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Supplementary Note

Supplementary Note 1: Experimental setup and methods

In this section, we describe the details about the experimental setup, the dynamical behavior of the
oscillators without coupling, the of the phase model using LASSO.

SN 1.1 Experimental setup

The experiments were carried out in a standard three-electrode electrochemical cell. The cell con-
sists of a nickel-array working electrode (W), a Pt-coated Ti rod as a counter electrode (C), and a
Hg/Hg,SO, sat. KoSOy as a reference electrode (R). The electrolyte was a 3.0 M sulfuric acid solu-
tion at a constant temperature of 10 °C. The electrode array consisted of four 1-mm diameter nickel
wires embedded in epoxy with a spacing of 3 mm. A multichannel potentiostat (Gill-1IK64, ACM In-
struments) interfaced with a real-time LabVIEW controller measured the potential drop [E}(¢), with
respect to the reference electrode] and set the circuit potential (V) of the working electrodes indi-
vidually at a rate of 200 Hz. The electrode potentials are corrected for offset 0;=0.92 V, 0,=0.98 V,
03=0.91V, and 0,=0.97 V.

SN 1.2 Behavior without coupling

The offset circuit potential to each oscillator was established 20 mV above the Hopf bifurcation
(Vo1=1850 mV, V{2=1100 mV, 1} 3=1660 mV, V; 4=1103 mV). The natural frequencies [Supple-
mentary Fig. (1| (a)] were adjusted to have values of w;=0.152 Hz, w,=0.385 Hz, w3=0.237 Hz and
w4=0.384 Hz with a set of resistors and capacitors [;,q4,1=12.0 kohm, C;,,4=440 pF, R;,q2=1.00 kohm,
Rina3=12.0 kohm, R;;,q.4=1.00 kohm. Without coupling, we observed that the slow oscillators (1 and
3) have about twice the amplitude than the fast oscillators (2 and 4). Supplementary Fig. [I] (c) shows
the electrode potential time series of each oscillator.

SN 1.3 Phase dynamics

Phase definition.We used the peak-finding approach [1] to extract the phase of each oscillator and
then linear interpolation between peaks from the experimental electrode potential time series. When
there is no coupling, the pairwise phase difference shows a linear growth [Supplementary Fig..|1|(b)]
and the triplet phase differences, ¢;, j=1, 2, do not show phase slip behavior [Supplementary Fig.(I|{(d)].

Fitting of phase dynamics As described in the main text, the impact of triplet interactions on the



Table 1: Recovered coefficients from Eq. [I]

Coefficients Oscillator number
1 2 3 4
A 0.953 2.368 1.467 2.383
W 2.76 x 107° 0 —4.61 x 107 0
w2 —6.40 x 1078  —6.63 x 107 —1.32 x 107”7 0
C’f 4.89 x 1073 5.04 x 1073 3.15 x 1073 0
D’f 9.27 x 107 1.23x 1072 —3.10 x 1073 0
Ck —1.49 x 1073 0 3.16 x 1073 4.63 x 1073
Dk —1.73 x 1073 0 —7.37 x 107 1.64 x 1072

dynamics can be extracted with a LASSO fit to the 0, values according to

2
O, = () + Y Clsin(g;) + D¥ cos()) (1)

J=1

where Wi (t) = @) + @it + @t? is the fitted, slowly drifting (up to quadratic variation in time)
natural frequency, and C’]’iC and D}“ are the amplitudes of the sin and cos phase coupling functions
corresponding to the appropriate triplet phase differences.

For the fit, the instantaneous frequency, 0, was obtained with the numerical derivative of the
phase of each oscillator from the experimental times series. The 0, was filtered by a first order
Savitzky-Golay filter for 45 s. Using ¢;, we fitted the 0, with LASSO method. In LASSO, the
regularization parameter determines how many parameters in the fitted model should be set to zero.
We used a regularization parameter so that the mean square error is 20% higher than the best fit (no
regularization). The fitted parameters are:
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Supplementary Figure 1: Dynamical behavior without coupling in the experiments. a) Natural fre-
quency of each oscillators without coupling w,=0.152 Hz, w,=0.385 Hz, w3=0.237 Hz and w,=0.384
Hz. The blue, orange, yellow and green dots represent the elements 1 to 4 respectively. b) Time
series of the phase difference with respect oscillator one. The blue line: 6;-6; = 0, orange line: 65-61,
yellow line: #3-6, and green line: 6,-6,. c) Electrode potential time series. Blue, orange, yellow, and
green line corresponds to oscillator one to four respectively. d) Time series of the slow phases, ¢,
(blue) and ¢, (green) without coupling.

Supplementary Note 2: Proof of emergent higher-order networks

We consider ODE:s of the general form

& =k — Brezklanl® + aflk(z, - 2) )
for k € {1,...,n}. Here, each z; takes values in C and o € R denotes the coupling parameter of the
interaction. We moreover have i, 7x € C non-zero, and write 7, = A + iwy, forall k € {1,...,n}.

Note that A € R may be seen as the bifurcation parameter for a Hopf bifurcation, which might in par-
ticular vanish. Each interaction function H;, : C" — C is assumed smooth (i.e. C*°) for convenience,
and satisfies H(0) = 0 and DH(0) = 0.

We will show that the ODE (2)) can be put in a particular normal form that allows us to predict
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the dynamics of the phases of the oscillators. Our technique for doing so involves two successive
coordinate transformations:

wg = 2 — aPy(2) 3)
up = wy, — aQr(w)

for some appropriately chosen polynomials P, and (). The first of these transformations is used to
remove the term aH}(z) from the ODE (2). This will generate additional terms in o that may be
expressed in the coefficients of Hj and P following certain combinatorial rules. In order to describe
this combinatorial behavior, we first introduce a useful bracket [e||e] on the space of polynomials,
see Definition [Supplementary Note 2:.6| The first coordinate transformation will also produce terms
in « involving P, and Byzi|2zx|?. Again our bracket allows for a precise description of these new
terms, which we then remove using the second coordinate transformation. The precise bookkeeping
enabled by the bracket will be crucial in determining what non-resonance conditions are needed for
the second transformation. In fact, it will turn out that the non-resonance conditions needed for the
first transformation are sufficient to ensure the second.

We first present the main result, Theorem [Supplementary Note 2:.4] in Subsection There
we also develop the necessary definitions, notation and machinery needed for the proof, which is then
presented in the remaining subsections.

SN 2.1 Preliminaries and results

In order to analyse the ODE (2), it will be useful to write

Hi(2) = Hy(2) + O(|2|"),

where H{(z) is a polynomial denoting the terms up to degree d in the Taylor expansion of Hj(z)
around the origin. We will mostly work with the value d = 5. Note that H(z) is therefore a
polynomial in both the variables zi,..., 2z, and their complex conjugates zi, ..., z,, with complex
coefficients. In general, whenever we talk about a polynomial we will always mean a complex poly-
nomial in its given complex variables and their complex conjugates. It will also be useful to write
H(z) = (Hg(z)) for the vector valued function that captures all interaction functions Hy(z) as its
components, and similarly set H%(z) = (HZ(z2)).

As is often the case with normal form calculations, we will need to assume some conditions on
the wy, (or more precisely the ;). These will depend on the coefficients of H}(z). To this end, we
define:

Definition Supplementary Note 2:.1. Let
R(z) =czi ... 252 2 4)

be a monomial term in A ,f(z) where cis a complex number and s4, . .., S,, t1, ..., t, are non-negative
integers. The kth non-resonance condition of R(z) is the condition
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51w1+---+snwn—t1w1—---—tnwn—wkﬁ’éo- (5)

Note that, as w, denotes the imaginary part of 7, for all / € {1,...,n}, the kth non-resonance
condition guarantees in particular that:

3171+"'+3n7n+t171+"'+tn7n_7k#07 (6)

which will play a role in much of the proofs and constructions below. In fact, varying A and allowing
the particular case A = 0, we see that equations (5)) and (6)) are equivalent in general. Next, the kth
non-resonance condition of a polynomial is defined as the union of the £th non-resonance conditions
of all of its monomial terms. Finally, the non-resonance condition of a polynomial map H¢(z) =
(H{(z)) is the union over all k € {1,...,n} of the kth non-resonance conditions of H{(z). A

Example Supplementary Note 2:.2. Suppose the interaction functions are given by the polynomials

n

Hy(z) = ch,ﬂkzz, @)

(=1

for some (possibly weighted) connection matrix ¢ = (¢,) € C**". It follows that the kth non-
resonance condition of Hy(z) is given by

Wi —we —wp = —wg # 0 forall £such that ¢ o # 0. (8)

Hence, we see that the non-resonance condition of H(z) = (Hy(z)) is satisfied if we simply have
we # 0 for all nodes ¢ € {1,...,n}. A

Example Supplementary Note 2:.3. Suppose the interaction functions are given by the polynomials
Hy(2) =) cralanZe + 520) | )
=1
for some connection matrix ¢ = (cj¢). The kth non-resonance condition of Hj,(z) is now given by
W — Wy — W = —Wy 7& 0 and (10)
2w —wp — Wi = wg — wy # 0

for all ¢ such that c;; # 0. If we assume for convenience that ¢ encodes a symmetric, connected
graph, then the non-resonance condition of H (z) is satisfied if

we # 0 forall nodes ¢ € {1,...,n} and (11D
w, — w, 7 0 for all edges e = [p, ¢] between nodes p and ¢ .

A



We are now ready to formulate the main theorem. It tells us that, under the relevant non-resonance
conditions, we may transform the ODE (2) into a system with leading interaction terms involving
only three-way “hyper-interactions” and with coupling constant o®>. See Proposition

tary Note 2:.9| for an exact description of the new leading interaction terms in Theorem
tary Note 2:.4

Theorem Supplementary Note 2:.4. Let H} denote the fifth order Taylor expansion of the kth inter-
action function Hy : C" — C. Assume the non-resonance conditions for H> = (H}) to hold. Then
the ODE () is locally conjugate to

iy = Yy — Brug|ur* — *Gy(u) (12)
+ O(|allul® + [ |ul® + |a?|ul*)

with u, € C and for some complex polynomials Gy with only terms of degree 3 and higher. See
Proposition|Supplementary Note 2:.9|for an exact description of the G,

Note that Equation (12)) gives a precise description of w; up to sixth order in v and .

Remark Supplementary Note 2:.5. Theorem [Supplementary Note 2:.4{tells us that, under the relevant
non-resonance conditions, the a-terms can be ‘pushed back’ to order |«||u|®. Technically speaking,
this means we can ignore these remainder terms only when au® << o?u?, i.e. when u? << a.
However, it will be clear from the proof in subsections [SN 2.2] and [SN 2.4] that if the non-resonance
conditions hold for terms in Hy beyond H;, then we may arrange for a remainder in « with higher
order terms in u. That is, we then get the remainder & (|a||u|™ + || |u|® + |«|?|u|*) for a correspond-
ing value of N > 6. As the interaction functions Hj are taken to be polynomials in our examples,
with the non-resonance conditions holding for all terms, we in fact expect a remainder of the form
O(|alul™ + |a?|ul® + |a|?|u|*) for arbitrarily high value of N. Hence, we may neglect all terms that
are first order in o, and obtain a new coupled system with coupling constant a2 A

The new interaction functions (G, can be obtained from H by a combinatorial construction on the
Taylor coefficients. This is best described using a bracket on polynomials that we define below. We
will furthermore make extensive use of this bracket throughout the proof of Theorem

tary Note 2:.4

Definition Supplementary Note 2:.6. Let R(z) be a complex polynomial and let S(z) = (S1(z2), ..., Su(2))
be an n-tuple (i.e., a vector) of complex polynomials S;(z), ..., S,(z). We let [R||S](z) be the com-

plex polynomial obtained by (formally) assuming each variable z; is time-dependent (i.e., z; = z;(t))

and satisfies z; = S;(z), after which we differentiate R(z) with respect to ¢. That is, we set

d zj = Sj(w)
[B]]S](2) == — R(2) | Vj € : (13)
{1,...,n}

The reason we choose this notation, instead of one involving the Jacobian of R, is to avoid confusion
with the complex conjugate variables Z;. Because each term Z; is substituted by S;(w), the expression
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[R]||S] is in general not complex linear in S.
In the special case where S(z) = (7121, - .., Ynzn) (With 74 as in Equation (2))), we set

Zj = 5%
TR(z) == [R||S](z) = %R(z) Vje . (14)
{1,...,n}

JAN

Example Supplementary Note 2:.7. It is not hard to see that the polynomial I"R(z) is obtained by

replacing every monomial
S1 Sn—=t1 —tn
eyt oozt ooz, ceC
in R(z) by

_t n

c(s171 4+ SV Y o Y)Y S B

Consider for instance the monomial R(z2) = R(z1, 29,21, 22) = 2322. We have

d )
ER(z) = 22141%0 + 21%5 . (15)
Hence, we indeed find
I'R(z) = iR(z) 2:1 —nAa o 221(1121)Z2 + 23 (7222) (16)
dt Z9 = Y222 !

= (2m +72)2322 = (2 +72)R(2).

A

The term G}, in Theorem [Supplementary Note 2:.4|will be given as the bracket [||e] between H®
and a polynomial obtained by slightly modifying H;. Hence, intuitively, G, should be thought of as
[Hi||H]. More precisely, we define:

Definition Supplementary Note 2:.8. Let P be a polynomial for which its kth non-resonance con-
ditions are met. The (kth) modified polynomial Py is obtained from P by replacing each monomial

ezt 25 E B ceC
in P by
czpt .. 2L Bt
St S T Y, —
In the special case where P = H{ for some d < 5, we will simply write H &= (HY), to denote the
corresponding modified polynomial. A



Proposition Supplementary Note 2:.9. In Theorem|Supplementary Note 2:.4|the terms G, are given
by

Gy = [H{||H?). (17)

It can be shown that [I/-j 3||H?] indeed only has terms of degree 3 and higher, using the assumption
that each Hj, (and therefore each H, @) only has terms of degree 2 and higher. See Remark
[mentary Note 2:.15|below. Note that we only care about the third and fourth order terms of G, as the
rest are absorbed in the remainder terms of Equation (12)). It will be clear from Remark
ftary Note 2:.15|that these lowest order terms do not change if we instead define

Gy = [H{||H, (18)
for d = 4 or d = 5. For this reason we will often simply write
G = [Hil|H]. (19)

Remark Supplementary Note 2:.10. Let I, C {1,...,n} denote the input set of anode k € {1,...,n}.
That is, I}, denotes those nodes that influence k, or more precisely those nodes ¢ for which

6Zg

0%y

# 0 or #0.

Note that I}, might not contain k itself. It follows that in general G (u) depends on variables for nodes

in the set
I = (U Jg) Uly. (20)

Lely,

This is because G}, = [H3||H?] is formed by replacing a term 2, (or Z,) in H3 by H3 (or H?), and
this is done for each ¢ € I),. We have also used here that H 3 likewise only depends on the variables
corresponding to nodes in [, or possibly a strict subset thereof.

In a similar way one sees that the third order terms of Gy, (that is, its leading order terms) are
given by ‘triplet terms’ «,u,u;, where we have r € I, and s,t € I, for some ¢ € I;. (Here each @,
may independently denote w,, or its complex conjugate 7,). See Figure 2] for a schematic depiction of
these emergent triplet terms. Of course the specifics of Hj,(z) might put additional constraints on the
terms that can show up in G (u). A

Example Supplementary Note 2:.11. As in Example [Supplementary Note 2:.2] let us make the
particular choice for the interaction functions

n

Hy(z) = Hi(2) = Y cremZe. (21)

(=1
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Supplementary Figure 2: Schematic depiction of the hidden ‘triplet terms’ that show up in Gy.

Here ¢ = (¢y) is the connectivity matrix of the network. We will assume that ¢, € {0, 1}, or more
generally ¢, , € R, if the network is weighted. We find

~ . i C _
Hy(z) = Hi(2) =Y =27 (22)
— e
A direct calculation now shows that

n

Gi(u) = [Hl[H)(u) = > 2 (Hy (u) + uHy(u)) (23)

=1 '*

Ck,L
= E E C pUkUplly + U E CoplUylyp

Zl%

Ck,¢ Ckp Ck, Cz
= E g U Uply, + g g ukwup

(=1 p=1 (=1 p=1

The first of these two terms counts all trees in the network that are formed by the node k£ and two
nodes that influence node k. The second term counts all trees formed by the nodes k, ¢ and p, where
k depends on ¢ and ¢ depends on p. JAN

We will gather some more facts about the bracket [e||e]. One important observation is given by:

Lemma Supplementary Note 2:.12. The map (R,S) — [R||S] is complex linear in R and real
linear in S. In other words, given polynomials R, R' and complex numbers ), j1, we have

(AR + pR'||S] = A[R[|S] + p[R]]S]. (24)
Given tuples S, S’ and real numbers a,b we have
[R||aS + bS'] = a[R||S] + b[R||S"] . (25)

11



Proof. Complex linearity in R is clear from the definition:

d 2 = Sj(w)
RISI) = SRE)| Vi 26)
{1,...,n}

Because of this, it suffices to show real linearity in S when R is given by a monomial of the form

R(2) = 2, %iy - - - 20y, 21 2 - - - Zjys

for some (not necessarily distinct) iy, ..., 4y, J1,-..,5 € {1,...,n}. We get
m l
R(z) R(z)
R||S](z) = —=S; S; : 27
RISIE) = 327 28.0) + X 8. @
from which real linearity in S follows readily. ]

We will also make extensive use of the following definition:

Definition Supplementary Note 2:.13. Given a complex monomial

Q(z) = 2" ... 2oz 2

where ¢ € C and with sy, ..., s,,t,...,t, non-negative integers, we define the degree of Q)(z) as
the number s; + -+ + s, + t; + - -+ + t,. The degree of a polynomial P(z) is then defined as the
maximum of the degrees of all the monomial terms of P(z), as is common. Similarly, we define the
lower degree of a polynomial P(z) as the minimum of the degrees of all of its monomial terms. A

It turns out our bracket has a predictable effect on degrees:

Lemma Supplementary Note 2:.14. Letr R be a polynomial and S = (S, . .., S,) a vector of poly-
nomials. If R has degree p > 0 and each of the polynomial components of S has degree at most p/,
then [R||S] has degree p + p' — 1 or lower. If R has lower degree q > 0 and each of the polynomial
components of S has lower degree at least ¢/, then [R||S] has lower degree q + ¢' — 1 or higher.

Proof. By linearity of the bracket (see Lemma [Supplementary Note 2:.12)), it suffices to show that
the degree of [R||S] is d + d' — 1 if R is a monomial of degree d and the components of S are all
monomials of degree d’. (By convention, we treat the zero-polynomial as a polynomial of any degree.)
As in the proof of Lemma [Supplementary Note 2:.12 we write

R(2) = 2, %iy - - - 20y, 21 Zj - - - Zj1s

for some (not necessarily distinct) iy, ..., %, J1,---, 71 € {1,...,n}. It follows that m + [ = d. As
in the previous proof we find

Si, (%), (28)

RIS = Y Es, () + 30

from which it follows readily that the degree of [R||S] is indeed d + d’ — 1. This completes the
proof. 0
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Remark Supplementary Note 2:.15. Lemmas[Supplementary Note 2:.12|and [Supplementary Note 2:.14|
give us an easy way of finding the third and fourth order terms of G, = [Hy||H] (and higher terms
if necessary). It follows that the third order terms of GG, are given by [ﬁ 2||H?], where we use that H
(and therefore each H ,3) has no constant and linear terms. Likewise, the fourth order terms of GG}, are
given by the bracket between the second order terms of Hy, and the third order terms of H, plus the
bracket between the third order terms of [ i and the second order terms of H. Note also that GGj, need
only be defined up to third and fourth order in Theorem [Supplementary Note 2:.4] as higher order
terms of a?G,(u) can be absorbed in the remainder & (|«|?|u|?) of Equation (T2). For this reason the
terms of degree 4 and higher in H r and H play no role in the construction of (the relevant terms of)
Gr = [Hy||H]. A

Next, we consider GG, in the situation where H), describes a coupled cell system as in the examples
of the main text.

Remark Supplementary Note 2:.16. Suppose each Hj is of the special form

2) = creh(z, %), (29)
=1
where z = (21, ..., 2,). Here (cy) is areal adjacency matrix and b : C*> — C has vanishing constant

and linear terms. It follows that we may write
= Z Ckl/ﬁk,é(zky 2), (30)

where ﬁu(zk, 2y) is obtained from h(zy, z,) by applying a monomial substitution to its terms in pre-
cisely the same way Hj, is obtained from Hj. By linearity of the bracket [e||e] in the first slot, we
get

G = [Hk;||H Zcuhu ug, we)||H] = ché (ke o (e, we) || H - (31)

(=1 /=1
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Moreover, we find

aﬁk,é(uka Up) aﬁk,é(uka ) a/fzk,e(uk, ) Ohy, (g, we) =

h Hl(u) = H H H H
[ k,f(uka W)H ](U) D kT oty Kt ED ¢+ o1, Vi
(32)
B aﬁk,é(ukauﬁ) ahkz( Ohye(uk, ug) . —_
= 8uk Ck p Uk, Up 8Uk g Ck ph(uk, Up)

8hk€ Ulmue 3hu ukuuf -
i (Z ) Bt (i)
Ohy o(ug, ug) (%k,e(uk,ue)—
= Z Chyp (Th(uk’up) + 8—Ekh(uk’u”)
oh (ug, up) 8ﬁy(u,u)—
*Z%( S T <>—<>>

= E Ckp k (up, wg, up) + E Czp (ukaufaup)

p=1
where we have set
h h -
1Gip(uk, Up, Up) = M}z(uk, up) + Mh(uk,up) and (33)
8uk 8uk
h h -
QGip(uk, Up, Up) 1= —8 k’é(uk’ue)h(ug, u,) + —8 '“’E(f’“W)h(u@, up) . (34)
aUg aUg

Combining equations through (34)), we obtain

ZZCkngp uk,u(g,up +chk40gp é uk,w,up). (35)

=1 p=1 (=1 p=1

We may interpret Equation (35)) as representing a new interaction structure, one where the interaction
is now encoded through certain trees in the graph instead of links. In this regard, the emergent
interaction function (35)) looks a lot like our original response function (29), but counting such trees
instead of links. The only way in which Equation (33) does not generalize Equation (29) perfectly
is by the fact that 1Gip and lGip have indices k, ¢ and p (whereas h does not). However, we see
from equations and that there is no dependence on p; this index is only there for notational
purposes. Moreover, the dependence on k and / is only through a rescaling of the monomials. Hence,
we find an emergent interaction that is in very good agreement with a generalization of our original
interaction to tree interaction. What is more, the trees that Equation (33) counts are easily identified
in the original graph. See Example [Supplementary Note 2:.11] which describes a special case of
interaction through (29), and the corresponding Figure 3 of the main manuscript. A
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Example Supplementary Note 2:.17. We return to Example [Supplementary Note 2:.3] where the
interaction functions are given by

n

Hy(2) =Y cral(2nZe + 220) - (36)
/=1

This is of the form (29)) as discussed in Remark [Supplementary Note 2:.16] with h given by

h(zk, 2e) = (21 + 20)Z0 . (37)

Following the notation of Remark [Supplementary Note 2:.16, we see that

~ = 2_
Pelzn, 2) = 28 4 R (38)
Yoo kT Ve
We therefore find
Z 22,2 +29z0z, 222+ 2)zZez
LG (g, g, uy) = <g N Zka ) (2 + 22)Z, = (2 _zk)zgzp N (2} Zk_)ZgZp (39)
Ye o Vet TVe Ve Ve + Ve
2 = =2 2(% =2
o) = (24 ) (4 - 2D Gy
Ye o Vet Ve Ve Ve + Ve
As we may ignore terms of degree 5 and higher, we may also set
2e + 2020z, | 22377
lGip<uk’7u€7up) = ( £ —k> s + L Z_P ) (40)
Ve Ve + Ve
2(Ze +722)z 2%z
2GP (g g, 1) — eEtZ)% | A
Ve Tk Ve
which describe the new interaction through Equation (33). A

SN 2.2 A coordinate transformation

In this subsection and the next ones we prove Theorem [Supplementary Note 2:.4|and the accompany-
ing Proposition [Supplementary Note 2:.9] Recall that we want to transform

2 = Year — Brzrl k]t + aHg(2), (41)

into an ODE where the leading interaction terms are of order o®. Recall as well that H7(z) denotes
the Taylor expansion of Hy(z) up to fifth order. In particular, we may write

Hi(z) = HY(2) + 0(]2]") . (42)

It follows that H} () is a complex polynomial of order 5 in the variables zy, . .., 2, and Zy, . . . , Z,,.

We write z = (21, ..., 2,), and similarly for other variables, and assume implicitly that any function
of z may also depend on its complex conjugate Z = (Z1, ..., Z,)-
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We start by rewriting the ODE (1)) using the transformation
Wy = 2 — aﬁg(z) = zr — aPy(2), (43)

where we have set P, := H > for convenience. Note that each P, : C* — C is a complex polynomial
of lower degree 2 (see Definition[Supplementary Note 2:.13). It follows that Expression (4 3)) describes
an invertible transformation around z = (. The following lemma deals with its inverse.

Lemma Supplementary Note 2:.18. Suppose the variables w = (wy, ..., w,) may be expressed in
z2=(z1,...,2n) and a by
wi = 2, — aPy(2), (44)

for some polynomials Py, of lower degree d > 2. Then z can be expressed in w and « by the formal
expression
2y = wy, + aPy(w) + &® Ry o(w) + &® Ry z(w) + . . . . (45)

Here the Ry +(w) are polynomials with lower degree (d — 1)t + 1 or higher.

Proof. We write
2k = Rio(w) + aRp1(w) + Ry a(w) + ..., (46)

for some functions Ry ;(w) : C* — C. To determine these functions, we substitute the z variables in
Equation (44)) by Expression (46). We obtain

wy = 2k — aPp(21,. .., 2n) “47)

= {Rk,()(w) + Osz,l(w) =+ .. ] — OéPk([Rl’o(’w) + OéRLl(U)) =+ .. .], ceey [Rn’(](’w) -+ OéRnJ(U)) + ...

Comparing constant terms in « (i.e. o), Expression gives us

This simplifies Equation to
wg = [w + aRg1(w) +...] — aPy(Jur + aRy1(w) + ... ], ..o [w, + aRp 1 (w) +...]) . (49)
Comparing a-terms now yields
0= Ry (w) — Pe(w), (50)
so that
Ry 1(w) = Py(w). (51)

It remains to show that the higher order terms are indeed polynomials of the required lower degree.
We will show this by induction on ¢. Note that Ry, o(w) = wy, has (lower) degree (d —1)0 + 1 = 1.
Likewise, Ry 1(w) = Py(w) is of lower degree (d — 1)1 + 1 = d. We therefore fix an integer 7' > 1
and assume that the function Ry ;(w) is a complex polynomial of lower degree (d — 1)t 4 1 or higher
forallt < T and k € {1,...,n}. The o’ terms in Equation (#9) are given by

0= Rpr(w) — o Pu([wy + aRi1(w) + ... ], [wy + aRp1(w) +...]). (52)
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Here [a” '] F(a) denotes the o’ ! term in the expansion of a function F in .. As P, is a polynomial
of lower degree d, the o’ ! term in

Py([wy + aRy1(w) 4+ .. ], .. Jw, + aRp 1 (w) + ... ])
must be a finite sum of scalar multiples of expressions of the form
Ri1,t1 (w)Riz,tz (w) s Ri57ts (w) )

for s > d and for some iy,...,i, € {1,...,n} and t;,...,t, € Z¢ satisfying t; + --- +t, =
T — 1. Each term R;, ; (w) may furthermore independently denote R;, ; (w) or its complex conjugate
Ri 1, (w). As we have t; +--- +t, = T' — 1, it in particular holds that ¢,,...,t, < T — 1. By the

induction hypothesis, we therefore know that each of the terms }?i].,t]. is a polynomial of lower degree
(d — 1)t; + 1 or higher. This means the expression

Rihh (w)Riz,tz (w) st Ris»ts (w)
is a polynomial of lower degree D satisfying
D>[d-Dty +1]+[(d=Dta+ 1]+ -+ [(d = 1)ts + 1]

[
=(d—=1)(ty1+ta+---+1ts)+s

= d-D)T-1)+s>(d-1)(T—-1)+d
= (

It follows from Equation (52)) that R, r(w) is indeed a polynomial of lower degree (d — 1)T + 1 or
higher for all £ € {1,...,n}. This proves the lemma by induction. O

Setting d = 2, it follows that the inverse of Equation is given by
2 = wy, + aPp(w) + O(|a*|w?). (53)

At some point later on, we will need to know Expression (53) up to higher order terms. To this
end, we will show how our bracket [e||e] from Definition [Supplementary Note 2:.6| shows up when
performing coordinate transformations.

Lemma Supplementary Note 2:.19. Letr R(z) be a complex polynomial and suppose we may express
the z-variables in some new w-variables by

2y = wy + aSp(w) + O0(|a?), ke{l,...,n}. (54)
Here each Sy is a complex polynomial and we have o € R. Then R(z) is given in the w-variables by
R(z) = R(w) + o[ R||S](w) + O(|af*), (55)

where we have set S = (S1,...,Sy).
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Proof. We write R(z) as

R(2) = To(w) + aTi(w) + O(|af), (56)
where Tp(w) and 77 (w) are to be determined. Assume first that R(z) is given by
R(Z) = Zi1%ig - - Zimzjﬁh c. Ejl?
for some (not necessarily distinct) i1, . . ., im, j1,-- -, 51 € {1,...,n}. We get
R(z) =2y ... 2,25, - - Zj, (57)
— (s, + S, () ... (wy, + Sy, (w)) (@, T a5, (@) ... (w5, + 4By () + O(laf)
m l
R R(w)—=——
=, Ty T o (Z W)+ S0 Mg <w>> +0(Jal?)
s=1 is r=1 b

= R(w) + o[R||S])(w) + O(|a]?),

where in the last line we have used Expression from the proof of Lemma|Supplementary Note 2:.12]
As Ty and 77 are determined linearly by R, we may conclude from Lemma [Supplementary Note 2:.12|
that 7y (w) = R(w) and T} (w) = [R||S](w) for general polynomials R. This completes the proof. [

Example Supplementary Note 2:.20. Suppose we are given the polynomial Q(z) = Q(z1, 22,21, 22) =
2? + 2,Z,. Equation (54) gives

Q(2) = (wy + aSi(w) + O(|a)?))? + (wi + aSi(w) + O(Ja*) (ws + Sy (w) + O(|af?))  (58)
= (w1 + oSy (w))? + (w1 + @Sy (w)) (W, + aSy(w)) + O(|af?)
= w? + w Wy + a(2w1S1 (w) + wy Sa(w) + Sy (w)Wy) + O(|af?)
— Q) + a2Q(w)| U1 =) g(jap)
dt Wy = Sz(w)
= Q(w) + a[Q||S)(w) + O(|af?),

which is in accordance with Lemma [Supplementary Note 2:.19| A

Returning to the transformation (@3]) with inverse Equation (53, we may in fact conclude the follow-
ing:

Lemma Supplementary Note 2:.21. Suppose we have a coordinate transformation of the form
wg = 2z — aPy(2), (59)

where each Py, : C" — C is a complex polynomial of lower degree 2 or higher. The inverse transfor-
mation is given by
2, = wi + aPy(w) + o®[Fy||PY(w) + O(|afw]*) (60)

where P = (P, ..., P,).
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Proof. It follows from Lemma [Supplementary Note 2:.18|that we may write

2 = Wy, + ali(w) + o Rip(w) + O(|aflwl), (61)

for some function Ry, »(w). Hence, we only have to show that Ry »(w) = [FPy||P](w). To this end, we
rewrite Expression (59)) as
2 = wg + aPy(2) . (62)

Next, we use Equation to write

2k = wy, + aPp(w) + O(|af?). (63)

Applying Lemma [Supplementary Note 2:.19|to the term P;(z) and the transformation yields

Py(2) = Po(w) + of | |P)(w) + O(|af?). (64)
Combined with Equation (62)), we obtain

2, = wy + a(Pu(w) + a[Py||P)(w) + O(|a]?)) (65)
= wy + aP(w) + *[P]|P)(w) + O(laf?) .

Comparing the two expressions and (63) for z;, we see that indeed
2y = wy + aPy(w) + [P | P (w) + O(|a)|w|*) . (66)
This proves the lemma. 0

Our next step is to differentiate Equation (43]) with respect to time. This gives us

) ) d
Wy = 2 — a%P;ﬁ(z) ) (67)
We will first focus on the term J
—P 68
dt k(z) ) ( )

and then deal with the term 2.
The term 0, P, We first focus on the term (68]). We start by rewriting Equation (@1)) as

2 = nzk — Brezklzk]? + aHg(2) (69)
= ez — Bezwl2k)® + aHR (2) + O(|a|2]%)
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where we recall that H}(z) denotes the Taylor expansion of Hy(z) up to fifth order. From Equation
(69) and Lemma [Supplementary Note 2:.12| we get

d d 2=z — Bizilz)? + aHj(2)
Zp _%p 7= 5% %5175 J 70
a0 = B e (0 ) (70)
_d 25 = Y525 — Bzl + aHj (2) 7
=@t vie 1 n + Olallz[)

= [Bull(- - 7525 — Bizglas* + @l (2), .. )](2) + O(|all=]")

= [Bull(- o520 I = [Pl Bizglzg P ))(2)

+ a[B| (.. . ,H;(z), ~O))(z) + ﬁ(|a\|z!7)

=T Pi(2) — Li(2) + [P |H*)(2) + O(|a]|2]T)
where we have set

Li(2) = [Bll(- ., Bzl %)%, )(2)
and
H’ = (,Hj’(z),)

We have moreover used that P, (z) has lower degree at least 2 to arrive at the remainder term &'(|a||2|7),
and we refer to Definition [Supplementary Note 2:.6| for the meaning of the term I' P (z). Note that

Li(2) is a polynomial of lower degree at least 4, whereas [Py || H®](2) has lower degree 3 or higher.
Next, we return to Equation (53)), which we recall states

2 = wi + aPr(w) + O(Jaf|w|®) = wp + O(|al|w]?). (71)
We obtain
Li(2) = Li(w) + O(|al[w]) (72)
[Pel| H?)(2) = [Pl | H?)(w) + O (|a[w]") . (73)
From Lemma [Supplementary Note 2:.19| we furthermore get
[ Pi(z) = TPi(w) + a[LB|Pl(w) + O(|af*|w]*), (74)
where we have set P = (P,..., P,). The remainder term in Equation follows from the lower

degrees of I'P,(z) and Py(z), and the remainder in Equation (7T)).
Note that [['Py||P](w) is a polynomial of lower degree 3 or higher. Combining equations (70)),

(72), and (74)), we arrive at:
Lemma Supplementary Note 2:.22. The term

d
—P
ar )
may be expressed in the new w coordinates by
d
T Pu(2) = TP(z) = Li(2) + a[Pi[H°)(2) + O (o |=[") (75)

= [Pi(w) — Ly(w) + o Bl | H?)(w) + a[L P | P(w) + O(Jafjw]” + |af*|w]*).
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The term 2, Next, we focus on the term 2. Again we write.

2= M2k — Brezrlzn)® + aHy(2) (76)
= Yzk — Brzklzl® + aHR(2) + O(|al|2]%),

where H}(z) denotes the Taylor expansion of Hy(z) up to fifth order.
Recall the result of Lemma [Supplementary Note 2:.21] which tells us that

2k = Wi + aPy(w) + [P | P)(w) + O(|a*|w|*). (77)

Combined, and using Lemma [Supplementary Note 2:.19, we get

& =z — Buarlan]” + ol (2) + O(lal|2]") (78)
= (Wi + aPy(w) + o®[P|[Pl(w)) + O (|af*|w]*)
- ﬁkwk\wk\Q - O‘[ﬁkwk|wk|2‘|P](w) + ﬁ’(|a|2|wl5)
+ ol (w) + o [HE||Pl(w) + O(|aflw])
+ 0(lal[w]’)
= Yewy — Brwg|w]® + a(yPe(w) + H (w)) — a|Brwy|wy|*|| P)(w)
+ o ([Pl Pl(w) + [HE||P)(w)) + O (Jal[w]® + |aflw]’ + [af*|w]*).

We will write
Li(w) == [Brwg|wi?|| P (w), (79)
which has lower degree 4 or higher, to arrive at:

Lemma Supplementary Note 2:.23. The term z, may be expressed in the new w coordinates by

2k = Yewy, — Brwy|wg|? (80)
+ a(yPi(w) + Hi(w)) — aLj(w)
+ ([Pl [P](w) + [H||P)(w))
+ O(laf|wl® + o lw]” + |af|w]!) .

SN 2.3 The first reduction

We may now substitute the results of Lemma [Supplementary Note 2:.22] and Lemma
ftary Note 2:.23|into

. . d
w; = % — aEPi(z) ) (81)
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We obtain

Uy, = Yrwy — Brwg|wy|” (82)
+ a(yPi(w) + Hp(w)) — L (w)
+ o (V[ Pi| [ P)(w) + [HE|| P)(w))
+ O(lal|w]® + |a?[w]” + |afw]*)
— a(TPy(w) — Ly(w) + o P/ [H*)(w) + [T Py||P)(w))
= YWy — Brwg|wy|?
+ a(yPr(w) + Hi(w) — TPy(w)) + a(Ly(w) — Li(w))
+ a? ([ Pel| Pl(w) + [HR||P)(w) — [Pyl H?)(w) — [CPy|| P)(w))
+ O(laf|w]® + |a?|w]” + |a]w]*).

By Lemma [Supplementary Note 2:.12| we may further write this as

g, = wr, — Brwy|wy|? (83)
+ a(Py(w) + Hp(w) = TPy(w)) 4 a(Ly,(w) — Li(w))
+ [Py + HY — TR|Pl(w) — o*[Py|[H)(w)
+ O(|o[w]® + | [w]” + |af*[w]*).

Next, we claim that our choice of polynomial P, = H 7 guarantees that the term
Py + Hy — TP,
vanishes. More precisely, we prove:

Lemma Supplementary Note 2:.24. Let () be a polynomial for which the kth non-resonance con-

dition is satisfied. In particular, it follows that the corresponding modified polynomial (), is well-
defined. We then have

wQk +Q —TQ, =0. (84)

Proof. By definitions |Supplementary Note 2:.6/and |[Supplementary Note 2:.8, we see that it suffices
to show this when () is given by a single monomial

Qz) =234 28z 2

where #y,...,t,,51,..., s, are non-negative integers. More precisely, we use here that the maps
Q— Qrand Q — I'Q = [Q]|...,;2,...] are complex linear, when defined. By Definition
[Supplementary Note 2:.8| we find

Ou(2) 2. T gt Q(z)
k}Z = — — —_= — — .
St S F UVt Y, e ST Sa e H U Y, —
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Example [Supplementary Note 2:.7|now tells us that

F@k(2> _ (51/71 o+ Sy Y 0y +tn7n)zf1 -..Zfl”?tf E;"
S171 + S Y Y+ Y, — Yk
. (81”)/1 + ST +t171 4+ .- +tn7n)Q(Z)
st Syt o T, — T

We therefore conclude that

(5171 4 -+ 8V + 1Y+ 107,)Q(2)
SIM A+ - F SV + LYy + -+ T, — VE
7 Q(2)
SV + o+ SuYe T+ BT — T
(517 + - F S F 0T+ F 6T, — )Q(2)

TQx(2) — mQi(2) =

= = Q).

Sti+ -+ SV 0+ Y, — Y
Thus, we precisely find
W@+ Q—TQp = —TQr —uQr) +Q=-Q+Q =0,
which completes the proof.

—

As we have used the shorthand notation H? := (H 7),» we see that indeed
VoPy+ H? —TP, = v H) + H) —TH} = 0.
Returning to Equation (83)), we find that it simplifies to

by = yewy — Brwgwe|* + a(Li(w) = Li(w)) — o® [P |[H®)(w)
+0(|allw]® + |a*[w]® + a|w]")

where we recall that L}, and L? are defined as

Li(w) = [P|(. .., Bwj|w;]?, .. .)](w) and
Li(w) == [Brwg|ws*|| P](w) ,

which are both polynomials of lower degree 4 or higher.

SN 2.4 The second reduction

(85)

(86)

(87)

(88)

(89)

(90)

Next, we wish to get rid of the term «(Lj (w) — LZ(w)) in Equation (89). This follows along the same

lines as in the previous reduction. We start by defining new variables
up = wi, — aQr(w)
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where each () is a polynomial of lower degree 4 or higher. Note that by Lemma
ftary Note 2:.18| we may write

wy, = up + aQp(u) + O(|af?|ul”). (92)
Using Equation we obtain
L d u';j = YWy 6
uk—wk—aan(w) vie{l... . .n) +  O(|af|w]®) (93)

=iy, — al'Qr(w) + O(|a]w|®)
= mwy, — Brwelwi]? + a(Ly(w) — Li(w)) — o®[P||[H?)(w) — alQp(w)
+0(|allwl® + lallwl + |af*lw]*) .
Next, substituting wy, by the right hand side of Equation (I59)) yields
iy, = yw — Brwg|wil* + a(Li(w) — Li(w)) — o [Pe][H?)(w) — aT'Qp(w) (94)
+O(|allw]® + Jaf*lwl + |af*[w]*)
= g + aQr(u) — Brug|ug|®* + a(Li(u) — Li(u)) — o®[Py||H?](u) — al'Qp(u)
+ O (|allul® + |a|uf® + |af’lul*)
= g — Brulug|® + a(Ly(u) — Li(u) + 1Qx(u) — TQx(u)) — [P/ |H?)(u)
+O(lallul® +[al*lul® + af*ul*) .
It remains to choose () such that
Li(u) — Li(u) + 1Qur(u) = TQr(u) = 0. (95)
Setting Si(u) := L} (u) — L (u), Equation (93)) becomes

Qi + Sk —T'Qr =0, (96)

which is of the same form as Equation (84)). It therefore follows from Lemma (Supplementary Note 2:.24)
that a solution to Equation (93) is given by @, = Si, := (Sk),. if indeed this is well-defined. The
following lemmas show that the non-resonance conditions of H} are enough to ensure Sy, exists.

Lemma Supplementary Note 2:.25. The polynomial Sy,(u) = Li(u) — L2(u) may be expressed as

the sum of terms ui R(u) and |u;|*R(u) for j € {1,...,n} and with R(u) a monomial term appearing
in Py(u).

Proof. We start with L2 (u). By definition, we have

Li(u) = [Brug|ur®|| P)(u) = 2Brurtin Pe(u) + Srui Pe(u) 97
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As P(u) may be expressed as the sum of monomials that appear in Py (u) (tautologically), we see
that L7 (u) can indeed be written as the sum of terms u} R(u) and |u;|* R(u), with R(u) a monomial
appearing in Py (u).

Next, recall that L}.(u) is defined as

Li(u) == [Pel|( - ., Byuglui[*, .. )] () - (98)

By definition of the bracket [e||e], this means L (u) is obtained from P} by substituting terms u; by
Bjuilu;|* and terms w; by Bu;|u;|? = Bju;|u;|?. More precisely, if R(u) is a monomial term of
Py (u) given by

R(u) = ui* ... umal .. alr (99)
then we find
[ROI( Bl )] (w) (100)
n n
= Z sjuft .. .ujj_l(ﬁjuj\ujm VA T Z tust . utr st ._t” (Bjujlu,|?) ... atr
= =
n
_ZSJBJ‘UJP VR T .E%’+thﬁj|uj|2u‘il...uffﬂ?...ﬂ?...ﬂfﬁ
j=1

—Zs]ﬂ]w R(u +Zty8 ;| R(u) .

Hence, by linearity of [e||e] in the first slot (see Lemma[Supplementary Note 2:.12)), we see that L (u)
is again of the right form.

It follows that Si(u) = L} (u) — L (u) can indeed be expressed as a sum of the given monomials
terms. This completes the proof. [

Lemma Supplementary Note 2:.26. Let R(u) be a monomial and let k,j € {1,... ,n} be fixed
indices. The kth non-resonance condition of R(u) is satisfied if and only if the kth non-resonance
condition of |u;|*R(u) is satisfied, if and only if the kth non-resonance condition of uj R(u) is satis-

fied.

Proof. We write
R(u) = ui' ... ural ...l (101)

so that the kth non-resonance condition of R(u) is given by

S1w1 + o+ Spwy — tiwy — - — tw, —wi # 0. (102)
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It follows that the kth non-resonance condition of |u;|? R(u) is given by

Wj — wi+siwy + -+ Spwp — tiwy — - — Ty — Wi (103)
=s1w1 + -+ Spwp —twy — - — thw, —wip 0,

which coincides with that of R(u).
Likewise, the kth non-resonance condition of u? R(u) is given by

2 — S1Ww1 — +++ — SpWy + twy + -0+ thwy, — Wi (104)
= —S1W1 — 0 — SpWwp Hliwr + - fwn + wi
= —(s1w1 4+ Spwp — twr — o = twn —wi) # 0,
which is again equivalent to Equation (102). This completes the proof. O

Lemmas [Supplementary Note 2:.25| and [Supplementary Note 2:.26| guarantee that the Ath non-
resonance condition of Sy(u) = Li(u) — L2(u) is satisfied if the kth non-resonance condition of
P, =H » is satisfied. As i 7 has the same monomial terms as H (though rescaled), we see that the
kth non-resonance conditions of Si(u) are indeed satisfied. Therefore, a solution to Equation (93))
exists by Lemma (Supplementary Note 2:.24) and may be given by (), = S . Note that this choice of
(. has lower degree 4 or higher, as we assumed throughout.

Returning to Equation (94)), we finally arrive at

= e — Brurlu|* — o2 [Pl [H?)(w) + O (|allul® + Ja*[ul + |af*|ul®). (105)

We have therefore shown:

Proof of Theorem|Supplementary Note 2:.4|and Proposition|Supplementary Note 2:.9| The calculations
in this section show that the successive coordinate transformations

wg = 2z — aPy(2) (106)
U = W — an(w)

bring the ODE
2= ez — Braklzkl® + aHy(2)

into the form
i = g — Brulue]® — P [Pe|[H?)(w) + O (o [ul® + |o*|ul® + |o*[ul*).

If we now set R
Gr(u) := [P||H®] = [H}||H’]

then we indeed get
i = e — Brueluxl* — o Gr(w) + Olallul® + |o*|ul + [af*[ul*).

This completes the proof. 0

26



Supplementary Note 3: Anomalous synchronization on a 4-node
ring
Consider the four node ring network with a coupling function h(z,w) = zw. leading to

(107)

|

Nllgzl Y|
S— N N N

H=ma - BalalP + a1z + 2

( 4
29 = Yoz — 522’Z2|2 + azZ3 + 29

(

(

[y

23 = Y323 — ﬁZg’Zg’Q + « 2334 -+ zZ3

2y = yaza — Bzal2al? + a(24Z1 + 2473

We set the parameters Sy = —1, 7 = A+ iwp, A =landw; = 1+ 9, ws = 1 and w3 = 5 and
wy = 6 for performing the simulation of Eq. (107). We then vary the mismatch ¢ and coupling «.
Notice that by a naive inspection of the original equations we obtain

4
ék :wk—i—aZAkgsin@g

(=1

thus, instead of a diffusive interaction we would obtain a interaction akin to forcing [2]. For each set of
« and ¢ values, we simulate the network for 50000s with 0.01 time step. We remove first 10000s from
as transient and compute the unwrapped phases. As we are interested in the phase synchronization,
we introduce a new variable for the phase differences, ¢ = ¢, — 6, and a naive calculation leads to

b=0+ alsin @y + sin 0y — sin ) — sin 03] + O(a?).

Because w», w3 < wy, we can average over the fast oscillations and neglect contributions from these
phases then 0, = 6 + ¢ we would obtain a interaction term as a/sin 0; cos ¢ + cos 6 sin @] + O(a?),
however, since 6; is a fast variable for ¢ we also average over #;. Thus the whole interaction term
linear in « vanishes.

We calculate the mean synchronization error as

T
1

E=— t)). 108

= ; () (108)

The synchronization error for varying 6 = —0.2 to 0.2 with 0.01 step size and o« = 0.0 to 0.5 with

step size 0.025, we observed a synchronization tongue scales with a oc v/d (Supplementary Fig. .
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Supplementary Figure 3: Arnold tongue represents the phase synchronization between nodes 1
and 2. The tongue is illustrated for varying mismatch § and coupling strength . As the absolute value
of |§| < 1, synchronization occurs for small coupling strength. However, if the mismatch is high then
also stronger coupling is needed to emerge synchronization. The borderline between synchrony and

asynchrony scales with o o< /6.

SN 3.1 Explanation of anomalous synchronization via normal form theory

Recall that we may bring this ODE into the form

Uy = yiup — Bug|ug|?

(109)

— Uy

Uy = YoUg — 5“2\“2’2

Uz = 7y3u3 — 5“3\“3’2

Ug = YaUg — 5U4\U4’2

— XUy
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We will assume that v; ~ 7,. In particular, we consider the possibility that ; = ~,. In that case
we have 7 + 72 = 2Re(;), which may be arbitrarily small. Therefore, we may not assume that
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~v1 + 72 # 0. Other than this, there are no relevant restrictions. Le., v1,..., 74,7 — 73

all sufficiently large. It follows that we may bring equation (109) into the form

. V11UV
¥ = Y101 — Bor|vr]? — 6% + O (e, v]”)
2

. VU1V

Dy = Yo — PUg|vg|? — 6% + O (e, v]”)
1

. V39V

U3 = Y3U3 — 5U3|113|2 —€ 372 Ly ﬁ(|e,v|5)
2

. V4 U1V
by = Y40s — PBusglva]’ — 6% + O(le, 0]),
1

...7Y3 — 74 are

(110)

where € = . Note that the network topology has changed drastically. Moreover, performing a phase

reduction and introducing the phase difference 1) = 6; — 6, we obtain

¥ =06 —ca’siny

where c is a constant depending on ~;. By analyzing the fixed points of this equation we obtain
the synchronization tongue behavior where the critical coupling «. for synchronization scales as v/9.
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Supplementary Note 4: Phase reduction for » = (2> + z)w and
resonance w; — wa 4 + w3 = 0

For simplicity we fix 5, = —1 and obtain ~;, = 7§ + iw,. We also introduce A, = w, — w,. Note
that r(t) = ro + h.o.t along with 2z = ir20 + h.o.t. and

1 2 — Ay,
Yo + Ve 4rg + A2,

(111)

Replacing these observations into Eq. (6) of the main manuscript and performing the reduction we
obtain the functions in Eq. (7-8) of the main manuscript as

(¢) Apg b+ 27”(% in ¢
= ——F———COS —————sin
Pre g+ A2 ard+ A2,
UPQT(¢) = —Xpgr sin (b + Upgr COS ¢
(112)

where

) ( 441 )
r =T
Xpg O\ 4rd + A2 drg+ A2 i w? g+ w?

and
20, 20, Wy Wy

Upgr = — — +
pqr 1 2 1 2 1,2 A 2
drog + A2 g+ A2 rgtwr g+ WP

Supplementary Note 5:  Slow phase dynamics for h = (22 + 2)w
and resonance w; — wy 4 + w3 = 0

We consider networks of n coupled oscillators

Ze = fe(z) + ZAkéhk(zk; %) (113)

/=1

where z;, € C is the state of the kth oscillator, f;, : C — Cis its isolated vector field, h, : Cx C — C
is the pairwise coupling function, A = (Aij)2j=1 is the adjacency matrix describing the network
structure, and o > 0 is the coupling strength. We then generate a multivariate time series for a
four-node ring network, as illustrated in Figure |4 (a), with nonlinear pairwise coupling function

h(z,w) = (z + 2%)w. (114)
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a) Original Network b) Emergent Hypernetwork
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Supplementary Figure 4: Emergent hypernetworks with triplet interactions. (a) The original ring
network. (b) Hypernetwork recovered from original dynamics data. The state of a given node is in-
fluenced by triplet interactions. We show that as along as some sparsity is imposed when the model is
obtained from data, only hypernetworks can be found. Our theory predicts the emergence of the hy-
pernetwork determined by the original coupling function A, the network, and the resonance relations
among the isolated frequencies.

We fix A = 0.15, w; = 1.01, wy = 2.5, w3 = 1.5, wy = 2.49, and o = 0.18. Numerical integration
of complex differential equations is used to solve the differential equations for 10000-sec with 0.01-
sec time-step. We discard the first 5000-sec points as transient, and we obtain a multivariate time
series {z1(t), 22(t), z3(t), 24 (1) }2290.

Next, we aim at obtaining a model from the multivariate time series of z. Because « is small
and the isolated orbit is exponentially stable, the amplitude of each time series is slightly affected by
|z1] = VA + O(a) as illustrated in Figure. |5|(a), and the dynamics is captured by the phases 6y (t) of
2,(t). Therefore, we perform a polar decomposition z(t) = 74 (¢)e’® to get the unwrapped phase
of each time series and obtain governing equations of the model from its phase dynamics.

Each phase 60, has a frequency close to wy, as illustrated in Figure [5| (b). This means that the
growth of the phases is almost linear with coupling terms as perturbations. In fact, the coupling
terms generically contain fast variables such as phases 6’s and slow variables involving the resonant
combinations of phases such as 6; — 6, + 65 that change slowly in time. Therefore, we subtract the
linear growth of the phases to analyse the effects of the coupling. To this end, we introduce

Uy (t) = Ox(t) — Qut, (115)

where (2, is obtained from data under the resonance condition €2; — €2; + 23 = 0, with 7 = 2,4. In
the new phases the coupling has the same magnitude as the frequency mismatch w; — w; + ws, with
1 = 2, 4. Finally, we obtain a model for ;.. We assume the model

Vi = er + Hi(01, 02, 93,94)
where Hy = Y [chsind, + dj cos 0] + Y [ck  sin(d, — U,) + d  cos(V, — Ug] + > [ch, sin(d, +
Uy — Vi) + d’;q cos(V, + Y, — ;)] Note that this includes pa1rw1se and trlplet interactions. We solve
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for the coefficients to obtain the least square approximation and we impose sparsity by eliminating
coefficients below a threshold 7 = 10~*. The technique is discussed along with the package to
perform the recovery as discussed in the main text. The model recovery yields

791,3 = e13+1r13(01,02,03) + 513(V1, V4, V3) (116)
Uou = €94+ 1r24(01,024,73)

where s and r correspond to triplets in H;, with nonzero coefficients.

At first sight, the model recovery with triplets is remarkable because the original equations have
only pairwise interactions. Nonetheless, a hypernetwork describes the data Figure 4| (b). We show
that when A < 1 and a@ < 1 recovering a hypernetwork from data is not a coincidence. As long as
the coupling 4 is nonlinear, by measuring the original variables of Eq. and performing a sparse
model recovery only hypernetworks can be found as they are normal forms of the original equations.

a) b) 1e4
0.4 oo — 121 = 6,
7 S 1.01 %
: 0
0.2 3
I \\ 0.84 6,
7’,“7 0.01 ' ~ ® 0.61
&) ]
\ 0.41
-0.21 \
0.21
—0.4 e ” 0.01
-04 -02 0.0 02 0.4 0 2000 4000
R(z) time
A 4o,
m— ¢,[data]
¢1[prediction]
30
© 201 1
)/-’ - y,'f"':‘q
My
v
101 W‘"
/" 3000 3100
01 "~

0 1000 2000 3000 4000 5000
time

Supplementary Figure 5: Time series and emergent hypernetwork prediction. The simulation was
performed on a ring network (see Supplementary Fig.[d](a)). (a) Amplitudes (solid lines) are slightly
affected by the coupling and remaining close to a circle with radius r = VA (dashed circle). (b)
Unwrapped phases 6; growth. (c¢) Time series of the slow phase ¢; from data (solid) and the predic-
tion of the emergent hypernetwork (dashed) capturing higher-order interactions (see Supplementary

Fig. 4| (b)).
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SN 5.1 Emergent hypernetwork predicts data behaviour

To illustrate prediction capabilities of emergent hypernetworks, we introduce the slow phases

1 = 0 — 02+ 05, (117)
P2 = 01 —0,+03,

where the coupling strength is comparable to the frequency mismatch w; — wy + ws. Our normal
form theory predicts the emergent hypernetwork phase dynamics described in Eq. (15). We obtain
the vector fields of the coupled slow phases ¢; and ¢, analytically as described in the section above.

Next, we simulate the vector fields obtained from first principles using an adaptative Runge-Kutta
method of 4th order. We treat the initial condition as unknown and perform a optimization to obtain
the the initial condition that provides the minimum least square error between the data of the slow
phase and the simulations and theory. In Figure [ c), we compare our predictions and slow phases
estimated from data. The theoretical prediction is in excellent agreement with the data with an error
in the prediction of less than 5% per cycle of the slow phase.

Supplementary Note 6: Model recovery of a 3-path with coupling
h = (2* + z)w and resonance w; — wy +
W3 = 0

Now we consider the model for 3-nodes on a chain (Supplementary Fig. [0)) that reads as We consider
the network ODE

s =mzn — Balal + alnz: + 4 %) (118)
y = o2y — Bl 2| + a([nz1 + 2571) + (275 + 2573))

2y = y323 — Bzs|zs)? + (2% + 25%),

To integrate Eq. of the main manuscript for 3-node chain with w; = 1.01, wy = 2.5 and
w3z = 1.5, we employed a wrapper of ODEPACK routine. Numerical integration for « = 0.18
and 6 = 0.01 was performed for 10000s with 0.01 time step. We discard the first 5000s points as
transient. Using the simulated phases ¢;, we introduce new phases in Eq. (3) of the main manuscript
where 2, = 1.0, 2y = 2.5, (23 = 1.5. Applying the sequential thresholded least-squares method on
these new phases ¥J; with thresholding parameter A = 10~* we obtain

J; = 0.01 —0.001cos(dy — Iy + U3) (119)
¥y = —0.001 4 0.005 cos(1); — U + 3) (120)
05 = —0.001 — 0.001 cos(t); — Iy + 3) (121)
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Supplementary Figure 6: Emergent hypernetworks with triplet interaction. Inset a) shows the
original chain network. Each isolated node dynamics is close to a Hopf bifurcation. The pairwise
coupling function A is nonlinear given with h = (2? + z)w. Inset b) shows the hypernetwork learnt
from the phase dynamics data of the original dynamics. The state of a given node is influenced by the
triple interaction of its own state in combination of the incoming links. Our theory also predicts the
emergent of such hypernetwork. The hypernetwork emerges as a combination of the original coupling
function h, the network, and the resonance relations of the isolated frequencies.

Because the norms of the functions 7 and s, are small, we introduce the slow phases
¢ = 0, —0y+05

We then also perform a reconstruction for the slow phases ¢ using the same method and obtain

¢ = 0.010 + 0.001 sin(¢) — 0.006 cos(¢) (122)

We show the model prediction and data for the slow phase in Figure

SN 6.1 Emergent network explanation

The normal-form for this system is given by

. 1 3
Uy = 71U — Bu1|u1|2 — Oé2 ( — ) U%UQU3 (123)
Y1+ V2
. 2 2 11N,
s =m—ﬁu2|m|2—a2( 2 +_—+_—> 2T
Ye+Ys Y2tV V3 M
1

) Ugﬂgul .

The interaction now becomes forth order in u. A phase reduction leads to the triplet interaction
recovered numerically.

Uiy = Y3uz — Bugluz)® — o? ( —
V3 + Vo
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Supplementary Figure 7: New slow phase variable ¢ (blue curve) were computed from the data
collected from the simulations of Eq. (1) on a path. Then Eq.[I50](orange dashed curve) reconstructed
from data of ¢ using sequential thresholded least squares method.

Supplementary Note 7: 6 nodes network examples with h(z, w) =
ZW

We consider the network presented in Figure ) with the coupling h(z, w) = zw leading to

5 =ma — Balal? +a(ziZ + 2123+ 2
Zog = YoZ2 — 52’2|Zz|2 + (2921 + 2923 + 29
Z3 = Y323 — 523\23|2 + (2321 + 2322 + 23

( (124)
(
(
20 = Yaza — Baalzal® + (245 + 2% + 24
(
(

4

(2B
~— T N N N

—

25 = Y525 — Bas|zs)? + (2574 + 25%6 + 25

26 = Y626 — 526‘26|2 + « 2624 —+ 2625 —+ Z6

2

SRS IR N B N B I |

3

We will assume either one of

L. v2 = 5, 71 = 76 and y3 ~ vy, With 1 % 72 (and hence v1, 76 % V2, ¥5), Y2 % 73 and y; % 3.
2. o~ ysandy; % y; foralld, j € {1,...,6} withi # j and (4, 5) # (2,5), (5,2).
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a) Original Network b) Emergent hypernetwork
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Supplementary Figure 8: Emergent hypernetworks with triplet interaction. Inset a) shows the
original network. Each isolated node dynamics is close to a Hopf bifurcation. The pairwise coupling
function h(z,w) = zw. Inset b) shows the hypernetwork reconstructed from the phase dynamics of
the original dynamics. The state of a given node is influenced by the triple interaction of its own state
in combination of the incoming links. Our theory also predicts the emergent of such hypernetwork.
The hypernetwork emerges as a combination of the original coupling function h(z,w) = zw., the
network, and the resonance relations of the isolated frequencies.

In each case, we may transform ODE (124)) into

¥ = y1v1 — for|vr]? — ¢ JL02Y5 + O (e, v]”) (125)

2

. VU5V
Uy = YoUy — ﬂ’Ug”Uz’Z 22y O(le, v]°)
5

. V3V9V
U3 = Y3U3 — ﬂ1)3|v3|2 225 ﬁ’(|e,v|5)

2

. V4 U5V
Dy = Y404 — Pogvg)?® — 6% + O (e, v]”)
5

. UsUoV
U5 = Y505 — PBus|vs|? — =275 4 O(le, v]°)

2

. VU5V
D6 = YeVs — Bvg|vg|® — 22 4 O(le,v|),

5

where € = o leading to the emergent higher order network displayed in Figure ).
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Supplementary Note 8: Model recovery and normal form repre-
sentation

Let x € R™ and consider

i = F() (126)

We assume for simplicity that /' : R™ — R™ is a polynomial map and

k
Bo= Y aypi(z), (127)
j=1

where z; is the ¢th coordinate of = and p;’s form a basis of homogeneous polynomials. Notice that
in a network context, x € R™ would represent the state vector of the network and 7' would model
isolated dynamics and interactions. Once a trajectory z(¢) and #(¢) are known, we perform a model
recovery as follows. Fix a sampling A and introduce

3?:1(0) 9"52(0) xm(O) z1(0)  22(0) ... z,(0)
v xl(h) .’L'th) :cm:(h) nd X — :cl(h) ngh) xm(h)
along with
pi(z(0))  p2(x(0)) pr(2(0))
D) = pl(l‘.(h)) p2(l’:(h)) | pk(li(h»
p(@(T)) p2(x(T)) - pu(z(T))
Let v; be the ith column of V and §; = (a;1, ase, - . ., aix)*. Here, * denotes the transpose. Then by
construction
O(X)E = v, (128)

and if for large 7' the operator @ is full rank the solution of Eq. is unique. Solving this equation
for all coordinates, we recover the differential equation.

In data, however, due to numerical round-off errors or noise Eq. (128)) is perturbed and one seeks
for solutions allowing a small error | ®(X)& — v;|| < &¢ but under a model simplification such as
imposing that some coefficients of &; are zero, that is, looking for sparse solutions.
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The sparse model recovery of the coefficients ¢; is the problem
min ||¢q||o subjectedto || P(X)g —v;]| < A
qERF

for a suitably chosen A > 0.
Now we are ready to prove the following

Theorem Supplementary Note 8:.1. Consider Eq. and the following assumptions
(HO) Egq. is generic (coefficients a;; are non vanishing)
(HI1) Eq (I27) has a normal form
y = Gly)+ R(y) (129

where G contains no non-resonant terms and || R(y)|| = O(y**) for some large d. Moreover
the coordinates of y have the expansion

k
9= Y bipi(y) + Rily)
j=1

(H2) The trajectories {x(t)}_, as well as {i(t)}_, are given with T sufficiently large and stay
in a sufficiently small neighbourhood V. of the origin such that

sup |[|lz(t)[ler < e
te[0,7)

for initial conditions in an open neighbourhood of the origin.
(H3) The operator @ is full rank.

Then there exist X\ = \(g,d) > 0 such the solution to the sparse recovery problem

min ||q|lo  subjectedto  ||P(X)qg —vi]|2 < A
qERF
is the vector of coefficients of (bi1, bia, . . ., bir)* of the normal form of Eq.

Proof. We break the arguments into three steps:
Stepl: Approximations and Uniqueness solutions. By normal form theory there are functions (),
and (), such that

r=y+Qi(y) and y =+ Qs(z) (130)
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where ||Q1(y)|| = O(||y||?) and ||Q2(z)|| = O(||z||?). Given a trajectory y(¢) we construct the matrix
Y in the same manner as X and consider

3:(0) Ri(y(0))
v | | g = | P
v:(T) Ri(y(T))

As the basis is formed by homogeneous polynomials, using Eq. (130) we conclude that there is L
such that
[2(X) — 2(V)||2 < Le®
By (H3) ®(X) is full rank and for * small enough, we conclude that ®(Y) is also full rank since
the rank is lower semicontinuous. Next notice that the equation
O(Y)G + pi(Y) = u (131)
also has a solution (; = (b;1, bia, - .., bix)* by construction and it is unique since ®(Y") is full rank.
Furthermore, in V_ there is a constant M such that
lps(V)|le < Me?, Vie{l,...,m}
Using Eq. (I30) we obtain
where z; corresponds to terms as D P(y)y. By (H2) trajectories stay in the neighbourhood V, thus,
there is a constant C' such that
lzills < C<2, Vie {1,...,m}

Step 2: A sparse solution. Consider the unique solution ¢; of Eq. (131) and let o; = ||G]lo-
Consider the set
By, = {q € R": [|gllo < o; and [|®(X)g — v;]|2 < A}

Now we claim that if X := (L[|(;||ls + C + M)e? then (; € B ,,. Indeed, consider
[P(X)G —vil: = [[P(X)G + 2(Y)G — P(Y)G — vill2

I[®(X) = @(Y)]G + P(V)G — wi — zi + pi — pill2
= [eX) = @(Y)]G =z — pill2
< [[@(X) = (V) 2llGill2 + [|zill2 + [l o3l
< (L||Gll2 + M + C)e?

Step 3: Uniqueness. Assume that there is 7 € B, ,, with ||5]l¢ < ;. Since ®(X) is full rank,
this implies that there is 2 such that || R(z)||s < K||z||4** for some K and @ = G(x) + R(z). Thus,

G has fewer coefficients than G, implying that either G must have a non-resonant term or (H0) was
violated. This contracts (H1) and completes the proof.

O
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Remark Supplementary Note 8:.2. Assumption /2 is natural in our context. Notice since the isolated
system has a limit cycle near the origin. Thus, an open set of initial conditions is attracted to the cy-
cles and stays for all times near the origin where we control the norm of solutions [3]. When coupling
such dynamics to a network this behaviour persists.

Remark Supplementary Note 8:.3. Assumption H3 is in general not restrictive. If solutions of
& = F(z) are not degenerated such as all solutions converge to fixed points, then typically ®(X)
is full rank. In fact, if solutions converge to an attractor, we can adapt the basis to the dynamics such
that in the adapted basis ®*(X )P (X) is close to identity for large 7" [4]. This implies that ®(X) is
close to orthogonal.

Remark Supplementary Note 8:.4. Another interesting case is when
= F(x)+ Ut x)

and U has fast oscillations. This happens typically in phase dynamics when we subtract the trends of
linear frequencies. For example, consider

0 = 1+esin(@— @)+ ecos(f + ¢) (133)
¢ = 140+ esin(¢—0) + ecos(d + ¢) (134)

where < 1. Subtracting the trend ¥ = § — t and ¢ = ¢ — ¢ leads to

¥ = esin(d — @) + ecos( + ¢ — 2t) (135)
¢ = d+esin(p—1I)+ ecos(V+ ¢ — 2t) (136)

Since ¢ and U are O(9) by the averaging Theorem, fast oscillating terms containing cos are averaged
out and can be neglected in a time scale as 1/§. Thus, also in this case when performing a model
recovery with finite amount of data the function U cannot be recovered. This also happens for our
examples in the main text. Thus, sparsity and fast oscillations can contribute to the impossibility of
recovering the original model.
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Supplementary Note 9: Emergent hypernetworks in an integrate-
and-fire model

Integrate and fire model. We used an autocatalytic integrate-and-fire model [5] to simulate the
behavior of four oscillators in a ring configuration with state variable v, and a parameter for each os-
cillator py that determines whether the variable is increasing or decreasing. In the model, we introduce
nonlinear time-delayed coupling, and the oscillators are governed by the equations

dvy _ DrUk — (1 — pi)vpB
dt F

4

+ppK Y A+ 5)0(t — 7) (137)
=1

where F}, is a rescaling factor that affects the natural frequency of kth oscillator, K is the coupling

strength, ¥y, is the signal corrected for offset (0, = v, — 0.626), Ay is the adjacency matrix, and 7 is

the time delay.

When the variable vy reaches 1 from below, then p is smoothly set to 0, and v, decreases. Sim-
ilarly, when the variable v; reaches from above A, py is set to 1, and the variable starts to increase.
We selected the threshold parameter A = (.36 and the timescale parameter B = 3.333 so that
only the one-cluster is stable with positive coupling. Then we adjusted the parameter £}, (F£7=4.950,
F5=1.955, F3=3.177, F4,=1.970) of each oscillator to have a frequency ratio with respect oscillator 1
as wy /w1 &~ 2.5, ws/wy ~ 1.5 and wy/wi~ 2.5. Note that F}, only affects the local dynamics of oscil-

lator & and not the coupling term. Figure [9](a) shows the time series of the variable vy, for K=0.234
and 7=1.65 s.

Fitting of phase dynamics. Similar to the experiments, we extract the phase of each oscillator
using the peak-finding approach [[1] from the time series of the variable v;. When there is coupling and
delay, the triplet phase differences, ¢;, j=1, 2, show a phase slip behavior Supplementary Fig. 9] (b).
As described in the main text we used LASSO to fit the ), values accoriding to equation with
drifting in the natural frequencies. The time series of the vj, variable (see Supplementary Fig. [9(a))
showed a more nonlinear wave form, and we fitted the amplitudes of sin and cos until the seond
order harmonics (C']’f2 and Df’z). The 6, was filtered by a first order Savitzky-Golay filter for 125
s. Supplementary Fig.[9] (c) shows the corresponding fits for oscillator 1 to 4. (In the LASSO fit,
we used a regularization parameter that represented an error 40% higher than the best fit). The fitted
parameters are shown in Supplementary Fig. [I0]

The strength of the triplet interactions on oscillator £ is given by the amplitudes of the first and
second harmonics (H j’?); the amplitudes are shown in Supplementary Fig. @d In agreement with the
experiments, the dynamics of oscillators 1 and 3 are impacted by both triplet interactions ¢; and ¢,.
For oscillator 1, the amplitudes are 1.7 x 1073 and 1.0 x 1072, and for oscillators 3 the amplitudes are
5.6 x10~* and 7.4 x10~* respectively. However, the dynamics of oscillator 2 and 4 are only impacted
by ¢1 (2.1 x1073) and ¢ (1.1 x1073).

We conclude that in an integrate-and-fire model, the phase dynamics of the oscillators coupled in
a ring can be described by an emergent hypernetwork.
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Supplementary Figure 9: Simulations and network reconstruction with the integrate-and-fire
model a) Time series of the v variable. The blue, orange, yellow, and green lines correspond to
oscillators one to four. b) Time series of the slow phases, ¢; (blue) and ¢, (green) with coupling
and delay. c¢) The instantaneous frequency and the phase model fitted values (red) for oscillators 1
to 4 (corresponding from top to bottom). d) Coupling amplitudes for the four oscillators (k) from
hypernetworks one (blue) and 2 (red).

Coefficients Oscillator number
1 2 3 4
ap 0.762 1.918 1163 1.904
I 0 0 0 0
A 0 0 0 0
cF 1.3 x 107° -1.8x 107% 5.0 x 107* 0
(5 1.0 x 10™* 7.0 x 107* 3.0 x 107* 0
D 7.0 x 107* 5.0 x 107* 0 0
Df, 9.0 x 107* 4.0 x 107* 0 0
ck —5.0 x 1074 0 70 x 107*  —1.1 x 1073
ck, 8.0 x 107* 0 1.0 x 107* 1.0 x 10°*
Dk 0 0
Dk, 0 0 0 0

Supplementary Figure 10: Hypernetwork fitting coefficients for phase dynamics of the integrate-
and-fire model.

Supplementary Note 10: Mean field interaction
We consider the system

=2k — Brawlzl” + @ Are(ze+ %27) | (138)
(=1
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where A is the 4-ring network, with nodes labelled 1 through 4 along the ring. These frequencies
satisfy the resonance conditions w; + w3 ~ 2w, and wy + wy ~ 2w;. A priori, it is unclear what
the behavior of the system (138]) will look like. To elucidate this, we conjugate the system by a
transformation designed to get rid of the third order coupling terms in «.. To this end, we define new
coordinates

A
wy, = 2 — az - fwz,i— (139)

This causes new terms in « to appear, related to the ;2 |21|* terms in Equation (138). We therefore
perform another coordinate transformation

up = wy — aQr(w) , (140)

for some suitably chosen polynomials (). We get equations for 7, which involve, among others,
combinations of the linear and non-linear terms in the coupling

QY Aplze+ Ze27) . (141)
(=1

We then discard non-resonant terms in o, which leaves the equations

. uli

iy = 1w — Brualu | + alug + ug) + o’ —22_ 4 hot (142)
Y2+ 3

g 2 2 U%TM

Ug = YUz — 52U2|U2| + Oé(u1 + U3) + a“—— 4+ h.o.t.
Y1+ Ya

: 2 2 U%M

Uy = y3uz — Paug|us|” + a(ug + ug) + a*——— + h.o.t.
Y2+ N

. u?

Uy = YaUyg — 54U4|U4|2 + a(u1 + U3) + a21—2 + h.o.t..
71T 2

See Section for more details on these normal form calculations. If we ignore the (non-
resonant) terms o(uy + uy) and o (u; + ugz) in Equation (142), then averaging yields the emergent
phase dynamics. To this end, we set ; := ¢1 — 205 + @3 and py = ¢ — 2¢1 + ¢4 for the slow
phases. The different monomials in Equation (142) then yield terms in the phase equations according
to:

* fornode 1, gwes terms involving sin/cos of ¢;
e for node 2 uja glves terms involving sin/cos of ¢s;
e for node 3 glves terms involving sin/cos of ¢1;
e for node 4, gives terms involving sin/cos of ys.

’Y+’Y
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SN 10.1 Frequency shifts

The linear terms «(ug + u4) and a(u; + usz) nevertheless have an effect on the emergent dynamics,
in the following way. Whereas the natural frequencies of the uncoupled system (i.e. for a = 0)
are given by wq, ..., wy, they are in general given by the imaginary part of the eigenvalues of the
perturbed matrix

U= +iQ+aA

where, € is the diagonal matrix with entries wy, . . . ,wy, and A is the adjacency matrix of the network.
Eigenvalue perturbation then gives augmented frequencies of the form wy + O(a?). Note that the
frequency perturbation is again of order a.2. This can be explained by a linear transformation bringing
the perturbed system AJ + iQ) + A to that of the form AI + i) + o B, similar to our techniques for
non-linear terms.

Therefore, whenever @ > 0 the frequencies will shift providing a frequency mismatch between
the slow phases

Y1 = 91 — 292 + (93 (143)
QOQ = 92 — 291 —|— 94 (144)

namely, they will be modelled as
P12 =¢c12+ Gr2(01) + Hi2(p2). (145)

where €15 = O(a?).

SN 10.2 Model Recovery

We integrate Eq. with € = 2,0y = 3,23 = 4 and {2, = 1, by employing a wrapper of
ODEPACK routine. Numerical integration was performed for 25000s with 0.01 time step. We discard
the first 5000s points as transient.

We apply sparse regression using PySINDy Python package [6] with the Lasso optimizer on the
phases 6; considering the slow phases ¢; » with a penalty term A = 5 X 1073, we obtain

6, = 2.001 4 0.018 cos(g; ) (146)
0y = 2.999 — 0.015 cos(s) (147)
fs = 3.992 — 0.011 cos(¢1) (148)
0, = 1.008 + 0.011 cos(ys). (149)

To recover the slow phase dynamics of ¢, and 5 we apply the Lasso method with a penalty term
A = 107° after applying a rolling window averaging process using window size of 100s to smooth
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the fast oscillations to have better fit on slow phases. The obtained equation after the Lasso approach
reads as

1 = —0.008 4 0.002 sin(¢y) + 0.001 cos(g2) (150)
Y2 = 0.008 — 0.001 cos(pq) + 0.002 sin(ps). (151)

The theory and the fitting are also in a perfect agreement for this mean-field case.

SN 10.3 Normal Form Calculations

Here we consider the case where we have both (non-resonant) linear coupling terms as well as higher
order ones. More precisely, we consider the system

2 = Wk — Bzl + @ Z Creze + aHy(2), (152)
=1

where Hj has only terms of degree 3 and higher. Later, we will set Hy(z) = Z;;l ck,gz,ﬁfg. We
assume that corresponding functions P}, exist that solve

In particular, when Hy(z) = Z?Zl Ck,gZzgg we assume that wy, # w, whenever ¢, # 0, so that we

may define

n

Ck 0 2_
Pu(z) =) — 2% (154)
= Tk e

With slight abuse of notation, the sum in Equation (154) is taken over all ¢ such that ¢, # 0. As
before, we consider the coordinate transformation wy = 2, — aP(z), which gives

2 = wi + aPp(w) + [Py | P)(w) + O(|a)|w]|"), (155)
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by lemmas [Supplementary Note 2:.18|and [Supplementary Note 2:.21] A calculation as before reveals

that

Wy = yrwy — Brwgwyl* + a Z crewe + a(pbr(w) — I'Py(w) 4+ Hy(w))

(=1

+ a(Ly(w) — Li(w)) + o[y Pr — TP, + H||P)(w)

+0® ) erePw) = oP[B(D  cjaw, . ))(w) — P[P H](w)

+ O(la|w]” + |af*|w]?)

= wy — Brwglwp + @Y eppwe + a(Li(w) — L (w))

(=1
n

+ CE2 Z ck,ng(w) — 012[Pk||( N Z ijwg, .
/=1

= (=1
+0(lal|w]" + |al|w])

where in the last step we have used Equation (I53)), and where we again set

Liy(w) == [Bl|(-. ., Bwj|w;]?, . ..)](w) and
Li(w) = [Bywy|wy ]| P)(w) .

Next, we perform a second transformation u;, = wy, — aQy(w), where Q. solves

LQr — vQr = L; — L},

and where

wy, = ug + aQr(u) + O(Ja*lul?).

This gives

i, = Ytk — Brttklur|* + @ creue + a(wQu(u) — TQr(u) + Ly(u) — Li(u))

(=1
n

+ 042 Z ijQg(u) - 042[Qk||( PN Z Cjely, . ..
=1

(=1
n

-+ Oé2 chPg(u) — 042[Pk|’( coy ch,fwfv .
(=1

/=1
+ O(lallul”+ |al*lul®).
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) (w) — [Py | H](w)

(156)

(157)

(158)

(159)

(160)



By Equation (158) we therefore get

W = e — Brugu)® + a Z Ch,0Ug (161)
/=1
+ 0 " eriQo(w) — PQilI(- D e, )] ()
/=1 /=1

n

+0® ) erePu) = PP ciewe, )| (u) — o [Py |H] (u)
=1 =1
+ O (lallu]” + |aflul’).

We now return to the special case of Hy(z) = Y., , cxs2iZ. By assumption, the terms in « are
resonant. Of the terms in a2, only

OzQZchPg( —a Pk” ZCJ g’LUg,... ) (162)
(=1

is third order in u (as opposed to fifth order). A direct calculation shows that

ch’gpg( PkH chgwg,... ) (163)

n

n
Ck0Cy, Ck0Cy, _ Ck ¢Ck, _
_}:2: Sk Clp 2 _2:2: CkLCp 2 _9 pukuwp_

z1p1W+77’ e1p17’“+w e1p17’f+w

From these the resonant terms can be selected, which leads to a hypernetwork description of the
dynamics.
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