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SUPPLEMENTARY NOTE 1 – QUANTUM
CELLULAR AUTOMATA IN 1D

A one-dimensional quantum cellular automaton is de-
fined as a chain of L identical qubits whose states are up-

dated according to homogeneous blocks of neighborhood-
local unitary operators [1, 2]. Each local unitary takes
as an input the state of the target qubit’s neighbors
and outputs a particular operator, either the identity
or the activation operator, to be applied to the target
qubit, conditioned on the neighborhood’s state. When
such an update unitary has been applied to all L qubits,
a QCA cycle is complete. In the specific construc-
tion with nearest-neighbor connectivity, corresponding to
three-site (closed) neighborhoods (denoted TR), a spe-
cific qubit’s open neighborhood (its two neighbors) can
be in a superposition of any 22 states. The target qubit’s
state can either be activated or not depending upon these
4 configurations. As such, there are 22
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= 16 possible
transition functions on a three-site closed neighborhood.
We label each of these transition functions, or rules, as
R ∈ {0, 1, . . . , 15}. To specify a three-site rule, we write
TR. The rule which activates for only a balanced neigh-
borhood of 0-1 or 1-0, T6, is called the Goldilocks rule and
is the main focus of our study on the quantum processor.

For efficient circuit parallelization purposes, we update
all even qubits in parallel followed by all odd qubits. In
this ordering, the general form for the L-qubit unitary
operator that evolves the system from cycle t to cycle
t+ 1 is [3]

U(TR; t, t+1) =

L∏
o=1,3,...

Uo(TR)

L−1∏
e=2,4,...

Ue(TR),

Ue(o)(TR) =

1∑
m,n=0

P
(m)
e(o)−1 ⊗ V

cmn

e(o) ⊗ P
(n)
e(o)+1

(1)

where i = e(o) indexes each even (odd) qubit in the

1D chain, P
(m)
j = |m〉〈m| is a single-qubit projection

operator, and Vi is the chosen activation unitary ap-
plied to qubit i (which is typically taken to be the same
operator for all i). In order to convert from a rule
number to a unitary operator, one first performs a bi-
nary expansion of the rule number where the expan-
sion coefficients are themselves labelled by 2-bit strings,
R =

∑1
m,n=0 cmn2m+n. The coefficients cmn describe
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which neighborhood configurations activation occurs on.
For Goldilocks rule T6 considered in the main text, we
have that 6 = 1× 21 + 1× 22 so that c00 = c11 = 0 while
c01 = c10 = 1. Therefore, the local T6 cycle unitary reads

Ui(T6) = |00〉1〈00|+ |01〉V 〈01|+ |10〉V 〈10|+ |11〉1〈11|,
(2)

which applies the activation unitary V to qubit i if its
surrounding qubits are in the configurations |01〉 or |10〉
and does nothing otherwise. We refer to T6 as a total-
istic rule because activation obeys a left-right symmetry
and only depends on the total number of adjacent |1〉s.
Another important totalistic rule is T1, also called the
PXP model in many-body quantum literature when run
in continuous time [3]; here we consider discrete time, i.e.,
a quantum circuit, in line with the main concept of cellu-
lar automata. Note that that for 1D, three-site neighbor-
hoods there are only 23 = 8 totalistic rules. Restricting a
QCA search space to require totalistic updates is a use-
ful tool for discovering emergent complexity. Finally, we
note that V = X, the bit-flip operator, corresponds to a
reversible classical cellular automaton. In the main text
we choose V = H, the Hadamard operator. It has been
shown that the particular form of the activation unitary
affects the complexity outcomes of T6 relatively little so
long as V is able to move classical states off the poles of
the Bloch sphere, which H does [3].

The continuous time versions of the QCA considered
herein, of which the T6 rule is a specific instance, evolve
according to kinetically-constrained Hamiltonians. Mod-
els of this type were originally introduced to study the
dynamics of glassy systems [4]. Their characteristic at-
tribute is that degrees of freedom evolve explicitly as a
function of the state of their neighborhood– this can be
seen as embodied via the projection operators in Eq. 1.
Given that kinetically-constrained models were originally
introduced to study glassy dynamics, it is a reasonable
question as to whether the T6 QCA that we simulate
corresponds to some spin glass-related model that has
already been simulated on a gate-model quantum pro-
cessor. As demonstrated in Section V.A. of [3], the con-
tinuous time, analog T6 QCA can be approximated by a
transverse-field Ising model (TFIM) with a very partic-
ular structure. However, there are a few important ways
in which the discrete time simulation of rule T6 differs
from (and therefore is not simply equivalent to) Trot-
terized evolution of the TFIM. First, while the discrete
time QCA cycle unitary U(T6; t, t+1) commutes with the
dynamical invariant operator used for post-selection, O,
the TFIM Hamiltonian does not. Hence, the two systems
have different conservation laws, although for certain dis-
crete time steps it is the case that the TFIM evolution
unitary does commute with O [5]. Second, using the
TFIM to model the dynamics of the continuous time T6
rule only works when the Hermitian activation generator
is the Pauli X operator. However, our activation uni-
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Supplementary Figure 1. Weber parallel |1〉-state read-
out error rates. Each qubit is represented by a square and
is indexed by a row and column number. Heatmap values
represent the probability of finding a qubit in the |0〉 state
after it was prepared in the |1〉 state when all qubits are read
out in parallel.

tary is the Hadamard operator, Vj = H, which cannot
be generated by X alone. Finally, even if some slight al-
teration of the TFIM could generate the local Hadamard
activation unitary, say via Vj = exp(−iαH), this would
correspond to a Trotter step of α = π/2, which cannot
be regarded as an accurate Trotterization of the contin-
uous limit. Therefore, the discrete time T6 QCA con-
sidered in this work cannot simply be mapped onto the
TFIM. Since we have ruled out the TFIM as the appro-
priate Trotterized model Hamiltonian corresponding to
the discrete time T6 QCA, and since to our knowledge
no other kintetically-constrained Hamiltonian has been
simulated on a digital quantum processor, we believe the
present work to constitute the first quantum simulation
of a QCA on a gate-model quantum computer.

SUPPLEMENTARY NOTE 2 – QUANTUM
HARDWARE SPECIFICATIONS AND QUBIT

PICKING

Weber Processor

The Weber quantum processing unit is a 53-qubit su-
perconducting processor that follows the design of the
Sycamore-class architecture in Ref. [6]. As discussed
in the main text, typical performance characteristics for
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Supplementary Figure 2. Weber idle T̃1 decoherence
times (µs). Each qubit is represented by a square and is
indexed by a row and column number. Heatmap values rep-
resent the idle T̃1 decoherence time in µs.
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Supplementary Figure 3. Weber parallel
√

iSWAP
†

Pauli
error rates. Each qubit is indexed by a row and column
number, and hexagons represent couplers. Heatmap values
represent the cross-entropy benchmarking Pauli error per cy-
cle when executed in parallel (see [6]).

Weber are: single-qubit gate error e1 ≈ 0.1%, two-qubit
gate error e2 ≈ 1.4%, |0〉-state readout error er0 ≈ 2%,
|1〉-state readout error er1 ≈ 7%, and population relax-
ation time T̃1 ≈ 15µs [7]. Of these, the three performance
characteristics that are potentially the most deleterious
to calculating accurate observables are er1, e2, and T̃1
(relative to total circuit execution time). Selecting high-
quality chains of qubits therefore involves simultaneously
optimizing for these three characteristics, which change
slightly between processor calibrations.

For the particular calibration displayed, Supplemen-
tary Figure 1 shows that while the parallel readout er1
on Weber is relatively homogeneous across the chip, it
is slightly lower on the right-hand side. Meanwhile, the
idle T̃1 decoherence times shown in Supplementary Fig-
ure 2 are somewhat longer on the right-hand side of the
processor as well and relatively uniform within its top

right quadrant. Finally, e2 rates for the
√

iSWAP
†

gate
when executed in parallel on Weber and characterized by
cross-entropy benchmarking (XEB) are lower both in the
processor’s top-right quadrant and in a small region left
of center. Taken together, these observations indicate
that the top-right quadrant of Weber is an ideal region
within which to choose 1D qubit embeddings. For in-
stance, a particular five qubit embedding that exploits
this quadrant has qubit indices (1, 6) → (2, 6) → (2, 7)
→ (3, 7) → (4, 7). Of course, as chains become longer,
that is, as L becomes larger, the available real-estate for
picking the highest-quality qubits becomes constrained.

Rainbow Processor

The Rainbow quantum processing unit is a 23-qubit su-
perconducting processor with typical performance char-
acteristics similar to Weber. While the results in the
main text were generated on the Weber processor, we
used Rainbow in order to assess the effect of varying
initial conditions in the product state. These varying
initial conditions were assessed in a 17-qubit chain, the
largest 1D chain embeddable on Rainbow. This size of
the chain is large enough to not be susceptible to the
finite-size effects encountered in smaller chains. At the
same time it is not so large that low retained count frac-
tions cause problems with measurement statistics and
thus create large error bars. Figs. 4, 5, and 6 show
the three most relevant performance characteristics for
choosing high-quality chains, parallel er1, T̃1, and paral-
lel e2, respectively. However, the ability to avoid noisy
qubits on Rainbow was severely constrained by the large
size of the chain relative to the size of the processor. For
reference, we used the embedding (5, 0) → (5, 1) → (4,
1) → (4, 2) → (4, 3) → (5, 3) → (5, 2) → (6, 2) → (7,
2) → (7, 3) → (6, 3) → (6, 4) → (6, 5) → (7, 5) → (7,
4) → (8, 4) → (8, 5).
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Supplementary Figure 4. Rainbow parallel |1〉-state read-
out error rates. Same data as Supplementary Figure 1, but
for the 23-qubit Rainbow quantum processor.

SUPPLEMENTARY NOTE 3 – CIRCUIT
COMPILATION, CALIBRATION, AND

OPTIMIZATION

In order to simulate the T6 QCA with high-fidelity, we
compile, calibrate, and optimize circuits in the following
manner. The Cirq open source framework was used for
the workflow [8].

1. Each CH(qi, qj) gate between control qubit qi and
target qubit qj in the local T6 update unitary is
compiled into

CH(qi, qj) = Y 1/4(qj)CZ(qi, qj)Y
−1/4(qj), (3)

where up to a global phase Y t = RY (πt).

2. Each CZ gate is further decomposed into two

bare
√

iSWAP
†

gates and single-qubit rotations. A
controlled-phase gate between control qubit qi and
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Supplementary Figure 5. Rainbow idle T̃1 decoherence
times. Same data as Supplementary Figure 2, but for the
23-qubit Rainbow quantum processor.

target qubit qj can be decomposed as

CPHASE(φ)ij = ei(2ϕ−φ)/4

×RZi
(π − φ/2)⊗RZj

(−φ/2)

×RXi
(−ξi)⊗RXj

(−ξj)
×K(θ)ijCPHASE(ϕ)ij

×RZi
(π + ϕ/2)⊗RZj

(ϕ/2)

×RXi
(−2α)⊗ 1j

×K(θ)ijCPHASE(ϕ)ij

×RZi
(φ/2)⊗RZj

(φ/2)

×RXi
(ξi)⊗RXj

(ξj),

(4)

which is equivalent to the decomposition presented
in Ref. [9]. Here, K(θ) is a continuously-
parameterized fractional-iSWAP gate such that√

iSWAP
†

= K(π/4). In this step, we take ϕ = 0
and account for the parasitic ϕ ≈ π/23 using Flo-
quet calibration in a later step. The other decom-
position parameters are given by

sin(α) =

√
sin2(φ/4)− sin2(ϕ/2)

sin2(θ)− sin2(ϕ/2)
, (5)

ξi = tan−1
(

tan(α) cos(θ)

cos(ϕ/2)

)
+
π

2

(
1− sgn

(
cos(ϕ/2)

))
,

(6)
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Supplementary Figure 6. Rainbow parallel
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Pauli error rates. Same data as Supplementary Figure 3,
but for the 23-qubit Rainbow quantum processor.

and

ξj = tan−1
(

tan(α) sin(θ)

sin(ϕ/2)

)
+
π

2

(
1− sgn

(
sin(ϕ/2)

))
.

(7)

To decompose the CZ gate, we simply set φ = π.

3. Strings of consecutive single-qubit gates are merged
together into PhXZ(a, x, z) ≡ ZzZaXxZ−a gates
using the cirq.google optimized for sycamore util-
ity. This compresses into alternating moments of
parallel single-qubit gates followed by parallel two-
qubit gates.

4. Spin echo insertion: Wherever a qubit is idle for
more than one single-qubit gate layer, pairs of
Pauli operators are inserted to decrease idle qubit
crosstalk. For instance, XX = 1.

5. Floquet characterization: Our targeted native two-

qubit gate on Weber is the
√

iSWAP
†

= K(π/4)
gate. However, due to calibration drift and cross-
talk errors, the effective gate implemented has the
form (see Supplementary Information of Refs. [9,

10])

K(θ, ζ, χ, γ, ϕ) =
1 0 0 0
0 e−iγ−iζ cos(θ) −ie−iγ+iχ sin(θ) 0
0 −ie−iχ−iγ sin(θ) e−iγ+iζ cos(θ) 0
0 0 0 e−2iγ−iϕ

 .
(8)

In the absence of calibration drift and cross-talk
errors, θ = π/4 and ζ = χ = γ = ϕ = 0,

and one recovers the target gate as
√

iSWAP
†

=
K(π/4, 0, 0, 0, 0). When such drift and errors are
present, the goal of Floquet characterization is to
determine the values of θ, ζ, χ, γ, and ϕ with a view
towards subsequently correcting for some or all of
them. This is done by repeating circuit moments
with two-qubit gates many times with interleaved,
parameterized z-rotations as probes, in order to
amplify the calibration drift and control errors em-
bodied in θ, ζ, χ, γ, and ϕ. All five angles except
for χ are able to be characterized, since χ corre-
sponds to a complex hopping phase and requires
closed loops in order to characterize. For more de-
tails, see Refs. [9, 10].

6. After Floquet characterization, the first angle we
correct for is the parasitic cphase angle, ϕ. We
do this by reconstructing our circuits and re-
decomposing our CZ gates using Eq. 4 where now
instead of ϕ = 0 we use the value determined by
Floquet characterization on each moment, which is
typically in the vicinity of ϕ ≈ π/23.

7. Next, we re-merge single-qubit gates according to
the procedure in Step 3.

8. Re-insert spin echoes according to the logic of Step
4.

9. Floquet calibration: In addition to ϕ, the an-
gles γ and ζ can be corrected for by inserting
z-rotations on either side of an imperfect two-
qubit gate. The relationship between the general
excitation-number-conserving gate and our target
gate (with parasitic cphase) is

K(θ, 0, 0, 0, ϕ) =

RZ(−β, β)RZ(γ, γ)K(θ, ζ, χ, γ, ϕ)RZ(−α, α),
(9)

where α = (ζ+χ)/2, β = (ζ−χ)/2, and we use the
following shorthand for pairs of two single-qubit z-
rotations, RZ(zi, zj) = ei(zi+zj)/2RZi(zi)⊗RZj (zj).
Since we cannot characterize χ, we set χ = 0. The
resulting simplification in Eq. 9 will correct for γ
and ζ. As such, after the insertion of the z-rotations
in Eq. 9, each CZ gate in the original QCA circuit
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is compiled correctly as in Eq. 4 with the effec-
tive two-qubit native gate ∼ K(π/4, 0, 0, 0, π/23) =
K(π/4)CPHASE(π/23). The angles θ ∼ π/4 and
χ ∼ 0 remain uncorrected. The inserted, corrective
z-rotations are merged with the execution of two-
qubit gates at the hardware level and do not need
to be re-merged into PhXZ gates.

10. Send circuits to the quantum processor, Weber or
Rainbow, in temporal batches, averaging over qubit
arrangements.

SUPPLEMENTARY NOTE 4 – POST-SELECTION

Once measurement statistics are gathered by measur-
ing Nc times in the z-basis, post-selection is used to dis-
card measurements, i.e. bit strings, that result from er-
ror and thus reside outside the invariant-protected sec-
tor of Hilbert space. We emphasize that with a higher
fidelity, post-selection would be unnecessary for the es-
tablishment of coherence windows; generally however, in
the NISQ era post-selection is an important and useful
tool for quantum computing. The dynamical invariant
that defines the protected sector of Hilbert space is the
operator

O ≡
L∑
i=0

Oi,

Oi ≡ ZiZi+1

(10)

where the sites i = 0 and i = L + 1 refer to padding
boundary qubits fixed to the |0〉 state. We first give a
proof that O is a dynamical invariant of the T6 rule.
Consider the commutator between Eq. 1 and Eq. 10

[
O, U(TR; t, t+ 1)

]
=

L∑
i=0

[
Oi,
∏
o

Uo
∏
e

Ue

]
=

L∑
i=0

([
Oi,
∏
o

Uo

]∏
e

Ue +
∏
o

Uo

[
Oi,
∏
e

Ue

])
.

(11)

Using standard commutator identities, the two commu-
tators in the second line of Eq. 11 can be expressed as[

Oi,
∏
j

Uj

]
=
∑
j

∏
l′>j

Ul′
[
Oi, Uj

]∏
l<j

Ul

=
∑
j

∏
l′>j

Ul′
(
Zi

[
Zi+1, Uj

]
+
[
Zi, Uj

]
Zi+1

)∏
l<j

Ul,

(12)

where j can run over either the even or odd index set.
Next, note that since any projection operator commutes
with the Pauli Z operator,[

Zk, Uj

]
= P

(m)
j−1

[
Zj , V

cmn
j

]
δk,jP

(n)
j+1. (13)

Substituting Eqs. 13 and 12 into Eq. 11 and noting that

ZkP
(m)
k = P

(m)
k Zk = (−1)mP

(m)
k we find[
O, U(TR; t, t+ 1)

]
=∑

o

∏
l′>o

Ul′
∑
m,n

P
(m)
o−1

[
Zo, V

cmn
o

]
P

(n)
o+1

(
(−1)m

+(−1)n
)∏
l<o

Ul
∏
e

Ue

+
∏
o

Uo
∑
e

∏
l′>e

Ul′
∑
m,n

P
(m)
e−1

[
Ze, V

cmn
e

]
P

(n)
e+1

(
(−1)m

+(−1)n
)∏
l<e

Ul

(14)

We now specify to the rule T6. There are four combina-
tions of m and n to consider. In the instance where m =
n = 0 or m = n = 1, the commutator [Zj , V

cm=n=0
j ] = 0.

Meanwhile, when m 6= n, (−1)m+(−1)n = 0. Therefore,
each term indexed by (m,n) vanishes and[

O, U(T6; t, t+ 1)
]

= 0, (15)

proving that O is a dynamical invariant of rule T6 for any
unitary Vj .

In addition, O has eigenstates diagonal in the z-basis.
Hence, any z-basis measurement whose eigenvalue un-
der O is different than the O-eigenvalue of the QCA’s
initialized state must have resulted from an error in the
computation. In order to see this, and that Eq. 10 is re-
lated to domain wall conservation, consider the action of
O on a five-qubit chain, initialized with a single, central
bit flip, and padded by fixed boundary |0〉s

O |0〉⊗|00100〉⊗|0〉 = 2 |0〉⊗|00100〉⊗|0〉. (16)

Now consider the action of O on another state with the
same number of domain walls

O |0〉⊗|01110〉⊗|0〉 = 2 |0〉⊗|01110〉⊗|0〉. (17)

If however a bit flip were to occur on the central qubit in
the chain, the action of O would be

O |0〉⊗|01010〉⊗|0〉 = −2 |0〉⊗|01010〉⊗|0〉. (18)

Hence, the calculated eigenvalue of −2, rather than +2,
indicates that we should discard this measurement from
our statistics when calculating observables.

Note that O does not protect against all longitudinal
relaxation errors. For example, if the state in Eq. 17
relaxes on the qubit just left or right of center, O still has
eigenvalue +2. In addition, if two photons are lost, say in
both the central qubit and in the one just to the right or
left, O will also have eigenvalue +2. In instances such as
these, superposition amplitudes will renormalize in such
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Supplementary Figure 7. Fraction of z-basis measurements retained after post-selection. a Retained count fraction as
a function of QCA cycle for the different system sizes, L = 5, 7, . . . , 23. Points represent experimental values, averaged over four
qubit chains (embeddings) while the associated error bars represent one standard deviation from the mean. Solid lines represent
the function at(L) exp(−bt(L)t) + ct(L), fit to data from the first 13 QCA cycles, i.e., before the observed discontinuity in the
retained count fractions. The black dashed line signifies 1/Nc, the minimum, non-zero number of retained counts possible. b
Retained count fraction as a function of system size for the first 13 QCA cycles. Points represent experimental values, averaged
over four qubit chains (embeddings) while the associated error bars represent one standard deviation from the mean. Solid lines
represent the function aL(t) exp(−bL(t)L), fit to data from L = 9 to L = 23, so as to exclude some finite-size effects observed
at L = 5 and L = 7.

a way as to degrade the fidelity of the computation while
still keeping the processor’s state superposition in the
protected subspace.

Figs. 7a-b show the fraction of initial processor counts,
Nc, that are retained after applying post-selection to
our experimental measurements from Weber as a func-
tion of QCA cycle depth for all system sizes considered
and as a function of system size for all cycle depths
t ∈ {0, 1, . . . , 13}. Unsurprisingly, from t = 0 to t = 13,
each set of data points with constant L decays exponen-
tially as a function of QCA cycle as the post-selection
procedure has to discard exponentially many measure-
ments in order to compensate for T̃1 decoherence. At
t = 14, there is an evident step change in the decay rate
of the retained count fractions. The nominal gate execu-

tion times for PhXZ and
√

iSWAP
†

on Weber are 25 ns
and 32 ns, respectively. Since each QCA cycle has eight
alternating layers of each, at t = 14, the nominal cir-
cuit execution time (excluding readout) is about 6.384µs.
While median T̃1 times are about 15 µs, low end (10th
percentile) T̃1 times are about 11 µs on Weber. Hence,
at 6.384 µs, the probability of a 10th percentile qubit
erroneously relaxing from the |1〉 state is about 44 %,
making it difficult for post-selection to compensate for
multi-photon loss processes or delocalizing errors. QCA
cycle t = 14 is also near the point referenced in the main
text (e.g., main text Fig. 2d) where the error bars on
population dynamics begin to grow significantly.

In addition, the retained count fraction also decays

roughly exponentially at fixed t as a function of L. The
number of gate layers, and thus the circuit execution
time, is fixed as a function of system size for fixed QCA
cycle depth with respect to T̃1. Since gate volume how-
ever grows linearly in L, it is likely that this decay in the
retained count fraction as a function of system size is a
result of accumulating gate error, as is well-established
within the digital error model [6].

Because the combined effects of noise and post-
selection require that exponentially-many measurements
are discarded as both a function of system size and cy-
cle depth, we consider the effect this has on the com-
putational complexity of simulating the T6 QCA on the
Sycamore-class processors relative to the computational
complexity of emulating the T6 rule using standard clas-
sical algorithms. For reference, the main text already
provides a qualitative discussion regarding the use of
tensor network approaches for emulating QCA. For a
general quantum circuit of L qubits and M gates, the
Schrödinger emulation algorithm requires ∼ 2L spatial
resources and ∼ M2L temporal resources. The Feyn-
man algorithm requires ∼ M + L space and ∼ 4M time
[11]. However, the observable O is also conserved for
classical emulation. Therefore, in classical emulations
one can use a “domain conserving” basis (see below and
Supplementary Figure 8) that reduces the Schrödinger
requirements to ∼ L1.91 (space) and ∼ ML1.91 (time).
Although hybrid Schrödinger-Feynman algorithms also
exist for quantum emulation, we focus on comparison



8

with the Schrödinger algorithm for simplicity and be-
cause the large two-qubit gate count of our largest cir-
cuits, M2Q > 1, 000, makes effective utilization of the
Feyman algorithm difficult.

As shown in Supplementary Figure 7b, the number of
retained counts after post-selection at fixed cycle depth,
t, scales as Nr(t) ∼ e−bL(t)L as a function of system
size. Since the error, due to shot noise, in calculating
a local observable, A, using quantum computer measure-
ments scales as 〈A〉 ∼ 1/

√
Nr, one would need to scale

the initial number of counts as Nc ∼ ebL(t)L in order to
offset the fraction discarded by post-selection and thus
achieve constant precision (We note briefly that we did
not follow this methodology in our experimental setup
in favor of constant run-time). Therefore, in order to
simulate the T6 QCA on a quantum processor at fixed
precision, one would require L spatial resources (qubits)
and ∼ d(M(t))ebL(t)L temporal resources. d(M(t)) ac-
counts for the fact that gates are often layered in parallel
on the processor and that the total gate volume depends
upon the desired QCA cycle depth. But the most im-
portant element for comparing to the performance of the
Schrödinger emulator is the factor ebL(t)L. For the fits
shown in Supplementary Figure 7b, bL(t) . 0.422 over
the set t ∈ {0, 1, . . . , 13}. Hence, ebL(t)L . 1.525L. The
fit parameters bL(t) depend upon the error rates in the
processor, which will generally improve over time, requir-
ing fewer counts to be discarded at each cycle depth.
However, in the absence of fault-tolerant, code-based er-
ror correction, the time complexity due to post-selection
will remain exponential. In summary, quantum simu-
lation of the T6 rule obtains a nearly quadratic reduc-
tion in spatial computational resources as compared to
Schrödinger emulation. In exchange, quantum simu-
lation requires exponential time due to post-selection,
while classical time complexity scales polynomially us-
ing the Schrödinger algorithm with a domain-conserving
basis set.

Since T6 conserves O, the system evolves in a Hilbert
space of reduced dimension HO. In Supplementary Fig-
ure 8 we plot this dimension dim(HO) as a function
of system size for initial conditions consisting of a few
|1〉’s separated by |0〉’s. For the case studied in the
main text, a single |1〉 initialized in the center of each
chain, the protected Hilbert space dimension grows as
HL−3 ∼ 0.63 L1.91. Stricly-speaking, this scaling in the
protected Hilbert space dimension is a bound on the sys-
tem dynamics. In order to assess the extent to which
the T6 QCA’s dynamics actually saturate this bound,
Supplementary Figure 9a shows the number of compu-
tational basis states occupied during the dynamics as
a function of QCA cycle for the different system sizes
(solid lines). QCA data is here generated by classical
emulation. Dashed lines demarcate the dim(HO) scal-
ing bounds. As can be seen over the first 30 QCA cy-
cles, there always appears to be at least one point where
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Supplementary Figure 8. Hilbert space dimension of sec-
tors with constant O = L −m for m ∈ {3, 7, 11, 15}. These
sectors correspond to initial conditions with 1, 2, 3, and 4,
|1〉’s that are well separated by |0〉’s, respectively. Black lines
depict power law fits.

the number of occupied basis states saturates the bound,
with the two exceptions being L = 21 and L = 23. Sup-
plementary Figure 9b shows the total fraction of the scal-
ing bound occupied at some point along the first 30 cy-
cles (colors correspond to those in panel a). Supplemen-
tary Figure 9b corroborates that the dim(HO) scaling
bound is always saturated during at least one cycle in the
first 30 cycles, with the exceptions again being L = 21
and L = 23, which reach ≈ 99% and ≈ 98% saturation,
respectively.

SUPPLEMENTARY NOTE 5 – MUTUAL
INFORMATION MEASURES

Consider a set of z-basis measurements {|z〉 s.t. ∈
{0, 1}⊗N} from an N -qubit (subset of a) quantum pro-
cessor and associated probabilities, {Pz}. For any two
qubits, qi and qj , one can construct a z-basis joint and
two marginal probability distributions via

p(zi, zj) =
∑
z′

Pz′δzi,z′iδzj ,z′j (19)

p(zi(j)) =
∑
zj(i)

p(zi, zj). (20)

For two classical variables (e.g., bits) zi and zj with joint
probability distribution p(zi, zj) and marginal probabil-
ity distributions, p(zi) and p(zj), the Shannon mutual
information is defined in terms of the Shannon entropy
of a distribution, H(p), as (see e.g., Ref. [12])

Iij ≡ H[p(zi)] + H[p(zj)]−H[p(zi, zj)] (21)
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Supplementary Figure 9. Emulated saturation of protected Hilbert space bound. a Number of basis states involved
in superposition as a function of QCA cycle for various system sizes (solid lines). Data generated from classical emulations.
Dashed lines represent the dim(HO) ∼ 0.63 L1.91 scaling bound for O = L− 3. b Corresponding maximally-occupied state as
a fraction of scaling bound along the first 30 QCA cycles (colors correspond to those in panel a).

and can be written as

Iij ≡
1∑

zi=0

1∑
zj=0

p(zi, zj) log2

p(zi, zj)

p(zi)p(zj)
. (22)

It measures, as a relative entropy, correlations in the vari-
ables zi and zj . That is, Iij ≥ 0 and Iij = 0 if and only
if p(zi, zj) = p(zi)p(zj).

The quantum mechanical generalization of the classical
probability distributions is the reduced density matrix
(RDM). For a Hilbert space composed of two subspaces,
H = HA ⊗HB and a density matrix ρ ∈ H, the RDM of
subspace HA is defined as

ρA ≡ TrBρ, (23)

where the the trace is taken over the degrees of freedom
of subsystem HB . RDMs can also be constructed from
few-body quantum observables. For instance, the single-
qubit RDM for qubit qi can be constructed as

ρi =
1

2

3∑
µ=0

〈σµi 〉σµi , (24)

where σ0
i = 1i, σ

1
i = Xi, σ

2
i = Yi, and σ3

i = Zi are
elements of the Pauli algebra, and expectation values are
calculated from quantum processor measurements in the
appropriate basis [13]. Similarly, a k-qubit RDM can be
calculated as

ρi1...ik =
1

2k

3∑
µ1,...,µk=0

〈σµ1

i1
⊗ . . .⊗ σµk

ik
〉σµ1

i1
⊗ . . .⊗ σµk

ik
.

(25)

Expectation values of long Pauli strings can be efficiently
calculated via schema such as quantum overlapping to-
mography [14]. With an RDM in hand, the von Neumann
entropy is defined as

S(ρ) ≡ −Trρ log2 ρ (26)

and the von Neumann mutual information between two
qubits follows similarly

IvNij ≡ S(ρi) + S(ρj)− S(ρij). (27)

Calculation of IvNij therefore requires measurements of ob-
servables, such as 〈XiZj〉, in bases other than the z-basis.
However, the dynamical invariant introduced in the main
text, O =

∑L
i=0 ZiZi+1, can only be used to post-select

for errors when measurement is performed in the z-basis.
As such, we choose to use Shannon mutual information
for the calculation of complex network measures.

As validation for this choice, we numerically emu-
late L = 19 qubits initialized with a single-bit flip and
evolving under T6 for 10,000 cycles. At each cycle we
calculate the relative distance between Shannon- and
von Neumann-based network measure, f ∈ {C, `, gi},
as [f(I) − f(IvN)]/f(IvN) and relative Frobenius dis-
tance between the two mutual information measures
‖I − IvN‖F/‖IvN‖F, where the Frobenius norm of a ma-
trix M with elements Mij is defined as

‖M‖F =

√√√√ L−1∑
i,j=0

|Mij |2. (28)

Supplementary Figure 10a shows a direct comparison of
the Shannon- (blue) and von Neumann- (gold) based mu-
tual information network clustering over the first 100
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Supplementary Figure 10. Comparing Shannon and von Neumann mutual information by classical emulation.
a Shannon- (blue) and von Neumann- (gold) based mutual information network clustering for 100 QCA cycles and L = 19
qubits are in visual agreement. The dashed lines represent the post-selected incoherent uniform random state’s clustering
for Shannon- and von Neumann-based mutual information. b Distribution of relative differences between Shannon- and von
Neumann-based network measures across 10,000 QCA cycles and for L = 19 qubits. The dashed lines represent the relative
differences between network measures for the post-selected incoherent uniform random state. c As a function of system size,
the mean relative differences between network measures over 10,000 cycles (solid lines) and post selected incoherent uniform
random states (dashed lines) tend towards zero. Colors are as in panel b. The 10,000 cycle emulations terminate at L = 19 due
to computational cost. d-e As in panels b-c, but instead of relative differences of network measures, we examine the relative
Frobenius distance between Shannon- and von Neumann-based mutual information matrices.

QCA cycles for L = 19. Dashed lines represent the cor-
responding clustering values for post-selected incoherent
uniform randomness. Visually, it is clear that the two
different mutual information metrics lead to very sim-
ilar clustering values both for the emulated QCA and
post-selected incoherent uniform randomness. In partic-
ular, the slight shifts that are observed are insufficient
to erase the existence of the coherence windows between
t ∼ 4 and t ∼ 12 established in Fig. 3 in the main text.
Supplementary Figure 10b quantifies and extends this

observation with respect to all three complex network
measures discussed in the main text: it shows the distri-
bution of relative differences between Shannon- and von
Neumann-based mutual information network measures
across 10,000 QCA cycles for L = 19. Histogram curves
represent QCA data and vertical dashed lines represent
the corresponding differences for post-selected incoherent
uniform randomness. Clustering is the most similar be-
tween Shannon- and von Neumann-based mutual infor-
mation (blue histogram, mean relative difference 0.8%,
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median 0.7%). Path length (gold histogram) exhibits a
mean relative difference of −38%, (median −21%) while
that of node strength (green histogram) is 12% (median
7%). For the L = 19 post-selected incoherent uniform
random state, the relative difference Shannon- and von
Neumann-based clustering is −6.1% while that of path
length is 10% and average node strength is −14%. Sup-
plementary Figure 10c shows that as a function of sys-
tem size, the mean relative differences between network
measures over 10,000 cycles (solid lines) and post se-
lected incoherent uniform random states (dashed lines)
tend towards zero roughly as a power law. Colors are
as in panel b. The 10,000 cycle emulations terminate
at L = 19 due to computational cost. Hence, we con-
clude not only that Shannon mutual information serves
as an effective proxy for von Neumann mutual informa-
tion in the calculation of complex network measures in
our regime of interest, L ∈ {5, 7, . . . , 23}, but that it
would become an even more effective proxy in the large
L limit. As in Supplementary Figure 10b-c, but instead
of relative differences of network measures, Supplemen-
tary Figure 10d-e shows the relative Frobenius distance
between Shannon- and von Neumann-based mutual infor-
mation matrices directly. The mean relative Frobenius
distance over 10,000 QCA cycles is 10% (median 9%)
while that of post-selected randomness is 14%. From the
above analysis, we conclude that Shannon mutual infor-
mation is a reliable proxy for von Neumann mutual infor-
mation at the level of a few to several percent for L = 19
and that the relative difference between the two types of
mutual information tends monotonically towards zero as
L increases.

Finally, aside from the requirement to perform post-
selection for error mitigation purposes using the opera-
tor O in Eq. 10, we justify the use of the computational
z-basis as the relevant measurement basis in which to
construct the Shannon mutual information as opposed
to the y-basis or x-basis (which, for instance, is related
to the z-basis by L-qubit Hadamard transform). First,
we note that measurement in the y-basis would yield no
Shannon mutual information between any pairs of qubits
for the initial conditions considered in this work. This is
because all qubits are either initialized in the |0〉 or |1〉
state and a series of Hadamard activation unitaries will
never move the dynamics of states so initialized out of the
xz-plane of a qubit’s Bloch sphere. It remains to show
that the choice of z-basis is at least as sensible as choosing
the x-basis. Supplementary Figure 11 shows the cluster-
ing coefficient for Shannon mutual information networks
calculated based on measurements in the x-basis (blue
curves) and z-basis (orange curves) as a function of QCA
cycle for three different system sizes, L ∈ {15, 17, 19}.
While the z-basis Shannon mutual information network
clustering tracks the von Neumann mutual information
network clustering (Supplementary Figure 10a) closely,
the x-basis Shannon mutual information network cluster-

ing fluctuates only slightly from the Shannon mutual in-
formation network clustering of incoherent uniform ran-
domness (black dotted line), which is a basis-independent
quantity, for the system sizes shown. This is intuitive,
since the amount of correlation structure (in this case
clustering) between degrees of freedom in one measure-
ment basis comes at the expense of correlation structure
carried in a different basis if the total degree of corre-
lations is bounded by the von Neumann mutual infor-
mation. Taken together with the rest of the evidence
presented in Supplementary Figure 10, it is clear that
z-basis Shannon mutual information is the correct net-
work quantity with which to establish the existence of
correlations with small-world structure.

SUPPLEMENTARY NOTE 6 – COMPLEX
NETWORK MEASURES

Clustering Coefficient

In order to establish the small-world character of the
T6 QCA’s mutual information network, we focus on three
canonical complex network measures: clustering, path
length, and node strength distribution. Intuitively, one
can view the mutual information matrix Iij , as an ad-
jacency matrix in analogy with that of a transportation
network. For example, the economic activities of two
cities are likely to be more tightly intertwined if high-
speed rail (large adjacency weight) connects them rather
than a rutted dirt track (low adjacency weight). Simi-
larly, the dynamics of two qubits will be more strongly
correlated if they share more mutual information.

Continuing with this analogy, the clustering coefficient
gauges how locally traversable a network is. Suppose
Alice is attempting to reach City C from City A, but
there only exist rail lines from City A to City B and from
City B to City C, but no lines exist, or perhaps just a dirt
track exists, between City A and City C. Locally, this is
an inefficient network to traverse since Alice either has
to travel through City B else has to take the dirt track to
get between Cities A and C. A highly traversable network
at the local scale also implies high network transitivity;
that is, if Cities A and B are well-connected and Cities
B and C are well-connected, then so should be cities A
and C. The global clustering coefficient assesses this local
transitivity in a manner that averages over the entire
network. At a particular cycle depth, t, it is defined as

C ≡ Tr[I3]∑L
i 6=j=1[I2]ij

. (29)

The numerator of Eq. 29 counts the weighted number of
closed triangles (node triplets) in the network, while the
denominator is the weighted number of length-2 paths
in the network, that is, the weighted number of poten-
tially closed triangles. In the main text, we show that
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Supplementary Figure 11. Comparing clustering calculated via x-basis and z−basis Shannon mutual information
by classical emulation. Clustering coefficient calculated for the Shannon mutual information network based on x-basis (blue)
and z-basis (orange) measurements as a function of the first 30 QCA cycles for three different system sizes, L = 15 (a), L = 17
(b), and L = 19 (c). All data is from classical emulation. The dotted black lines represent the clustering of incoherent uniform
randomness, which is measurement basis independent. Dashed black lines show, for reference, the z−basis Shannon mutual
information-based clustering of post-selected incoherent uniform randomness.

the Goldilocks rule T6 exhibits sizeable clustering, much
larger than the post-selected uniform random state. The
clustering grows with system size within the Weber pro-
cessor coherence window, indicating experimental forma-
tion of a series of locally traversable networks.

Average Shortest Path Length

A network’s average shortest path length measures
the extent to which it is globally traversable. In
the transportation network analogy, a network of cities
(e.g., Atlanta, Nashville, Indianapolis, Detroit, Pitts-
burgh, Baltimore, Raleigh, and Charlotte) laid out in
a one-dimensional ring topology but only connected to
their nearest neighbors (Atlanta and Indianapolis for
Nashville) and next-nearest neighbors (Charlotte and De-
troit for Nashville) via high-speed rail lines would have
very high local traversability, i.e., transitivity. However,
it would take a relatively long time to traverse between
antipodes of the ring (e.g., Nashville to Baltimore) and
thus those cities’ economic activities might be less corre-
lated. From the standpoint of network weights, a large
mutual information between two nodes should contribute
to shortening path length, such as a rail line that could
carry more passengers might, while small mutual infor-
mation should increase the path length by virtue of its
low traversability, like the dirt track. We therefore define
the network-averaged weighted path length for a partic-

ular cycle depth as

` ≡ 1

L(L− 1)

L∑
i 6=j=1

dij ,

dij = min
pij∈Pij

∑
〈k,l〉∈pij

1/Ikl,

(30)

where dij is the minimum distance between nodes (i.e.,
qubits) qi and qj , the sum in the first line runs over all
pairs of qubits, and L(L − 1) is the number of pairs in
the network. The sum in the second line runs over all
edges (〈k, l〉) in a particular path (pij) between nodes qi
and qj and the minimum is taken over all possible paths
(Pij = {pij}) between the two nodes. As discussed, we
use 1/Ikl as weights in the summand under the intuition
that edges with large mutual information are traversed
easily while small mutual information values should be
detrimental to short path length, consistent with [15].

Node-Strength Distribution

The last complex network measure we consider is the
node-strength distribution. In the transportation network
analogy, an efficiently traversable network will have many
nodes like Grand Central Station (termed hubs) that
have many, strong connections to other nodes as well
as some nodes that have few or weak connections, like
Golden, Colorado, whose servicing light rail line termi-
nates three miles short of the center of town. Mathemat-
ically, this translates into a broad, flat node-strength dis-
tribution. We calculate a size-invariant (un-normalized)
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node-strength distribution,

P [gi/(L− 1)] = hist

[
1

L− 1

∑
j

Iij

]
(31)

Practically, Eq. 31 is evaluated by aggregating all size-
scaled values of gi/(L − 1) =

∑
j Iij/(L − 1) across

all system sizes, L ∈ {5, 7, . . . , 23} into a set which
is then histogrammed. The resulting distribution is
increasingly biased towards low node strength as the
network approaches randomness. Small-world networks
have broad, flat distributions, while distributions that are
more sharply-peaked around smaller ranges of values in-
dicate increasing non-random regularity in the network.

Relationship to Prior Complex Mutual Information
Network Analyses

In wireless communications networks [16], where nodes
are connected by channels with limited bandwidth, or
brain networks, where functional connectivity is distinct
from spatial connectivity [17], network measures carry
similar meaning as the mutual information networks
herein. For instance, a communications network with
higher channel capacity (upper bound on amount of in-
formation transmissible between two nodes) should have
a shorter path length between the nodes, because it is eas-
ier for information to move between the nodes. Similarly,
in a functional brain network described by mutual infor-
mation, nodes (i.e., functional regions) within a pair that
share more mutual information will affect one another’s
state to a greater extent. Hence, path length should also
be lower in this instance. The intuition behind these ex-
amples is that thresholding a network with a minimum
channel capacity or mutual information will only leave
edges between strongly-linked nodes. Weak links will be
removed. Hence, if only weak links exist between nodes
prior to thresholding, they will be removed, contributing
to a longer path length– which after thresholding is cal-
culated just by counting the number of edges traversed–
between the nodes. Similar, common meanings also ex-
ist for clustering and node strength distribution between
QCA, communications, and functional brain networks.

SUPPLEMENTARY NOTE 7 – ESTABLISHING
THE COHERENCE WINDOW

As discussed in the main text, our Goldilocks QCA
circuits, when aided by post-selection, generate mutual
information complex network observables that exhibit
structure in excess of post-selected incoherent uniform
randomness. Supplementary Figure 12 shows the clus-
tering coefficient calculated from the post-selected data
generated from the Weber processor (green data points),
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Supplementary Figure 12. Establishing the coherence
window. Clustering coefficient calculated from the post-
selected data generated from the Weber processor (green data
points), as a function of QCA cycle and for all system sizes
simulated (one in each panel), L ∈ {5, 7, . . . , 23}. Error bars:
one standard deviation from the mean on four different qubit
chains. Horizontal dashed lines: clustering coefficient for
post-selected incoherent uniform randomness, based on the
QCA initial condition of a single |1〉 initialized in a chain of
L qubits. Vertical dashed lines: beginning and end of the
coherence window in each subplot.

as a function of QCA cycle and for all system sizes sim-
ulated, L ∈ {5, 7, . . . , 23}. Over the first few cycles, the
clustering coefficient climbs from zero until it crosses the
horizontal dashed line in each panel, which is the value of
the clustering coefficient for the incoherent uniform ran-
dom state subject to the same post-selection procedure as
the QCA data from Weber. The left-most vertical dashed
line demarcates this point, which is the QCA cycle at
which the post-selected experimental clustering becomes
larger than post-selected randomness. In all cases, the
post-selected experimental clustering continues to climb
for a few cycles until decoherence mechanisms begin to
degrade the data in excess of what post-selection can
mitigate for, typically at t ≈ 8. After a few more cy-
cles, the post-selected experimental clustering drops to
the clustering value of post-selected incoherent uniform
randomness and remains there for the rest of the simu-
lation. The right-most vertical dashed line demarcates
this point, which occurs at t ≈ 12 roughly independent
of system size. For each system size, the region between
the two vertical dashed lines is where the post-selected
experimental clustering is in excess of post-selected in-
coherent uniform randomness and is therefore the coher-
ence window over which we calculate the cycle-averaged
complex network observables. We remark that after the
end of the coherence window, t ≈ 12, for L = 21 and
L = 23 the post-selected experimental clustering fails to
return to the value associated with post-selected inco-
herent uniform randomness. We do not regard this as an
extension of the coherence window. Rather, inspection of
Supplementary Figure 7 shows that after t ≈ 12, the 21-
qubit chains are retaining fewer than roughly 100 of the
100,000 initial measurements while the 23-qubit chains
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are retaining fewer than about 10 of the initial 100,000
measurements. As such, error bars become significant
and calculation of observables after t ≈ 12 in each case
becomes unreliable.

SUPPLEMENTARY NOTE 8 – EFFECT OF
HIGHER PRODUCT STATE FILLING

Throughout the main text, we have focused on a par-
ticular initial condition for our Goldilocks QCA circuits,
namely |0 . . . 010 . . . 0〉, a single central bit flip in a chain
of L qubits. This was done so as to be able to per-
form finite size scaling analyses of complex network mea-
sures in a sensible and well-controlled manner, as well
as the close analogy to a standard initial condition for
elementary classical cellular automata. Moreover, it was
previously shown that the ability of Goldilocks QCA to
generate physical complexity is largely insensitive to ini-
tial conditions [3]. However, it is an important question
as to whether our experimental protocol, including post-
selection, for effectively generating coherent small-world
mutual information networks generalizes beyond the par-
ticular instance of the single bit-flip initialization.

Supplementary Figure 13 shows the effect of increas-
ing the number of isolated bit flips in the initial state
on clustering dynamics of a 17-qubit chain simulated on
Google’s 23-qubit Rainbow processor. In particular, the
Supplementary Figure 13a corresponds to the initial con-
dition |00000100000100000〉, Supplementary Figure 13b
corresponds to the initial condition |00010000100001000〉
and Supplementary Figure 13c corresponds to the initial
condition |00100010001000100〉, i.e., equally spaced |1〉’s.
We observe the following. First, the long-time average
clustering values of the emulated data fall as the number
of initial bit flips increase. Second, the raw clustering fol-
lows the expected behavior in all the panels, rising briefly
before decaying down to incoherent uniform randomness
at around t ≈ 12. Third and most importantly however,
we note that increasing the number of initial bit flips de-
grades the ability of post-selection to correct for errors.
While two initial bit flips (Supplementary Figure 13a) re-
sults in post-selected experimental clustering that follows
the emulated curve relatively closely until t ≈ 4 when it
begins to degrade, three bit flips (Supplementary Fig-
ure 13b) results in agreement out to only t ≈ 2, and four
initial bit flips (Supplementary Figure 13c) sees imme-
diate disagreement between emulation and post-selected
experiment after t ≈ 1. In fact, for four initial bit flips,
there is no QCA cycle for which post-selected experimen-
tal clustering is meaningfully improved over raw exper-
imental clustering during the coherence window. This
indicates that while our experimental protocol, includ-
ing post-selection, is most appropriately applied at very
low initial bit flip filling, it struggles to produce emergent
complexity in the face of noise at higher filling fractions.

This is likely because at higher initial isolated bit-flip fill-
ing, there are more error processes that cause amplitude
renormalization but still keep the state vector in the pro-
tected sector of Hilbert space. That is, there are more
locations in a higher-filling bit string where an erroneous
bit flip will nonetheless result in domain wall conserva-
tion.

SUPPLEMENTARY NOTE 9 – COMMENT ON
SIMULATION PLATFORM CHOICE

Here, we comment briefly on our choice of simulation
platform for the experimental realization of QCA. First,
we justify the use of a universal, gate-model processor
against an analog quantum simulator. Chains of Ryd-
berg atoms up to 51 and trapped ions up to 53 sites
long have been used simulate the many-body dynamics of
kinetically-constrained (sometimes called PXP [18]) and
quantum Ising-type spin models out to microseconds and
milliseconds long, respectively [19, 20]. These are the ex-
isting experiments that most closely approximate ours on
the analog simulation side of the field. While these exper-
iments exhibit larger qubit counts and, in some instances,
better coherence properties, analog quantum simulators
are highly-constrained in the systems they can simulate
by the native degrees of freedom and interactions of the
underlying simulator. That is, while particular analog
simulation platforms may be appropriate for simulating
particular quantum cellular automata, it would be very
difficult to design one as a general-purpose QCA simu-
lator. This reflects the need for universal, gate-model
machines writ large. As such, though it is required in
our experiment to combat higher noise levels than those
found in analog simulators through a variety of tech-
niques, some of which thereby limiting the observables
we are able to calculate, our approach to QCA simulation
is generalizable not just to other QCA in one-dimension,
but to those of higher dimension and greater connectivity
as well, given sufficiently improved noise characteristics
of the underlying quantum processor.

Second, having addressed the issue of analog versus
digital quantum simulation, we remark upon our par-
ticular choice of digital platform. There currently ex-
ist various approaches to constructing gate-model quan-
tum computers, among them superconducting, trapped
ion, neutral atom, photonic, and topological qubit-based
processors. Each of these approaches involves design
trade-offs. At the time of performing our experiment,
the large majority of cloud-accessible gate-model quan-
tum computers were either trapped ion (e.g., Quantin-
uum, IonQ) or superconducting machines (e.g., Google,
Rigetti, IBM). The capability of a given quantum proces-
sor involves trade-offs in terms of qubit count, qubit con-
nectivity, decoherence times (relative to gate execution
times), native gate expressiveness, and gate and state-
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Supplementary Figure 13. Effect of higher product state filling. Clustering coefficient as a function of QCA cycle for three
different numbers of isolated |1〉s in the initial product state, 2 (a), 3 (b), and 4 (c), for L = 17 on the Rainbow processor (blue
curves: numerical emulation; red points: Rainbow data without post-selection; green points: with post-selection). Error bars
are one standard deviation in C over four different qubit chains. Black dashed lines represent the clustering of the incoherent
uniform random state, subject to post-selection on the appropriate eigenvalues of O corresponding to the three different initial
conditions: 10 (L− 7), 6 (L− 11), and 2 (L− 15).

preparation and measurement error rates. While trapped
ion two-qubit error rates can be somewhat lower than
superconducting error rates– e.g., ∼ 0.3% for Quantin-
uum’s H1.1 processor– and are fully-connected due to
the ability to shuttle ions, cloud accessible trapped ion
processors remain rather size-limited with respect to su-
perconducting processors [21]. For example, at the time
our experiment was performed, Quantinuum’s cloud-
accessible processor could load up to 12 ions and IonQ’s
processor could load up to 11 ions. By comparison, we
have simulated QCA as large as 23 qubits long. More-
over, we did not require all-to-all connectivity for our
QCA circuits since all interactions were nearest-neighbor.
We also note that our employment of the Floquet cal-
ibration technique allowed for the additional suppres-
sion of two-qubit gate error in our system beyond the
∼ 1.4% rate determined by cross-entropy benchmarking.
As for superconducting processors, the Rainbow and We-
ber processors on which we ran our experiments are at
least as performant as those offered by other supercon-
ducting processor vendors such as IBM or Rigetti. In
summary, it is unlikely that running our QCA circuits
on a different current-generation, gate-model quantum
processor would have resulted in a positive step-change
in terms of fidelity, although we would be fascinated to
see our results repeated or improved upon on a different
architecture.
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