Supplementary Information

Supplementary Note 1. QUANTIFYING LOCAL
DILATIONS AND SHEARS

To our knowledge, a parameter which quantifies what
fraction of a monlinear deformation is composed of local
dilation, as opposed to local shear, has not been intro-
duced previously. We therefore present a more detailed
derivation in the context of Finite Strain Theory. This
is an essential ingredient for supporting our hypothesis
in the main text that nonuniform deformations of a dila-
tional metamaterial are nonetheless composed primarily
of local dilations.

The method described here applies to data describing
deformation from a reference space X to a target space
x(X), which are smooth enough to take derivatives. In
the case of the RS metamaterial, the square centers pro-
vide a discrete approximation to a smooth deformation,
which may then be used to define local material deriva-
tives. More generally, one may use the lattice vectors
of a material with repeating metastructure as material
vectors to take these material derivatives. From these
derivatives we assemble the deformation tensor
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For a smooth deformation, this tensor contains all re-
quired information to quantify dilation and shear at each
point in space.

Using the polar decomposition theorem, we may write
F =R U, where R is a rotation and U is the symmetric
"right stretch tensor”. From this form, it is clear that
an infinitesimal material vector in the reference space
dX will deform first via multiplication with U, then will
be rotated via R to reach a final state dx = R - U -
dX. Since U is symmetric, there exists a local choice of
coordinate system where U is diagonal and acts on the
local elements dX as a combination of just dilation and
pure shear. The eigenvalues (A1, A2) of U are called the
principal stretches and the local material dilation and
shear magnitudes may be written intuitively in terms of
them. An infinitesimal square sample of side lengths (¢, €)
oriented in the diagonal frame of U will transform into a
rectangle with side lengths (A1€, Aa€) after deformation.
Using this, the local dilation may be defined intuitively
in terms of the area

dE&:Det[U]—l, (2)
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where AA is the change in area of our infinitesimal el-
ement and Ay = €2 is the initial area in the reference
space. For a similarly intuitive notion of shear, we turn to
the anisotropy of the tensor U. We define the nonlinear
shear magnitude in terms of the difference of the princi-
pal stretches as s = (A\; — A\2)?. We will see that this

definition matches with conventional intuition for stan-
dard simple shear nonlinearly as well as general mixed
linear shear. Importantly, this shear may be rewritten in
terms of invariants of U as s? = Tr[U]? — 4Det[U], and
is therefore also a rotationally invariant quantity.

Since the stretch tensor is generally less convenient to
extract numerically, we show that this local dilation and
shear may also be written in terms of the trace and de-
terminant of the metric (equivalently the “right Cauchy-
Green deformation tensor”). The metric is defined as
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The coordinate system which diagonalizes U also diago-
nalizes C, and it follows that the eigenvalues of the metric
are the squared eigenvalues of U. Using this locally diag-
onalized frame, we may extract general relations between
rotationally invariant quantities

Det[U]? = Det[C],
Tr[U]? = Tr[C] + 2+/Det[C] .

Using these relations, we may write the more useful for-
mulas

(4)

d = \/Det[C] — 1,

i (5)
s = Tr[C] — 2+/Det[C],

completing our recipe to extract the local dilation and

shear magnitudes from the metric tensor.

That these relations in equation (5) discriminate con-
formal from non-conformal deformation is not entirely
obvious. We therefore present them in alternative form
by connecting to the complex formulation where the vec-
tor mapping x — x(X) is captured by the complex func-
tion z — f(z,2z). In this case, the components of the
metric may be conveniently rewritten as

Cow = 0. f1* 4+ |0:f|* + 2Re 0. fO: f]
Cyy = 0. f1* +10:f|* — 2Re 0. fO: f| (6)
Cuy = Cyp = 2Im [0, fO-f]

where 0, = 1/2(9, — i0y) and 0z = 1/2(9, + i0,) are
standard complex derivatives [1]. With these relations,
our metrics of conformal and non-conformal become

& = [|0.f]2 = 0= 11> = 1]7,
82 = 4|82f|2 )

where, remembering that the conformal condition is
0z f = 0, the shear part now more transparently quan-
tifies the non-conformal part of the deformation. While
both dilation and shear are strain quantities, there is
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Elastic RS-based structures deform with local dilation over shear. For each of the applied displace-

ment loads (in columns according to a, b, ¢ ) from the main text, we display the spatial distributions of coarse dilation (d, d,
e, f) and coarse shear magnitude (|s|, g, h, i) displaying a strong tendency of the RS-based metamaterial toward deformations

that are locally dilation dominated.

some ambiguity in comparing them nonlinearly. The ex-
pressions used here, composed entirely in terms of invari-
ants of C, are constructed to be intuitive and geometric.
In addition, rewriting

s* = (Orug — ay“y)2 + (Ozuy + ay“a:)Q (7)

in terms of the components of the displacement u = x —
X reveals that our definition of the shear matches with
the combined magnitude of pure and simple shears (first
and second terms in equation 7 respectively) from linear
strain theory. Note that, in the linear limit, these strain
measures satisfy 1/2(d* 4+ s?) = €;;¢;;. While alternate
definitions of shear may be identified which also satisfy
this in the linear limit, we have explored these and they
do not qualitatively change the results presented here.
Finally, for a conventional simple shear u = yyz, our
formula reassuringly recovers s> = 42 to nonlinear order.

As shown in Supplementary Fig. 1, these formulae re-
veal that the typical magnitude of local dilation is much
larger than that of local shear. While the shear may be-
come large in small regions near the applied loads and
where the dilation changes over short distances, dilation

still dominates by nearly an order of magnitude at the
worst. Nonuniform, nonlinear deformations of the RS-
based mechanism in force-balance may then indeed be
composed of local dilations with comparatively very lit-
tle shear.

Supplementary Note 2. LEAST-SQUARES
METHOD TO EXTRACT THE NEAREST
CONFORMAL MAP FROM DATA

We now identify a simple fitting method of locating
the closest conformal map describing a discrete set of
displacement data points. Per Supplementary Note 1, the
discrete data should be chosen carefully to approximate
a smooth deformation. For lattice materials, this means
tracking identical points in neighboring unit cells. For
the RS-based metamaterial, we can choose the centers of
the square elements.

The method consists of first noting that a general con-
formal map f(z) on a simple finite planar domain with no
holes (i.e. simply-connected) may be expressed precisely



as an analytic function with a series expansion
o0
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In contrast, a generic non-conformal deformation must be
expressed as a double sum over all products of z and the
complex conjugate z. The complex expansion coefficients
C,, provide a complete description of the map and solving
for them is therefore the goal of our analysis. Finding
the nearest conformal map is a matter of minimizing the
square error function

Err=>"|fi— f(z)” (9)
=1

where the sum runs over the n, discrete data points
z; — fi. Inserting the form of f(z) (equation (8)) and
minimizing with respect to the C),, we find

i ApinCy = Z fizm (10)
n=1 i=1

where we have defined the matrix
Np
Apin = Y 22} (11)
i=1

and the coefficients are now cut off at a maximum n..
This effectively reduces the least-squares error analysis to
a straightforward linear algebra problem, which is readily
solved. We note that the cutoff n. should be chosen to be
much less than the n, data points, to avoid over-fitting.

To evaluate the accuracy of the fit, we define a function

2 ui —u(z)?
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where u; = f; — z; is the observed displacement data,
u(z) = f(z) — z are the displacements proposed to fit the
data. The functional A?[], known as the fraction of vari-
ance unexplained, is then a general method to quantify
the amount of the deformation captured by a candidate
conformal function, which we use in the main text and
in other sections of this SI. The method evaluates error
using the displacements rather than positions in order
to avoid a false inflation of the results at small defor-
mation. Inserting the numerically solved closest fit into
equation (12), we show in Supplementary Fig. 2 that only
around 20 coefficients are needed to fit the deformations
of the RS metamaterial before the improvement starts to
become negligible. This is good, as the more coefficients
that are included, the more computationally expensive
the fitting problem becomes.

We remark that, in practice, application of this method
works best if the coordinate system is first centered and
rescaled so that the data points reside closer to unity
away from the origin. This helps to avoid large and small
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Supplementary Figure 2. The accuracy of the conformal map
with the increasing number of coefficients allowed in the ex-
pansion equation (8). Solid lines correspond to fits with FEM
data at the smallest strains, while the dotted lines are for the
largest strains explored in the main text analysis. In com-
parison to the conventional elastic material in the absence of
pores, the fitting quickly reaches very small errors A2 which
is the function A?[] evaluated for the particular candidate fit
u(z). For loads with discrete rotational symmetry, the errors
go down in steps, since only every few coefficients may be
non-zero.

number issues in the numerics, which includes higher and
higher exponents of the positions as more coeflicients are
included.

This constitutes a fast and accurate method to extract
the nearest conformal map from position data. Note that,
while the method is reduced to linear algebra, no assump-
tions of linearity of the strains in either the deformation,
or the fitting map, have been made. Indeed, this method
shows the nonlinear deformations of the RS metamaterial
are well-approximated as a conformal map to nonlinear
order.

Supplementary Note 3. ENERGETICS OF
HINGE DEFORMATIONS

We now aim to derive a continuum elasticity theory for
the RS metamaterial. However, to consider the RS elastic
material at full detail requires allowance of all possible de-
formations of the porous elastic structure. Such a tensor
field theory for deformations would be complicated and
unwieldy, leaving very little room for analytic progress.
Fortunately, due to the careful design of the pores, we
may think of the material as composed of square ele-
ments of side length a connected by comparatively small
“hinge” elements of thickness ¢. This enables an effec-
tive description of the material as a collection of hinges,
written in terms of simplified variables which prove to
be very convenient for coarse-graining. We establish this
effective “hinge-based” energetic formalism below.



In the limit that ¢ < a, the hinge will become very
flexible compared to the stiff square pieces. We therefore
follow successful previous examples [2, 3] in which the
large square elements are approximated as rigid bodies
and all strain deformation is assumed to take place at the
hinges. This assumption is readily verified in the Finite
Element deformation data, where the stress is generically
found to be dramatically localized to the hinge region, as
shown in Supplementary Fig. 3.

To quantify the energetics in this effective description,
we consider a single hinge connecting two elastic blocks
as shown in Supplementary Fig. 4-a. Knowledge of the
deformation tensor Fi}}mge(r) throughout the hinge com-
pletely determines the system configuration, as stress and
strain are already assumed to be zero elsewhere. Here,
r and R, respectively, are target and reference coordi-
nate systems describing the fine structure of the hinge
deformations, in contrast to x and X which will de-
scribe a coarsened picture of continuum deformations
of the metamaterial at the mesoscale. Given the com-
plete constitutive relation for the elastic material, the
tensor field Fi};mge(r) provides sufficient information to
compute the energy density at each point in space. For
generality we write this simply as an unknown function
e(r) = ¢(Fy; " (r)).

We now confine our focus to hinges with aspect ra-
tio ~ 1, which is the case for the experiments and
simulations in this manuscript. This condition gener-
ally removes opportunities for bistability and other path-
dependent elastic behavior at the hinge. Therefore, pre-
scribing the orientations and positions of the two squares
attached to a particular hinge will leave only one pos-
sible force-balanced deformation F,“"°(r) in the hinge.
The energy of this hinge may therefore be rewritten as a
function of the two square orientations and two 2d vec-
tor positions, six numbers altogether. Accounting for
translational and rotational symmetry leaves only three
scalar parameters necessary to describe the configuration
of the hinge. We will focus on two distinct, yet convenient
choices for these three parameters as described below.

Importantly, we note that arbitrary relative positions
and orientations of a pair of squares will generally cost
a great deal of energy and may stretch the hinge to the
point of fracture. We wish to focus on low-energy config-
urations that do not stretch the hinge too much, which
includes a particular set of nonlinear rearrangements due
to the design based on an ideal-hinge mechanism. There-
fore, in order to find an appropriate parametrization for
these low-energy configurations, we must first quantify
the finite-hinge (finite-energy) analogue of this mecha-
nism. As shown in Supplementary Fig. 4a,b, fixing the
distance between the square centers (¢) and allowing the
square orientations to relax defines our twisting angle
T(c) = n/4—1(c)/2. Matching with the common nomen-
clature for twisting in kagome and RS lattices, this repre-
sents the amount the squares must each be rotated away
from the fully extended state to balance torque at fixed
distance. To twist the squares oppositely according to

T'(c) while moving the square centers to distance ¢ there-
fore constitutes our generalized mechanism. In the limit
that the hinge size ¢ goes toward zero, and the strain is
increasingly localized to an infinitesimal hinge, this mo-
tion must approach the ideal frictionless hinge version
of the mechanism. We may therefore write the twisting
function as

T(c) = ArcCos (\/%CL) + géT(C) +0(t/a)? (13)

where dr(c) is an unknown dimensionless function cap-
turing the first-order corrections to the twisting due to
the finite size and stiffness of the hinge. Eventually we
will proceed to ignore this first order correction, but must
acknowledge that the function d7(c) may diverge in the
vicinity of ¢ = v/2a (the untwisted state). Both our hinge
theory and subsequent coarse-graining of the Rotating
Square (RS) lattice mechanics will break down near this
untwisted state and we therefore leave analysis of this
anomalous point in the configuration space for future
work.

Alternatively, we may explore this mechanism by fixing
the orientation ¢ = /2 — 2T and allowing the positions
to relax to a square center spacing ¢(7T') which can be
expressed as

¢(T) = v/2aCos(T) + £5,(T) . (14)

Again, the second term on the right-hand side is a correc-
tion term dependent on an unknown function . which
will eventually be neglected in the small hinge limit.

We now use these mechanism twisting functions to de-
fine two parametrizations of the hinge energy. In both
cases, we first choose to move to a point along the mecha-
nism pathway, setting the distance ¢ and twisting angle to
¥ = 7/2—2T(c) as shown in Supplementary Fig. 4 (left).
We may then deviate from this configuration in two ways:
In the first, we may choose to fix the square orienta-
tions and allow a small vector deviation dc in the rela-
tive positions as shown in the top right of Supplementary
Fig. 4. We will refer to this as the “vector parametriza-
tion”. Alternatively, we could keep the square centers
fixed in place and allow each to have a small reorienta-
tion away from the mechanistic twisting orientation as
shown in Supplementary Fig. 4. This defines deviation
angles 00 4 and d0p and we will refer to this as the “an-
gular parametrization”. In the end, the choices will span
the same configurations of the hinge structure.

Both parametrizations above are useful for isolating
the “non-mechanistic” part of the hinge motion into small
variables. It is clear for small hinges that comparatively
large dc will put the hinge under large strains which scale

.~ 19¢] : : ;
roughly as ~ 7= and will put conventional materials at
risk of tearing and fracture. We therefore work in the
limit |676| < 1. Equivalently, (6604,005) < 1 are the ap-
propriate conditions in the angular parametrization. We
will see below that the vector parametrization is useful for
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method as well the characteristic localization of the stress (and therefore also strain) magnitude to a small region in the vicinity
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In the absence of additional forces applied near the hinge, the elastic hinge energetics may be

parametrized with three numbers describing the relative orientations and positions of the squares. First, the “mechanism”
portion (a — c¢) may be traversed by fixing the center-to-center distance co — ¢ of the squares and allowing the square
orientations to relax. Then small deviations around this state are allowed by either (d) preserving the square distance and
allowing small orientation changes (004,005) or (b) preserving the square orientations and allowing a small change (dc) in

relative square positions.

deriving scaling relations, while the angular parametriza-
tion is useful for the coarse-graining. Given some config-
uration of the hinge we may now write the hinge energy
in terms of the vector parameters

EH = g’U(T7 6Cu€7 a, TO) ) (15)
or equivalently in terms of the angular parameters

EH :ga(ca 59A76937€7G,T0)' (16)

where Tj is the “pretwist” present in the reference con-
figuration of the hinge ensemble. Finally, we note that
it is useful to be able to convert between these descrip-
tions. Neglecting second and higher order terms in the
deviations dc and dimensionless hinge size ¢/a, we may
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Even with perfect knowledge of the hinge geometry
and nonlinear material elasticity, finding the form of the
functions g, g, would require solving a difficult nonlin-
ear mechanics problem. However, a lot can be discerned
without knowing the exact form of the energy and in-
stead relying only on scaling arguments. In the vector
parametrization, our hinge deformation tensor is a func-
tion not only of the location within the hinge x, but also
this tensor field must depend on the inputs 7" and dc.
It is instructive to consider rescaling the hinge reference
and final states by a factor + while preserving shape.
This means that points in the hinge r are mapped to
points r = yr and the deformation tensor is preserved via
Fgmge(f") = Fi};mge(r). Because the deformation tensor is
preserved, so is the energy density. The only difference in
computing the total energy of the rescaled hinge comes
from integration over a rescaled domain, and we find
Ey = v?Ey. However, this rescaling also impacts the
relative locations of the large square elements. Consider
the internal vector e which points from the projected
corner of square A to the projected corner of square B
as shown in the zoom in Supplementary Fig. 4-b. Due
to the preserved shape of the hinge, this internal vector
must also scale directly with . This internal vector also
has an analytic form

e=/00.(T)% + dc, (18)

where 0.(T) is again the correction to the mechanism
from equation (14). Considering the configurations where
dc = 0 in equation (18), we note that because e scales
with -, and because £ also scales directly with -, then dr
must not scale with . Noting that §r is independent of
dd, it will remain scale-free when we also apply such a
displacement dc. Because each side of equation (18) must
scale the same way with -y, we have now established the
result that the displacement vector dc indeed must scale
linearly with ~.

Rescaling the hinge has no impact on the square rela-
tive orientations ¥ nor on the “pre-twist” Tp. This rescal-
ing impacts only ¢ and dc and the hinge total energy Ey
as described above (in the vector parametrization). We
may therefore rewrite the hinge energy function

EH = gU(T7 (5C7€, a, TO) = 6291 (T7 %7 a, TO) 3 (19)
where g; is another unknown function, whose value may
be thought of as a mean energy density in the hinge.

Another way of arriving at equation (19) is the fol-
lowing: given we had started with a smaller hinge of
the same initial shape, we must arrive at the same fi-
nal force-balanced hinge shape by simply rescaling the

applied displacement vector dc by the same factor as /.
Therefore, we must be able to write the hinge energy as
in equation (19) as a function of the current twist, the
pretwist, and the value of dc relative to £.

We now apply our previous assumption that we will
avoid extreme, high energy configurations of the hinge
where material fracture becomes likely. Quantitatively,
this is the condition 57‘: < 1. We may use this condition
to expand the energy in equation (19) to second order,

yielding

Ey =0gr(T)

4 e . O k(T) +

sc\?
+o(%)
The twist-dependent coefficients may be written in terms

of g1 via

gr(T) = g1(T, 0, Tp)

g1
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Using equations 17 & 21, we can convert this energy to
the angular parametrization. This becomes

EH :£2g(6)
a2k1 (5)

+ (667 + 560%) + a®k2(8)50.400p

sc\?
+0<£),
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center distance and the moduli are defined by

(22)

where ¢ = is the dimensionless rescaling of the square

9(¢) = gr(T(V24a¢))
= g7 (ArcCos(éCos(Tp)))
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While the function g; remains unknown, and the ener-
gies in equations 16 & 15 may not be evaluated directly,
these expressions provide useful insight into the nonlin-
ear macroscopic energetics of the RS metamaterial while
excluding extremal configurations, as shown in Supple-
mentary Note 4. Importantly, as the function g; defined



in equation (19) is scale-free, there is no remaining “hid-
den” dependance on the hinge size £ nor the square size
a in the energy function and the scaling is directly ap-
parent.

We have therefore avoided a complicated tensor-field
description of our structured elastic metamaterial, in
favor of a hinge-based energetic formalism based on a
greatly simplified set of degrees of freedom: the positions
and orientations of the square elements. In this formal-
ism, energetics and scaling permit analytic descriptions
which prove helpful for coarse graining.

Supplementary Note 4. COARSE-GRAINING
PROCEDURE FOR NONLINEAR NONUNIFORM
MECHANICS OF THE ROTATING SQUARE
LATTICE

We now derive the continuum elasticity theory for
the rotating-square (RS) lattice, as presented in the
main text. Following Supplementary Note 3, we ap-
proximate the elastic RS metamaterial as a collection of
rigid square elements connected by comparatively flexi-
ble hinges. The hinges and square elements may be made
out of the same material, while the comparative flexibil-
ity arises due to the small size of the hinge.

We establish the local continuum energy penalty cre-
ated by a mapping x — X(x). This mapping will control
the location of the square centers, while the orentations
are left free to realize torque balanced configurations.
Following the main text result that soft deformations of
the RS metamaterial are near-conformal, we restrict our
focus to deformations composed of a large nonlinear di-
lation, a finite local rotation, and a small generic shear.
This prescription is captured by the deformation tensor

Fiy(30) = ROl |5y + 2oy + 220 o()|
o1

where

o = {1 0} 0 -1
are Pauli matrices and R(¢) a standard rotation by ¢.
To understand this tensor, we break it down piece by
piece. First, recall that by definition this tensor de-
scribes the Jacobian of the deformation map X — x(X)
via Fy; = g}“ﬁj . The infinitesimal material vectors are
therefore understood to transform under deformation via
dX — dx = F - dX. Consider, then, the action of each
element of F going from right to left, in the order that
they act on dX. The first (rightmost, in square brack-
ets) term applies a linear strain composed solely of shears
51(X) and s2(X) defined as

& 0(3){1 0} (25)

51 = Oy — Oyly (26)
89 = Oply + Oyly

where u; is the i-th component of displacement, defined
at this intermediate deformation for the purposes of un-
derstanding. Defined in this way, s; and s, correspond to
the traditional notions of pure shear and simple shear, re-
spectively. Following the application of the linear shear,
the material vectors undergo an isotropic dilation «(X)
and are then rotated by ¢(X), bringing us to the final
configuration. While this is a general form for such a
(large dilation plus small shears) deformation, we note
that these new variables ¢, «, s1, so cannot vary arbitrar-
ily through space, as they must still obey a closure con-
dition to guarantee geometric (mechanical) compatibil-
ity. This is because a generic, spatially varying candidate
strain field may not correspond to a valid displacement
field, just as a generic candidate electrical field does not
always correspond to an electrostatic potential. In the
vanishing shear limit the closure condition takes the form

0= 8iOé - aeijajqﬁ, (27)

where €;; is the 2-by-2 antisymmetric unit tensor. Re-
assuringly, equation (27) captures the Cauchy-Riemann
condition for a deformation to be conformal. To see this,
note that the derivative of a conformal function may
be written in modulus-argument form as d.f = f' =
aexplig]. Then, as conformal functions must be func-
tions of z only, we must have 0z f/ = 0. Writing out the
real and imaginary parts of this condition leads to the x-
and y-components of equation (27).

We now choose the vectors ¢, connecting neighbor-
ing square centers (and where v = {1,2,3,4} indexes
which neighbor) to represent the infinitesimal vector el-
ements of the effective continuum material, and thus Fj;
prescribes all the relative square locations after deforma-
tion. If we can now find a similar recipe for writing down
the square orientations in terms of continuum quantities,
then our description of the metamaterial configuration is
effectively complete. We will then be able to write down
the hinge energies and sum these over the unit cell to
get a continuum energy density. To identify the torque-
balanced square orientations, we note that there are only
two squares per unit cell. We therefore assume that
square orientations are controlled by two angular fields
which vary slowly through space. A unit cell contains
squares A and B which after deformation are located at
ra and rp and have orientations 64 and 0g. There is
already some intuition for the expected orientations in
terms of the counter-rotation mechanism of the squares
arising from the local lattice dilation factor «(X). This
is expressed by writing the orientations as

04 = T(V2aa(ra)) + ¢p(ra) + AT(ra) + Ag(ra)

Op = —T(V2aa(rp)) + d(rp) — AT(rp) + A¢(PBE, |
28

where T'() is the same mechanism function from Supple-

mentary Note 3, while AT, A¢ are the two smooth fields
required to capture the two orientation degrees of free-

dom in each unit cell. Note that while equation (28) relies

on a well-motivated guess, there is no loss of generality



due to the presence of the correction fields AT, A¢, and
conveniently that if our guess is correct, then enforcing
torque balance will simply set the value of these fields
locally to zero. In the limit of vanishing shears and van-
ishing gradients of o and ¢, we find that AT and A¢
also vanish and therefore the magnitude of these angular
correction fields must be on the order of the shears or V¢
or smaller.

We are now equipped with a sufficient description to
specify the energy (equation 22) of an arbitrary hinge
connecting the square initially centered at X to the
square initially centered at X +c¥ in terms of our contin-
uum quantities (@, a, 81, $2, AT, A¢). Constructing the
required geometric quantities to evaluate the hinge en-
ergy, we first find via application of the deformation ten-
sor that the length of ¢, changes as

1
leu] = levlax + 5e,%)x (29
1+ s1(x) [(c) - e1)? = (D - é2)?]
2|c)|?
n s2(x)(cy) - €1)(c) - é2)
|92 ’

where é1,é2 are the orthogonal basis vectors (x- and y-
directions, respectively) in the reference space. The de-
formation also produces a reorientation of this local in-
finitesimal via

This information, combined with equation (28), allows
us to write the angles of deviation

T
565 =AT + A - ?TRG [cv0:0] — Relc, 0]
«

Re[cZ] [T Im[c2] [ orT
_ 2|CD|2 afaasl + s2| + 2|CV|2 S1 —82870401
W) oT
005" =AT — A¢p + %Re [, 0.a] — Re[c, 0. 9]
Re[cg] _s —a—Tozs - Im[c?,] —s + s —a-
2e,? | > da 1_ 2le,? | P00

(31)
which will be input to determine the energy of hinge
v. For convenience, we have moved to the complex
formulation rather than the vector formulation where
z = X1 4 iX5, and similar for vector quantities such
as ¢,. Our continuum energy density may now be con-
structed by summing the hinge energy equation (16) over
the four hinges in the unit cell via

4
1 )
d = E 32
&= 2 Fh (32)
where Acen = 4a?cos(Tp) is the area of the unit cell in the

reference space and EI(LI”) is the energy from equation (22)
for hinge v. Inserting equations 31 and performing the

(33)

Arg(c,) — Arg(e,) + ¢ (x + ;c,,> (30)
S2(X) [(Cy . é1)2 — (CV . éz)z]
* 2c,?
_si(x)(cy - é1)(cy - é2)
e |? sum yields
|
2 gl (k1(a) + ka(a))T"(a)%0? 5 (ki(e) — ka(a)) o
®(z) = a2 cos(Tp)? * 4cos(Tp)? 51 4cos(Tp)? o2
PR Ly + ROy vap +

The energy in equation (33) includes all terms which are
not higher order in either ¢/a or the shears or |Va|. To
reduce to an elasticity theory in terms of spatial defor-
mation variables, we minimize equation (33) with respect
to the internal degrees of freedom AT and A¢. This
leads to AT = 0 and A¢ = 0, which indicates that
our mechanism-based guess for the square orientations
in equation (28) was correct. The continuum elastic the-

1 2 2
COS(To) (]{31(04) + ]{?2(04)) (AT + A¢ ) .

(

ory for the RS lattice is then

E = /dQX;{aM(a) + a®’M(a)|Va|*+



Where the moduli

_ 29(a)
M(a) - Wa
(35)
Gty = B DT 0" o
_ (k1(@) — k2())
Ga(e) = 2co0s(Tp)2
(37)
M(a) = kl;a) (;2 +T’(a)2)
(38)

+ @ <O}2 - T’(a)2> ,

capture the energy cost of dilation, pure shear, simple
shear, and dilation gradients, respectively. Note that in
the small hinge limit, the strain gradient modulus may
be inferred from the shear moduli via the simple relation

~ 11— a?cos?(Ty)

N(a) = , cos’ (1)

Gile) + 1 — a?cos?(Tp)

GQ(OL),

(39)
where we have used the analogue for the mechanism in
equation (13) to replace

(07

—cos(Tp)
1 — a?cos?(Tp)

T () = (40)

excluding higher order terms proportional to ¢/a.

Supplementary Note 5. SYMMETRY-BASED
CONSTRUCTION OF THE ENERGY
FUNCTIONAL

Here, we present an alternate derivation of an energy
functional of the form equation (34) without recourse to
the exact RS microstructure, based instead upon its fun-
damental symmetries.

We consider, then, a general elastic system that:

e has a dilational mechanism

e has standard elastic translational and rotational
symmetries

e has a four-fold rotational symmetry
e has an x — —x mirror symmetry

e has a y — —y mirror symmetry (as implied by the
previous two symmetries)

These last three properties arise from the p4g wallpaper
symmetry group, which applies to all states of the lattice
along the uniform dilational mechanism.

‘51‘52‘81a‘8ya

Cy —51|—82|—0ya| Ozcx
x-mirror| 1 |—S2|—0za| Oy
y-mirror| s |—$2| Oza |—0y«

TABLE I. Action of symmetry operations on deformation
fields

A uniform application of the mechanism will generate
an energy density that we again label (¢/a)? M («), having
identified the scaling with hinge thickness in Supplemen-
tary Note 3. Additionally, energy terms may arise from
other components of the deformation tensor: pure shear
(s1), simple shear (s2) and rotation (¢). However, rota-
tion in particular can be easily eliminated: the system
is invariant under a uniform rotation and equation (27)
(Cauchy-Riemann) shows that for dilation-dominated de-
formations, rotation gradients can be expressed in terms
of dilation gradients instead (up to a small correction
from the shears). Overall, our energy density can there-
fore be expressed in terms of three fields: (si,s2,«) and
gradients thereof. In general, this allows for terms pro-
portional to s, 5159, 000y etc. Terms such as 0,510y51
and s202a are also permitted, but these will be higher
order in gradients and shears which are small due to the
comparative size of the unit cell and design based on a
mechanism, respectively. Note that, for present conve-
nience, we are using notation different from the previous
section, where z — X7 and y — Xo.

Such energy terms are only permitted if they are in-
variant under the discrete symmetries of the undeformed
or uniformly dilated lattice: a four-fold rotation about
the center of a square and two mirror symmetries about
the center of an open pore.

The action of the symmetry operations on the rel-
evant fields are listed in Table. I. Enforcing that the
energy remain the same before and after applying the
x-mirror symmetry eliminates (s2, Oyc, s152, 0,0y«
s20ya, $10za ) from the energy density. Similarly, the
y-mirror symmetry eliminates the terms (Jya, $205c,
s10ya). Finally, the Cy symmetry eliminates Si, and fur-
ther enforces that the energetic coefficient of the (9,a)?
term match the coefficient of (9,«)?. We do not con-
sider terms involving second gradients of the dilation
field, which are ruled out in the coarse-grained micro-
scopic theory.

With this, the energy functional to lowest order in the
small shears and dilation gradients must take the form

2 ~
E= /dzx;{ : M () + a*M(a)|Val*+

a2
Gi(a)s? + Gg(a)sg} .

(41)
where the coefficients have been named to connect to the
coarse grained theory in equation (34).

Importantly, while we have not invoked the specific
nature of the RS mechanism or material properties to



derive this elastic energy, is it specific to the point sym-
metry group of the lattice and a different energetic form
is expected for other dilational metamaterials such as the
kagome lattice.

Supplementary Note 6. STRESS OF
NEAR-CONFORMAL DEFORMATIONS OF THE
RS METAMATERIAL

Having constructed the Energy in equation 34, we
would like to know the corresponding stress tensor, as
this is the more common quantity used in nonlinear elas-
ticity. However, this theory is both nonlinear and in-
cludes strain gradient terms, and we require a relation
which appropriately incorporates these effects. To do
this, we start with the essential information that the
functional derivative with respect to displacement gives
the force density as

oF

6’11,,‘ '
In addition, we know that the force density is the diver-
gence of a stress tensor

fi=0;Nji, (43)

fi= (42)

and so the process of deriving the stress is a matter of
taking the functional derivative in equation 42 and fitting
it into the form of equation 43. Our energy functional is
an integral over an energy density which is a function of
our quantities o and s; and sp. These are strain quan-
tities, and may be expressed in terms of the Lagrangian
strain
1 1

Eij = 5(6% + 8]uL + 8iuk8juk) = 5(01
where Cj; = Fy;Fy; is the right Cauchy-Green deforma-
tion tensor (i.e. the metric of deformation) and F;; =
Oju; is the deformation gradient tensor. The variables
in our energy functional equation 34 may be written, to
lowest order in si, S9, in terms of this strain via

o = \/det[F] = (det[C])Y/* = (det[2e + ¥])Y/*  (45)
o 1Tr [C-a(?’)] _ Tr EE 0(3)]

—0ij), (44)

T ] el A 1)
2 lTr [C’ . 0(1)] B Tr [5 . 0(1)] (47)

T2l VaB A

Therefore, we should think of our energy functional as
having the form

E = /ddmCD(sij,@k&ij) (48)

With this, taking the functional derivative in equation 42
is a matter of using the chain rule for functional deriva-
tives

OF o d$/ 0F 5€ij(.’£/)
) / C S @) su) (49)

10

Here, €, may be thought of as a functional of u; and this
derivative is taken using the definition of the functional

derivative
0Fw] .. Flu(z') 4+ hé(x — 2’)] — Flu(z')]
Su(x) flzli% h (50)

which becomes

deijlu(@)] . eijlu(@’) + hérd(z — 2')] — ei;[u(z’)]
————= =lim
duy(x) h—0 h
(51)
Deij(x) ,
=——"—0b(z—1').
9@l )
And using the form of equation 44, we find
deiilu(z)] 1
(;T(l‘) = 5 (5lj6'i + 52'[5]' + &-ul@j —+ ajulai) 5(33733/) .

(52)
Plugging this back into equation 49, and simplifying a
bit, we may find
OF

Ny = 2
Y e

Fr;. (53)
where
0FE 0P 5 0P
IS M
661’]’ 861']' 6(8k€ij)
is the standard functional derivative. As the divergence
of this stress in terms of the reference space coordinates
gives the force density in reference space, this construc-
tion captures the Nominal stress (also known as Engi-
neering stress and corresponding to the transpose of the
first Piola-Kirchhoff stress) in accordance with the non-
linear elasticity literature [4]. Using the standard con-
version formulae taking us between the different stan-
dard nonlinear stress definitions, we find that the second
Piola-Kirchhoff stress is given by the simple expression
_0E
N 56ij '
Inserting the actual energy from equation 34, we will
find

(54)

(55)

Si; =[T1] d;5 (56)

G 2

— 851 [Tl — —21 — aMakaaksl} al(f)
o sy
G 2

— sy |1 — —2 — LMBkaakSQ alg) ,
o?  asy J

where

a2

~ ~ 2
T =—— {Makaka + Mlakaaka} - 2%Makaaka
o «

(57)

1
4+

02 -
5 — M+ a® M O,adya
a

a




While the 2nd Piola-Kirchhoff doesn’t admit a direct
physical interpretation in terms of real traction forces
across material surfaces, it is mathematically convenient
and can easily be converted to the more physically rele-
vant Cauchy stress with the formula

1
i = ———— . S Fap . 58
Oij det[F] ik kL 51 ( )

Supplementary Note 7. ANALYTIC
PREDICTION OF DEFORMATION

Having identified the effective continuum energy which
will govern the deformation of the RS metamaterial, we
would like to use it to predict material response to ap-
plied loads. Taking the limits of small hinge and small
lattice spacing in equation (34) leads to an energy which
is comparatively very stiff against deformations that in-
clude shears, and the shear terms dominate the energy
functional. In this limit, the material will choose to expel
shear whenever possible, leading directly to the confor-
mal maps (which definitionally exclude local shear) as
the lowest energy deformations. With only shear terms
in the energy, the conformal deformations form a highly
degenerate space of ground states. The point displace-
ments applied in the Finite Element simulations from
Supplementary Note 1 are not sufficient to fully break
the degeneracy — an infinite space of deformations sat-
isfy the (point) boundary conditions without any shears,
leaving no single prediction for the deformation.

To break this degeneracy, we turn to perturbation the-
ory, adding back in the dilation M («) and dilation gra-
dient M(a) terms. Predicting the deformation then be-
comes a search for the conformal map which minimizes
the perturbative energy

E~AE= /dx% {2M(a) +a2M(a)Va|2} . (59)

Shown in Supplementary Fig. 5-a, this reduced form is
a reasonable approximation to the true energy, with the
shear energy roughly an order of magnitude smaller at
small hinge size. This energy gap will be even more sig-
nificant, and the perturbative approximation better, for
larger material samples with more unit cells which are
closer to the continuum limit. As described in the main
text, this process of obtaining and using this effective
theory constitutes our conformal elasticity.

7.1. Analytic prediction of linear deformation using
effective conformal theory

The energy in equation (59) is highly nonlinear and
minimization requires prior knowledge of the nonlinear
stiffnesses k1(a), k2(a), g(a), which are not easily ob-
tained. Even with knowledge of these moduli, analytic
solutions to such nonlinear mechanics problems are hard
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to come by. However, taking the theory to lowest order in
strains and rewriting in terms of a complex displacement
u(z) = f(2) — 2 = ug(2) + duy(2) yields

E= / dzdz {KRe(azu)2 + ;R|a§u|2} + Econstr (60)

where 0, = 0.5(9; — i0,) is a standard complex deriva-
tive [1] and

B 529//(1)
 4a2cos(Tp)? (61)
K= aQM(a =1)

are the bulk and bulk gradient moduli, respectively. Note
the unknown function g, defined in Supplementary Note
3, which captures the mechanism energy. In order to
incorporate the applied point motions (constraints), La-
grange multiplier terms have been added to the energy
functional as

Eoonatr — / dzdz {Z et — u(zk))} (62
k

where {uy} are the displacements prescribed at locations
{zn}.

The energy in equation (60) will be used to select be-
tween conformal displacements u which may be written
as an expansion u(z) =Y. Cpz". As higher coefficients
C,, generate sharper and sharper features, we can cut off
the expansion and then solving the equations of energy
minimization is reduced to a linear algebra problem.

The above is not yet sufficient to generate predictions,
as the moduli K and K remain undetermined. Conve-
niently, the coarse-graining procedure from Supplemen-
tary Note 4 offers a relation between these moduli which
is exact in the limit of small hinges

cos(Tp)?
fan(Ty 2 2@ =)

(63)
With this, the strain level moduli (K,Gp,G2) ob-
tained numerically in the methods section of the main
text constitute all necessary information to make lin-
ear deformation predictions. For simulations with hinge
thickness ¢y = 0.lmm these moduli are (K,K) =
(35Pa*m, 125Pa*m®). To find predictions at different
hinge thicknesses ¢, we rely on the coarse graining re-
sults, which indicate that K ~ ¢? while all other mod-
uli G1,G4, K are independent of ¢. Therefore, we write
K{) = %K(@O) in terms of the known K(¢y) and use
these values to solve the linear algebra problem for the
coefficients {C),} and therefore our prediction for u(z).
These predictions capture all but a small portion A” _,
of the error, as displayed in Supplementary Fig. 5-b. This
completes

K=a? (sin(TO)QGl(a =1)+
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(a) We show that going from equation (34) to equation (59) is a good approximation by showing

that the contribution to the energy from the shear terms is an order of magnitude smaller (or more) in the limit of small
hinges. Energies are normalized by Ey, which is the amount of energy required to create the same coarse strain magnitude in
the absence of the pore structure, and which showcases also the comparative softness of the porous metamaterial. The energy
in equation (59) may also be used to generate predictions of small deformations which have very small fractional mean squared

error shown in (b).

Supplementary Note 8. LAGRANGE
MULTIPLIER APPROACH TO CONFORMAL
ELASTICITY

In this Section, we employ a more conventional method
of enforcing the shear-free conditions on the RS metama-
terial by the introduction of Lagrange multipliers A1, As.
This produces insight into the shear stresses enforcing
this shear-free condition. For simplicity, we consider a
system without gradient terms, so that the energy takes
the form

o /dQR B(T) + At (Fiy — Faz) + Ao(Fia + Foy)],
(64)

where Fj; is the deformation tensor, J = a? is the de-
terminant of its matrix form and the general dependence
on the reference coordinate has been suppressed.

The conditions for equilibrium are that the energy can-
not be lowered by any movement of the material from
its target position, r(R. This can be expressed as a
functional derivative (See, e.g., Lazar and Kirchner [5]
or Saremi and Rocklin [6]):

SE  OE
(STl(R/) o (5T2(R/)

=0. (65)

These functional derivatives inherit many properties of
conventional derivatives and in particular if the energy
depends on the position only through an intermediate
function, such as the deformation tensor, we have the

chain rule:

SE [ 4o, OF
or(R) / TR SR

dF;L(R")
r(R)

(66)

Consequently, after some algebra, we obtain our equilib-
rium conditions:

b//(J) [F1181J + F1232J] 4+ 01 A1 + 02X =0, (67)
b”(J) [F1182J — F1281J] — O9A1 + 0122 = 0. (68)

In obtaining this expression, we have already used that
F22 = F117F21 = —F12 (the constraints). To thiS, we
now add our compatibility condition, as discussed in the
Methods section of the main text. We find that this
compatibility condition is equivalent to

(01 4+ 102)(F11 — iF12) =0, (69)
or

51 =0 (70)

where
z =z 41y, (71)
0z = %(895 +i0y) (72)
f'=Fi —iF. (73)
We now note that J = [f/|? and we can take our

two original real equilibrium conditions and add the first



equation to the second equation multiplied by 4, and ob-
tain the equivalent complex condition

V(2" + 8.1 =0, (74)
)\(Z, 2) = A1 +i)s. (75)

governing the constrained equilibrium states. Thus,
there are stresses that are supported even in the absence
of deformation (f'(z) = 0): the structure supports shear
stresses that are functions of Z only. That is, they are an-
tiholomorphic, whereas the low-energy deformations are
holomorphic, or conformal. In addition, there is an addi-
tional shear stress proportional to b”(J) that forms when
there is a nonzero bulk modulus and a spatially varying
deformation tensor. Similar results arise more generally
when dilation gradient terms are included, still allow-
ing for an undetermined antiholomorphic space of shear
stresses.

Supplementary Note 9. BOUNDARY METHOD
FOR ANALYTIC PREDICTION OF
CONFORMAL DEFORMATION

As described in the main text, materials in the con-
formal limit admit a novel boundary method for analytic
control of deformation. Here we give more explicit ana-
lytic recipes both for continuous analytic description of
the metamaterial and for a discrete approximation.

As noted in the main text, a planar conformal defor-
mation may be described by a complex analytic func-
tion z — f(z). The function f(z) obeys dzf = 0 (Z
is the complex conjugate of z), and as a result admits
well defined z-derivatives everywhere in its domain and
can be expanded in a series as in equation (8). These
analytic properties are preserved when the derivative is
taken f’ = 9. f and when we take the logarithm, defining
g = In(f"). Note that the logarithm has the potential to
introduce nonanalyticity, yet avoiding nonphysical mate-
rial configurations such as inversion and collapse into a
point avoids any such problems. The function f’ may be
written in modulus-argument form as

f'(2) = a(z, 2)exp(ie(z, 2)) - (76)

In finite strain theory, f’ captures the deformation tensor,
the function « will capture the local isotropic rescaling of
area dA — o®>dA due to deformation, and ¢ captures the
coarse material rotation (e.g. reorientation of the entire
unit cell). Taking the logarithm, our function g may be
written

g =1n(a) +i¢. (77)

The real part of this function now depends only on the
scaling factor av while the imaginary part depends only
on the rotation ¢. It is well known that the real and
imaginary parts of a complex analytic function each sep-
arately satisfy the Laplace equation, which appears as
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40,0:In(a)) = 0 in complex form for the real part of
g. The Laplace equation admits a unique solution given
Dirichlet data (the local value of In(«)) all along a closed
boundary. Solving this for the real part of g, the bound-
ary data for In(«) comes from local lattice dilations along
the boundary. Therefore, given prescribed dilation data
all along the boundary of a closed material domain, the
dilations throughout the bulk are determined by the
Laplace equation.

Next we note that full knowledge of Re[g] across the do-
main may be used to infer the full analytic function g up
to a purely imaginary constant. Recipes to infer g such
as the method of Milne-Thompson [7] or that applied by
John d’Angelo in Ref. [8] rely on the Cauchy-Riemann
equations. Employing the method of John d’Angelo we
may write the full function

g(z):an(a(:cﬁg,y%%))Jri(bo (78)
in terms of the internal dilation field a(z,y) up to an
undetermined material rotation ¢q. Finally, taking the
exponential f’ = exp(g) yields a complete prediction of
the deformation tensor throughout the bulk. Integrating
/ along a path from z; yields a prediction for the relative
final position of the material point initially located at zy

fe) - = [ " explgldz. (79)

i

Importantly, the conformal property guarantees that this
integral is not path dependent.

In summary, the full recipe for inferring the spatial
mapping f(z) from the boundary is as follows:

e solve for a(z,y) using the boundary conditions and
the equation V2 In(a) = 0

e insert to determine the function f'(z) =
exp [2In(a(%, £)) + ¢oi] where ¢ is the undeter-
mined global rotation.

e integrate to find f(z)

We remark that the analytic viability of this recipe de-
pends on the ability to generate solutions to the Laplace
equation on the chosen domain, and to integrate them.
The examples of square and circular domains provide
convenient solvable examples. However, the true strength
of our method lies in the reverse application. Given a de-
sired conformal deformation f(z), this may be prescribed
by simply taking the derivative and evaluating the mag-
nitude at the boundary, yielding the appropriate bound-
ary dilation pattern to actuate. It is the uniqueness of
the inverse recipe shown here (up to overall translations
and rotations) which guarantees only the target map can
satisfy these boundary conditions.

Finally, the particular choice of mechanism sets limita-
tions to the amount the metamaterial can be dilated and
contracted to avoid self intersection and material over-
extension. For instance, the RS mechanism requires «



to be everywhere confined to the range 1/\/5 < a <1,
when starting from the fully dilated configuration. How-
ever, very conveniently, it turns out that any sufficiently
smooth choice of boundary dilations which do not over-
or under-dilate the RS lattice on the boundary, will also
generate a conformal deformation in the interior which
does not go beyond the valid dilation range of the specific
mechanism. This is due to the maximum modulus prin-
ciple which states that both the maximum and minimum
dilations of a conformal map will occur at the boundary.

9.1. Discrete Inference Method

For most material domain shapes and boundary dila-
tion patterns, a closed-form solution for f(z) is not guar-
anteed. We therefore illustrate an alternative scheme
that allows for quick and accurate inference of a map
from discrete boundary data, and which generates the
predictions in main text Fig. 4.

In this method, we first identify the boundary via a set
of discrete points {z;} and the corresponding local dila-
tions {ay }. Points should be densely spaced compared to
the lengthscale of variation of ay. And, naturally, they
should approximately trace a single continuous path en-
closing a simply-connected region of the plane. Following
this, we choose a cutoff N in the number of coefficients
of

9(z) = Z Cp2". (80)

N should be significantly less than half the number of
boundary points M in order to avoid overfitting.

Next we demand that our function g(z) satisfy the
boundary conditions by minimizing the error

M

err = Z(Re[g(zk)] —In(ag))?. (81)

k

Inserting equation (80), we minimize this error with re-
spect to the coefficients C,, = A, + iB,, yielding the
equations

Olerr] (A) al al
A

(82)

a[err] (B) N N
B
0= 831 = fl + En AnSln + En Bnnn ;
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where
M
Qin = Z (ri+ cos(nfy)cos(16y))
' M
Ry, =— Z (TZHsin(nﬁk)cos(lﬁk))
k
M
Sin == (rp ! cos(ny)sin(16y))
' (83)
M
Tin = Z (rptsin(nfy)sin(16y) )
' M
#Y = =37 (n(aw)rieos(16,))
y k
fl(B) = Z (ln(ak)résin(wk)) ,
k

and we have expressed z, = e’ in a complex polar
form. equation (82) reduces the inference of ¢ to a lin-
ear algebra problem which may be readily solved using
built-in tools in, e.g., Mathematica. Note importantly
that the row and column corresponding to By = ¢ (the
undetermined global rotation) are zero throughout. This
row-column pair is, in general, the only one that needs
to be removed before numerically solving.

The above yields the coefficients C,, of g(z), which is
inserted into the exponential function to yield a predic-
tion for 0, f and therefore constitutes a full prediction
of the deformation tensor everywhere inside the domain.
In order to generate the displacement predictions shown
in main text Fig. 3, we employ the built-in numerical
integrators in Mathematica.

Supplementary Note 10.  BOUNDARY CONTROL
SIMULATION PROTOCOL

To probe the viability of boundary control of soft con-
formal modes, we perform numerical simulations of a sim-
plified version of the RS lattice. In this case the lattice
is composed purely of Hookean springs of identical stiff-
ness k connected at frictionless nodes. As shown in Sup-
plementary Fig. 6, each rigid square element (grey) is
emulated by a grouping of six springs. While a single
cross-spring is sufficient to render a square element rigid,
the inclusion of both ensures that the spring ensemble
will obey the same symmetry properties as the elastic
RS metamaterial.

To actuate a particular soft conformal mode, stiff
springs are added at the boundary, as shown in Sup-
plementary Fig. 6. These boundary springs are taken
to have stiffness 10k, so that they will act as rigid con-
straints, realizing their rest lengths quite accurately com-
pared to the soft mechanics of the bulk material. While
the rest lengths in the interior ( blue bonds) are chosen
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Supplementary Figure 6. A simple spring model of RS metamaterial and boundary control. The numerical method employed
to investigate the viability of boundary control of the RS elastic structure is accomplished using a structure of linear springs
(blue lines) connect at frictionless nodes (green dots), approximating a collection of rigid squares (grey regions, displayed for
visual convenience). Additional springs are added at the boundary (red lines) and the rest lengths varied to reliably actuate

soft modes as shown in the main text Fig.4.

to leave the square shape at zero energy, the rest lengths
of the boundary springs are varied to match some tar-
get local dilation. For three patterns of boundary di-
lation, we set these rest lengths and identify force bal-
anced states using the conjugate gradient numerical min-
imization procedure “minimize” from the scipy.optimize
toolkit in python. At the same time, using the methods

from Supplementary Note 9, and as illustrated in the
main text Fig.3d-e, predictions for displacements may be
generated from this input set of boundary dilations. As
shown in main text Fig.4, these are in good qualitative
agreement with the numerically identified force balanced
configurations.
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