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SUPPLEMENTARY NOTES
Supplementary Note 1: Experimental Setup

Device fabrication — We fabricated the T7-qubit
quantum processor, shown in Supplementary Fig. 2, by
sputtering a Niobium thin film onto a high-resistivity
intrinsic Silicon substrate in a process similar to the one
described in Ref. [1]. After patterning the Niobium base
layer using photolithography and reactive-ion etching, we
fabricate airbridges to establish well-connected ground
planes and to enable crossings of signal lines. We
fabricate Josephson junctions by shadow evaporation of
aluminum through a resist mask defined by electron-beam
lithography.

Device Parameters — We extract the qubit and
readout circuit parameters, summarized in Supple-
mentary Table 1, using standard spectroscopy and
time-domain measurements. We extract the quantum
measurement efficiencies using the methods described in
Refs. [2, 3].

Wiring and instrumentation — We install the
device at the base plate of a cryogenic measurement setup
(13mK) and connect it to the control and measurement
electronics as shown in Supplementary Fig. 1. We
control the individual qubit frequencies by threading a
magnetic flux through the superconducting quantum
interference device (SQUID) loop via a current applied to
an inductively coupled flux control line. The flux control
signal is composed of a constant offset superimposed
with pulses controlled on the nanosecond timescale. The
constant offset, which we generate using a voltage source
(SRS SIM928) and a 1k bias resistor in series, tunes the
qubit to its idle frequency. Fast pulses, which we generate
using an arbitrary waveform generator (Tektronix
AWG5014C), are used to activate two-qubit gates (see
Supplementary Note 2 for details). We combine both sig-
nals at room-temperature using a bias-tee (Mini-Circuits
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ZFBT-4R2GW+) with a primary timeconstant of ~18 us
to filter out low-frequency noise present at the output of
the AWG. We achieve XY-control of all seven qubits by
up-converting the in-phase and quadrature components
of an intermediate frequency signal with analog IQ-mixer
modules (Zurich Instruments HDIQ). Qubit drive pulses
are provided by two 8-channel AWGs with a sample rate
of 2.4 GSa/s (Zurich Instruments HDAWG).

We perform frequency-multiplexed qubit readout
using two FPGA-based control systems with a sampling
rate of 1.8 GSa/s (Zurich Instruments UHFQA). The
multi-chromatic readout pulse is upconverted to the
readout resonator frequency band and routed through
a highly attenuated RF line to the readout line on the
chip. At the output, each one of the two frequency-
multiplexed readout lines is connected to an amplification
chain consisting of a traveling wave parametric am-
plifier (TWPA) [4] at base, a cryogenic high-electron
mobility transistor (HEMT) at 4K, and additional
low-noise amplifiers at room temperature (RT-AMP).
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Supplementary Figure 1. Schematic of the control electronics
and wiring setup. For details see main text.
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Supplementary Figure 2. (a) False-color micrograph of the 7-qubit quantum processor with individual elements specified in the
legend on the bottom left. (b) Enlarged view of the transmon qubit Q6 and its connecting lines.

Ql Q2 Q3 Q4 Q5 Q6 Q7

Qubit idle frequency, wq/27 (GHz)
Qubit anharmonicity, aq/27 (MHz)
Lifetime, T1 (us)

Ramsey decay time, T5 (us)

Echo decay time, T5 (us)

4.183 5.949 4.453 5.881 4.522 6.071 4.200

-181 -170 -177 -173 -178 -166 -179
38.1 13.5 19.8 13.7 19.8 164 15.6
20.7 129 143 101 13.1 19.1 8.2
33.2 14.1 16.7 104 185 22.1 20.5

Readout resonator frequency, w: /27 (GHz) 6.668 7.089 6.603 7.213 6.904 6.994 6.812

Readout linewidth, keg /27 (MHz)
Dispersive Shift, x/27 (MHz)

Thermal population, P, (%)

Individual readout assignment prob. (%)

Multiplexed readout assignment prob. (%) 99.1

Measurement efficiency, 7 (%)

11 7 8 12 10 11 9
-3.5 -36 -30 -1.9 -20 -24 -25
31 07 27 07 13 13 16
99.2 9877 985 97.7 994 99.2 984
98.2 982 974 96.4 97.7 98.2
34.0 31.3 154 159 234 253 14.7

Supplementary Table 1. Measured parameters of the seven qubits.

The amplified signals are finally downconverted to an
intermediate frequency band, digitized and integrated by
the weighted integration units of the UHFQAs.

Supplementary Note 2: Control and Readout

Single-qubit gates — To achieve XY-control we
generate pulses having a carrier frequency resonant
with the qubit transition frequency and an envelope
following a DRAG pulse parametrization to reduce
leakage into non-computational states [5]. We choose a
pulse width of ¢ = 10ns and truncate to a pulse length
of 7 = 50 = 50ns. To implement rotations R, (¢;) with a
continuously adjustable target angle 6; €] — 7, +7], we
linearly scale the calibrated w-pulse amplitude A, to

Ag = An0/m.

Two-qubit gates — We perform two-qubit controlled-Z
(CZ) gates by harnessing the in-situ tuneability of the
transition frequencies of the qubits. Our choice of idle
frequencies places the qubits in two main frequency
bands, where neighboring qubits alternate between upper
and lower sweet spot, see dashed lines in Supplementary
Fig. 3(a). The large detuning of those frequency bands
by approximately 1.7 GHz keeps residual ZZ coupling
during idle times [6, 7] below 15kHz for all qubit pairs,
see Supplementary Note 3 for details. In addition,
biasing the qubits to one of their sweet spots reduces
the susceptibility to flux noise. To activate a two-qubit
CZ gate, we tune both participating qubits to an
intermediate interaction frequency such that the |11) and
the non-computational |20) state become resonant [8, 9].
By choosing an intermediate interaction frequency, we
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Supplementary Figure 3. Two-qubit gate implementation. (a) Measured population loss for all qubits when being tuned
from the idle frequency (dashed horizontal line) to the frequency wins for a duration of 100ns. Colored lines indicate the
chosen interaction frequencies during two-qubit gates for the respective qubit pair. (b) Parametrization of the net-zero
transition-controlled flux pulse, with an adjustable transition amplitude a¢. in the transition part of length 7. between the
two halves of the net-zero pulse before (black) and after (orange) applying an additional Gaussian filtering with ¢ = 0.5ns.
(¢) Measured time-dependent frequencies of qubits Q5 and Q6 in response to the flux pulses shown in (b) with predistortion

applied. Frequencies at which the |11) and |20) states interact resonantly are indicated by round arrows.
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Supplementary Figure 4. Multiplexed qubit readout. Assignment error 1 — M;;, for the simultaneous single-shot readout of
all seven qubits. The prepared states are sorted by the number of qubit excitations (separation by the dashed gray lines) and

arranged in binary ascending order within their subdivision.

avoid frequency collisions with neighboring qubits, which
are not supposed to participate in the gate. The exact
choice of interaction frequencies, see colored lines in
Supplementary Fig. 3(a), is governed by the avoidance
of frequency-dependent population loss, which is most
likely caused by the interaction with two-level systems
residing at the material interfaces and inside the tunnel
junctions [10, 11]. We characterize the population loss
for each qubit individually, by measuring the remaining
population of an initially prepared excited state after
a 100ns long rectangular flux pulse smoothed with a
Gaussian filter of width ¢ = 0.5ns, which tunes the

respective qubit to the variable interaction frequency
Wint, see Supplementary Fig. 3(a).

The flux pulses activating the two-qubit gate interaction
have a net-zero transition-controlled (NZTC) pulse shape,
as depicted in Supplementary Fig. 3(b), consisting of
a NZ pulse to assure flux pulse repeatability and an
additional adjustable amplitude step to provide control
over the transition part [12, 13]. We parametrize the
transition part of the pulse with an individual length 7.
and amplitude ay.. We keep 7y fixed to 2.5 ns and use the
amplitude ay. to calibrate the sudden phase jump between
the interacting |11) and |20) states when the NZTC pulse



changes sign [13]. We calibrate the total length and the
main amplitude of the flux pulse, such that a conditional
phase of 7 and full population recovery from the |20) state
is achieved. The average flux pulse length is 71 ns. To
suppress SWAP errors in the single-excitation manifold,
we apply a Gaussian filter of width ¢ = 0.5ns to all flux
pulses. To preclude a possible overlap with preceding and
subsequent pulses we add 20 ns-long buffer periods before
and after each flux pulse.

Due to the high-pass filtering characteristic of the
microwave bias-tee and imperfections in the impedance
matching of the flux control line, the flux pulses are
subject to distortions on small and long timescales, which
we correct for by applying finite impulse response (FIR)
and infinite impulse response (IIR) filters to the pro-
grammed waveforms. We extract the corresponding IR
filter coefficients from flux pulse scope measurements of
the qubit frequency over timescales ranging from 50 ns to
20 pus. We correct for pulse distortions on the nanosecond
timescale by extracting a set of FIR filter coefficients
for each qubit using the cryoscope method described in
Ref. [14]. To verify accurate pulse control, we measure
the time-dependent qubit frequency in response to the
NZTC flux pulses, exemplary shown for the gate between
Q5 and Q6 in Supplementary Fig. 3(c).

Multiplexed single-shot readout — To readout
the state of all qubits simultaneously, we perform
frequency-multiplexed qubit readout as described in
Ref. [3] using 600ns long Gaussian-filtered square
pulses. We multiply the digitized readout signal with
a set of optimal integration weights, integrate for a
period of 650ns and threshold the resulting value to
discriminate between the two qubit states. To evaluate
the performance of the qubit readout, we take n = 10,000
single-shot measurements for each of the 128 possible
qubit basis state combinations. Based on the outcome of
an additional preselection readout and for each prepared
basis state ¢, we select only those ng ~ 0.91n of the
shots for further analysis, for which all qubits were
initially found in the ground state. For each basis
state i, we determine the frequency f(j|i) with which
we assigned the state label j to obtain an estimate of
the assignment probability matrix M;; = f(j]i)/no. As
shown in Supplementary Fig. 4, the assignment error
1 — M;; increases with excitation number due to qubit
relaxation during the readout. As described in the main
text, we account for readout errors by multiplying any
measured probability distribution p; with the inverse of
M before evaluating expectation values of observables.
When qubits are read out individually, e.g. for standard
calibration and characterization measurements, we
achieve the assignment fidelities stated in Supplementary
Table 1.
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Supplementary Figure 5. Gate performance. (a) Single
and two-qubit gate infidelities, extracted from randomized
benchmarking and quantum process tomography, respectively.
(b) Measured residual ZZ coupling strength a,, between neigh-
boring qubits at idle frequencies.

Supplementary Note 3: Gate characterization

Single-qubit gate performance — We characterize
the single-qubit gate performance by individual random-
ized benchmarking and find an average fidelity of 99.82 %
per Clifford, see Supplementary Fig. 5(a). To determine
the residual ZZ coupling strength «,,, we measure the
shift in qubit frequency using a Ramsey experiment,
induced by an excitation of the neighboring qubit [6].
We find values well below 15kHz, see Supplementary
Fig. 5(b).

Two-qubit gate performance — We calibrate
and characterize six CZ gates on the quantum de-
vice, such that a qubit connectivity in a 1D chain
is established, and use quantum process tomography
to evaluate the gate performance by determining the
corresponding process £(p) = Zifﬂ:l on,BEapE};a where
E, € {I,X,Y,Z}®2. For that purpose, we prepare R;|0)

CZ12 CZaz CZzys CZys Clse Cler

Estimated infidelity (%) 2.4 0.5 06 06 0.6 2.1
Measured infidelity (%) 2.5 1.3 1.7 1.6 0.7 3.8

Supplementary Table 2. Estimated bound for CZ gate infi-
delities calculated from the measured population loss at the
gate interaction frequency in comparison to the measured gate
infidelities obtained from quantum process tomography.
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Supplementary Figure 6. Variational circuit optimization.
(a) Ground state energy (H) as a function of the optimization
step for n = 20 different runs from randomly chosen starting
conditions. The energy is stated as a difference to the ideal
ground state energy (H) for the specified Hamiltonian parame-
ters {h1, h2}. (b) Infidelity of the quantum state as a function
of the optimization step with the acceptance threshold of 10 %
being marked with a dashed black line. The red curves in (a)
and (b) depict an unsuccessful optimization run into a local
minimum. Value of (S} in (c) and infidelity 1 — F' in (d) for a
fixed h1 = 0.2 vs. hg for different variational circuit depths m
compared to the ideal value (dashed line).

with R; € {I,R,(n/2),Ry(n/2), R,(m)}®?, apply the
CZ gate and perform quantum state tomography for
each of the 16 different R;. To reduce the effect of state
preparation errors, we condition the data analysis on
having detected the qubits in the ground state initially.
To account for readout errors, we multiply the obtained
averaged state probabilities p by the inverse of the
measured readout assignment probability matrix M to
obtain p = M ~!p. Based on the probability distributions
P, we reconstruct the most likely density matrix p; using
a maximum-likelihood procedure. Based on those density
matrices, we compute the process matrix y following the
procedure in Ref. [15]. We compute the respective gate
infidelities 1 — F = 1 — Tr (e x) listed in Supplementary
Fig. 5(a) by comparing x to the ideal CZ process matrix
Xcz and use the experimentally obtained process matrices
for the Kraus operator simulation in Supplementary
Note 4.

To determine the contribution of population loss to
the two-qubit gate infidelity, we measure the probabilities
Pn,1y and py |1y for an initial excited state to decay during
the flux pulse for both the high (h) and low (1) frequency
qubit at the gate interaction frequency, see Supplementary
Fig. 3(a). To account for a possible decay event of the

Supplementary Figure 7. Exploiting ansatz symmetries.
Sequence of equivalent quantum circuits showing how to elimi-
nate a rotation angle 61 + 7 close to 7 in the first circuit layer
by adjusting the rotation angles in the second and third layer.

high frequency qubit from the second excited state during
the gate, we also measure the population loss py |2y at
the corresponding interaction frequency. We calculate
the expected gate infidelity by modeling the dynamics of
our two-qubit gate of length 7 with the following master
equation

. . Yyl
p=—iHg,p] +

1
7[>L|0>(1|[P}

(1)
Pn,1 Pn,|2
+ 77‘ >L|0>(1\[P] + 77-| >L|1>(2|[P}

where

1
Lalp] = apa’ — = (alap+ pata) (2)

2

are Lindblad operators modelling decay and

7r
Hy = (111 (021 +102) (1) (3)
is the Hamiltonian describing the interaction in the
second excitation manifold. We compute the correspond-
ing process matrix x by evolving (1) for the two-qubit
gate duration 7, determine the expected gate infidelity
1—F =1—"Tr(xcsx) and summarize the obtained values
in Supplementary Table 2. We find that the gates CZi5
and CZg7 are most strongly affected by population loss
during the gate operation, which is consistent with the
measured infidelities, see Supplementary Table 2.

Supplementary Note 4: Methods

Variational circuit optimization — As explained in
the main text, we simulate the variational state prepa-
ration circuit, shown in Fig. 2(a), to minimize the ex-
pectation of (H) using the L-BFGS optimizer from the
Qiskit Python package [16]. As depicted in Supplementary
Fig. 6(a) and (b), the circuit optimization typically con-
verges after 500 to 1,000 iterations achieving an average
energy accuracy (H) — Ey ~ 0.4 and average state infi-
delity 1 — F ~ 6.9}, where Fj is the ground state energy
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Supplementary Figure 8. Ground state energy. Energy
expectation value (H) with respect to exact ground states in
(a), approximate ground states prepared and measured on the
quantum hardware in (b), ground states obtained from the
ideal state preparation circuit (¢) and simulated ground states
taking decoherence and gate errors into account in (d).

obtained from exact diagonalization of H. The optimiza-
tion run marked in red color lies above the acceptance
threshold of 1 — F > 19% (dashed line in Supplementary
Fig. 6(b)), which we find to happen more frequently for
ground states close to the phase boundary. The chal-
lenge of accurately approximating ground states near the
phase boundary can be traced back to the diverging cor-
relation length in those parameter regimes, which is also
reflected by the larger deviations of (S) from the ideal
value (Supplementary Fig. 6(c)) and the larger infidelity
(Supplementary Fig. 6(d)). By increasing the variational
circuit depth to m = 2, the infidelity can be reduced [17],
as depicted in Supplementary Fig. 6(d), however under
the influence of noise and gate errors, we expect this ad-
vantage to diminish and we thus choose to operate our
state preparation circuit with m = 1.

Previous experiments on superconducting quantum
hardware have shown that an exact matrix product state
representation of translationally invariant states along a
special path in the phase diagram can be used to find
exact state preparation circuits [18]. In contrast to this
exact method, the variational circuit allows us to approx-
imately prepare any ground state of H with a shallow
quantum circuit that is less exposed to noise and gate
errors. Under NISQ conditions, finding a balance between
these two approaches is crucial to achieve maximal state
preparation fidelity.
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Supplementary Figure 9. Pulse sequences for implementing
(a), the variational ground state preparation and (b), the
convolutional layer of the QCNN. The qubit colors represent
the different qubit idle frequency bands of ~ 5.9 GHz (orange)
and ~ 4.2 GHz (purple).

As discussed in the main text, we reduce the effect
of qubit relaxation on the state preparation fidelity
by finding equivalent parameters O,p¢, which result

in the same unitary U(@opt) = U(@opt), but which
avoid rotation angles §; > m/2 in the first layer of
single qubit gates [19]. We achieve this by using the
identity Ry(0; +m) = Ry(0;)(—iY") (see Supplementary
Fig. 7(a) and (b)). The additional Y gate can be
propagated through the following CZ gates using the
identity CZ(Y ® I) = (Y ® Z)CZ (see Supplementary
Fig. 7(c)) and finally be absorbed by the single-qubit
rotation in the third layer, yielding the circuit in (d).
We repeat this procedure for all angles 6; in the first
layer where |0;|] > m/2. This effectively reduces the
probability of being in the excited state and thus the
rate of amplitude damping on the qubits. From a Kraus
operator simulation of the respective quantum circuits
(Supplementary Note 5), we find that using the equivalent
angle set O,p¢ can improve the fidelity of the prepared
quantum states by up to 20 % compared to using Oop.

Ground state energy — As an additional per-
formance measure, complimentary to the fidelity and
the string order parameter, we also determine the
variational ground state energy in comparison to the
exact value, see Supplementary Fig. 8(a). We measure
(H) by sampling the respective expectation values (see
Supplementary Equation (1)) from the state preparation
circuit for 10x10 combinations of {hi,he}. We find
the measured values to resemble all qualitative features
of the exact energy diagram, compare Supplementary
Fig. 8(a) and (b), which additionally confirms the
quality of the prepared quantum states also outside
the SPT phase where the value of (S) vanishes. In
addition, we find good agreement between the exact
value of the energy and an ideal simulation of the
preparation circuit, compare Supplementary Fig. 8(a)
and (c), and most importantly between the measured
value of (H) and a Kraus operator simulation taking
decoherence and two-qubit gate errors into account,
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Supplementary Figure 10. QCNN circuit transformation. (a) The employed 7-qubit QCNN circuit with quantum gates
only (black) and the extension to a larger system size with the QCNN depth d (dashed), which can be transformed into (b) an
intermediate 7-qubit circuit and into (c) an equivalent circuit with the pooling and fully connected layer being implemented

with classical XOR and AND gates in post-processing.

compare Supplementary Fig. 8(b) and (d). The average
difference of the measured energy expectation values (H),
Supplementary Fig. 8(b), to the energy of the exact
ground states, Supplementary Fig. 8(a), evaluates to 1.80.

Kraus operator simulations — To simulate the
evolution of a quantum state p during the state prepara-
tion sequence (Supplementary Fig. 9(a)) and the QCNN
sequence (Supplementary Fig. 9(b)) in the presence of
decoherence and gate errors, we model each gate as a
completely-positive trace preserving (CPTP) process

N
p(t+6t) = E(p(t) = Y Kap(H) KL, (4)

where 0t is the gate duration, K, are Kraus operators
satisfying Zf:l K! K, =1 and I is the identity matrix.
We compose the circuits as sequences of single-qubit, qubit
idling, and two-qubit gate processes.

We describe single-qubit R, gates by the concatenated
process &.(E..(Ey(p))). Here, Ey(p) = RprL is the
ideal single-qubit unitary, &,,(p) = e 0tHz p(e=i0tHux )t
with H,, = %Z@j) ¥ (I; — Z;)(I; — Z;) describes resid-
ual ZZ coupling with strength o) of qubit i to its
neighbors j, and &,.(p) accounts for dephasing and en-
ergy relaxation. We model &, according to (4) with
Kraus operators K1 = /7107, K2 = /722 and K3 =
VI=72[00(0] + /1 =71 — 72[1)(1] with v = 6t/T} and
Yo = 615(% — ﬁ) Here, T1, and T» = T are taken from
experimental characterization experiments, see Tab 1.

We describe the CZ process directly from experimental
data by modeling £(p) = Zifﬁ:l Xa,@EapEg with
being the process matrix obtained from experimental
quantum process tomography (see Supplementary Note 3)
and E, € {I,X,Y,Z}*2. Since CZ gates are executed
sequentially, see Supplementary Fig. 9, we use the
processes &, and &,, on the remaining idle qubits to
take into account decoherence and residual ZZ coupling
during the gate time. We implement the Kraus operator

simulation of the quantum circuits using the QuTiP
Python package [20].

Supplementary Note 5: Properties of the QCNN
circuit

QCNN circuit design — The full quantum QCNN
circuit as proposed in Ref. [21] involves a convolutional
(C) layer, a pooling (P) layer and a fully connected (FC)
layer, see Supplementary Fig. 10(a). The C layer performs
CZ gates with controls in the computational basis as well
as a Toffoli (C,C,NOT) gate and two C,NOT gates with
control in the X basis, which is triggered when control
qubits are in the state |—). In the P layer, qubits 2, 3,
5 and 6 are measured in the X basis and Z gates are
performed on qubits 1, 4 and 7 when measurements yield
X =-1.

The design of this particular QCNN is inspired by the
MERA representation [22] of the cluster state |C) and
it is constructed such that the cluster state becomes a

stable fixed point of the QCNN circuit [21]. The C and P

layers transform the cluster state (of 7 qubits) |C(7)) <E,

|C®)) to the cluster state |C®) of reduced system size
(3 qubits). Perturbations of the input state away from the
cluster state can be interpreted as “errors”. In analogy
to quantum error correction, such errors are detected by
measurements in the P layer and corrected by conditional
Z gates [21]. In particular, the cluster state perturbed by
a single X; error, for ¢ = 1,2,...,7, is mapped onto the
unperturbed cluster state, X;|C(7)) N |c®)). This leads
to the convergence of states in the SPT phase towards
the cluster state, which enables the QCNN to recognize
the phase with high fidelity. Such perturbations could
either arise in exact ground states due to finite values of
h1 and hs or due to errors in the state preparation.
While single Pauli X operations are absorbed by the



C and P layers, single Pauli Z errors propagate through
those layers, since Z;|C(7) <F, Z;|c®). To achieve a
high fidelity of detecting the SPT phase in the presence
of noise, we extend the originally proposed QCNN circuit
from Ref. [21] and design a new FC layer to correct for Z
errors. In particular, this new FC layer involves CZ gates
with controls in the computational basis, as well as C,Z
gates and a controlled-controlled Z (C,C,Z) gate with
controls in the X basis, which are triggered when control
qubits are in the state |—), see Supplementary Fig. 10(a).
Finally, qubit 4 is measured in the X basis, which together
with the preponed FC layer is equivalent to measuring the
observables §(Z1X4Z7 + X124 + Z4 X7 + Y1 X4Y7) on the
state after the C and P layers. For the ideal cluster state
|C®)) as well as for the cluster state Z;|C®) perturbed by
a single Z; error on qubit j = 1,4 or 7, this measurement
deterministically yields the value 1 and, as a consequence,
it effectively corrects the Z error.

For the paramagnetic and the antiferromagnetic state,
the QCNN yields the output zero and thus it can be
employed for the recognition of the SPT phase. We note
that due to finite size effects for the N = 7 size of our
system, the QCNN output is for all parameter values
larger than the SOP (S), see Figs. 3b and 3c. This is
in contrast to larger system sizes, for which the QCNN
output yields a step-like behavior at phase boundaries
with vanishing values outside of the SPT phase and
near-unity values inside of the SPT phase [21].

Sample Complexity - To investigate the step-
like behavior of the QCNN output at phase boundaries
in more detail, we perform numerical calculations of the
QCNN circuit shown in Supplementary Fig. 10(a) for
larger depths up to d = 3. For this purpose, we compute
ground states of the cluster-Ising Hamiltonian H with
N = 111 spins using the finite-size density matrix
renormalization group (DMRG) [23] with bond dimension
D = 150. A system of size N = 111 spins provides
a sufficiently large bulk system for a QCNN circuit
of depth d = 3 which acts on 55 qubits in the first
layer. We additionally verify that increasing the bond
dimension to D = 200 does not visually change the
results presented in Supplementary Fig. 11, confirming
a reasonable convergence of our simulation. On the
computed ground states we perform the QCNN circuit
operations by sequentially applying SWAP and two-qubit
unitaries on neighboring sites. We evaluate the QCNN
output for depths d = {1,2,3} from the bulk of the
N = 111 spin chain and find a step-like behavior at phase
boundaries for large circuit depths d, see Supplementary
Fig. 11(a). To compare the performance of the QCNN at
phase boundaries to the string order parameter S acting
on the same system size N = 2-3% + 1, we evaluate the
sample complexity [21]
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Supplementary Figure 11. QCNN Sample Complexity.
(a) Numerically calculated output of the QCNN (Swm) for
different circuit depths d = {1,2,3} (light to dark orange)
vs. hs and for fixed hy = 0.2. The shown output values
are computed from ground states of system size N = 111
found by using finite-size DMRG. The SPT phase (gray) is
determined from sharp peaks in the second derivative of the
ground state energy 8% (H) /Oh3 found by infinite-size DMRG.
(b) Sample complexity computed from the values shown in
(a) compared to the sample complexity of the SOP (S). The
numerically calculated results in the gray region can be affected
significantly by finite-size effects, since the correlation length
exceeds the system size in this parameter regime.

with pp = 0.5 and p = ((S) + 1)/2 for the string order
parameter and p = ((Sm) + 1)/2 for the QCNN output.
Here we find a similar improvement in sample complexity
for the proposed QCNN circuit as was found in Ref. [21],
see Supplementary Fig. 11(b). In our experiment, we
implement part of the QCNN circuit classically, which in
our particular example is possible for any circuit depth d,
and therefore the improvement in sample complexity M
is also accessible with the circuit modifications presented
in the following section.

Equivalent QCNN circuit — Here we derive a
circuit that is equivalent to the full quantum QCNN
circuit shown in Supplementary Fig. 10(a) but features
fewer quantum gates, a projective measurement and
classical post-processing, see Supplementary Fig. 10(c).
We use a notation, where CZ;; denotes a CZ gate
acting symmetrically on qubits j and k, and C,NOT
denotes a controlled not gate acting on qubit k controlled
by qubit j in the X basis (C;C,NOTj;; denotes a
controlled-controlled not gate acting on qubit k controlled
by qubits 7 and [ in the X basis).

We first note that CZ;4 and CZ47 gates are per-
formed twice in the full QCNN circuit, see Supplementary
Fig. 10(a), namely the first pair in the C layer and the
second pair in the FC layer. The second pair commutes
with the P layer and thus it can be moved from the FC
layer to the C layer. As the CZ gates do not commute
with the Toffoli gate C;C;NOTyjs5.4, we use the identity
CZ47CxCxNOT35;4 = CxCxNOT35;4CxC$Z35;7CZ47 and
an analogous identity for CZ14 gate, to exchange the sec-
ond pair of CZ gates and the Toffoli gate by introducing



C,C,Z gates with controls on qubits 3 and 5 in the X
basis. We use this identity in an analogue fashion to
exchange C;NOT,,; and C;NOTg.7. Since CZ?% = I, the
second pair of CZ gates moved from the FC layer cancels
with the first pair in the C layer and we obtain the equiva-
lent circuit shown in Supplementary Fig. 10(b). Note that
we also replaced the last gate of the FC layer, the C,C,Z
gate, by equivalent measurements of qubits 1 and 7 in
the X basis and the Z, gate conditioned on measuring
X =X;=-1.

We will now show that in the equivalent quantum circuit
depicted in Supplementary Fig. 10(c), all gates except
the first two layers of CZ gates, with controls in the
computational basis, can be performed in classical post-
processing following the projective measurement of all
qubits in the X basis. The Toffoli gate is directly followed
by the measurement of the control qubits 3 and 5 and
it anticommutes with the remaining Z, gates before the
measurement of qubit 4. As a result, the Toffoli gate
can produce only an undetectable global phase factor —1
and thus it can be removed. Z gates produce a phase
flip |[£) — |F), which can be implemented in classical
post-processing after the measurement in the X basis
with eigenstates |+). Conditional Z gates correspond
to XOR gates in post-processing. Controlled Z gates
with controls in the X basis, which are directly followed
by the measurement of control qubits, are equivalent to
conditional Z gates and thus they can also be analogously
implemented in post-processing. Moving all conditional Z
gates and controlled Z gates with controls in the X basis,
one by one, into post-processing, we obtain the equivalent
circuit shown in Supplementary Fig. 10(c). This circuit is
equivalent to the full quantum QCNN circuit but involves
only two layers of CZ gates, projective measurement and
classical post-processing.

Note that a full quantum QCNN circuit of any depth d
can be reduced to two layers of CZ gates and classical
post-processing. This can be shown using the same gate
identities as for the depth d = 1 circuit. Specifically,
the third and the fourth layers of CZ gates of the fth
layer — performed on qubits that are not measured in
the subsequent P layer, and present in the C layer — is
the inverse unitary to the first and the second layers of
CZ gates from the (f + 1)th layer, see Supplementary
Fig. 10(a). Moving the CZ gates from the (f + 1)th
layer to the fth layer cancels these 4 layers of CZ
gates, leaving only the P layer plus some additional
C,C,Z gates. By canceling these CZ gates in every
layer we obtain a circuit that involves only two layers
of CZ gates at the beginning followed by C,C,X,
C,C,Z, and C,7Z gates. All of these gates are Pauli
gates with controls in X-bases and thus can be imple-
mented in classical post-processing for any depth d circuit.

Multi-scale string order parameter — The ob-
servable measured at the output of the FC layer
corresponds to measuring a multi-scale string order

parameter of the form

1 2
Sm = Z’I?](k)Sjk + Z "7§k)lm‘5jk8lm + ..., (6)
ik jklm
where
S]‘k = Zij+1Xj+3...Xk_3Xk_1Zk, (7)

are string order parameters of varying length and n(®) are
coefficients weighting the individual terms [21]. We now
determine the multi-scale SOP measured by the QCNN
implemented in the experiment. We choose the termina-
tion at the edges of the circuit as shown in Supplementary
Fig. 10(a). For d layers of convolution and pooling this
choice corresponds to N = 2-3% 4+ 1 qubits at the input
of the QCNN. For the analysis of the full QCNN circuit,
depicted in Supplementary Fig. 10(a), we replace mea-
surements and conditional unitaries in the P layers by
controlled Z gates with controls in the X basis. In this
way, we can represent the QCNN circuit by a unitary
U = UpcV, where V = USD..US) and UY) = U U8,
consisting of d convolutional Uéf ) and pooling Uf(,f ) layers,
f=1,2,...,d, as well as the fully connected layer Upc,
which represent the unitary operations of the respective
circuit layers shown in Supplementary Fig. 10(a).

The outcome of measuring the output qubit with index
1= % in the FC layer of the QCNN corresponds to the
expectation value of the multi-scale SOP

1
Sum :VTUIE:CX% UrcV = ) (31{/[ - SI{/II) ) (8)

where

c@c@ v, (10)

II _ 1,1 ~(d)
Sy =V C¥73d g

with C\) = Z; 4/ X;Z;,5r. To explicitly evaluate the
multi-scale SOP, we use the recursive relation

Nl ! f
91 (et ) 04
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(11)

where k£ > j and

(f) (f) (f) (f

L §(Cg 43fCJ 23f_Cg 43f+c 23f+1>
(12)

(n _1 (f ( (f

R; —5(1+C+23f_0 43f+0+23fc+43f>
(13)

Terms at zero depth, i.e. measured at the input state,
and at the edge of the array reduce to Lgo) = Lz(lo) =
RS\?ZS = RE\?) =1 and we use the notation X; = Z; =1



7™ Product Pauli string

+1/4 So2 X1 Zy

+1/4 Soa X1 X3 Zy

—|—1/4 Soe X4 X3 X5 Zsg
+1/4 Sas Z2 X3 X5 X7
11/4 Sus Zi X5  Xr
+1/4 Ses Ze X7
—1/4 So02Ss6 X1 Zo Zy X5 Zs
—1/4 S248es Zo X3 Zy Zs X7
+1/2 Sss Z3 X4 Zs

71/2 Sos S35 X3 Ys X4 Y5 X7

Supplementary Table 3. Individual products of SOPs involved
in the multi-scale string order parameter Sy; (18) measured
by the employed 7-qubit QCNN circuit from Supplementary
Fig. 10(a) with d = 1. The terms are sorted and subdivided
according to their measurement basis.

for j > N and j < 1. Using the recursive relation (11) d
times, we obtain the explicit form (6) of the multi-scale
SOP Sy from Supplementary Equation (8). To evaluate
the second part S{f of the multi-scale SOP, we exploit
that individual C’i(d) terms commute to express S{f =
VTC(d) . VTCSgL CgﬁlﬁdV and use the recursive
relatlon (11) separately for C’N+1 and C’N+1 C’Sﬁ?lﬁd

We can estimate the Scahng in terms of the number
of SOP products in (6) by considering products of non-
overlaping SOPs (NSOPs). The general form of a single
NSOP is given in (7), however when considering the num-
ber of products there is an ambiguity since

k—j _
>L-1

kalzk: H Sj+2n72,j+2n~ (14)

n=1

Sjk:ZjXJ+l

Therefore we define a product of n NSOPs as the product
of n different NSOPs where there is no two NSOPs that
overlap. Furthermore, for a product of n NSOPs we
require that there is at least a gap of 1 qubit between
the support of neighboring NSOPs, we label a term that
satisfies both these conditions by (n). These conditions
are both preserved by the recursion relation (11). The
second condition for a product of NSOPs is thus motivated
by the recursion relation and means that a product of
NSOPs will give rise to a sum of products of NSOPs
under this recursion. Relation (11), thus maps a single
NSOP to 9 different single NSOPs, 6 different products
of two NSOPs, and a single product of three NSOPs. We
can denote this by the map (1) — 9(1) + 6(2) + 1(3).
Since the recursion relation (11) preserves the spacing our
recursion relation can be expressed as

(n) — [9(1) +6(2) + 1(3)]°"
n n—a nl 15
= albl(n —'a - b);32n72a7b2b (n+2a+b) ")
a=0b=0 ’
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Analyzing this we know that after f repetitions that
started with a product of n NSOPs we will get a single
term that is a product of 3/n NSOPs, labeled (3fn).
Then if we apply the recursion relation one further time
we will obtain at least 163'™ separate terms, placing a
lower bound on the number of SOP products that must be
measured after f+1 layers. Furthermore, for f =d—1 or
f = d—2 this indicates that the number of SOP products
will scale double-exponentially in the QCNN depth d.

As a complete example for the d = 1 case, the output
of the QCNN implemented in the experiment with N =7
qubits corresponds to the expectation value of the multi-
scale SOP

SM :U(TjPUg‘CXZlUFCUCP (16)
1
=3Ubp (@ + 0V 03 - eV e ) Uee
(17)
—ka ik + Z 77]k SjkSim (18)

Jklm

By evaluating the unitary transformation Ucp, we
obtain the explicit form (18) of the multi-scale SOP with
products of SOPs S, weighted with coefficients n(e)
which are listed in Supplementary Table 3. Due to the
small system size and the shallow depth d = 1, the to-
tal number of terms measured by the QCNN reduces to 10.

Direct measurement of QCNN output — In-
stead of performing the QCNN, we could determine
the expectation value of the multi-scale SOP Sy (6) by
directly measuring the individual products of SOPs on
the input state to obtain the same outcome. We now
discuss a crucial reduction in the number of measure-
ments provided by the QCNN compared to the direct
sampling from the input state. This in turn leads to a
reduction in the number of input-state copies required for
determining the expectation value of the multi-scale SOP
Swu since for each projective measurement we need to
prepare a separate copy of the input state. In the direct
measurement, sampling from multiple measurement
bases is required, each basis requiring that we prepare an
independent copy of the input state.

We have already shown that the number of prod-
ucts of SOPs in the multi-scale SOP Sy scales double-
exponentially with the QCNN circuit depth d. A single
projective measurement of the input state consists of mea-
suring all qubits in a local basis (X, Y or Z basis). We
can use classical post-processing to determine the expec-
tation value of several products of SOPs from the same
measurement. In particular, two products of SOPs can
be sampled from the same measurement if they involve
the same Pauli operator on all qubits, on which both
products of SOPs act non-trivially. A product of SOPs
acts trivially (non-trivially) on qubit 4 if it involves the
identity I; (the Pauli X;, Y; or Z; operator).

The QCNN proposed in Ref. [21] measures only the
first part, Si;, of the multi-scale SOP Sy, see Supplemen-



tary Equation (9). The recursive relation (11) dictates
that, for an arbitrary depth d of the QCNN, all products
of SOPs involved in Si; exhibit either (i) the Pauli X
operator at even qubits and Pauli Z operator or identity
at odd qubits, or (ii) the Pauli X operator at odd qubits
and Pauli Z operator or identity at even qubits. As a
result, using classical post-processing, we can determine
the expectation values of all products of SOPs involved
in S, from only two different measurements. Namely (i)
the measurement of all even qubits in the X basis and all
odd qubits in the Z basis, and (ii) the measurement of
all odd qubits in the X basis and all even qubits in the Z
basis. This shows that the output of the QCNN proposed
in Ref. [21] can be efficiently sampled directly from the
input state. The direct sampling requires only twice as
many measurements as sampling after performing that
QCNN with an arbitrary depth.

The lack of an efficient sampling method when us-
ing direct measurements on the input state is therefore
due to the modified FC layer that we considered in our

work. The second term, S/, splits into vice', v and
VTC’N“ OV

NELy3d
duce the 163" NSOPs as described in the last subsection,
this could by itself be efficiently sampled. Here, however

d d
VICEL .08
product of Pauh X terms on all odd qubits. Hence, for all
the 163’ products, the odd sites must now be measured
in either the X- or Y-basis rather than being ignored or
measured in the Z-basis. A cursory analysis of the 16
terms that appear in (11) shows that no pair would agree

2
V. If we let the VTC’N+1 V term pro-

V will at the same time generate a

11

on all qubits regarding which would have Pauli-Zs present.
This means that, when we include the chain of Pauli-Xs

from VTC&_gdC(d)
2

¥+3dv, no pair of the 16 terms can
be simutanously measured. Since each of the 3/ NSOPs
in the product we are using expands independently, this
gives us 1637 products of SOPs that will pairwise disagree
on which basis should be measured in for at least one

qubit.

A lower bound to the number of terms that need to be
measured individually in direct sampling from the input
state can then be found by starting from the smallest

(d-1) _

single chain term, CN+1 ZN+1 _gd— 1XN+1 ZN+1+3d 1,

@1 oD @

generated from U, N +1 and working back to the

input layer. Con81der1ng thls lower bound avoids the
need for extra discussions of boundary effects that would
emerge when counting all appearing terms. The lower
bound is then obtained by taking f =d — 2 in 163" and
shows that there are at least 163" products of NSOPs
that are pairwise not simultaneously measurable.

As a result, the number of direct measurements on
the input state increases double-exponentially with the
depth of the QCNN, or (at the largest depth) exponen-
tially in the number of qubits. This renders the direct
sampling of the QCNN output unfeasible. On the other
hand, performing the QCNN enables us to efficiently
sample the multi-scale SOP Sy from a single measure-
ment of the single qubit at the output of the QCNN (or
equivalently, by the equivalent constant depth circuit and
post-processing).
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