Peer Review File

E(3)-Equivariant Graph Neural Networks for Data-
Efficient and Accurate Interatomic Potentials

Open Access This file is licensed under a Creative Commons Attribution 4.0

International License, which permits use, sharing, adaptation, distribution and

reproduction in any medium or format, as long as you give appropriate credit to
the original author(s) and the source, provide a link to the Creative Commons license, and indicate if
changes were made. In the cases where the authors are anonymous, such as is the case for the reports of
anonymous peer reviewers, author attribution should be to '"Anonymous Referee' followed by a clear
attribution to the source work. The images or other third party material in this file are included in the
article’s Creative Commons license, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons license and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright
holder. To view a copy of this license, visit http://creativecommons.org/licenses/by/4.0/.




REVIEWER COMMENTS

Reviewer #1 (Remarks to the Author):

In this article the authors introduce NequlP, a SE(3)-Equivariant Graph Neural Networks for
interatomic potentials' reconstruction. The method itself provides very good results even
comparable with kernel methods on data efficiency. Nevertheless, the manuscript presents several
issues that would require a major revision. Some of them are listed below.

1) The authors state: “However, such methods generally tend to exhibit poor computational scaling
with the number of reference configurations, in both training (cubic in training set size) and
prediction (linear in training set size). This limits both the amount of training data they can be
trained on as well as the length and size of simulations that can be simulated with them.”

This is a vague comment and should be backed up by numerical arguments, since in most cases what
is important are the value of the prefactors. Meaning that a model can scale linear with N and still be
slower than a N*4 scaling model for a given system. The authors should provide specific numerical
values. Additionally, most ML force fields perform about the same, on the order of ms per sample.

2) It reads odd that what it is done in the article is introduced twice in the INTRODUCTION section
(line 71 and line 170), and it is done again in line 198. | should advise to diversify the language.

3) In the comparison of MD17 performance shown in table |, indeed the NequlP shows indeed an
amazing performance. Nevertheless, in the comparison to other approached including
NequlP(I=0)=SchNet, the discussion reads somehow flat (what is being told is just reading table I).
Here, a more insightful discussion should be added, such as elaborating on the core differences
between the compared methods and explain why a neural net of this nature can outperform even
kernel methods.

4) Additionally, to support some claims in the paper, the authors should add the performance of the
of SchNet in Fig. 7 as a reference. This will greatly help the narrative of the article.

5) Something that will immediately capture readers attention is why only forces are being compared
against other models while in all the cited references there is always a comparison of both, total
energies and forces. Furthermore, there is no discussion or arguments of why the authors only train
the model on forces, while there are methods in the literature that even use energies and stress



tensors for training on top of forces. Everything needs to be justified. To address these issues, the
comparison of energies and forces against other methods must be in the article, otherwise it could
send the wrong message to the reader, meaning that the energy predictions are not accurate
enough in this model (NequlP).

6) On the applications side, the authors show two interesting examples, Lithium Thiophosphate
(LiPS) and Lithium Phosphate (Li4P207). Table V summarizes the training performances for MAE of
the forces. Interestingly, the learning capacity (according to this measure) is reached at 2500 training
points for LiPS, converging to ~24 meV/A. This is actually a good error compared to other reported
methodologies. Nevertheless, it is well known that the MAE gives a good overview of the general
performance of the model, but it softens the error implications of outliers. It would be more
illustrative to present both performances, MAE and RMSE, given that comparing the differences
between these two measures provide some degree of insights to monitor large errors on individual
samples (local environments). Again, a complete evaluation of the learning performance of the
method is not possible given that the energy errors are not reported.

7) Regarding the comparison between the dynamics using AIMD and NequlP-MD, Fig. 5 shows a
really nice agreement. Just as a sanity check, | would add a simulation of NequlP-MD for a longer
simulation time (500 ps, this should not be a problem for a ML model since they usually take a
couple of ms per prediction as shown in Table VI) just to be sure that the simulation remains stable
and reliable. Then report its g(r) in Fig. 5 as comparison. | understand that they could differ a bit.

8) In the case of Li4P207, | cannot give a proper evaluation of the application if the RMSE are missing
but more importantly, because of the missing energy errors. The energetics in diffusion is crucial,
and because of this, I'm not sure how to judge the reported diffusivity values. Furthermore, this
application needs a convergence analysis (diffusivity vs length of the simulations) since 50 ps is an
extremely short time for such a macroscopic variable. Hence, in order to discard any possible
artefacts of the NequlP, such analysis should be provided.

9) The results provided in Fig. 7 are very revealing and show the great impact of using equivariant
internal features. It would give a further insight on the efficacy of the model if also =2 is included in
this example. This should definitively evince the need of such architectures in force fields
reconstruction.

10) The DISCUSSION section, does not present any discussion, it is more like a summary or
conclusions. This section should be intended to present an insightful but compact discussion of the
current state-of-the-art of the field and why and how your methodology actually advances the field
(ML force fields) and what practitioners would gain if they use it.



11) In more stylistic issues, the reference style is not appropriate. Some of them are not updated.

In general, the reported method provides very good results clearly stating what is needed to be
included in NN-based interatomic potentials. Nevertheless, in its current state | advise to not accept
the manuscript. This based in several reasons, firstly, the method itself or the ideas behind are not
new. Similar ideas were developed by Gastegger et al. (arXiv:2010.14942, 2020) and more recently
by Schitt et al. (arXiv:2102.03150, 2021)**, but more importantly, this work is a minor/incremental
development on top of tensor field networks (2018). This is not necessarily a bad thing but then has
to be compensated by presenting insightful discussions and analysis, which currently is missing.

At the moment, the presentation of the article is more appropriate for a computational
physics/chemistry journal, given that it introduces the method (which mostly was already introduced
in previous publications), then present comparisons to known methods and datasets (no insightful
or revealing arguments are given only numerics), and then applications, which are very interesting
but need further analysis to show the reliability of the method.

The biggest concern is the fact that the energy part of the model is missing, even though the main
predictor of the network is indeed the energy (eq. 3). Furthermore, total energy analysis is a
standard measure of accuracy in the field, hence this shows that the work is not complete.

**This article appeared on arXiv ~two weeks after NequlP and introduces a method that is
practically the same (only some technical parts are different but the final coded expressions follow
the same idea and both truncate the spherical harmonics at L=1). This should not be considered as a
bad point since they were developed independently, and they show the same performances.

Reviewer #2 (Remarks to the Author):

This paper introduces a new framework (NequlP) for constructing machine learning potentials
(MLPs), using a rotational-symmetry-equivariant neural network combined with graph convolution.
The paper then shows several benchmarks on diverse systems including small molecular datasets,
bulk water, organic molecules on a surface, and a superionic conductor. The approach is interesting
as well as provocative, and the example applications are convincing.



A few questions, most are concerning presentations:

* GPR/KRR are often combined with sparsification in order to scale better with the number of data
points. This point is ignored in the paper.

* Egns.2-4 are rather obvious and can be condensed.

* | am a bit confused by Eqn.5: does it mean that the interacting force vector between two atoms i
and j is only dependent on the displacement rij? But one would expect that the force also depends
on the other atoms close to i and j. Presumably such many-body effects are considered during the
convolution step, but this is not clear from Eqn.5.

* Page 9, line 446: The authors wrote "ability to achieve high accuracy on a comparatively small data
set opens the door to training models on expensive high-order ab-initio quantum chemical
methods." This seems to be a bit overstated, as previous MLPs that trained on CCSD(T) and QMC
already exist.

* Page 10, line 493: What does it mean to "sampled uniformly"? Does it mean taking a snapshot
from every X step of the MD trajectory, or does it mean a random selection, or a uniform sampling in
the space of the design matrix?

* Although it is very impressive that the authors are able to train a MLP for water with 1000x fewer
training data compared to DeepMD, bear in mind that the first generation of DeepMD (the un-
smooth version) is highly data-inefficient due to the "cusps" introduced by the permutations of
atoms. Also the water data set contains the whole MD trajectory, meaning that the training data is
highly correlated so significant sparsification can be done before hampering the amount of
information contained in the data set. | suggest that the authors consider including these more
nuanced points, so that readers who are not familiar with the field won't be misled.

* Some discussions on how the atomic cutoffs and the number of convolutions affect the results can
be very helpful to readers.

Minor point:

* Perhaps better to replot the gor in the left panel of Fig.5 using a xrange of [1,6] Angstroms.



Bingging Cheng

Reviewer #3 (Remarks to the Author):

This paper report an important advance in the development in the area of machine learning
interatomic potentials. In particular, by building an equivariant framework that can act on tensors of
different order (scalar, vector, high-order tensors), significant improvements in accuracy for smaller
training data sets can be achieved, thus addressing a significant challenge in the construction of ML
potentials. As such, | believe this paper will be well-received by the community. | have no major
criticisms of this paper and the way it is presented, but | would like to make two suggestions:

1. Presenting tables of MAEs is useful to see the performance of the proposed ML scheme, but |
think the reader needs to see some representation of the training data. | realize this might not be
easy given the many features captured in the data, but an example could be showing a scatter plot
of force magnitudes (since training is done using forces, as suggested in Eq. (9)) or even
corresponding energies in the MD-17 data set as a function of some key geometric features [the
authors might want to see the recent work of Bogojeski et al. Nature Comm. 11, 5223 (2020) for an
example of what could be done]. A few selected molecules could be chosen for the main paper and
the rest put into a supplementary information document. This might already be sufficient, although
if they can find a convenient and visually intuitive representation of the training data for the
extended systems, that would be even better.

2. The idea of learnable radial functions in the decomposition of the convolution filters presented in
Eg. (5) is an interesting one. Could the authors provide some justification for why it is necessary to
learn these using a small NN as opposed to simply expanding them in a basis set or as a polynomial
and then learning the coefficients of each as part of the overall training scheme. This idea has been
investigated for learning activation functions in neural networks [see, for example, Goyal, et al. 101,
1-18 (2019)]. Wouldn't this be an easier scheme overall?
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Response to the reviewers,
Nature Communications NCOMMS-21-05986A

We appreciate the time and effort that the editor and the three reviewers have
invested in reviewing our manuscript. We address the comments and questions raised
by each reviewer below. The green text refers to what was present in the old version
of the manuscript, while the blue text indicates changes or additions to the revised
manuscript /supplemental material.

Reviewer 1

Reviewer:

Author reply:

Reviewer:

In this article the authors introduce NequlP, a SE(3)-Equivariant Graph Neural
Networks for interatomic potentials’ reconstruction. The method itself provides
very good results even comparable with kernel methods on data efficiency.
Nevertheless, the manuscript presents several issues that would require a major
revision. Some of them are listed below.

We thank the Referee for the review. In the text below, we answer the questions
raised point-by-point.

1) The authors state: “However, such methods generally tend to exhibit poor
computational scaling with the number of reference configurations, in both
training (cubic in training set size) and prediction (linear in training set size).
This limits both the amount of training data they can be trained on as well as
the length and size of simulations that can be simulated with them.” This is a
vague comment and should be backed up by numerical arguments, since in most



Author reply:

Reviewer:

Author reply:

cases what is important are the value of the prefactors. Meaning that a model
can scale linear with N and still be slower than a N* scaling model for a given
system. The authors should provide specific numerical values. Additionally,
most ML force fields perform about the same, on the order of ms per sample.

We thank the referee for this comment. We agree, that the prefactor certainly
matters in determining the overall computational efficiency of the method
which may vary across systems. The discussion on the scaling of kernel methods
is not critical to the issue of sample efficiency of the presented approach and we
have therefore removed the following corresponding lines from the manuscript:

Original:

Kernel-based approaches, such as e.g. Gaussian Processes (GP) [1 2] or Kernel
Ridge Regression (KRR) [, are a way to remedy this problem as they often
generalize better from limited sample sizes. However, such methods generally
tend to exhibit poor computational scaling with the number of reference con-
figurations, in both training (cubic in training set size) and prediction (linear
in training set size). This limits both the amount of training data they can be
trained on as well as the length and size of simulations that can be simulated
with them.

2) It reads odd that what it is done in the article is introduced twice in the
INTRODUCTION section (line 71 and line 170), and it is done again in line
198. I should advise to diversify the language.

We have diversified the language accordingly in the following two places. We
note that we have also added equivariance with respect to parity, making the
approach equivariant to the Euclidean group E(3), instead of SE(3) and have
adapted the text accordingly:

Original:

In this work we present a deep learning energy-conserving interatomic poten-
tial for both molecules and materials built on SE(3)-equivariant convolutions
over geometric tensors that yields state-of-the-art accuracy, outstanding data-
efficiency, and can with high fidelity reproduce structural and kinetic properties
from molecular dynamics simulations.

Changed to:

The contribution of the present work is the introduction of a deep learning
energy-conserving interatomic potential for both molecules and materials built
on E(3)-equivariant convolutions over geometric tensors that yields state-of-
the-art accuracy, outstanding data-efficiency, and can with high fidelity repro-
duce structural and kinetic properties from molecular dynamics simulations.

Original:
In this work, we focus on equivariance with respect to SE(3), i.e. the group of
rotations and translations in 3D space.



Reviewer:

Author reply:

Changed to:
Here, we focus on equivariance with respect to E(3), i.e. the group of rotations,
reflections, and translations in 3D space.

3) In the comparison of MD17 performance shown in table I, indeed the NequIP
shows indeed an amazing performance. Nevertheless, in the comparison to
other approached including NequlP(1=0)SchNet, the discussion reads some-
how flat (what is being told is just reading table I). Here, a more insightful
discussion should be added, such as elaborating on the core differences be-
tween the compared methods and explain why a neural net of this nature can
outperform even kernel methods.

We thank the referee for this comment. We have revised the discussion of the
results on MD-17 to elaborate more on how NequlP is different from other
methods. We have also updated the tables to include data on different rota-
tions orders [ for NequlP and have added a table on results on the revised
MD-17 data set since the revised version contains less noisy reference data:

Original:

We first evaluate NequlP on MD-17 [3 Hd B], a data set of eight small or-
ganic molecules in which reference values of energy and forces are generated
by ab-initio MD simulations with DF'T. For training we use N=1,000 structure
configurations for each molecule, sampled uniformly from the full data set, the
same number of configurations for validation, and evaluate the test error on
all remaining configurations in the data set. The mean absolute error in the
force components is shown in Table I in units of [meV/A]. We compare results
using NequlP with those from published leading ML-IP models that were also
trained on 1,000 structures: in particular SchNet [6], DimeNet [7] (both graph
neural networks), sGDML [G], and FCHL19/GPR (kernel-based methods) [§.
We find that NequlP outperforms SchNet and sGDML on all molecules in the
data set, DimeNet on 7 out of 8 molecules (on par on the remaining one), and
performs on par with FCHL/19GPR. The consistent improvement in accuracy
upon sGDML and the comparable performance to FCHL19/GPR are partic-
ularly surprising, as these are based on kernel methods, that typically tend
to be more sample efficient. It should be noted, however, that the evaluation
cost of kernel methods scales linearly with the number of training configura-
tions. Note also that on some molecules, NequlP trained on 1,000 configu-
rations even performs as well as SchNet trained on 50,000 structures [G]: on
aspirin and naphthalene, for example, the NequlP network trained on 1,000
structures produces mean absolute errors in the forces of 15.1 meV/A and
4.2 meV /A, respectively, compared to 14.3 meV/Aand 4.8 meV /A of SchNet
trained on 50x more molecules, hinting that NequlP exhibits exceptional data
efficiency. On other molecules such as ethanol, however, SchNet trained with
50,000 molecules still clearly outperforms NequlP trained with 1,000 molecules



Reviewer:

Author reply:

(2.2 meV /A for SchNet for N=50,000 vs 9.0 meV /A for NequIP for N=1,000).

Changed to:

We first evaluate NequlP on MD-17 [3 M [], a data set of small organic
molecules in which reference values of energy and forces are generated by ab-
initio MD simulations with DF'T. Recently, a recomputed version of the original
MD-17 data with higher numerical accuracy has been released, termed the re-
vised MD-17 data set [d] (an example histogram of potential energies and force
components can be found in Appendix C). In order to be able to compare re-
sults to a wide variety of methods, we benchmark NequlP on both data sets.
For training and validation, we use a combined N=1,000 configurations. The
mean absolute error in the energies and force components is shown in Tables
[ and II. We compare results using NequlP with those from published leading
MLIP models. We find that NequlP significantly outperforms invariant GNN-
IPs (such as SchNet [6] and DimeNet [7]), shallow neural networks (such as
ANI [I0]), and kernel-based approaches (such as GAP [I], FCHL19/GPR [§ []
and sGDML [0]). Finally, we compare to a series of other methods includ-
ing ACE [II], SpookyNet [12], and GemNet [I3] as well as other equivariant
neural networks such as PaiNN [I4], NewtonNet [I5] and UNIiTE [16]. Again,
it should be stressed that PaiNN and NewtonNet are l,,,, = 1-only versions
of equivariant networks. The results for ACE, GAP, and ANI on the revised
MD-17 data set are those reported in [I7]. Importantly, we train and test
separate NequlP models on both the original and the revised MD-17 data set,
and find that NequlP obtains significantly lower energy errors on the revised
data set, while the force accuracy is similar on the two data sets. In line with
previous work [9], this suggests that the noise floor on the original MD-17 data
is higher on the energies and that only the results on the revised MD-17 data
set should be used for comparing different methods. Remarkably, we find that
NequlP outperforms all other methods. The consistent improvement in accu-
racy compared to sGDML and FCHL19/GPR are particularly surprising, as
these are based on kernel methods, which are typically more sample efficient,
but whose evaluation cost scales linearly with the number of training configura-
tions. We run a convergence scan on the rotation order [ € {0,1,2,3} and find
that increasing the tensor rank beyond [ = 1 gives a consistent improvement.
The significant improvement from [ = 0 to [ = 1 highlights the crucial role of
equivariance in obtaining improved accuracy on this task.

4) Additionally, to support some claims in the paper, the authors should add
the performance of the of SchNet in Fig. 7 as a reference. This will greatly
help the narrative of the article.

We note that a [ = 0 NequlP network is approximately equivalent to a SchNet
network, as both are message-passing neural networks that use the same types
of scalar features and scalar operations. Training a series of SchNet networks
would require optimizing the SchNet hyperparameters for this system and as



Reviewer:

Author reply:

external users we would be likely to achieve suboptimal results. We show the
[ = 0 network in this graph and note this equivalence in the text:

Original:

Second, when all interactions involving [ = 1 are turned off, this turns the
network into a conventional invariant GNN-IP, involving only invariant convo-
lutions over scalar features in a SchNet-style fashion.

5) Something that will immediately capture readers attention is why only forces
are being compared against other models while in all the cited references there
is always a comparison of both, total energies and forces. Furthermore, there
is no discussion or arguments of why the authors only train the model on
forces, while there are methods in the literature that even use energies and
stress tensors for training on top of forces. Everything needs to be justified.
To address these issues, the comparison of energies and forces against other
methods must be in the article, otherwise it could send the wrong message to

the reader, meaning that the energy predictions are not accurate enough in
this model (NequlP).

We thank the reviewer for this important comment. We have updated our
model to also be trained on energies and are reporting energies for every ex-
periment conducted in this work. All tables of results have been changed ac-
cordingly. Furthermore, we have updated the loss function and the discussion
accordingly.

Original:
Networks are trained using a loss function based on atomic forces:

N 3 A
L= Y ll- o — Ral?

=1 a=1

where N is the number of atoms in the system and E is the predicted poten-
tial energy. Note that we do not train on energies since atomic forces are the
only quantities required to integrate Newton’s equations of motion. Since the
predicted forces are computed as the gradient of a scalar potential, they are
still conservative. If energies are of interest, however, one can add them to the
loss function and determine the relative weighting via a trade-off parameter as
done in previous works [6 [[]. In a similar fashion, it is trivial to add other
quantities of interest to the loss function (e.g predicting atomic charges or mul-
tipole tensors can be of interest for modeling long-range interactions), where
they may be scalar fields, vector fields, or higher-order tensor fields.

Changed to:
Networks are trained using a loss function based on a weighted sum of energy



Reviewer:

Author reply:

and a force loss terms:

1 LS OF
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where N is the number of atoms in the system, E is the predicted potential
energy, and Ag and A\r are the energy- and force-weightings, respectively. While
it is helpful to optimize the weightings as a hyperparameter, we found a relative
weighting of energies to forces of 1 to N2, a suitable default choice. Here
the N accounts for the fact that that potential energy is a global quantity,
while the atomic forces are local quantities and the square accounts for the
fact that we use a MSE loss. This also makes the loss function size invariant.
A full set of the weightings used in this work can be found in table VII. We
normalize the target energies by subtracting the mean potential energy over the
training set and scale both the target energies and the target force components
by the root mean square of the force components over the training set. The
predicted atomic energies E; are scaled and shifted by two learnable per-species
parameters before summing them for the total predicted potential energy E:

E - Z UsiEi + >\5i

where o, and ), are learnable per-species parameters indexed by s;, the species
of atom i. They are initialized to 1 and 0, respectively. For the case of the
joint training on water and ice, since the liquid water and ice structures have
different numbers of atoms, we do not scale or shift the potential energy targets
or force targets. Instead, we initialize the learnable per-species shift to the mean
per-atom energy and initialize the learnable per-species scale to the average
standard deviation over all force components in the training set.

6) On the applications side, the authors show two interesting examples, Lithium
Thiophosphate (LiPS) and Lithium Phosphate (Li4P207). Table V summa-
rizes the training performances for MAE of the forces. Interestingly, the learn-
ing capacity (according to this measure) is reached at 2500 training points for
LiPS, converging to 24 meV/A. This is actually a good error compared to
other reported methodologies. Nevertheless, it is well known that the MAE
gives a good overview of the general performance of the model, but it softens
the error implications of outliers. It would be more illustrative to present both
performances, MAE and RMSE, given that comparing the differences between
these two measures provide some degree of insights to monitor large errors on
individual samples (local environments). Again, a complete evaluation of the
learning performance of the method is not possible given that the energy errors
are not reported.

We thank the reviewer for this important comment. We have update the tables
accordingly and have added both the RMSE of the forces. as well as MAE and



Reviewer:

Author reply:

Reviewer:

Author reply:

RMSE on the energies. Due to the addition of higher-order tensors, we also
find a significant reduction in test errors.

7) Regarding the comparison between the dynamics using AIMD and NequlP-
MD, Fig. 5 shows a really nice agreement. Just as a sanity check, I would add
a simulation of NequlP-MD for a longer simulation time (500 ps, this should
not be a problem for a ML model since they usually take a couple of ms per
prediction as shown in Table VI) just to be sure that the simulation remains
stable and reliable. Then report its g(r) in Fig. 5 as comparison. I understand
that they could differ a bit.

We thank the reviewer for this comment. We have added a 500 ps simulation of
the LiPO system and compare to the the 50ps AIMD simulation. We find that
the g(r) predicted by the 500ps NequlP-driven simulation matches the AIMD
simulation well. We have added this in the appendix as follows:

Changed to:

Figure 9 shows the Radial Distribution Function obtained from a MD simula-
tion of simulation length 500ps compared to the AIMD simulation of 50ps. For
both simulations, there first 10ps were not used in the computation of the RDF.

We have also added a reference to it in the main text:

Changed to:
We also include results from a longer NequlP-driven MD simulation of 500 ps,
which can be found in Appendix A.

8) In the case of Li4P207, I cannot give a proper evaluation of the application
if the RMSE are missing but more importantly, because of the missing energy
errors. The energetics in diffusion is crucial, and because of this, I'm not sure
how to judge the reported diffusivity values. Furthermore, this application
needs a convergence analysis (diffusivity vs length of the simulations) since
50 ps is an extremely short time for such a macroscopic variable. Hence, in
order to discard any possible artefacts of the NequlP, such analysis should be
provided.

We believe the reviewer here meant to refer to the Lithium Thiophosphate
(LiPS) system here, since no experiments on diffusion in Li4P207 were per-
formed. Again, we have added the RMSE of the forces, as well as both MAE
and RMSE of the energies. We note that Lig75P3S1; is a good conductor and
therefore a simulation length of 50ps at a high temperature of T' = 520K is
not short, a simulation length of 30ps even would be sufficient to obtain good
values for the ionic conductivity. Two examples in the literature are [I§] and
[19], which perform AIMD simulations of a lengths of 40ps and 60 ps, respec-
tively, in systems with similar compositions. Finally, we note that for the runs
we used to compute the diffusivity, both AIMD and NequlP display a log-log



Reviewer:

Author reply:

slope of approximately 1, meaning that the simulations are in the Fick’s Law
diffusive regime. We have updated the text as follows:

Original:

Here we demonstrate that not only does NequlP obtain small errors in the
force components, but it also accurately predicts the diffusivity after training
on a data set obtained from an AIMD simulation. Again, we find that very
small training sets lead to highly accurate models, as shown in Table V for
training set sizes of 10, 100, 1,000 and 2,500 structures. We run a series of MD
simulations with the NequlP potential trained on 2,500 structures in the NVT
ensemble at the same temperature as the AIMD simulation for a total simula-
tion time of 50 ps and a time step of 0.25 fs, which we found advantageous for
reliability and stability of long simulations. We measure the Li diffusivity in
ten Nequip-driven MD simulations (computed via the slope of the mean square
displacement), all of length 50 ps and started from different initial velocities,
randomly sampled from a Maxwell-Boltzmann distribution. We find a mean
diffusivity of 1.42x107°cm?/s, in excellent agreement with the diffusivity of
1.38x107° cm?/s computed from AIMD, thus achieving a relative error of as
little as 3%. Figure 6 shows the mean square displacements of Li for an exam-
ple run.

Changed to:

Here we demonstrate that not only does NequlP obtain small errors in the
energies and force components, but it also accurately predicts the diffusivity
after training on a data set obtained from an AIMD simulation. Again, we
find that very small training sets lead to highly accurate models, as shown in
Table VI for training set sizes of 10, 100, 1,000 and 2,500 structures. We run a
series of MD simulations with the NequlP potential trained on 2,500 structures
in the NVT ensemble at the same temperature as the AIMD simulation for a
total simulation time of 50 ps and a time step of 0.25 fs, which we found
advantageous for the reliability and stability of long simulations. We measure
the Li diffusivity in these NequlP-driven MD simulations (computed via the
slope of the mean square displacement) started from different initial velocities,
randomly sampled from a Maxwell-Boltzmann distribution. We find a mean
diffusivity of 1.25x107°cm?/s, in excellent agreement with the diffusivity of
1.37x107° cm? /s computed from AIMD, thus achieving a relative error of as
little as 9%. Figure 6 shows the mean square displacements of Li for an example
run of NequlP in comparison to AIMD.

9) The results provided in Fig. 7 are very revealing and show the great impact
of using equivariant internal features. It would give a further insight on the
efficacy of the model if also 1=2 is included in this example. This should
definitively evince the need of such architectures in force fields reconstruction.

We thank the reviewer for this positive comment. We have conducted an anal-
ysis of the behavior of this learning curves as a function of [ and have included



results on [ € {0,1,2,3}. In particular, we have added to the discussion of
the change in slope in the log-log plot of error vs training set size. The text
has been updated to discusses this behavior. We have also added experiments
that control for the different number of weights and features that come with
using a higher-order tensor and have added a comparison to existing method
to demonstrate the change in log-log slope observed for NequlP training.

Original:

In the above experiments, NequlP exhibits exceptionally high data efficiency,
i.e. it can be trained successfully to state-of-the-art accuracy from unexpect-
edly small training sets. It is interesting to consider the reasons for such high
performance and verify that it is connected to the equivariant nature of the
model. First, it is important to note that each training configuration contains
multiple labels, thus increasing the total number of labels available beyond
just the potential energy label associated with each structure. In particular,
for a training set of M first-principles calculations with structures consisting of
N atoms, the total number of labels available is M (3N + 1) since every force
component on every atom constitutes a label and so does the total energy
of the reference calculation (we only train to atomic forces and not energies,
thus using 3M N force components as labels). In order to gain insight into the
reasons behind increased accuracy and data efficiency, we perform a series of
experiments with the goal of isolating the effect of using equivariant convo-
lutions of geometric tensors compared to invariant convolutions over scalars.
In particular, we run a set of experiments for a system with a fixed number
of training configurations in which we explicitly turn on or off interactions of
higher order than [ = 0. This defines two settings: first, we train the network
with both [ = 0 and [ = 1 features and all five interactions as previously out-
lined in this work. Second, when all interactions involving [ = 1 are turned off,
this turns the network into a conventional invariant GNN-IP, involving only
invariant convolutions over scalar features in a SchNet-style fashion. As a test
system we chose bulk water: in particular we use the data set introduced in
20, consisting of 1,593 bulk liquid water structures with 64 water molecules
each. We train a series of networks with identical hyperparameters, but vary
the training set sizes between 10 and 1,000 structures, sampled uniformly from
the full data set, as well as a validation set consisting of 100 structures. We then
evaluate the error on all remaining structures for a given training set size. As
shown in Figure 7, we find that the equivariant setting (using [ = 0 and [ = 1)
significantly outperforms the invariant setting (using only [ = 0) for all data
set sizes as measured by the MAE of force components. This suggests that it
is indeed the use of tensor (in our specific case vector) features and equivariant
convolutions that enables the high data efficiency of NequlP.We further note,
that in [20], a Behler-Parrinello Neural Network (BPNN) was trained on 1303
structures, yielding a RMSE of ~ 120 meV/ A in forces when evaluated on the
remaining 290 structures. We find that NequlP models trained with as little



as 50 and 100 data points obtain RMSEs of 122.9 meV /A and 93.3 meV /A on
their respective test sets (note that Figure 7 shows the MAE). This provides
further evidence that NequlP exhibits significantly improved data efficiency in
comparison with existing methods.

Changed to:

In the above experiments, NequlP exhibits exceptionally high data efficiency.
It is interesting to consider the reasons for such high performance and verify
that it is connected to the equivariant nature of the model. First, it is im-
portant to note that each training configuration contains multiple labels: in
particular, for a training set of M first-principles calculations with structures
consisting of N atoms, the energies and force components together give a total
of M (3N +1) labels. In order to gain insight into the reasons behind increased
accuracy and data efficiency, we perform a series of experiments with the goal
of isolating the effect of using equivariant convolutions. In particular, we run
a set of experiments in which we explicitly turn on or off interactions of higher
order than [ = 0. This defines two settings: first, we train the network with
the full set of tensor features up to a given order [ and the corresponding
equivariant interactions. Second, we turn off all interactions involving [ > 0,
making the network a conventional invariant GNN-IP, involving only invari-
ant convolutions over scalar features in a SchNet-style fashion. As a first test
system we choose bulk water: in particular we use the data set introduced in
[20]. We train a series of networks with identical hyperparameters, but vary
the training set sizes between 10 and 1,000 structures. As shown in Figure 7,
we find that the equivariant networks with [ € 1,2, 3 significantly outperform
the invariant networks with [ = 0 for all data set sizes as measured by the
MAE of force components. This suggests that it is indeed the use of tensor
features and equivariant convolutions that enables the high sample efficiency
of NequlP. In addition, it is apparent that the learning curves of equivariant
networks have a different slope in log-log space. It has been observed that
learning curves typically follow a power-law of the form [I]: € oc aN® where
e and N refer to the generalization error and the number of training points,
respectively. The exponent of this power-law (or equivalently the slope in
log-log space) determines how fast a learning algorithm learns as new data
become available. Empirical results have shown that this exponent typically
remains fixed across different learning algorithms for a given data set, and dif-
ferent methods only shift the learning curve, leaving the log-log slope unaffected
[21]. The same trend can also be observed for various methods on the aspirin
molecule in the MD-17 data set (see Figure 8) where across a series of de-
scriptors and regression models (sGDML, FCHL19, and PhysNet [B B, 22]) the
learning curves show an approximately similar log-log slope (results obtained
from http://quantum-machine.org/gdml/#datasets|). To our surprise, we
observe that the equivariant NequlP networks break this pattern. Instead they
follow a log-log slope with larger magnitude, meaning that they learn faster
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Reviewer:

Author reply:

as new data become available. An invariant [ = 0 NequlP network, however,
displays a similar log-log slope to other methods, suggesting that it is indeed
the equivariant nature of NequlP that allows for the change in learning behav-
ior. Further increasing the rotation order [ beyond [ = 1 again only shifts the
learning curve and does not results in an additional change in log-log slope. To
control for the different number of weights and features in orders of different
rotation order [, we report weight- and feature-controlled data in Appendix B.
Both show qualitatively the same effect. The Appendix also contains results
on the behavior of the energies, when trained jointly with forces. For details
on the training setup and the control experiments, see the Methods section.
We further note, that in [20], a Behler-Parrinello Neural Network (BPNN)
was trained on 1303 structures, yielding a RMSE of ~ 120 meV /A in forces
when evaluated on the remaining 290 structures. We find that NequlP [ = 2
models trained with as little as 100 and 250 data points obtain RMSEs of
129.8 meV/A and 103.4 meV/A respectively (note that Figure 7 shows the
MAE). This provides further evidence that NequlP exhibits significantly im-
proved data efficiency in comparison with existing methods.

10) The DISCUSSION section, does not present any discussion, it is more
like a summary or conclusions. This section should be intended to present an
insightful but compact discussion of the current state-of-the-art of the field and
why and how your methodology actually advances the field (ML force fields)
and what practitioners would gain if they use it.

We thank the referee for this note. We have updated the DISCUSSION section
accordingly:

Original:

We demonstrate that the Neural Equivariant Interatomic Potential (NequlP),
a new type of graph neural network built on SE(3)-equivariant convolutions
exhibits state-of-the-art accuracy and exceptional data efficiency on data sets
of small molecules and periodic materials. Furthermore, we find that we can
reproduce structural and kinetic properties from molecular dynamics simula-
tions with very high fidelity in comparison to ab-initio simulations. The ability
to both learn from small numbers of reference samples, while retaining high
computational efficiency opens the door to performing simulations of large sys-
tems over long time-scales at quantum mechanical accuracy, using DF'T or
higher order methods such as coupled-cluster or quantum Monte Carlo data
as reference. We expect the new method will enable researchers in computa-
tional chemistry, physics, biology, and materials science to conduct molecular
dynamics simulations of complex reactions and phase transformations at in-
creased accuracy and efficiency.

Changed to:
We demonstrate that the Neural Equivariant Interatomic Potential (NequlP),
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a new type of graph neural network built on E(3)-equivariant convolutions, ex-
hibits state-of-the-art accuracy and exceptional data efficiency on data sets of
small molecules and periodic materials. We isolate that the improvements are
due to the introduction of equivariant representations in place of more widely
used invariant representations. This raises questions about the optimal way
to include symmetry in Machine Learning for molecules and materials. A bet-
ter understanding of why equivariance enables improved sample efficiency and
accuracy is likely to be a fruitful direction towards designing better ML algo-
rithms for the construction of Potential Energy Surfaces. In addition to open
questions around the effect of equivariance on accuracy and learning dynamics,
a clear theoretical understanding of how the many-body character of interac-
tions arises in Message Passing Interatomic Potentials remains elusive. We
expect the proposed method will enable researchers in computational chem-
istry, physics, biology, and materials science to conduct molecular dynamics
simulations of complex reactions and phase transformations at increased accu-
racy and efficiency.

In general, the reported method provides very good results clearly stating what
is needed to be included in NN-based interatomic potentials. Nevertheless, in
its current state I advise to not accept the manuscript. This based in several
reasons, firstly, the method itself or the ideas behind are not new. Similar
ideas were developed by Gastegger et al. (arXiv:2010.14942, 2020) and more
recently by Schiitt et al. (arXiv:2102.03150, 2021)**, but more importantly,
this work is a minor/incremental development on top of tensor field networks
(2018). This is not necessarily a bad thing but then has to be compensated by
presenting insightful discussions and analysis, which currently is missing.

**This article appeared on arXiv two weeks after NequlP and introduces a
method that is practically the same (only some technical parts are different but
the final coded expressions follow the same idea and both truncate the spherical
harmonics at L=1). This should not be considered as a bad point since they
were developed independently, and they show the same performances.

We acknowledge that indeed a similar idea to NequlP appeared online 4 weeks
after the present work first was posted (NequlP was posted on Jan 5, the work
from Schiitt et al. 28 days later on Feb 8). As stated by the referee, the works
were developed independently and the ideas proposed in Schiitt et al. can be
seen as an [ = l-only subset of NequlP. As outlined in the present work, how-
ever, we find it important to be able to include higher-order interactions in the
network.

The work by Gastegger et al. introduces FieldSchNet, an approach for mod-
eling interactions of molecules with external fields. While this work includes
using vector-based features, the interactions are inspired by modeling dipole-
field and dipole-dipole interactions and are therefore special instances that do
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Author reply:

not constitute a fully equivariant neural network as outlined in the present
work. Furthermore, to the best of our knowledge, FieldSchNet does not im-
plement the 1 ® 1 — 1 interaction, which a conventional [ = 1 equivariant
network would introduce. These interactions alone therefore only have limited
similarity to the method proposed in the present work.

Regarding the need for insightful discussions and analysis asked for by the
reviewer, we have shown a detailed analysis of the role of the rotation order [,
its impact on accuracy, and in particular the unique effect of equivariance on
learning curves, which to the best of our knowledge had not been known prior
to this work.

We further note that while the original Tensor Field Networks paper discussed
the more general idea of equivariant neural networks and laid the theoreti-
cal foundation, the work presented here implements simulations on realistic
chemical systems, demonstrates state-of-the-art accuracy and sample-efficiency,
quantities the effect of equivariance on learning curves, applications to periodic
systems, and ablation studies on the effect of equivariance vs. invariance on
these, all of which were not studied in the original TFN work. In addition,
substantial work was required to generalize and optimize the TFN code for
general E(3)-equivariant neural networks. For example, the original code only
went up to [ = 1, whereas here we can go up to arbitrary [.

The biggest concern is the fact that the energy part of the model is missing,
even though the main predictor of the network is indeed the energy (eq. 3).
Furthermore, total energy analysis is a standard measure of accuracy in the
field, hence this shows that the work is not complete.

We thank the reviewer for this important comment. As discussed, we have
updated every experiment shown in the manuscript with total energy errors.
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Reviewer:

Author reply:

Reviewer:

Author reply:

Reviewer:

Author reply:

This paper introduces a new framework (NequlP) for constructing machine
learning potentials (MLPs), using a rotational-symmetry-equivariant neural
network combined with graph convolution. The paper then shows several
benchmarks on diverse systems including small molecular datasets, bulk water,
organic molecules on a surface, and a superionic conductor. The approach is
interesting as well as provocative, and the example applications are convincing.
A few questions, most are concerning presentations:

We thank the reviewer for this positive review. All comments are addressed
below one-by-one.

* GPR/KRR are often combined with sparsification in order to scale better
with the number of data points. This point is ignored in the paper.

We have remove the section discussing GPR that this comment had originally
referred to as a response to Reviewer 1’s suggestion:

Original:

Kernel-based approaches, such as e.g. Gaussian Processes (GP) [1 2] or Kernel
Ridge Regression (KRR) [, are a way to remedy this problem as they often
generalize better from limited sample sizes. However, such methods generally
tend to exhibit poor computational scaling with the number of reference con-
figurations, in both training (cubic in training set size) and prediction (linear
in training set size). This limits both the amount of training data they can be
trained on as well as the length and size of simulations that can be simulated
with them.

* Eqns.2-4 are rather obvious and can be condensed.

We have condensed the presentation of these well-known equations as follows:

Original:

Given a set of atoms (a molecule or a material), we aim to find a mapping from
atomic positions 7; and chemical species (identified by atomic numbers Z;) to
the total potential energy and the forces acting on the atoms:

}L : {Fl ZL} — Epo[

Forces are obtained as gradients of the predicted potential energy with respect
to the atomic positions, which guarantees energy conservation:

Fi - _viEpot

Gradients can be obtained with relatively low computational overhead in mod-
ern auto-differentiation frameworks such as TensorFlow or PyTorch [23] 24].
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Following previous work 5], we further define the total potential energy of
the system as a sum of atomic potential energies:

Epot - E Ei,atomic

ie*wlltom,s

These atomic local energies E; ;;omic are the scalar node attributes predicted
by the graph neural network.

Changed to:

Given a set of atoms (a molecule or a material), we aim to find a mapping from
atomic positions {7;} and chemical species {Z;} to the total potential energy
E,o: and the forces acting on the atoms {]51} Following previous work [25], this
total potential energy is obtained as a sum of atomic potential energies. Forces
are then obtained as the gradients of this predicted total potential energy with
respect to the atomic positions (thereby guaranteeing energy conservation):

Epot - E Ei,atmmﬁc

7‘/€N{1 toms

F:i - _viEpot

The atomic local energies Fj; 41omic are the scalar node attributes predicted by
the graph neural network.

* T am a bit confused by Eqn.5: does it mean that the interacting force vector
between two atoms i and j is only dependent on the displacement rij? But one
would expect that the force also depends on the other atoms close to i and
j. Presumably such many-body effects are considered during the convolution
step, but this is not clear from Eqn.5.

The F(r;;) in Eqn. 5 refers to the convolution filter, not to the atomic force
vector. The final force on atom i is a function of other atoms as well, not only
of atom 7. We have revised the text to more clearly highlight that this refers
to the convolutional filter:

Original:
To achieve rotation equivariance, the convolution filters are constrained to be
products of learnable radial functions and spherical harmonics, which are equiv-

ariant under SO(3) [26]:
F(7) = R(rij) Y, (7))

where if 7; denotes the relative position from central atom 7 to neighboring
atom j, 7;; and r;; are the associated unit vector and interatomic distance,
respectively.
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Reviewer:

Author reply:

Changed to:
To achieve rotation equivariance, the convolution filters F'(r;) are constrained
to be products of learnable radial functions and spherical harmonics, which are
equivariant under SO(3) [26]:

F(7iy) = R(riy)Y,) ()
where if 7; denotes the relative position from central atom 7 to neighboring
atom j, 7;; and r;; are the associated unit vector and interatomic distance, re-
spectively, and F'(7;) denotes the corresponding convolutional filter. It should
be noted that all learnable weights in the filter lie in the rotationally invariant
radial function R(r;;).

* Page 9, line 446: The authors wrote "ability to achieve high accuracy on
a comparatively small data set opens the door to training models on expen-
sive high-order ab-initio quantum chemical methods.” This seems to be a bit
overstated, as previous MLPs that trained on CCSD(T) and QMC already

exist.

We thank the referee for this comment, we have updated the manuscript ac-
cordingly and now note that increased sample efficiency makes it easier to
develop ML potentials for applications in which high-accuracy reference data
may be required:

Original:

Ability to achieve high accuracy on a comparatively small data set opens the
door to training models on expensive high-order ab-initio quantum chemical
methods.

Changed to:

The ability to achieve high accuracy on a comparatively small data set fa-
cilitates easier development of Machine Learining Interatomic Potentials on
expensive high-order ab-initio quantum chemical methods, such as e.g. the

coupled cluster method CCSD(T).

* Page 10, line 493: What does it mean to ”"sampled uniformly”? Does it mean
taking a snapshot from every X step of the MD trajectory, or does it mean a
random selection, or a uniform sampling in the space of the design matrix?

”Sampled uniformly” here simply means randomly sampled from the full refer-
ence data set, following a uniform distribution, it does not mean sample every
X step of the trajectory. We have updated the text to more clearly express
this:

Original:
The 133 structures were sampled uniformly from the full data set available
online, consisting of water and ice structures, made up of a total of 140,000
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Reviewer:

Author reply:

frames, coming from the same MD trajectories that were used in the earlier

work [27].

Changed to:

The 133 structures were sampled randomly following a uniform distribution
from the full data set available online which consists of water and ice struc-
tures and is made up of a total of 140,000 frames, coming from the same MD
trajectories that were used in the earlier work [27]

* Although it is very impressive that the authors are able to train a MLP
for water with 1000x fewer training data compared to DeepMD, bear in mind
that the first generation of DeepMD (the un-smooth version) is highly data-
inefficient due to the ”cusps” introduced by the permutations of atoms. Also
the water data set contains the whole MD trajectory, meaning that the train-
ing data is highly correlated so significant sparsification can be done before
hampering the amount of information contained in the data set. I suggest that
the authors consider including these more nuanced points, so that readers who
are not familiar with the field won’t be misled.

We recognize that the authors of the DeepMD work have since proposed a next
generation of their work, termed DeepMD-Smooth Edition. Unfortunately,
that work does not report results on this water data set and we wanted to
show results on such a widely studied system. Regarding the time correlation,
we note that this would likely in fact even help the DeepMD model, rather
than hurt it. Namely, the results reported in their work use 87% of the train-
ing data, sampled from MD trajectories, resulting in a test set that likely has
strong time correlation with the training set and therefore is not an adequate
test of how well the model actually learns the PES. In comparison, NequlP
samples 0.087% of the data, therefore can not leverage this time-correlation
when evaluated on the test set, and is thus put under a more stringent test.
Nevertheless, we agree that this degree of correlation would also imply that it
is possible the DeepMD model could successfully be trained on fewer data. We
have added the following paragraph to the manuscript in order to more clearly
include the raised points to the reader:

Changed to:

We note that the version of DeepMD published in [27] is not smooth, and a
smooth version has since been proposed [28]. However, [28] does not report
results on the water/ice systems. It would be of interest to investigate the
performance of the smooth DeepMD version as a function of training set size.

* Some discussions on how the atomic cutoffs and the number of convolutions
affect the results can be very helpful to readers.

The original manuscript discusses the important of the choice of radial cutoff.
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We have added a comment that we find NequlP to be robust to the choice of
number of layers:

Original:
We also found it important to choose the radial cutoff distance r. appropriately.

Changed to:

We also found it important to choose the radial cutoff distance r. appropriately
for a given system. In addition, we observed the number of layers to not have
a strong effect as long as they were set within a reasonable range.

Reviewer: Minor point: * Perhaps better to replot the gor in the left panel of Fig.5 using
a xrange of [1,6] Angstroms.

Author reply: We have updated the figure of the g(r) accordingly.
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Reviewer:

Author reply:

Reviewer:

This paper report an important advance in the development in the area of ma-
chine learning interatomic potentials. In particular, by building an equivariant
framework that can act on tensors of different order (scalar, vector, high-order
tensors), significant improvements in accuracy for smaller training data sets
can be achieved, thus addressing a significant challenge in the construction of
ML potentials. As such, I believe this paper will be well-received by the com-
munity. [ have no major criticisms of this paper and the way it is presented,
but I would like to make two suggestions:

We thank the reviewer for this very positive review. Both suggestion are ad-
dressed in the following on an item-per-item basis.

1. Presenting tables of MAEs is useful to see the performance of the proposed
ML scheme, but I think the reader needs to see some representation of the
training data. I realize this might not be easy given the many features cap-
tured in the data, but an example could be showing a scatter plot of force
magnitudes (since training is done using forces, as suggested in Eq. (9)) or
even corresponding energies in the MD-17 data set as a function of some key
geometric features [the authors might want to see the recent work of Bogojeski
et al. Nature Comm. 11, 5223 (2020) for an example of what could be done].
A few selected molecules could be chosen for the main paper and the rest put
into a supplementary information document. This might already be sufficient,
although if they can find a convenient and visually intuitive representation of
the training data for the extended systems, that would be even better.

We thank the reviewer for this insightful comment. Given that the input space
of positions and chemical species is high-dimensional, a straightforward visual-
ization of energies or forces in this space is likely to be difficult. In an attempt
to visualize the reference data, we have plotted a histogram of force compo-
nents and potential energies on the revised MD-17 data set in the Appendix
C. We have changed the main text accordingly:

Changed to:
Recently, a recomputed version of the original MD-17 data with higher nu-
merical accuracy has been released, termed the revised MD-17 data set [ (an
example histogram of potential energies and force components can be found in
Appendix C).

2. The idea of learnable radial functions in the decomposition of the convolution
filters presented in Eq. (5) is an interesting one. Could the authors provide
some justification for why it is necessary to learn these using a small NN as
opposed to simply expanding them in a basis set or as a polynomial and then
learning the coefficients of each as part of the overall training scheme. This
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idea has been investigated for learning activation functions in neural networks
[see, for example, Goyal, et al. 101, 1-18 (2019)]. Wouldn’t this be an easier
scheme overall?

We thank the reviewer for this interesting comment. It should be noted that the
radial neural network Rglf ) Jearns a mapping from a single scalar, the distance
ri;, to the high-dimensional vector of weights for each channel in the tensor
product indexed by ¢, lf, ps, l;, and p,. (This is in contrast to an activation
function, which maps a single scalar to a single scalar.) As such, while one
could train a polynomial or basis expansion for each output separately, we
expect the outputs to be related, and as such a small neural network is well-
suited for the task. The scheme suggested by the referee could certainly improve
the computational efficiency of this part of the model. In practice, however,
we observe that the cost of the radial neural networks is quite small compared
to other operations in the model and thus a scheme like this would likely not
give significant improvements in speed. Nonetheless it remains an interesting
direction to consider for future work.
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In addition to the changes outlined above, we have also made a number of ad-
ditional changes, mostly due to the fact that we had updated the network to be
equivariant to the Euclidean group E(3), instead of SE(3) and due to the inclusion
of results on energy targets. We have outlined the major changes below:

e We have added symmetry w.r.t. parity to the NequlP model, making it equiv-
ariant to the group E(3) instead of SE(3). We have therefore adopted the title
as well as a number of discussions of the network architecture:

Original:
SE(3)-Equivariant Graph Neural Networks for Data-Efficient and Accurate In-
teratomic Potentials

Changed to:
E(3)-Equivariant Graph Neural Networks for Data-Efficient and Accurate In-
teratomic Potentials

Original:

Even though the output of NequlP is the predicted potential energy £, , which
is invariant under translations and rotations, the network contains nternal fea-
tures that are tensors which are equivariant to rotation.

Changed to:
Even though the output of NequlP is the predicted potential energy £, which
is invariant under translations, reflection, and rotations, the network contains
internal features that are geometric tensors which are equivariant to rotation
and reflection.

Original:

Formally, these features are geometric objects that comprise a direct sum of
irreducible representations of the SO(3) symmetry group. Second, the convolu-
tions that operate on these geometric objects are equivariant functions instead
of invariant ones, i.e. if a feature at layer k is rotated, then the output of
the convolution from layer £k — k + 1 rotates accordingly. In practice, the
features are implemented as a dictionary Va@” with keys [, where [ = 0,1,2, ...
is a non-negative integer and is called the “rotation order”, labeling the ir-
reducible representations. The indices a, ¢, m, correspond to the atoms, the
channels (elements of the feature), and the representation index which takes
values m € [—, ], respectively.

Changed to:
Formally, the feature vectors are geometric objects that comprise a direct sum
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of irreducible representations of the O(3) symmetry group. The feature vec-
tors ché;fi) are indexed by keys [, p, where the “rotation order” [ =0,1,2,... is
a non-negative integer and parity is one of p € (1,—1) which together label
the irreducible representations of O(3). The indices a, ¢, m, correspond to the
atoms, the channels (elements of the feature vector), and the representation in-
dex which takes values m € [—[,[], respectively. The convolutions that operate
on these geometric objects are equivariant functions instead of invariant ones,
i.e. if a feature at layer k is transformed under a rotation or parity transforma-
tion, then the output of the convolution from layer k — k + 1 is transformed
accordingly.

Original:

Finally, as outlined in [20], a full convolutional layer £ implementing an inter-
action with filter f acting on an input ¢ producing output o: Iy ® l[; = [, is
given by:

o fond i o lmmo (l vli) (l ) A~ li
‘a((zlcr)no (TCH V:z(clnlz) o Z C((lf,mf))(li,mi) Z Rc ! (Tab)YmJ{ (Tab)v;)(cw)h.

Mg, m; beS

where a and b index the central atom of the convolution and the neighboring
atom b € S, respectively, and C indicates the Clebsch-Gordan coefficients. As
an example of this, we write out a full 1 ® 1 — 1 operation (corresponding to a
cross-product) in the Methods section. After every convolution, output tensors
of a rotation order [ stemming from different tensor products are concatenated
on a per-atom basis. To update atomic features, the model also leverages self-
interaction layers similar to SchNet [@], corresponding to dense layers that are
applied in an atom-wise fashion with weights shared across atoms. While dif-
ferent weights are used for different rotation orders, the same set of weights
is applied for all representation indices m of a given rotation order [. Shifted
softplus nonlinearities [6] are used as rotation-equivariant nonlinearities as in-
troduced in [26], which are applied to the Euclidean norm of the input feature,
the output of which is in turn combined with the input tensor, thus preserving
overall equivariance.

Changed to:

The final symmetry the network needs to respect is that of parity: how the
tensor transformations when the input is mirrored, i.e. © — —Z. A tensor
has even parity (p = 1) if it is invariant to such a transformation; it has odd
parity (p = —1) if its sign flips under that transformation. Parity equivariance
is achieved by only allowing contributions from a filter and an incoming tensor
feature with parities py and p; to contribute to an output feature if the following
selection rule is satisfied:

Po = PiDyf
Finally, as outlined in [20], a full convolutional layer £ implementing an inter-
action with filter f acting on an input ¢ producing output o: ; ® [y — [, is
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given by:
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where a and b index the central atom of the convolution and the neighbor-
ing atom b € 9, respectively, and C indicates the Clebsch-Gordan coefficients.
Note that the Clebsch-Gordan coefficients do not depend on the parity of the
arguments. There can be multiple £((ll3,l,f§ ) tensors for a given output rotation
order and parity (l,,p,) resulting from different combinations of (;,p;) and
(I, pr); we take all such possible output tensors with [, < [, and concate-
nate them. We also divide the output of the sum over neighbors by v/ N, where
N denotes the average number of neighbors of an atom. To update the atomic
features, the model also uses dense layers that are applied in an atom-wise
fashion with weights shared across atoms, similar to the self-interaction layers
in SchNet [6]. While different weights are used for different rotation orders, the
same set of weights is applied for all representation indices m of a given tensor
with rotation order [ to maintain equivariance.

We have added a series of additional methods that have been proposed after
the first version of this work:

Changed to:

After a first version of this manuscript appeared online [29], a series of other
equivariant GNN-IPs have been proposed, such as PaiNN [14] and NewtonNet
[M5]. Both of these methods were proposed after NequlP and only make use of
[ = 1 tensors. In addition, we also compare a series of other works that have
since been proposed, including the GemNet [I3], SpookyNet [?], and UNIiTE

approaches [16].

We have updated the interaction block and changed the text accordingly:

Original:

Interaction Block: interaction blocks encode interactions between neighbor-
ing atoms: the core of this block is the convolution function, outlined in equa-
tion 8. For every output rotation order [,, the features from different tensor
product interactions are concatenated to give a new feature, which is in return
refined with atom-wise self-interaction layers and equivariant non-linearities.
We equip interactions blocks with a ResNet-style update [30] where the input
feature x is updated atom-wise via the output of an interaction block f(x) that
gives the final feature r(x) = f(x) + x (features are added element-wise in the
m-dimension). Note that this operation is equivariant since the addition of an
equivariant feature x and an equivariant function f(x) preserves equivariance.
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While later interaction blocks include all five interactions outlined above, the
first interaction block operates on the [ = 0 embedding with a 0 ® 0 — 0 and
al0®1— 1 only.

Changed to:

Interaction Block: interaction blocks encode interactions between neighbor-
ing atoms: the core of this block is the convolution function, outlined in equa-
tion 8. Features from different tensor product interactions that yield the same
rotation and parity pair (I,,p,) are mixed by linear atom-wise self-interaction
layers. We equip interaction blocks with a ResNet-style update [B0]: x*™! =
f(x¥) + Self-Interaction(x¥), where f is the series of self-interaction, convolu-
tion, concatenation, and self-interaction. The weights of the Self-Interaction
are learned separately for each species. Finally, the mixed features are pro-
cessed by an equivariant Sil.U-based gate nonlinearity [31] B2] (even and odd
scalars are not gated, but instead are processed on directly by SiLU and tanh
nonlinearities, respectively).

More accurate reflect the abbreviation here:

Original:
Recently, rotationally invariant graph neural networks (GNN-IPs) have

Changed to:
Recently, rotationally invariant graph neural network interatomic potentials

(GNN-IPs) have

We have updated the radial function to be a more general multi-layer percep-
tron, instead of a neural network with one hidden layer and have adjusted the
discussion accordingly:

Original:

This radial function is implemented as a small neural network with one hid-
den layer and a shifted softplus activation function [@], operating on inter-
atomic distances expressed in a basis of choice, R(r;;) : R™ — R", where
N, is the number of basis functions and A is the feature dimension: R(r;;) =
WaIn(0.5 exp(W1B(r4;)) +0.5)whereW, € RNnidden*No and Wy € RMNnidden are
weight matrices, h is the dimension of the feature and Np;q4e, is the dimension
of the hidden layer in the feed-forward neural network (in our experiments,
we use Npiggen = Np, resulting in comparatively small neural networks for the
radial function).
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Changed to:

This radial function is implemented as a small multi-layer perceptron that
operates on interatomic distances expressed in a basis of choice, R(r;;) : R —
R", where h is the feature dimension:

R(rij) = Wyo(...o(Wao (W1 B(ri;))))

where B(r;;) is a basis embedding of the interatomic distance, W; are weight
matrices and o(x) denotes the nonlinear activation function, for which we use
the SiLU activation function [3I] in our experiments.

We have updated the discussion of our results on the water system and the
comparison to DeepMD to reflect the updated results including energies and
the different weightings of the loss function:

Original:

Table II shows the comparison of the predictive force accuracy of NequlP
trained on the 133 structures vs DeepMD trained on 133,500 structures. We
find that with 1000x fewer training data, NequlP significantly outperforms
DeepMD on all four parts of the data set.

Changed to:

Table IV compares the energy and force errors of NequlP trained on the 133
structures vs DeepMD trained on 133,500 structures. We find that with 1000x
fewer training data NequlP significantly outperforms DeepMD on all four parts
of the data set in the error on the force components. We note that there are
3N force components for each training frame but only one energy target. Con-
sequently, one would except that on energies the much larger training set used
for DeepMD would results in an even stronger difference. We find that while
this is indeed the case, the NequlP results on the liquid phase are surpris-
ingly competitive. Finally, we report results using three different weightings
of energies and forces in the loss function and see that increasing the energy
weighting results in significantly improved energy errors at the cost of a small
increase in force error. We note that the version of DeepMD published in [27]
is not smooth, and a smooth version has since been proposed [28]. However,
28] does not report results on the water/ice systems. It would be of interest
to investigate the performance of the smooth DeepMD version as a function of
training set size.

We have updated the discussion of hyperparameters in the Methods section:

Original:
Hyperparameters. Training of models was performed on NVIDIA Tesla
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V100 GPUs. Throughout all experiments shown in this work, we use a fea-
ture dimension of h = 64, 6 interaction blocks, /N, = 8 Bessel basis functions
and radial neural networks with one hidden layer, also of hidden dimension
Nhiggen = 8, giving light-weight radial functions with a comparatively small
number of parameters. The final interaction block is followed by the output
block, which first reduces the feature dimension to 16 through a self-interaction
layer. Finally, through another self-interaction layer, the feature dimension is
reduced to a single scalar output value associated with each atom which is
then summed over to give the total potential energy. Weights were initialized
with the uniform Xavier initialization in the radial networks and orthogonal
initialization in the self-interaction layers, biases were initialized with a con-
stant value of 0. In all experiments, we use the Adam optimizer [B3] with the
TensorFlow 1.14 default settings of 8; = 0.9, 8, = 0.999, and € = 1078, We
decrease the initial learning rate of 0.001 by a decay factor of 0.8 whenever the
validation RMSE in the forces has not seen an improvement for a given number
of epochs: for the small molecule tasks, we set this learning rate patience to
1,000, for all other tasks we use 100. We continuously save the model with
the best validation RMSE and use the model with the overall best RMSE for
evaluation on the test set and MD simulations. We stop the training if either
a maximum number of 50,000 epochs (one epochs equals a full pass over the
training set) has been reached, or the validation force RMSE has not improved
for 2,500 epochs, or the maximum training time has been exceeded, whichever
occurs first. All systems were trained for a maximum of 8 days (consisting of
four runs of 48-hour time-limited compute jobs, which are restarted from the
best saved model, i.e. potentially including repeats in the training) with the
exception of the LiyP,O7, which was trained for 12 days (six 48-hour compute
jobs) and the LiPS systems, which were trained for 4 days (two 48-hour com-
pute jobs). We use a batch size of 5 structures for all small molecule tasks, and
a batch size of 1 structure for all other tasks. We found small batch sizes to be
important for obtaining high predictive accuracy. We also found it important
to choose the radial cutoff distance r. appropriately. A list of the cutoff radii
in units of [A] that were used for the different systems is given in Table VII.

Changed to:

Hyperparameters. All models were trained on a NVIDIA Tesla V100 GPU
in single-GPU training. For the small molecule systems, we use 5 interaction
blocks, a learning rate of 0.01 and a batch size of 5. For the periodic systems,
we use 6 interaction blocks, a learning rate of 0.005 and a batch size of 1. We
decrease the initial learning rate by a decay factor of 0.8 whenever the validation
loss in the forces has not seen an improvement for 50 epochs. We continuously
save the model with the best validation loss in the forces and use the model
with the overall best validation loss for evaluation on the test set and MD
simulations. For validation and test error evaluation, we use an exponential
moving average of the training weights with weight 0.99. Training is stopped
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if either of the following conditions is met: a) a maximum training time of of
7 days is reached; b) a maximum number 1,000,000 epochs is reached; c¢) the
learning rate drops below 107%; d) the validation loss does not improve for 1,000
epochs. We note that competitive results can typically be obtained within a
matter of hours or often even minutes and most of the remaining training time
is spent on only small improvements in the errors. We found the use of small
batch sizes to be an important hyperparameter. We also found it important
to choose the radial cutoff distance r. appropriately for a given system. In
addition, we observed the number of layers to not have a strong effect as long
as they were set within a reasonable range. We use different numbers of [ and
feature dimensions for different systems and similarly also vary the cutoff radius
for different systems. A full outline of the choices for [, feature size, cutoff radius
as well as the weights for energies and forces in the loss function can be found
in VII. All models were trained with both even and odd features. The weights
were initialized according to a standard normal distribution (for details, see
the e3nn software implementation [34]). The invariant radial networks act on
a trainable Bessel basis of size 8 and were implemented with 3 hidden layers of
64 neurons with SiLLU nonlinearities between them. The even scalars of the final
interaction block are passed to the output block, which first reduces the feature
dimension to 16 even scalars through a self-interaction layer. Finally, through
another self-interaction layer, the feature dimension is reduced to a single scalar
output value associated with each atom which is then summed over to give the
total potential energy. Forces are obtained as the negative gradient of this
predicted total potential energy, computed via automatic differentiation. All
models were optimized with Adam with the AMSGrad variant in the PyTorch
implementation [33] BB, B6] with 8; = 0.9, 8, = 0.999, and € = 10~8 without
weight decay. The average number of neighbors used for the LN normalization
of the convolution was computed over the full training set. For all molecular
results, the average number of neighbors was computed once on the N=1000
case for revised MD-17 and used for all other experiments. For the water sample
efficiency and the LiPS experiments it was computed once on the N=1000 and
N=2500 cases, respectively and then used for all other experiments for that
system. All input files for training of NequlP models will be shared upon
publication.

The computational efficiency of the method is a function of different choices of
hyperparameters as well as the current software implementation, which we are
consistently improving. This warrants a separate, more in-depth study on the
trade-offs between accuracy and computational efficiency. In addition, we have
rewritten the entire code base for NequlP and have changed from a backend
based on TensorFlow to one based on PyTorch and the e3nn library, which in
turn results in a changed computationaly efficiency. We have therefore removed
the section Computational Efficiency from the manuscript, together with table
VI that reported the corresponding timings:

Original:
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Finally, we report the computational efficiency of NequlP and compare it to
that of the ab-inito methods on two examples shown in this work: for a molec-
ular system, we choose the Toluene molecule, computed at the CCSD(T)-level
of theory [G; for a material with periodic boundary conditions, we choose the
Formate on Cu system, in which reference data were obtained with DFT. For
both systems, we report the time required for a single force call on a CPU node
with 32 cores. The results are shown in Table VI. In both cases, NequlP gives
a large speed-up over the ab-initio methods. In the case of the Toluene system,
this means that 58.4 minutes of a NequlP simulation can obtain the simulation
time equaling one century of a CCSD(T) simulation.
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Reviewer #1 (Remarks to the Author):

After reading the authors' replies to all the comments and the changes made to the text and plots, |
consider that the manuscript has definitely improved. My only concern is the fact that, still, the
discussion section is weak compared to what is expected to appeal to the broad audience of Nat.
Commun. In the revised version, this section only got minor changes. In my opinion, here the
authors should discuss several things, such as the context in which such methodological contribution
is in, and its role to move the field forward, its interpretability, advantages/disadvantages against
models that include explicitly analytical interactions, is there a difference when dealing/describing
bonded and non-bonded interactions, etc. Additionally, topics such as possible directions to further
develop the method as well as challenges to be addressed should be discussed in this section.

In its current state, | think the article is missing such discussion to complement the numeric results
and to have a round and solid manuscript.

Reviewer #3 (Remarks to the Author):

| have read the revised manuscript and responses to the reviews, and | am satisfied with the current
version. | recommend publication of the manuscript at this point.
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In response to reviewer 1’s request, we have outlined the changes below:

Reviewer 1

Reviewer:

Author reply:

After reading the authors’ replies to all the comments and the changes made
to the text and plots, I consider that the manuscript has definitely improved.
My only concern is the fact that, still, the discussion section is weak compared
to what is expected to appeal to the broad audience of Nat. Commun. In
the revised version, this section only got minor changes. In my opinion, here
the authors should discuss several things, such as the context in which such
methodological contribution is in, and its role to move the field forward, its in-
terpretability, advantages/disadvantages against models that include explicitly
analytical interactions, is there a difference when dealing/describing bonded
and non-bonded interactions, etc. Additionally, topics such as possible direc-
tions to further develop the method as well as challenges to be addressed should
be discussed in this section.

In its current state, I think the article is missing such discussion to complement
the numeric results and to have a round and solid manuscript.

We thank the reviewer for this positive review and their comment. We have
revised the manuscript as follows:

We have included a discussion of bonded and non-bonded interactions in the
Introdution section:

Original:

The construction of flexible models of the interatomic potential energy based
on Machine Learning (ML-IP), and in particular Neural Networks (NN-IP), has
shown great promise in providing a way to move past this dilemma, promis-
ing to learn high-fidelity potentials from ab-initio reference calculations while
retaining favorable computational efficiency [1 2 Bl @ B @ [ B, @ I0]. One
of the limiting factors of NN-IPs is that they typically require collection of
large training sets of ab-initio calculations, often including thousands or even
millions of reference structures [I [l @ 02] [ 03]. This computationally ex-
pensive process of training data collection has severely limited the adoption of
NN-IPs as it quickly becomes a bottleneck in the development of force-fields
for new systems.

Changed to:

The construction of flexible models of the interatomic potential energy based on
machine learning, and in particular neural networks, has shown great promise
in providing a way to move past this dilemma, promising to learn high-fidelity
potentials from ab-initio reference calculations while retaining favorable com-

putational efficiency [II 2], Bl @ Bl [©6] [ 8 O [0]. Another central difference



to classical force-fields based on analytical functions is that they often consist
of explicit bonded and non-bonded terms, whereas machine learning inter-
atomic potentials (ML-IPs) are agnostic to the bond topology of the system
and treat all interactions in an identical manner, based on relative interatomic
positions and the interacting chemical species. One of the limiting factors of
neural network interatomic potentials (NN-IPs) is that they typically require
large training sets of ab-initio calculations, often including thousands or even
millions of reference structures [I [l [ 02] [7, @3]. This computationally ex-
pensive process of training data collection has severely limited the adoption of
NN-IPs, as it quickly becomes a bottleneck in the development of force-fields
for complex systems.

We have updated the Discussion section to dicuss the context of our method-
ological contribution, interpretability, advantages/disadvantages in comparison
to analytical models and possible directions for future work:

Original:

We demonstrate that the Neural Equivariant Interatomic Potential (NequlP),
a new type of graph neural network built on E(3)-equivariant convolutions, ex-
hibits state-of-the-art accuracy and exceptional data efficiency on data sets of
small molecules and periodic materials. We isolate that the improvements are
due to the introduction of equivariant representations in place of more widely
used invariant representations. This raises questions about the optimal way
to include symmetry in Machine Learning for molecules and materials. A bet-
ter understanding of why equivariance enables improved sample efficiency and
accuracy is likely to be a fruitful direction towards designing better ML algo-
rithms for the construction of Potential Energy Surfaces. In addition to open
questions around the effect of equivariance on accuracy and learning dynamics,
a clear theoretical understanding of how the many-body character of interac-
tions arises in Message Passing Interatomic Potentials remains elusive. We
expect the proposed method will enable researchers in computational chem-
istry, physics, biology, and materials science to conduct molecular dynamics
simulations of complex reactions and phase transformations at increased accu-
racy and efficiency.

Changed to:

This work introduces NequlP, a novel Machine Learning method for comput-
ing the potential energy and atomic forces of molecules and materials based
on E(3)-Equivariant Neural Networks. The findings lead to a series of interest-
ing questions to consider: of particular interest is the sample efficiency of the
equivariant NequlP network when compared to the more widely used invari-
ant representations. In addition to questions around the effect of equivariance
on accuracy and learning dynamics, a clear theoretical understanding of how
the many-body character of interactions arises in message passing interatomic
potentials remains elusive. Further, a promising direction for future work is



to investigate the potential benefits of explicitly including long-range interac-
tions and to measure to what extent - if any - these might be captured by the
message passing mechanism. Finally, while we find that NequlP displays excel-
lent predictive accuracy, generalization to unseen phases, and remarkably high
sample efficiency, an open challenge that remains is the interpretability of deep
learning interatomic potentials. Energy contributions in classical interatomic
potentials can be explicitly assigned to individual types of interactions, such as
pair-wise bonded terms or Coulomb or van der Waals non-bonded interactions.
The potential benefits and optimal ways of including such physical knowledge
explicitly into the complex functional forms underlying deep learning inter-
atomic potentials still need to be systematically explored. On the other hand,
the simplicity of the functional form of classical force-fields that allows for this
level of interpretability severely limits their accuracy, presenting an interest-
ing tension between the two approaches. We expect the proposed method will
enable researchers in computational chemistry, physics, biology, and materials
science to conduct molecular dynamics simulations of complex reactions and
phase transformations at increased accuracy and efficiency.

Reviewer 3

I have read the revised manuscript and responses to the reviews, and I am satisfied
with the current version. I recommend publication of the manuscript at this point.

We thank the reviewer for this positive review.

We have additionally also changed the language and notation in a few places to
be more explicit and have revised tables I-IV, table VI and figures 7, 8, 10, and 11 to
be in line with a more conventional scheme of computing the errors. Larger changes
are outlined below:

e In response to editorial request, we have removed Table V and have instead
noted the errors in the test:

Original:

The MAE of the predicted forces using a NequlP model trained on 2,500 struc-
tures is shown in Table V, demonstrating that NequlP is able to accurately
model the interatomic forces for this complex reactive system. A more detailed
analysis of the resulting dynamics will be the subject of a separate study.

Changed to:

A NequlP model trained on 2,500 structures obtains MAESs in the force com-
ponents of 19.9 meV/A, 71.3 meV/A, 13.0 meV /A, and 47.6 meV/A, on the
four elements C, O, H, and Cu, respectively. We find from this an average force
MAE of 38.4 meV/A, equally weighted over these four per-species MAEs, as
well as an energy MAE of 0.50 meV /atom, demonstrating that NequlP is able



to accurately model the interatomic forces for this complex reactive system.
A more detailed analysis of the resulting dynamics will be the subject of a
separate study.

Original:
Training is stopped if either of the following conditions is met: a) a maximum
training time of of 7 days is reached;

Changed to:
Training is stopped if either of the following conditions is met: a) a maximum
training time of of approximately 7 days is reached;

Original:

(los 07l‘ >li7 f i) — l,L i o (lm"Lo) (l 711': ) i) (l) o) (ll i)
EaCﬂfo e (ra‘/va(cmzz)) o Z C(l,,;,m,;)(lf,mf)Z (Rcf e (Tdb))}/m; (rflb)‘/bcmi)

my,mg beS

Changed to:

lo:poJf:pfvli:p'L — Lipi\ lo,mo lf o lipi
‘Cacmo (Taax/;,,ém;) - : : Cli,mi,lf,mf z : R(Tﬂb>calo7p07lf7pf7li7pi me (rﬂ«b>‘/;)cmi
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Original:

The final symmetry the network needs to respect is that of parity: how the
tensor transformations when the input is mirrored, i.e. ¥ — —#. A tensor has
even parity (p = 1) if it is invariant to such a transformation; it has odd parity
(p = —1) if its sign flips under that transformation.

Changed to:

The final symmetry the network needs to respect is that of parity: how the
tensor transforms under inversion, i.e. ¥ — —#. A tensor has even parity
(p = 1) if it is invariant to such a transformation; it has odd parity (p = —1)
if its sign flips under that transformation.

We have edited Figure 4 to only plot starting from A7 = 1ps since the (0,0)
point is undefined in log-log space.

We have made all input files for our models public.

Original:

All input files for training of NequlP models will be shared upon publication.
Changed to:

The input files for training of NequlP models can be found at https://github.|
lcom/mir-group/nequip-input-files|



https://github.com/mir-group/nequip-input-files
https://github.com/mir-group/nequip-input-files
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