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I. ANALYSIS OF THE DIODE IN CURRENT BIAS.

Starting from the (V') characteristics shown in Fig. 2b of the main text, it is possible to
quantify the rectification efficiency when operating the diode in current bias. Notably, due
to the anti-symmetric, non-linear response of the diode, this is not simply equivalent to the
voltage bias analysis shown in the main text as one can see comparing it with Fig. [SI} In
fact, the high resistance of the tunnel junction at low voltages promotes a sudden response
of the anti-symmetric voltage (red curve in Fig. ) while the symmetric component grows
at larger current bias (black curve in Fig. [STh). As a result, the rectification in current bias

is smaller, with a maximum rectification of ~ 20% as shown in Fig. [S1b.
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FIG. S1. a, Symmetric and anti-symmetric parts (Vsym = (V(I) + V(=1))/2, Vantisym =
(V(I) =V (—=1))/2) of the V(I) characteristic equivalent to the one shown in Fig. 2b of the main
text. b, Rectification factor (R = Vym/Vantisym) evaluated for this configuration. The maximum

rectification occurs at low currents and reaches around ~ 20% there.



II. ADDITIONAL SAMPLE STRUCTURES.

Besides the superconductor/ferromagnetic insulator/normal metal (S/FI/N) structure
shown in the main text, different material combinations with equivalent spin-filtering and
spin-splitting have been investigated. Most notably, a FI/S/I/F structure (where I is an
insulator and F is a metallic ferromagnet) have been investigated. Differing from S/FI/N
junctions, here, the spin-filtering and spin-splitting are decoupled. The former is still pro-
vided by the FI/S interface, while the latter is due to the I/F tunnel barrier.

Samples are cross-bars made by electron-beam evaporation employing an in-situ shadow
mask on a substrate of fused silica and consist of layers of EuS(14 nm)/ Al(9 nm)/ AlO,(4-5
nm)/ Co(10 nm)/ CaF(7 nm). The overlap between the Al and the Co strip has an area
of 300 x 300 yum?. The tunneling spectroscopy is carried out at cryogenic temperatures
down to 50 mK in a filtered cryogen-free dilution refrigerator. The I(V') characteristics are
obtained from DC four-wire measurements as described in the main text.

The data analysis on the I(V') characteristic at B = 0 is shown in Fig. . Notably,
as shown in Fig. and b, in this device the zero-bias conductance is more pronounced
with respect to the the S/FI/N sample shown in the main text. On the other hand, large
spin-splitting and spin-filtering are visible even at zero magnetic field thanks to the stronger
ferromagnetism of the EuS layer. Therefore, even if the rectification is smaller with respect
to the S/FI/N devices (here the maximum rectification is ~ 18% as estimated in Figs.
and f) the presence of a sizable rectification, even in the absence of an external magnetic
field, makes it appealing for applications. Moreover, differing from S/FI/N junctions where
the direction of the diode is fixed by the sign of the exchange interactions at the EuS/Al
interface, in this typology of device the direction of the diode can be inverted by changing
the relative magnetization of the FI and F layers (parallel or anti-parallel), introducing

additional functionalities.
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FIG. S2. Rectification of a superconducting diode made with alternative materials: a
FI/S/I/F junction. a, Schematic of the tunnel junction. The path of the tunneling current
is indicated by the black line and its arrows. b, Current-to-Voltage (I(V')) characteristic of the
junction measured at T" ~ 50 mK, B = 0 T. ¢, Differential conductance obtained from the numerical
derivative of b. The fits in b and ¢ have been obtained from Eq. (3) and (14) of the main text
with the following parameters: Ag = 0.228 meV, h = 0.097 meV, P = 0.3, I' = 0.01 meV, T = 250
mK, 7, = 15 meV~! 7, = 600 meV~!. d, Symmetric and anti-symmetric parts of the I(V)
characteristic in b showing a sizable symmetric component of the voltage. e and f, Rectification
coefficients evaluated from the I(V') characteristics in current and voltage bias, respectively (black

line). The comparison of the rectification extracted from the full numerical model is also shown

(red line). 4



III. APPLICATIONS FOR DETECTION.

A. Resolution and Noise equivalent Power

The sizable rectification of the superconducting tunnel diode observed both in the direct
(i) and in the transverse (ii) configuration can find an immediate application in the detection
of electromagnetic radiations. Starting from the characterizations presented in the main text,
it is possible to estimate the maximum resolution and the noise equivalent power (NEP) of
a detector based on this technology. For configuration (i) the DC response to a sinusoidal
low-frequency (hw < A) AC signal (Ve = Vpsin (wt)) can be estimated by averaging the

current response over the signal time period 7™

o= [ 1) G = [ Tam(Vao) 7 (s1)
—T/2 —T/2
and the resulting power dissipated by the signal reads:
P = / Vac I(Vac) T= / Vac Lantisym(Vac) T (S2)
-T/2 -T/2

In Fig. we show the Ipc(P) estimated from the latter equations applied to the 1(V)
characteristic of the superconducting diode in the direct configuration presented in Fig. 2b
of the main text. The resulting transfer function (d/pc/dP) is shown in Fig. and deter-
mines the resolution of the detector. If terminated with a low-noise current amplifier with an
input noise of ~ 0.2fA/v/Hz (e.g. FEMTO LCA-2-10T as a conventional room-temperature
amplifier) the detector can provide a very low NEP down to ~ 1 x 1079W/ VHz at low
powers (see red solid line in Fig for the full power spectrum at 0.1 T and 0.02 K), already
competing with state-of-the-art detectors. A high sensitivity is, however, preserved even at
zero magnetic field, with a NEP of ~ 1 x 10~'® W /v/Hz at low power (<pW) increasing up
to ~ 10716 at few nW (see red dashed line in Fig/S3c). A similar monotonic degradation
applies to higher temperatures (up to 1.9 K) at 0.1 T with a NEP of 1077 ~ 1W/v/Hz
(see cyan and magenta lines in Fig). As discussed below, these estimates show how it is

possible to reach a regime where amplifier noise does not determine the device sensitivity.
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FIG. S3. Resolution and NEP of the N/FI/S junction in the direct configuration.

a, DC rectified current (Ipc) vs. the power of the input AC signal evaluated from the I(V)
characteristic in Fig. 2b and Eq. [SI} [S2] in the closed circuit configuration at 20 mK with an
external magnetic field of 0.1 T. b, Power spectrum of the transfer function (dI/dP) resulting
from a. ¢, Power spectrum of the NEP evaluated by the ratio between the input noise of a room
temperature current amplifier (FEMTO LCA-2-10T) ~ 0.2fA/v/Hz and the transfer function in b.
The estimations have been done for different magnetic fields and temperatures as indicated in the
legend. d, NEP evaluated for the open circuit configuration, starting from Eq. [S3|and [S4] with an

input noise voltage of ~ 0.4nV/v/Hz (amplifier: DLPVA-100-BUN-S). The estimations have been

done for different magnetic fields and temperatures as indicated in the legend.



Fig[S3d shows the same evaluations in an open circuit configuration where the rectified

DC voltage and power are quantified in a similar mode:

T/2 dt T/2 dt
VDC = / V(.[AC) T = / VSym(IAC) 77 (83)
—T/2 -T/2
T/2 dt /2 dt
P = / [AC V<[AC) T - / [AC VAntisym<[AC) T (84)
—T/2 -T/2

Here Iy = Ipsin (wt) is the AC signal to probe. Here, the resulting NEP evaluated
with an input noise voltage of ~ 0.4nV/v/Hz is significantly smaller (~ 1 x 10~ W /v/Hz),
probably due to the small impedance of the tunnel junction favoring the detection in the
closed circuit configuration.

In the transverse configuration (ii), the rectification response can be estimated from Eq.
in a similar way, starting from the Vi, (lc,) characteristics shown in Fig. 3 and Fig. 4 of
the main text. Differing from configuration (i), the power will be mainly dissipated in the

Cu strip and can be estimated from its simple Ohmic response:

T/2 dt IR
P:/ BeR—="2— (S5)

where R ~ 2Q) is the lateral resistance of the Cu lead at the interface with the EuS.

In Fig. and d, the Vpe(P) is shown for different temperatures and magnetic fields,
respectively. The resulting resolutions dVpc/dP are shown in Fig. and e. The NEP
estimated with an input noise of ~ 0.4nV/vHz (e.g. DLPVA-100-BUN-S as a room-
temperature voltage amplifier) is shown in Fig. and f. Notably, in this configuration
the NEP of ~ 10~'! - 10712 W/v/Hz is one order of magnitude larger with respect to the
NEP evaluated in configuration (i) for the same open circuit configuration (Fig. [S3{d). On
the other hand, in this configuration the detector is sensitive to a larger range of powers (up
to 120 nW with no sign of saturation) and the DC signal originated across the junction is
already decoupled from the AC component flowing in the Cu strip. Note that the high NEP
here partially results from the fact that a large part of the power is "wasted" in heating Cu
that has a strong electron-phonon coupling compared to the superconducting Al. A better
alternative would be to heat Al, but that would require frequencies larger than the gap

(hw > 2A). Such frequencies are not directly accessible in our setup.

7
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FIG. S4. Resolution and NEP of the N/FI/S junction in the transverse configuration.
a, DC rectified voltage vs. the power of the input AC signal estimated in the transverse open-circuit
configuration at different temperatures and b, magnetic fields. ¢, Power spectrum of the transfer
function (dV/dP) resulting from a. The equivalent power spectrum resulting from b is shown in d.
In panel e, the power spectrum of the NEP evaluated from c is shown for an input noise voltage
of ~ 0.4nV/v/Hz (amplifier: DLPVA-100-BUN-S). The equivalent power spectrum resulting from

d is shown in f.



In Fig. [S5| we estimate the resolution and NEP in direct configuration (i) for the additional
sample structure FI/S/I/F introduced earlier (1(V) shown in Fig.[S2). Thanks to the strong
ferromagnetism of this device even at no applied external magnetic field the NEP reaches an
impressive ~ 1078 - 1071 W/v/Hz, but only for low powers due to the higher impedance
(four orders of magnitude) of the tunnel junction. Such a high impedance improves the NEP
in the closed circuit configuration reaching values of ~ 10~'7 - 10~'® W /y/Hz, which is much
smaller then the N/FI/S counterpart.

B. Intrinsic noise for a rectifier detector

The above values for the Noise Equivalent Power are the amplifier contributions to the
total NEP. In good detectors they should be below the intrinsic noise values. Let us consider
the case where configuration (i) is used as a direct detector, where the incoming radiation
power with frequency w > A is rectified to give the dc current that provides the detector

response. Following [I], the dc current in this regime is given by

Peh
[dc = _epac = )\Ipac- (86)

w2

The intrinsic noise is due to the thermal Johnson-Nyquist noise across the junction, with

zero-frequency spectral density

S; = 4kpTG (S7)

and using the linear junction conductance GG. The intrinsic NEP is obtained from

\/E 2&)2\/ ]{TBTG

NEP = = e (S8)
2002 A3/? W

=i 5107 —. S9

Ph g(O.ZmeV)3/2 VHz (89)

Here & = w/A, h = h/A, t = kgT/A and g = G-50 Q. Note that this does not include the
contribution from non-ideal quantum efficiency.

For example, with w = 3A, kgT = 0.1A, h = 0.2A, P =05, G =2 mS and A = 0.2
meV, the intrinsic NEP would be about 5 x 10716 W/\/E
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FIG. S5. Resolution and NEP of the FI/S/I/F junction in the direct configuration.
a, DC rectified current (Ipc) vs. the power of the input AC signal evaluated from the I(V)
characteristic in Fig. and Eq. in the closed circuit configuration at 50 mK and zero
magnetic field. b, Power spectrum of the transfer function (dI/dP) resulting form a. c, Power
spectrum of the NEP evaluated by the ratio between the input noise of a room temperature current
amplifier (FEMTO LCA-2-10T) ~ 0.2fA/v/Hz and the transfer function in b. A comparison with
the NEP evaluated for the N/FI/S junction is also shown (gray lines) d, NEP evaluated for the open
circuit configuration, starting from Eq. and with an input noise voltage of ~ 0.4nV/ VvHz
(amplifier: DLPVA-100-BUN-S). A comparison with the NEP evaluated for the N/FI/S junction

is also shown (gray lines).
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IV. MODELING CONTRIBUTIONS OF RECTIFICATION AND THERMOVOLT-
AGE.

A. “Direct” configuration (i).

To model heating effects in the “direct” configuration (i), we apply the thermal model

Qsepn(Ts, Tpn) = Qsoun(Ts, Ty, V), (S10a)
QN,eph(TS7 Tph) = QN,tun(TS7 TN7 V) + PN,Joule ) (SlOb)

where we include electron-phonon thermal relaxation, the heat flow and Joule heat associated
with tunneling, and Joule heat dissipated on the normal side. In the parameter range

considered, heat diffusion out of the large-area junction is negligible.

Expressions for erh and Qtun can be found in Ref. [2]. The Joule power dissipated on
the N-side we approximate with Py joule & Rcul? where Roy & pcuLs/(Wicy) is the lateral

resistance of the copper under junction of size L, x W with layer thickness t¢,.

We for simplicity neglect here non-uniformity in the current distribution and temperature
in the junction, which is accurate for Ry > Rc,. Here Ry ~ 2R¢,, which is sufficient for
estimating the relative order of magnitude of the effects. The non-uniformity is important

for configuration (ii), which we discuss separately below.

The resulting temperatures T and T are shown in Fig.[S6] There is generally substantial
heating on the S side, because most of the power is dissipated as Joule heat in the junction.

Large part of this enters the S side, which has both smaller volume and smaller e-ph coupling

than the N side.

The resulting symmetric and antisymmetric components of the IV curve are shown in
Fig. [S71 The symmetric component evaluated at V' = 0 but with Ts # T comes solely
from the thermoelectric effect, and gives an estimate for its magnitude. Generally, we can
observe that in the regime where the total effect is largest, rectification dominates, with

thermoelectric current being ~ 20%-50% of it and having an opposite sign.

The precise results however depend somewhat on the thermal model, and the model
here is likely not fully accurate. In the main text, we do not include heating and rather

concentrate on the dominating rectification effect.

11
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FIG. S6. Temperatures T, Ts obtained from thermal model (S10), for the “direct” configura-

tion (i).
B. Lateral configuration (ii).

To obtain input parameters for the modeling including the thermoelectric effects, we have

fitted the IV data sets in the lateral configuration (ii) with the following model:

dl expt di model
av Vo Vi)~ Gr=;

(aVi;, Vi+ Vosrj, Tnj) » (S11)

where G, a, Vog; and Ty ; are the fit parameters, corresponding to a set of values V; and
Vp,; for the bias and heating voltages, and dley,/dV the observed differential conductance.
The lateral resistance is R, = aRy, where Ry =~ 4.2k() is the resistance relating the heating
voltage to the heating current, Iy = Vi /Ry. The theoretical current model is

1/2

I
(V’,V,TN):/stGT}O g;IS(VJrsV’,TN,TS), (S12)

dfmodel
dV

where Inprs(V,Tn,Ts) is the current-voltage relation discussed in Ref. [3]. We include the
effects of I' and other parameters affecting the density of states of the superconductor as in
the main text, determined by separate fits done for Vg = 0. We assume the order parameter
A remains roughly constant in the parameter range considered, in which case the differential
conductance is independent of the superconductor temperature 1.

After obtaining the above parameters, we find the temperature T of the superconducting

12
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FIG. S7. Symmetric Isyy, and antisymmetric I,sym components of the current, computed assuming
the thermal model (S10). Estimate for the thermoelectric contribution is given by Iy, & Isym(V =
0,Ts,Tn). Results at electronic bath temperature 75, = 240 mK without temperature differences

are also shown for comparison.

side by solving the thermal balance model
Qtun(‘/a TNaTS) = Qe—ph(TNaTS) y (813)

where Qi is the tunneling heat current to S obtained analogously as in Eq. (see
Ref. [3]). Tt is balanced by electron-phonon relaxation, with heat current Q,_pp, as described
in Ref. [2], using literature parameters for Aluminum electron-phonon coupling [4], and
including the effects from spin splitting, I' and spin-flip scattering. The resulting Ty is
shown in Fig. [S§
With the parameters so obtained, we find the open-circuit voltage V' = Vi — Vs in the
superconductor by solving
1/2
0= /_1/2 ds Inprs(V + sV Ty, Ts) (S14)
and extract the part symmetric under inverting V. This can be calculated with and with-
out thermoelectric effects, i.e., determining T's from the heating model or setting T = Tl .
Example of such calculations is shown in Fig. [S9} We can observe that the magnitude of

thermoelectricity predicted by this model is in the range of 25%-50%, supporting the result

13



X fitted Ty

0.60 1 model T

0.55 === e-ph/Joule Ty =[T5, + TH (V)]

0.50 % X

X X
~ X | X -,

Z 0454% -
= N X X ¢
.y N X X JRe

0.40 S —% x .

\\\ X X //
td
0.35 1 NOX 128
N 7/
\\ 4
0.30 X A
Y 7/
~ 4
Y R7
0.25 S’
-200 -100 0 100 200
In [pA]

FIG. S8. Temperature of the normal side T obtained by fits to dI/dV measurements, and the
temperature Tg obtained from Eq. (S13). Result from a local electron-phonon vs. Joule heating

model for Ty, (TR — Tgh) = pj%, is also shown for comparison.

=== thermoemf
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— rectification & thermoemf
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Viym [UV]
=

FIG. S9. Symmetric part of the open-circuit voltage V = Viy — Vg in the superconductor, modeled
based on the I'V data at B =200mT.

obtained in an alternative way in the main text, even though the quantitative agreement is
not fully complete. Moreover, we observe that the model predicts the two contributions to
the symmetric voltage have opposite signs. This occurs because the heating model predicts
Ts > Ty, since the electron-phonon coupling of Aluminum is strongly suppressed by super-
conductivity, and a part of the heating current tunnels in and out of the superconductor

imparting direct Joule heating on it.

14
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FIG. S10. Estimates for Seebeck coeflicient. Obtained based on the temperatures in Fig. and
voltage from (i) computed from the junction model, (ii) dashed curve in Fig. (iii) subtracting

the rectification model from Vi, extracted from dI/dV measurements.

Based on the temperature difference obtained from the model, we show in Fig. the
Seebeck coefficient corresponding to the voltages in Fig. [S9 and temperatures in Fig. [S§
These results are all based on subtracting the counterfactual model result including only
rectification, and hence the accuracy is limited to providing rough guidance of the likely

order of magnitude.

Finally, we can note that the relative strength of the rectification and thermoelectricity
varies depending on the junction length L,. If the junction is very short, there is no trans-
verse voltage drop or rectification, whereas if the junction is very long the rectification is
large. We can estimate the length scale on which thermoelectricity starts to dominate as

follows.

First, from characteristics of Iyp;g one can observe the rectification scales with the
dimensionless parameter ~ V’/A describing the transverse voltage. On the other hand,
thermoelectricity scales with ~ 07/T where 0T = Ty — Ts is the temperature difference.
For thermoelectricity to be large and dominating, we then want to simultaneously have

0T/T ~ 1 and eV’ < A. In a rough estimate, under such conditions, the heat balance

15



equation (S13) can be approximated with

k%
TOT =~ GVsS T S15
R, gVsXis (S15)
oT k2
T xl = P13 = —B S16
T g z,S 62thSES ( )

We assume here that the phonon system is at zero temperature. Here, g is the ratio of
suppression factors due to superconductivity, in the tunneling compared to that of e-ph
coupling. Moreover, Ry = pp/(L,W) is the tunneling resistance where L, is the junction
length, W its width and pg the square resistivity, and Vg = L, Wtg and g are the volume
and the electron-phonon coupling in the superconductor [4], and tg is the superconductor
thickness. At low temperatures (0.2-1.2 K), based on numerical calculations for Qe_ph / Qtun,
we estimate g &~ 2(kgT/A)?. Moreover, since T is maintained above the phonon temperature
by Joule heating,

!

pNLx

2
ST = pjy = o () = V' = Lov/pwSnT?, (S17)

where py, X are the resistivity and e-ph coupling on the normal side, and jg the current

density of the heating current. Finally, the condition eV’ <« A is equivalent to

A2§/T2 2p|jt525
L, <L, = | 5=~/ —=—~ 100 um. S18
’ \/ e2pnENT} g \/ PNEN : (B18)

Note that the precise value depends on material parameters, also because our estimate for g
depends somewhat on values of I" and spin-flip scattering in the superconductor. The result
is however well consistent with the fact that in the experiment of the main text, rectification
dominates thermoelectricity.

In the estimates in this section, we have assumed parameter values estimated from our
experiment, except for the electron-phonon coupling constants for which literature values
are assumed: Yg = 2 x 10° W/m?K®, Ty = 2 x 10° W/m?K®, [4] po = 0.39 Qmm?,
pn = 3.8 x 1078 Qm, tg = 4 nm.
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