
∞

∥∥∥ρ− 11
2n

∥∥∥
1

(73)

6 q2L+2
∥∥ω∥∥

1

∥∥∥ρ− 11
2n

∥∥∥
1

(74)

6 q2L+2NO
∥∥ω∥∥∞∥∥∥ρ− 11

2n

∥∥∥
1
, (75)

where the first inequality uses Hölder’s inequality, the second inequality comes from application of Supplementary
Lemma 3 and the second inequality follows by using the bound |ωi| 6

∥∥ω∥∥∞.
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Supplementary Note 4 - Proof of Remark 1

We here present an extension to Theorem 1 to the case when several parameters in the ansatz U(θ) are correlated.
Here, by correlated, we mean they are equal to each other [8]. Note that this is in contrast to the previously analyzed
cases where we assumed that all parameters {θlm}lm are independent. Specifically, Remark 1 provides an upper bound
on the partial derivative of the cost function with respect to a parameter that is degenerate in θ.

Remark 1 (Degenerate parameters). Consider the ansatz defined in Eqs. (4). Suppose there is a subset Gst of the
set {θlm} in this ansatz such that Gst consists of g parameters that are degenerate:

Gst =
{
θlm | θlm = θst

}
(76)

Here, θst denotes the parameter in Gst for which ‖Hlm‖∞ takes the largest value in the set. (θst can also be thought
of as a reference parameter to which all other parameters are set equal in value.) Then the partial derivative of the
noisy cost with respect to θst is bounded as

|∂stC̃| 6
√

8 ln 2 gNO‖Hst‖∞‖ω‖∞ n1/2qL+1 , (77)

at all points in the cost landscape.

Proof. Using arguments similar to those in Section B, we get

|∂stC̃| =
∑

θhg∈Gst

∣∣Tr[O∂hgρL]
∣∣ (78)

6
∑

θhg∈Gst

√
8 ln 2NO‖Hhg‖∞‖ω‖∞ n1/2qL+1 (79)

where the inequality was obtained from Eq. (66). Since there are g terms in the summation, we have

|∂stC̃| 6
√

8 ln 2 gNO‖Hst‖∞‖ω‖∞ n1/2qL+1 . (80)

We note that the proof of Remark 1 can be trivially generalized to the case when the parameters in Gst are linear
functions of the reference parameter.

Supplementary Note 5 - Proof of Remark 2

Remark 2 (Extensions to the noise model). We can extend our noise model to include additional non-local noise
models and obtain the same scaling results. First, we may consider global (unital) Pauli noise P whose action on
n-qubit Pauli string σn ∈ {11, X, Y, Z}⊗n can be written

P(σn) = qσn
σn (81)

where −1 6 qσn
6 1 for all σn, and q11⊗n = 1. Second, we can consider correlated coherent noise across multiple

qubits of the form

V(ρ) = V ρV † (82)

where V V † = V †V = 11⊗n . We can then consider a modification of our noisy cost function (3) as

C̃ 7→ C̃ ′ = Tr
[
O
(
NL ◦ UL(θL) ◦ NL−1 ◦ · · · ◦ U2(θ2) ◦ N1 ◦ U1(θ1) ◦ N0

)
(ρ0)

]
(83)

with Ni = Vi ◦ Pi ◦ N for all i ∈ [0, L], where Pi and Vi are specific instances of global Pauli noise and correlated
noise of the form of (81) and (82) respectively. Under such a modification, the statements of Lemma 1 and Theorem
1 still remain valid.
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Proof. We can absorb the Vi channels into the parameterized unitaries and write

C̃ ′ = Tr
[
V †LOVL

(
N ′L ◦ YL(θL) ◦ N ′L−1 ◦ · · · ◦ Y2(θ2) ◦ N ′1 ◦ Y1(θ1) ◦ N ′0

)
(ρ0)

]
(84)

where Yi(θi) = Ui(θi) ◦ Vi−1 and N ′i = Pi ◦ N for all i ∈ [0, L]. For any operator of the form (9), the effect of noise
channel Nj is to map Pauli coefficients as

λi
Nj−−→ q

x(i)
X q

y(i)
Y q

z(i)
Z λi , (85)

for all i ∈ [1, 2n − 1], j ∈ [0, L], where we can write q = max{|qX |, |qY |, |qZ |} < 1. In addition, the results of
Supplementary Lemma 3 are unchanged under the map O 7→ V †LOVL. Thus, the above proofs proceed the same under
such an extended noise model.

Supplementary Note 6 - Proof of Corollaries 2 and 3

We first provide a proof of Corollary 2. We start by recalling that in the QAOA one sequentially alternates the
action of two unitaries as

U(γ,β) = e−iβpHM e−iγpHP · · · e−iβ1HM e−iγ1HP , (86)

where HP and HM are the so-called problem and mixer Hamiltonian, respectively. We define NP (NM ) the number
of terms in the Pauli decompositions of HP (HM ).

Corollary 2 (Example: QAOA). Consider the QAOA with 2p trainable parameters, as defined in Eq. (86). Suppose
that the implementation of unitaries corresponding to the problem Hamiltonian HP and the mixer Hamiltonian HM

require kP - and kM -depth circuits, respectively. If local Pauli noise of the form in Eq. (5) with noise parameter q acts
before and after each layer of native gates, then we have

|∂βl
C̃| 6

√
8 ln 2 gl,PNP ‖HP ‖∞‖ω‖∞n1/2q(kP+kM )p+1 , (87)

|∂γlC̃| 6
√

8 ln 2 gl,MNP ‖HM‖∞‖ω‖∞ n1/2q(kP+kM )p+1 , (88)

for any choice of parameters βl, γl, and where O = HP in Eq. (2). Here bl,P and bl,M are respectively the number of
native gates parameterized by βl and γl according to the compilation.

Proof. We now treat each layer of native hardware gates as a unitary layer as in Supplementary Figure 1, which gives
L = (kP + kM )p. In Eq. (80) we have Nst = 1, ‖ηβl

‖∞ 6 ‖ηP ‖∞, ‖ηγl‖∞ 6 ‖ηM‖∞, assuming Trotterization. Then
Corollary 2 follows by invoking Remark 1.

Now let us provide a proof for Corollary 3. We recall that the UCC ansatz can be expressed as

U(θ) =
∏
lm

Ulm(θlm) =
∏
lm

eiθlm
∑

k µ
k
lmσ

k
n , (89)

where µklm ∈ {0,±1}, and where θlm are the coupled cluster amplitudes. Moreover, we denote N̂lm = |µlm| as the
number of non-zero elements in

∑
k µ

k
lmσ

k
n.

Corollary 3 (Example: UCC). Let H denote a molecular Hamiltonian of a system of Me electrons. Consider the
UCC ansatz as defined in Eq. (89). If local Pauli noise of the form in Eq. (5) with noise parameter q acts before and
after every Ulm(θlm) in Eq. (89), then we have

|∂θlmC̃| 6
√

8 ln 2 N̂lmNH‖ω‖∞ n1/2qL+1, (90)

for any coupled cluster amplitude θlm, and where O = H in Eq. (3).

Proof. Using the first-order Troterrization, the UCC ansatz can be represented as follows:

U(θ) =
∏
lm

∏
k

eiθlmµ
k
lmσ

k
n , (91)

which is in the form of an ansatz that has correlated parameters. Then from Remark 1 it follows that

|∂θlmC̃| 6
√

8 ln 2 N̂lmNH‖ω‖∞ n1/2qL+1, (92)

where we used the fact that in Eq. (80) g = N̂lm, Nst = 1, and ‖ηst‖∞ = 1 for the UCC ansatz as in Eq. (91).
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Supplementary Note 7 - Proof of Remark 3

Remark 3. Suppose our noiseless cost function is instead

Ctrain =
∑
i

Tr[OiU(θ)ρiU
†(θ)] (93)

for a training set of data encoded in states {ρi} and set of operators {Oi} each of the form (2). Our result then
generalizes to ∣∣∂lmC̃train

∣∣ 6 √8 ln 2
(∑

i

NOi

∥∥ωi∥∥∞)∥∥Hlm

∥∥
∞n

1/2qL+1 . (94)

Proof. We can denote each term in the sum (93) as Ci = Tr[OiU(θ)ρiU
†(θ)] such that

Ctrain =
∑
i

Ci, C̃train =
∑
i

C̃i . (95)

Then, we can simply write ∣∣∂lmC̃train
∣∣ =

∣∣∣∑
i

∂lmC̃i

∣∣∣ (96)

6
∑
i

∣∣∂lmC̃i∣∣ , (97)

where each
∣∣∂lmC̃i∣∣ can be bounded by Theorem 1 giving the result as required.

Supplementary Note 8 - Proof of Proposition 1

In this Supplementary Note we provide a proof of Proposition 1, which we now recall for convenience.

Proposition 1 (Measurement noise). Consider the expansion of the observable O as a sum of Pauli strings, as in
Eq. (2). Let w denote the minimum weight of these strings, where the weight is defined as the number of non-identity
elements for a given string. In addition to the noise process considered in Supplementary Figure 1, suppose there is
also measurement noise consisting of a tensor product of local bit-flip channels with bit-flip probability (1 − qM )/2.
Then we have ∣∣∣∣C̃ − 1

2n
TrO

∣∣∣∣ 6 qwM G(n)
∥∥∥ρ− 11

2n

∥∥∥
1

(98)

and

|∂lmC̃| 6 qwMF (n), (99)

where G(n) and F (n) are defined in Lemma 1 and Theorem 1, respectively.

Proof. We prove in detail the proposition about the gradient of the cost function. The proposition about the cost
function is derived in an analogous manner.

As a model of measurement noise we consider a classical bit-flip channel applied to every qubit, such that the
standard POVM elements get replaced by:

P0 = |0〉〈0| → P̃0 = p00|0〉〈0|+ p01|1〉〈1| (100)

P1 = |1〉〈1| → P̃1 = p10|0〉〈0|+ p11|1〉〈1|, (101)

where p00 + p01 = 1 and p10 + p11 = 1. Furthermore, we take this channel to be unital, such that P̃0 + P̃1 =
(p00 + p10)P0 + (p01 + p11)P1 = P0 + P1 giving p00 + p10 = 1 and p01 + p11 = 1. Thus, there is only one free
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parameter qM , and we set p00 = p11 = 1+qM
2 , p01 = p10 = 1−qM

2 . Note that without loss of generality we can assume
p00, p11 > 1/2, and hence qM > 0. Overall:

P0 = |0〉〈0| → P̃0 =
1 + qM

2
|0〉〈0|+ 1− qM

2
|1〉〈1| (102)

P1 = |1〉〈1| → P̃1 =
1− qM

2
|0〉〈0|+ 1 + qM

2
|1〉〈1| . (103)

The equivalence between this classical channel and a quantum bit-flip channel is seen by writing P0 = 11+Z
2 and

P1 = 11−Z
2 , such that the bit-flip channel is equivalent to a transformation of the Pauli Z operator: Z ′ = qMZ. This

corresponds to the effect of a bit-flip channel N (ρ) = 1+qM
2 ρ+ 1−qM

2 XρX.
The reasoning so far only applies to measurements in the Z basis. However, in our model we do not consider a stan-

dard projective measurement, but the expectation value with respect to a general Hermitian operator. This assumes
the capability of performing measurements in any basis. If we assume that the classical bit-flip acts independently
of the basis we choose to measure in, then we see that the corresponding quantum channel must be a depolarizing
channel such that

N (σ) = qMσ , (104)

where σ is any single-qubit Pauli operator. An alternative realistic assumption that also leads to 104 is that the
quantum computer can only measure in the computational basis, and so one implements measurements in general
bases by applying an extra layer of (noisy) one-qubit rotations before measurement. We thus proceed to model
measurement noise as a tensor product of such local depolarizing channels applied prior to measurement and denote
the overall channel as NM . From Eq. (104) we have that

NM (O) =
∑
i

ωiNM (σin) = ω̃ · σn , (105)

where ω̃ is a vector of elements ω̃i = q
w(i)
M ωi, and where w(i) = x(i) + y(i) + z(i) is the weight of the Pauli string.

Here we recall that we have respectively defined x(i), y(i) and z(i) as the number of Pauli operators X, Y , and Z in
the i-th Pauli string. Let us now write the noisy cost function partial derivative as:

∂lmC̃ = Tr [NM (O)∂lmρL] . (106)

Proceeding in the same way as in the proof of Theorem 1, we write

|∂lmC̃| 6
∥∥W†a ◦ NM (O)

∥∥
∞ ‖∂lm ρ̄l‖1 . (107)

The first term can be bounded as ∥∥W†a ◦ NM (O)
∥∥
∞ =

∥∥W†a (ω̃ · σn)
∥∥
∞ (108)

6
∑
i

∥∥W†a (ω̃iσin)∥∥∞ (109)

=
∑
i

q
w(i)
M

∥∥W†a (ωiσin)∥∥∞ (110)

6 qwM
∑
i

∥∥W†a (ωiσin)∥∥∞ (111)

6 qwMq
L−l+1NO

∥∥ω∥∥∞ , (112)

where the first inequality is due to the triangle inequality, the second equality comes from recalling the definition of
ω̃, the second inequality comes by using the definition of the minimum weight w, and the final equality follows by
repeating the steps in the proof of Supplementary Lemma 3. We see this result is identical to that in Theorem 1,
aside from an extra factor qwM .

The second term in (107) is bounded in the proof of Theorem 1 as∥∥∂lm ρ̄l∥∥1 6
√

8 ln 2
∥∥Hlm

∥∥
∞ n1/2ql . (113)
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Putting the two parts together we obtain∣∣∂lmC̃∣∣ 6 √8 ln 2NO
∥∥ω∥∥∞∥∥Hlm

∥∥
∞n

1/2 qwM qL+1 (114)

= qwMF (n) , (115)

as required.

Now let us prove the complimentary result for the cost function magnitude. Following the proof of Lemma 1 we
write ∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ =

∣∣∣∣Tr
[
W† ◦ NM (O)

(
ρ− 11

2n
)]∣∣∣∣ (116)

6
∥∥W† ◦ NM (O)

∥∥
∞

∥∥∥ρ− 11
2n

∥∥∥
1

(117)

6 qwM qL+1
∥∥ω∥∥

1

∥∥∥ρ− 11
2n

∥∥∥
1

(118)

6 qwM qL+1NO
∥∥ω∥∥∞∥∥∥ρ− 11

2n

∥∥∥
1
. (119)

Thus we can write ∣∣∣∣C̃ − 1

2n
Tr[O]

∣∣∣∣ 6 qwM G(n)
∥∥∥ρ− 11

2n

∥∥∥
1
, (120)

where G(n) = qL+1NO
∥∥ω∥∥∞. Hence observables with w ∈ Ω(n) will suffer from an exponential decay in n of the cost

function and its gradient.
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