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1. Linear magnetotransport of PbTaSe:

In Supplementary Figs. la and 1b, we show the magnetic field dependence of

longitudinal resistivity p,, and transverse resistivity p,,, respectively, at 7= 8 K in sample

5. pxx and py, are calculated by py, = %R;ﬁm

and py, = tR;fcym, respectively, where
RI™ ( R;fcym ) is the symmetrized longitudinal resistance (antisymmetrized transverse
resistance) as a function of the magnetic field, W= 1.8 pA the width, L = 2.7 pA the length and
¢t = 63 nm the thickness for sample 5. p,,(B) shows the simple positive magnetoresistance
while p,,(B) shows the complex multi-carrier behavior. At the high field region, positive
signal is dominant in p,,,(B).

We analyzed py,(B) by using the two-carrier model'* (yellow dashed line in

Supplementary Fig. 1b)

B (nnph — nepd) + ppué (ny — ne)B?
e (pun + Nepte)? + piuz(ny — ne)?B?

pyx(B) = (1

where ny, (ne) and pu, (pe) are the carrier density and mobility of holes (electrons),
respectively. Obtained fitting parameters are np, = 5.7 X 10%? cm>, n, = 4.6 X 1022 c¢m?,
pp = 2.1x10* em?Vls! and pe = 2.2 X 10* cm?V-!s'!. Carrier density of hole is in the
same order as one in 2H-TaSe> (3.5 X 10?2 c¢m?)’, which implies that holes are mainly

originating from TaSe; layers.
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Supplementary Figure 1. Linear magnetotransport of PbTaSe:. (a, b) Longitudinal

resistivity py, (a) and transverse resistivity py, (b) at 7= 8 K in sample 5. Yellow dashed line

shows the fitting curve for p,,(B) by the two-carrier model.



2. Vortex Hall effect probed by linear Hall effect in PbTaSe:
In the layered superconductors, the difference in chemical potentials in the normal
core and the other superconducting region leads to the charging of vortices, which causes

transverse motion of vortices and resultant anomalous Hall resistance near the superconducting

4-10

transition™ °. Supplementary Figures 2a and 2b show the temperature dependence of

symmetrized R, (R, , Supplementary Fig. 2a), antisymmetrized RS, (Ray ", red) and

R (R;fcym, blue) (Supplementary Fig. 2b) at B = £0.003 T and /= 10 pA, respectively, for

sample 5. During the superconducting transition, R;fcym shows the large negative peak. The

sign of the Hall effect is opposite to R;;ym in the normal state, which is much smaller than

the negative component as seen in Supplementary Fig. 1b, because we applied the magnetic

field of only 0.003 T in order not to suppress superconductivity. Such a peak is absent in R5; ™

This anomalous sign reversal in the Hall resistance between the normal state and the
superconducting state strongly suggests the occurrence of the vortex Hall effect in this layered

superconductor. Supplementary Figures 2c¢ and 2d display the magnetic field dependence of

R™ and R;;ym, respectively, at 7= 3.1 K (purple) and 3.4 K (orange) for sample 6. The

current value was set at / = 50 pA in this measurement. The negative peak is clearly observed
around the superconducting transition for both cases, which are consistent with the above

scenario of the vortex Hall effect. We also calculated the Hall angle of vortex Hall effect as

RASYM
= ysxyT()i = 0.005-0.01 (see Supplementary Note 4 in detail), which is consistent with the

T RITBw

other layered superconductors. Thus, we conclude that the Hall anomaly observed in PbTaSe>

1s attributed to the vortex Hall effect.
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Supplementary Figure 2. Vortex Hall effect probed by linear Hall effect in PbTaSe:. (a,
b), Temperature dependence of R} (a) and R***™ (b) at I = 10 uA and B = +0.003 T in
sample 5. Red (blue) curve in Supplementary Fig. 2b shows Roy (R;fcym). (c, d) Magnetic
field dependence of R (c) and R;fcym (d) at 7 = 50 pA and T = 3.1 K (purple), 3.4 K

(orange) in sample 6. Errorbars indicate the uncertainty of the signals estimated from the

temperature dependence of R;%" under each magnetic field.



3. Asymmetric vortex Hall effect as the origin of the nonlinear transport

In Supplementary Figs. 3a and 3b, we propose a possible mechanism of the observed
nonlinear transverse response (Supplementary Fig. 3a) and rectification effect (Supplementary
Fig. 3b) in trigonal superconductors by considering the vortex/antivortex Hall effect on the
trigonal potential. In the present samples of layered superconductor PbTaSe; of typically 80
nm in thickness, vortex/antivortex pairs are excited in the form of vortex string (Supplementary
Fig. 3e) near the superconducting transition, as we explained later. We assumed that these
excited vortex/antivortex pairs are subjected to the vortex Hall effect even in the absence of
magnetic fields, where they are driven by their own magnetic flux in the same manner as in the
presence of external magnetic field, discussed in the previous section (Supplementary Note 2).
When the current is applied along the zigzag (armchair) direction, which corresponds to
configuration A (B), vortices/antivortices are first driven to the armchair (zigzag) direction and
then curved in the transverse zigzag (armchair) direction due to the vortex/antivortex Hall
effect. The black/green arrows denote the motions of vortices/antivortices when the current
flows leftward (rightward). During these processes, vortices/antivortices flows are rectified by
the trigonal potential, which are drawn by the thickness differences of black and green arrows
in Supplementary Figs. 3a and 3b. Thus, in configuration A (B), vortices/antivortices flow in
parallel along the armchair (zigzag) direction and in antiparallel along the zigzag (armchair)
direction. Parallel motion of vortices and antivortices cancel each other, whereas antiparallel
motions of vortices/antivortices leads to the “vorticity current”, which can be detected as the
dc voltage in the direction perpendicular to those motions, causing the finite RJZ,,‘? (RZ2), or
nonlinear transverse response (rectification effect) in configuration A (B). (We call this
antiparallel motion “vorticity current” in analogy to the spin current in the inverse spin Hall
effect. It is noted that the effect of vortices and antivortices driven in the same direction are

canceled out.)



In above consideration, we assumed the existence of free vortex-antivortex in PbTaSe,
in the absence of external magnetic field. This assumption is supported by the following model
calculation based on Supplementary Ref. 12. In the layered superconductors, three types of
excitations are known to occur'!%: (i) vortex-antivortex pair (Supplementary Fig. 3c), (ii)
vortex ring (Supplementary Fig. 3d) and (ii1) vortex string pair (Supplementary Fig. 3e).
Vortex-antivortex pairs are vortex loops excited in each layer, which are independent from
other ones in adjacent layers (Supplementary Fig. 3c). Vortex rings are vortex loops penetrating
multiple layers within a sample (Supplementary Fig. 3d). Vortex string pairs are vortex loops
penetrating all the layers (Supplementary Fig. 3e). Among these kinds of excitations, vortex
string pairs are considered to be the origin of BKT-like transition in the layered superconductor
YBaxCus07, in 10 layer-thick films'?. Because the anisotropy parameter y = B) > /B& Bc"2
and B, are in-plane and out-of-plane critical magnetic field, respectively) of YBa>CuzO7
(¥ < 10)!?is in the same order as the one of PbTaSe: (y ~ 5)'%, similar vortex excitations might
exist at zero magnetic field in the present PbTaSe:.

To evaluate the existence of the vortex string pairs in PbTaSez, we estimated the
energies of vortex-antivortex pair (Uyp), vortex ring (Uring) and vortex string pair (Usy).
According to the previous studies'""', these energies are described as

v

U, _K1n<§ab)+1(l(d) +2E. (2)

g = S (2) +26] G
Vo =nfin(2) 28] e

where 7y is the diameter of vortex loop, K and K, are the intralayer and interlayer coupling
constant, respectively, &, is the in-plane coherence length, d is the thickness of one layer, n

is the number of layers and E is the energy to create one vortex in one layer. K and K, is
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related to anisotropy parameter y as K/K, = y“ and we ignore E_. because it is small.

Supplementary Figures 3f-h show Uy, (purple), Uring (green) and Usy (blue) divided by K, as a

function of r,/ & at several temperatures. Here, we used K/K, = y? = 25, &, = a0 TT—CT,
/ —

where &,,0 = 8nmand 7. =3.8 K, d =1 nm and n = 100 in the present case of PbTaSe,!3. At
T/T. = 0 (Supplementary Fig. 3f), vortex ring has the lowest energy at small , region. However,

at higher temperatures of 7/7. = 0.5 and 0.7 (Supplementary Figs. 3g and 3h), Us: decreases
and becomes lower than Ukng, indicating that the vortex string pair is the lowest energy
excitation in PbTaSe> above 7¢/2. This result is explained in terms of the enhancement of
coherence length, that is, the vortex radius toward 7¢, which makes the system more 2D-like.
Thus, we conclude that vortex string pairs are excited in PbTaSe, flake near the
superconducting transition and serve as free vortices and antivortices at zero magnetic field to

cause the nonlinear superconducting transport.
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Supplementary Figure 3. Schematic images of asymmetric vortex Hall effect and vortex
string pairs in PbTaSez. (a, b), Schematic images of rectified charged vortices/antivortices
when the current is applied along zigzag (a) and armchair (b) directions. Black (green) arrows
denote the trajectories of charged vortices/antivortices when the current flows leftward
(rightward). The rectification of vortices/antivortices reflecting the trigonal potential is drawn
by the thickness differences of arrows in the figures. Purple arrows show the antiparallel
motions of vortices, or vorticity current. Nonlinear signals appear perpendicular to the vorticity
current, in analogy to the inverse spin Hall effect. In configuration A (B), finite nonlinear

transverse voltage Vyz‘” (nonlinear longitudinal voltage V;2®) is observed. (c-e), Schematic



images of vortex-antivortex pair (c), vortex ring (d) and vortex string pair (e) in the layered
superconductor. (f-h), Excitation energy of vortex-antivortex pair (Uyp), vortex ring (Uring) and

vortex string pair (Usy) divided by intralayer coupling constant K at 7/7. = 0 (f), 0.5 (g) and 0.7

(h).
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4. Theoretical description of vortex-induced linear and nonlinear transport
We describe the transport coefficients in terms of vortex contributions. With the weak

force F = (F, F,) acting on a vortex, the velocity for the vortex (vorticity s =+) or

antivortex (s = —) is given by

E, 2sFE,
v =g )+ (sz “r) ®

The second term in the right-hand side originates from the trigonal symmetry with the
configuration A. The motions of vortex and antivortex are switched by the mirror
transformation with respect to the x axis. The voltage differences along x and y directions are

given by the Josephson relation'*
V., = ¢3LZ sn°vy, v, = quWZ snsvg  (6)
s=% s==+

where ¢y = h/2|e| is the superconducting flux quantum, and n° is the number density of
vortices or antivortices. The sample lengths along x and y directions are L and W,
respectively. Thus, the voltage is proportional to the vorticity current.

Next, we determine the concrete form of the force F. For the linear response, the
driving force j¢, on a vortex, where j is the current density, is balanced by the force from
environment as

sjgoy = mv* +snzxv* (7)
where 7 is the friction coefficient and 7, is responsible for the vortex Hall effect. The hat

symbol represents a unit vector. Assuming that the Hall effect is small, i.e., r = I« 1, we

m

obtain the relations q; = ni’ E, = j¢g,and F, =7FE,.
|

As for the ratchet effect, we employ the information from the Brownian motion of
point particle in the one-dimensional asymmetric potential for simplicity!>!”. In order to

determine the response coefficients, we focus on the case with the external field along the y-

11



direction (F, = 0, F, # 0). According to Supplementary Eq. (5), only the motion in the y-
direction is involved, and then we consider the one-dimensional kinetic equation:
M0 X = —0xU+F +&(t) (8)
where X is the coordinate of the particle, ¢ represents the force from a thermal noise which
satisfies the random average (£(t)&(t')) = 2nokgTS(t —t'). The form of the potential is
determined later. We define the positional distribution function P(x,t) = (& (x -X (t))),
which satisfies the Fokker-Planck equation
No0:P = 0,[(0,U — F)P + kgTd,P] (9)

(See, for example, Appendix A5 of Supplementary Ref. 18 for a simple derivation). The
solution of this equation can be found in Supplementary Refs 17 and 19. At the stationary

condition d,P = 0, we obtain the velocity
1
v=(0X)= f dx P(x)n— (-0,U+F) (10)
0

as a function of the force. q; and g, are then obtained as the coefficients of F and F?2,
respectively.

We take the potential form shown in Supplementary Fig. 4a, where ¢, is the
periodicity of the potential for vortices, and the length c#,, is the size of each pinning center.
The potential height is given by U, and we will take ¢ = 0.1 in the numerical evaluation.

From the Fokker-Planck equation, the response coefficients are given by

_ Bty

0

1
q1 = %gl(ﬁU)' q: g2(BU), (11)

2

x
g1(x) = IOk D(x) = 2c?(coshx — 1) + (1 — ¢)?x? + 2(1 — ¢)cx sinh x,

c?x

g.(x) = DG)? [4c + (2 — c)x? — (4c — (1 — ¢)x?) coshx — (3 — 4c)x sinhx], (12)

12



where f§ = ﬁ is the inverse temperature. The form of Supplementary Eq. (11) itself can be
B

deduced also from the dimensional analysis by recognizing that there exist the four
dimensionful parameters n, [kg/s], ¢, [m], Uy [J], kg T[J]. While the actual potential shape is

dependent on the system details, the coefficients q;, generically have the exponential

temperature dependence e PV at low T reflecting the pinning of vortices. The constant 7,

is the friction coefficient without the pinning potentials. In the Bardeen-Stephen model?’, it is
. A2 . . .
given by 719 = :eZ ;2“ with the normal conductivity o, and the coherence length ¢,;,. While
ab

we have introduced the simplified ratchet potential phenomenologically by regarding the
vortex as a point particle, it is difficult to derive the potential from the microscopic point of
view. It may originate from the impurities and lattice defects, which pin the vortex in a
collective manner for the weak pinning and the vortex may be pinned by a single center for the
strong pinning. Our purpose here is to confirm the validity of the ratchet vortex scenario and
hence we deal with the effective models introduced above. We also note that the randomness
of the potential is neglected for simplicity, since the pinning effect and asymmetric feature,

which are needed for the nonreciprocal transport, are accounted by our model.

1. Without magnetic field

First, we consider the case without magnetic field. In this case we have the relation

+

n* =n~ =n,/2 where n, is the total number density of the vortices. We then obtain the

linear and nonlinear transport coefficients as

(¢3)2n,L
R === g:i(BU), R =0 (13)
“N3n.rBe. 1
Ro, =0, R =PI WIBLL L oy (s
Wny
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which satisfies the selection rule in the trigonal symmetry. Here we use the electrical current
instead of the current density. Note that the vortex Hall effect is essential for the nonreciprocal
transport signal as seen from the presence of the factor r = n, /n,. The ratio is written by the
simple quantity

RE _ ireyl g,(BU)
RE kTl g,(BU)

(15)

which is not influenced by the number of vortices and friction coefficient. Taking the low-

temperature limit, the expression is further simplified because i—z = % = const. can be used.
1

Let us evaluate the magnitude of the signals. First, we estimate the length £, from
the information under the magnetic field at low temperature: At B = Byp, all the vortices with
the number density B/¢, are trapped by the pinning centers, and the mobile vortices appear
for B > By 17" which generate the transport signals (see Supplementary Fig. 7a in
Supplementary Note 6). Hence the periodicity of pinning potential in the low-temperature
regime is estimated as £y = m =~ 3 X 1077 m. On the other hand, the potential height
U is estimated from the critical current Ip;,, where the potential is well tilted by the external
force and become flat at this critical current. Then we obtain the relation U = ¢octylpin/W.
The value at low temperature is estimated by using I, o = 400 pA (see Supplementary Fig.
4b), and we get U, =~ 40 meV. If we considered a temperature-independent potential height,
the transport signal with the magnitude observed experimentally could not be reproduced due
to the exponential factor e~#Yo. Hence it is necessary and natural to consider the temperature
dependence of U which goes to zero as T approaches to the mean-field critical temperature
T, = 3.8 K. In order to estimate the temperature dependence of potential height, we employ the

condensation energy gain at the vortex core in the presence of the normal state at the impurity

. B? . . " .
siteas U =p ﬁnfébt X T, — T where B, is the thermodynamic critical magnetic field, p

14
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the fraction of pinning points~~“, o the permeability in vacuum, and ¢ the sample thickness.

In addition, we assume the temperature dependence of ¥, as ¥, X \/m , which
corresponds to the fact that the size of vortices increases as T — T, and the potential
periodicity for vortices becomes effectively shorter together with the increasing coherence
length &,,. That is to say, the temperature-dependent variation of the vortex size, which cannot
be treated in our model of Brownian motion of the point particle, was incorporated into ¢,. By
considering the two general expressions of the pinning potential U « cfy Iy, (which was
evaluated from the depinning process of vortices) and U « T, — T (which was estimated from
the energy gain of vortices) along with £, « \/m , we obtain Ipi, « /T, — T. Indeed, the
experimental result supports this temperature dependence for the critical current
(Supplementary Fig. 4b). In this way, we can write the temperature dependent parameters as

T.—T
Tc

Tc-T . RY
°T . Now we can evaluate the ratio —=-
c yx

gv (T) = €V0

and U(T) = U,

. The temperature

dependence near the transition point is shown in Supplementary Fig. 4c with the parameter
r = 0.01 and the system lengths L = 1.7 pum, W = 3.5 um. The magnitude is comparable to
the experiments within the temperature range where the signal is observed.

Next, we consider the number of vortices which is necessary for the direct evaluation

of Rf,,‘;’. We assume that the description of two-dimensional superconductors applies to the

present system. Below the Kosterlitz-Thouless transition temperature Tk, which is very close
to the mean-field transition temperature T. away from dirty limit*>?3, all the vortices are
paired with antivortices. On the other hand, under the current flow, the mobile vortices are
14

generated and the number of vortices is given at low current density by

X
I 2+§

=) " ae)
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) 4(Tgr-T kgTkTle|lW
with x=—(TKT ) and IO=—B krlel

. If the current exceeds I,, all the vortices are
KT héap

unpaired?®. We can estimate I, by using the Ginzburg-Landau coherence length &, =
Eabo ’TCT—fT with €450 = 40 nm '3, and we see that the experimentally used current I =

100 pA exceeds this limit at all temperatures (I/I,(T) = 10). Hence, we assume that the
existing vortices are free from vortex-antivortex binding. However, it is still not easy to
estimate the number of vortices which could be generated by thermal fluctuations and current

noise. Furthermore, the extrapolation of Supplementary Eq. (16) for the region I > I, does

= (v =1o)).

not work since the number of vortices much exceeds the upper bound ~ e

!

Then we consider the number density based on this maximum value and take n, = % where
ab

a'(< 1) is the reduction factor from the maximum value. Here we use the current-independent
expression for the number of vortices, which is motivated by the fact that the observed
magnitudes at different currents does not strongly deviate as shown in Supplementary Fig. 4e.

The resistance itself can now be evaluated. Supplementary Figure 4d shows the
temperature dependence of the nonlinear transverse signal Rf,? for @' = 0.5 and with the
linear resistance 0.2 (1 in the normal state. The characteristic peak structure and the magnitude
of the signal is consistent with the experimental observation. The absence of the signal in low-

temperature region is not due to the vortex-antivortex binding but to the pinned vortices.

16
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Supplementary Figure 4. Theoretically estimated nonlinear transport signals with
configuration A. (a) Ratchet potential model used in this paper. (b) Temperature dependence
of the critical current Iyin in sample 6. (c¢) Calculated ratio between nonlinear and linear
transport signals near the transition temperature ( T. =~ Txr =~ 3.8 K ). (d) Calculated
temperature dependence of the nonlinear transverse resistance. (e) Temperature dependence of
transverse second harmonic resistance at different current. Blue circles and green triangles
show R, at | = 60 A and 100 uA, respectively. Errorbars indicate the uncertainty of the

signals estimated from the current dependence of RZ% at each temperature.
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2. Comparison with signals in normal state

We compare the transport signals in the superconducting state with those of the normal
state®. According to Supplementary Ref. 23, the linear and nonlinear transport signals in the
normal state with time-reversal symmetry can be obtained from the Boltzmann transport theory
as j = oyE + 0,E?, where

et \? T
0, ~ en,vp—, o, ~envp|\—| = (17)
Pr P/ T

Here vg is the Fermi velocity and pg is the Fermi momentum, and then the Fermi energy is
given by &g =% VpPp. N, ~ k& is the number density of the normal electrons (kg is the

Fermi wavenumber). T and T are the scattering times for symmetric and skew scatterings,
respectively. From these expressions we may evaluate the resistance ratio R?>®/R® for the
normal state. As for the superconducting state, we have the ratio in Supplementary Eq. (15)
and we take the low-temperature limit for the estimation of its magnitude. The ratio between

normal and superconducting states is

(R*®/R®)s n, T g &
(RZ(”/R“))N n T e kgT

(18)

where 71, /n, and 7/7 are related to the Hall angles of the vortex and skew scattering of
electron, respectively. Assuming that these factors are comparable, the difference in nonlinear
transport signals is explained by the two huge factors kgf, and eg/kgT. Namely, the signal
is much enhanced in the superconducting state because the nearly atomic length (k') and
Fermi energy are replaced by the much larger characteristic length for the vortices and the
temperature, respectively, in the superconducting regime. This enhancement below

superconducting transition temperature is consistent with the experimental observation

discussed in Fig. 4 of the main text.
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3. Under magnetic field

In the presence of the external magnetic field, the number of vortices is determined by

the total magnetic flux. Then the number densities are givenby n~(B) = 0 and n*(B) = %.
0

Using Supplementary Eq. (6) we obtain the transport coefficients as

“BL “Y2Be, LI
Ryx(B) = UZW 9:(BU),  R¥(B) = %gz(ﬁm (19)
2Wr
(B)'— Rﬁ%(B) R32(B) = —— Rf?(B) (20)

It is notable that the nonlinear Ohmic signal R2%(B) is now finite and is not dependent on 7
originating from the vortex Hall effect. Here again the ratio between linear and nonlinear

coefficients is given by the simple quantity

RE(B) _ st g:(BU)
R2.(B) ~ 2kgTW g, (BU)

(2D

Assuming that the properties of the pinning remain unchanged from the zero-field case, the
ratio R?*®(B)/R®(B) in the magnetic field can be larger by the factor r~! =n,/n,

compared with Supplementary Eq. (15) for the zero-field case.
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5. Nonlinear anomalous transport in other samples

Nonlinear anomalous transverse response and the rectification effect have been
observed in other samples. In Supplementary Table 1, we summarized the nonlinear anomalous
transport of all the samples we measured. In all samples, directional dependence of the
nonlinear anomalous transport is consistent with the symmetry (configurations) and the
magnitude of the nonlinear transport are in the same order.

As representatives, we show the current dependence of R*® of sample 1
(configuration A, 7= 20 K) and sample 2 (configuration B, 7= 50 K) in Supplementary Figs.
5a and 5b, and the current dependence of R*® (left) and RY, (right) of sample 6
(configuration A) and sample 7 (configuration B) at 7= 2 K in Supplementary Figs. 5c and 5d.
All the data of nonlinear anomalous transport (R*®) show characteristic selection rules same

as that mentioned in the main text (Figs. 2b, 2c, 3a and 3b) or in the previous section

IEP)

(Supplementary Note 3). In Supplementary Fig. Se, we plotted (E(yT)z vs. (6%.)? in sample 1
(2)
(green squares) and sample 3 (pink triangles) with configuration A. In both samples, ('E(}i ))'2
EX
|ES?|

shows linear dependence on (o%)?. Black and orange dotted lines show the fitting of W
EX

(2)

in samples 1 and 3, respectively, by (lE(yl ))'2 =&(08)%>+n , where &and 7 are
Ex

phenomenological fitting parameters. Here, Sand 7 are estimated as & = 2.3 X

1072°m3v~102 (22 x1072°m3V~10?) and = —3.2umV~1, (7 = =30 umV~1) for

sample 1 (sample 3). It is noted that values of & in two samples are in similar order, implying

that skew scattering induced nonlinear transverse response is also dominant in these samples.
Here, we show basic parameters of PbTaSe,. We show temperature versus linear

resistance R, curves in samples 3, 4, 5, 6, and 7, which are not shown in the main text, in

20



Supplementary Figs. 6a-e. The values of residual resistivity ratio RRR = RZ.(T = 300K)/
R&.(T = 2K) and transition temperature 7. are summarized in Supplementary Table 1. In
Supplementary Fig. 6f, we plotted pj} (B) insample 6 and analyzed it by using the two-carrier
model (yellow dashed line) similarly to the analysis in the Supplementary Note 1. Obtained
fitting parameters are np = 5.4 X 10?2 cm?>, n, = 4.8x 10?2 cm?, u, = 4.7 x 10*
ecm?Vils! and p, = 5.0 X 10* cm?V-'s’!. These values are in the same order as those in
sample 5 shown in the Supplementary Note 1. We also note the characteristic parameters in
superconducting state of PbTaSe»: in-plane London length at T =0 K is 4,;,(0) =82 nm and
in-plane coherence length at T =0 K is &,,(0) =41 nm'®. We estimated mean free path £ as

follows. Because PbTaSe; is a semimetal with multi-carrier behavior and the main carrier is

hkp
heZpPx

the hole, we roughly estimate ¢ as ¢ ~ ~ 69 nm, where ke ~ 0.5 A1 is the Fermi

wavenumber of the hole pocket®, n,, = 5.7 X 1022 cm™ is the carrier density of holes in

sample 5, py = 0.53 pQcm is the longitudinal resistivity in sample 5.
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Sample | configuration | R, (mQ) T.(K) | R32 (mQ) | R22 (mQ) RZ2 (mQ)
No. (T=5K) (normal) (normal) (SC)
14 3.09

0.09 0.76
(20 K) (zo K) (150 pA) (150 pA)
2 B 48 95 3.61 0.22 -0.052 1.0 -0.34
(50 K) (50K) (520 pA) (520 pA)
3 A 47 40 3.66 0.1 0.61 0.4 3.8
(20 K) (20K) (170 pA) (170 pA)
4 B 28 108  3.56 1.4 0.024 1.1 -0.030
(50 K) (50 K) (80 pA) (80 pA)
5 B 87 79 3.68 0.57 -0.11 4.8 1.8
(20K)  (20K)  (90pA) (90 pA)
6 A 110 46 3.73 0.10 0.22 0.34 1.6
(20 K) (20K)  (310pA) (310 pA)
7 B 180 29 3.69 0.52 -0.05 5.8 0.78
(50 K) (50K) (270 pA) (270 pA)

Supplementary Table 1. Summary of the nonlinear anomalous transport in all samples.

Rz and Rj¥ in the normal state is obtained at / = 3 mA. RZY and RjY in the

superconducting state is estimated from the peak of R2® (Rf,,‘;’) vs. I curves at T=2 K.
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Supplementary Figure S. Nonlinear anomalous transport under time-reversal symmetry
in the normal state and superconducting state. (a, b), Current dependence of the second-
harmonic resistance R*® in configuration A (sample 1) at 7= 20 K (a) and configuration B
(sample 2) at 7= 50 K. (c, d), Current dependence of R*® (left) and R, (right) at T=2K in

configuration A (sample 6) (c¢) and configuration B (sample 7) (d). In Supplementary Figs. a-
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d, red and blue lines indicate longitudinal (R2%) and transversal (Rf,,‘;’) resistance, respectively.

@

(e), Normalized second-harmonic response ( (3; ))2 as a function of (¢,)? in sample 1 (green
Ex

squares) and sample 3 (pink triangles). Sample 1 and 3 belong to configuration A. Black and

orange dotted lines indicate the linear fitting in sample 1 and 3, respectively.
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Supplementary Figure 6. Basic properties of measured samples. (a-e), Temperature
dependences of the first harmonic resistance R, in samples 3, 4, 5, 6, and 7. (f), Transverse

resistivity py) at 7= 35 K in sample 6. Yellow dashed line shows the fitting curve for p} (B)

by the two-carrier model.
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6. Nonlinear superconducting transport under the magnetic field

To achieve the comprehensive understanding of the nonlinear superconducting
transport in trigonal PbTaSe,, we measured the second-harmonic resistance under the magnetic
field*’. Supplementary Figures 7a and 7b show the magnetic field dependence of RS,
(Supplementary Fig. 7a), R2® (red)and Rf,;;’ (blue) (Supplementary Fig. 7b), in sample 6. In
this measurement, the current flows along the zigzag direction (configuration A). We observed
clear peak structure in RZ® during the superconducting transition, whose sign is reversed by
inverting the magnetic field. Such signals are indiscernible in Rf,,‘;’. Such behavior of nonlinear
transport under the magnetic field is called nonreciprocal magnetotransport (or magnetochiral
anisotropy), which indicates the rectification effect under broken time-reversal symmetry, and
is consistent with previous studies?’?®. It is important to note that the directional dependence
of the second-harmonic signals (i.e., directions along which nonlinear transport appear) are
rotated by 90 degree between the nonlinear anomalous transport under time-reversal symmetric
condition and nonreciprocal magnetotransport, which are all consistent with the symmetry
argument. These results strongly suggest the intrinsic nature of the observed signals. In
Supplementary Figs. 7c and 7d, we also show the temperature dependence of Ry
(Supplementary Fig. 7¢), RZ® (red) and RJZ,,‘;) (blue) (Supplementary Fig. 7d) in sample 6. As

discussed in the main text, we observe the large peak in R§§g) during the superconducting

transition and negligible signals in R22.
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Supplementary Figure 7. Nonreciprocal magnetotransport in PbTaSez. (a, b) Magnetic
field dependence of the first harmonic longitudinal resistance (Rs) and second-harmonic
resistance (R*®) in the longitudinal (R2) and transverse (Rf,,‘;’) directions at 7=2 K and / =
100 pA in sample 6. Red (blue) curve in Supplementary Fig. b shows RZ2 (R;%). (¢, d)
Temperature dependence of the first harmonic longitudinal resistance (R%,) and second-
harmonic resistance (R*®) in the longitudinal (R22) and transverse (RJZ,,‘;’) directions at B=0T
and /=100 pA in sample 6. Red (blue) curve in Supplementary Fig. d shows RZ% (Rf,;’). When
the magnetic field (~ 0.033 T) is applied, R2® shows peak structure (nonreciprocal
magnetoresistance) while Rjz,,‘;’ is dominant (nonlinear transverse response discussed in the
main text) under the zero magnetic field in the superconducting state. Errorbars indicate the
uncertainty of the signals estimated from the current dependence of R*® at each temperature.
(e, f) Schematic image of the nonlinear transport in configuration A under out-of-plane
magnetic field (e) and without magnetic field (f). Under (without) magnetic field, the second-

harmonic signal is expected in the longitudinal (transverse) direction.
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7. Comparison between nonlinear superconducting transport with and without magnetic
field

We now compare the magnitude of nonlinear transport with and without magnetic
field. By combining Supplementary Eqgs. (13), (15), (19), and (21), we can obtain the ratio
between Rf,;;’ and R2%(B)/B, where RJZ,,‘;’ and R2%(B) are nonlinear transverse resistance
without magnetic field and nonlinear longitudinal resistance under magnetic field, respectively,
as

Ry
R (B)/B

2w
—gonur. (22)

To estimate the 7 value from nonlinear transport measurements, we employed the experimental
values at / =200 pA in sample 6. Supplementary Fig. 8a shows the current dependence of Rf,,‘;)
at 7=2 K and B =0 T. The experimental value of Rjz,,‘;’ =0.20 mQ at / = 200 pA is extracted
as shown by black dashed line in Supplementary Fig. 8a. Supplementary Fig. 8b shows the
magnetic field dependence of R2® at T=2 K and /=200 pA. By using the peak amplitude of
R%22(B) =0.91 mQ and the magnetic field at the peak position = 0.0089 T as an approximation,
we estimated the experimental value of RZ®(B)/B = 0.10 Q/T. The slope of RZ®(B) as a
function of B is shown by gray dashed line in Supplementary Fig. 8b. By combining the values
obtained above and other parameters, we calculated » ~ 0.0025, which is close to the value

obtained from linear transport (» = 0.005-0.01) as shown in Supplementary Note 2.
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Supplementary Figure 8. Comparison between nonlinear transport with and without

magnetic field. (a) Current dependence of Rf,;? at T=2 K and B =0T in sample 6. Black

dashed line means / = 200 pA, where we estimated the value of r. (b) Magnetic field

dependence of R2® at T=2 K and I = 200 pA in sample 6. Gray dashed line indicates the

slope of RZ®(B) as a function of B, which is estimated by using the peak amplitude of

R2®(B) and the magnetic field at the peak position.
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8. Effect of Joule heating

We consider the heating effect on the transport coefficients caused by the external
current®°. The current-voltage relation is in general written as

V =ROMI+RPMI?+REMIB + - (23)

where T is the temperature of the sample. The Joule heating is accounted by the power P =
V1. The energy transfer from the sample to the environment with the temperature T, is given
by P = G6T where G is the thermal boundary conductance and 6T =T — T, represents
the temperature variation. Then, the temperature change 8T is expressed as a function of the
current, and the leading-order term is proportional to the square of the current. We thereby

obtain

RO(THRD'(Ty)

V = RO(T)I + RA(T)I? + |RO(T,
(T)I + (To)I* + (To) + G(To)

B+ (24)

where RV = drR™ s the temperature derivative of the resistance. It is notable that there is
a qualitative difference between the second-order and third-order terms. Namely, the third-
order contribution can be generated through the combination of the first-order resistance and
the temperature-varying effect, but the second-order coefficient is not generated by such an
effect. Hence the second-order signals studied in this work captures only the intrinsic effect

from the nonreciprocal response in the noncentrosymmetric superconductors.
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9. Nonlinear transport in centrosymmetric superconductor

In order to further clarify that second harmonic response comes from the
noncentrosymmetric crystal symmetry, we investigated the centrosymmetric superconductor
as a control experiment. As a comparable centrosymmetric superconductor, we investigated the
second-order nonlinear response in 2H-NbSe>. In PbTaSe; (Supplementary Fig. 9a), all the
TaSe> layers are stacked in the same direction, leading to the noncentrosymmetric crystal
structure (space group of P6/m2) as shown in the main text. With contrast, in 2H-NbSe
(Supplementary Fig. 9b), neighboring NbSe; layers are rotated by 180°. Thus, bulk 2H-NbSe>
becomes centrosymmetric (space group of P63/mmc). We prepared 2H-NbSe> device (thickness
t = 103 nm) in configuration A (current flowing along the zigzag direction as shown in
Supplementary Fig. 9¢) and measured the first and second harmonic resistance similarly to
PbTaSe> (Fig. 3a in the main text). 2H-NbSe> shows metallic behavior and superconductivity
around 7= 7 K (Supplementary Fig. 9d), which is consistent with previous studies®!-*,

First, we focus on the nonlinear signals in the normal state. Supplementary Figure 10a
(b) shows RZ® and Rf,,‘;’ as a function of the current in PbTaSe> (2H-NbSe;) at 7' = 20 K.
PbTaSe; shows the large second harmonic signal in Rf,;;’ while R2® is small (nonlinear

transverse response). With contrast, in 2H-NbSe, both RZ® and Rf,,‘;’ are indicernible. This

indicates that the intrinsic second harmonic signal is absent in centrosymmetric system.

Next, we discuss the nonlinear signals in the superconducting state. Supplementary
Figure 10c (d) shows the current dependence of R2% and Rf,,‘;) in PbTaSe; (2H-NbSe») at 7=
2 K. Rjz,‘,? shows the peak sturucture during the superconducting transition while the signal in
R2® is indiscernible as discussed in the main text. With contrast, both RZ® and R},;;) in 2H-
NbSe» are negligibly small, which is the expected behavior of the centrosymmetric crystals.
We note a small peak structure in R2® in the transition, which also appears in RZ® of PbTaSex.

This might come from the asymmetry of the contacts or inhomogeniety of the
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superconductivity. However, its magnitude is much smaller than the intrinsic signals of the

nonlinear transverse response in PbTaSe, (Supplementary Fig. 10c).
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Supplementary Figure 9. Schematic crystal structures of noncentrosymmetric PbTaSe:
and centrosymmetric 2H-NbSe2, and superconducting property in 2H-NbSez. (a, b)
Schematic crystal structure of PbTaSe; (a) and 2H-NbSe; (b). In PbTaSe,, all TaSe> layers are
stacked in the same direction, leading to the noncentrosymmetric crystal structure. On the other
hand, in 2H-NbSe;, neighboring NbSe. layers are rotated by 180° resulting in the
centrosymmetric crystal structure. Red wedges indicate the direction of each TaSe> (NbSe;)
layers. (¢), Schematic image of the applied current along zigzag direction in TaSe> (NbSe>)
layer. (d), Temperature dependence of Ry, in 2H-NbSe; when /=50 pA. The inset shows Ry

around the superconducting transition (7. = 7 K).
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Supplementary Figure 10. Comparison between noncentrosymmetric PbTaSe: and
centrosymmetric 2H-NbSe:. (a, b) Current dependences of the second harmonic resistance
R?® in PbTaSe: (a) and 2H-NbSe; (b) at 7= 20 K. (¢, d), Current dependence of R*® (left)
and Ry, (right) at 7=2 K in PbTaSe: (c) and 2H-NbSe: (d). In Supplementary Figs. a-d, red

and blue lines indicate longitudinal (R2%) and transverse (RJZ,,‘;’) resistance, respectively.
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