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SUPPLEMENTARY NOTE 1: REAL AND
IMAGINARY G(r,t)

As noted in the main text, the real and imaginary parts
of G(r,t) probe different quantum mechanical functions.
Comparing main text Eq. 2 and main text Eq. 3, one
can see why the imaginary part of G(r,t) goes to zero
at infinite temperature or in the classical limit: as all
states are equally populated, the commutator (and thus
dissipations) vanish. This corresponds to S(—¢, —w) =
S(q,w). Meanwhile, so long as correlations exist, main
text Eq. 3 is nonzero even at infinite temperature or in
the classical limit.

A nonzero commutator between spins has a non-trivial
relationship to quantum entanglement. Generically, the
equal time spin operators of any two different spins al-
ways commute: [S?(O),Sf(O)] = 0, no matter whether
the wavefunction formed by the two spins has off-diagonal
density matrix components (i.e., no matter whether the
two spins are entangled). To obtain a nonzero commu-
tator (and thus an uncertainty relation), one must intro-
duce time evolution to one of the spins with a Hamilto-
nian that involves interaction between .S; and S;. In this
case, the commutator may be nonzero.

The presence of Heisenberg uncertainty generically im-
plies quantum coherence between two operators, such
that an observation of one quantity destroys the other’s
state. This is actually the opposite of quantum entangle-
ment, where observation of one quantity determines the
other’s state. Thus, the presence of nonzero imaginary
G(r,t) does not necessarily imply quantum entanglement
(defined by off-diagonal density matrix components), but
instead it witnesses a quantum coherence between S; and
S;. This is related (but not formally equivalent to) quan-
tum discord, which is a generic measure of quantum cor-
relations [1, 2]. Thus Im[G(r,t)] is a witness of the quan-
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tum coherence of a system, which in the case of KCuF3
extends to beyond 10 neighbors along the chain at 6 K.
This is in accord with its highly coherent and entangled
ground state. As temperature increases, the imaginary
G(r,t) becomes severely truncated in space, as shown in
the main text Fig. 1.

SUPPLEMENTARY NOTE 2: FERROMAGNETIC
SPIN CHAIN

As discussed in the main text, the 7/2 stationary os-
cillations inside the quantum wake can be understood
heuristically as spinon-antispinon interference. Here we
propose an alternative (equally valid) heuristic for under-
standing the 7/2 oscillations within the quantum wake:
the effects of a spin-down operator on a down spin. If
the t = 0,7 = 0 spin is flipped up-to-down and the down-
spin spinon propagates outward, the spin-lowering oper-
ator acting on a down spin results in zero. Meanwhile,
the spin-lowering operator acting on an up-spin results
in a spin flip. Thus odd (up-spin) sites correlations go to
zero as the spinon light cone passes, and even sites flip.

To confirm the validity of these spinon heuristics, we
also consider the isotropic S = 1/2 ferromagnetic chain,
and simulate its T = 0 neutron spectra with DMRG [3-
5] and LSWT, see Fig. 1. The DMRG calculation was
performed on a chain of L = 50 sites with open bound-
aries, keeping up to m = 500 states in the calculation.
S(Q,w) was calculated using the DMRG++ [5] imple-
mentation of the Krylov-space correction vector method
[6, 7], and a Lorentzian energy broadening with half-
width at half-maximum (HWHM) n = 0.1|.J] to account
for the finite-size system. To isolate the inelastic scatter-
ing, a Lorentzian with height S(Q, 0) was substracted at
each Q-point.

Unlike the AFM case, excitations from the zero tem-
perature FM ground state are spin flips of the same di-
rection, which would mean no antiparticles are created
and no destructive interference will occur. This is indeed
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Supplementary Figure 1. Real space spin correlations for a 1D
Heisenberg ferromagnetic S = 1/2 chain at T' = 0, simulated
with DMRG (top row) and LSWT (bottom row). Simulated
neutron spectra are shown on the left (panels a and ¢), and
Van Hove spin correlations (real part) are on the right (panels
b and d). In this case, the semiclassical LSWT spin correla-
tions are close to the DMRG quantum calculations, but the
DMRG shows more oscillations near » = 0 at long times.

what we see: all sites oscillate in time above the light
cone, and no continuum exists in S(Q,w).

If there were regular destructive interference, it would
by necessity create a continuum in the neutron spectrum
S(Q,w): well-defined oscillations in time corresponds to
a sharp mode in energy, whereas suppressed (or quickly
decaying) correlations correspond to diffuse modes in en-
ergy. So even without transforming the neutron data into
S(Q,w), it should be obvious from the well-defined mode
that there is no significant particle-antiparticle annihila-
tion in G(r,t) for the zero temperature FM spin chain.

SUPPLEMENTARY NOTE 3: TOWARD THE
ISING LIMIT

Figure 2 shows the calculated real space correlations
from perturbation theory at T' = 0 approaching the Ising
limit. The S(q,w) based off the Ising model

N
H=) [Joy(SEST +SIS) + 5757L] (1)

i=1

where J;y, = €J, and 0 < € < 1 was calculated as de-
scribed in Ref. [8] and transformed into G(r,t). There
are several things worth noting: first, just like the S =
1/2 Heisenberg chain, the odd neighbor sites’ correlations
go to zero, in accord with spinon-antispinon interference.
Second, there is no well-defined wavefront visible in the

data—possibly because the simulated intensity only in-
cludes the inelastic channel. Finally, as the Ising limit
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Supplementary Figure 2. Simulated spin correlations for a
1D Ising AFM chain for three different values of anisotropy.
Simulated S;z(Q,w) neutron spectra are shown on the left
column (panels a, ¢, and e, calculated via perturbation theory
as described in Ref. [8]), and Van Hove spin correlations
(real part only) are on the right column (panels b, d, and
f). Similar to Fig. 2 in the main text, the odd neighbor sites
correlations decay to zero while even neighbor sites oscillate
to long times. The “light cone” gets steeper and steeper as
the Ising limit is approached.

is approached, the “light cone” gets steeper and steeper,
corresponding to slower and slower spinon velocities.

SUPPLEMENTARY NOTE 4: THE XY LIMIT

Although the isotropic Heisenberg chain model appli-
cable to KCuF3 can be solved exactly using the Bethe
ansatz, the resulting expressions are often complicated.
We can instead consider the antiferromagnetic isotropic
XY-model (or XX-model) [9],

N

H= JZ (87871 +S78%,], (2)

i=1

for which simpler, closed-form expressions can be ob-
tained using the Jordan-Wigner formalism. At zero mag-
netic field, for a chain of IV sites with open boundary con-
ditions, the longitudinal dynamical correlation between
two lattice sites j and [ can be written [10, 11]
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Supplementary Figure 3. Real (top row, panels a, b, ¢, d, and e) and imaginary (bottom row, panels f, g, h, i, and j) part of
<Sf (t)Sf(0)> for the XX model, Supplementary Eq. (3), as a function of temperature. The real part becomes non-negative as
T increases, whereas the imaginary part vanishes. In addition, we see a lightcone with similarly oscillatory behavior as in the
Heisenberg model.
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where k = {77, 1 < m < N +1, is the momentum. Due to their simple structure, these sums can be evaluated

at arbitrary times, temperatures and finite sizes. Yet they still capture several of the qualitative features observed
in the KCuF3 G(r,t), as shown in Fig. 3. It is easy to analytically see the emergence of real-valued ferromagnetic
correlations for all times ¢ by considering the high-temperature limit of Supplementary Eq. (3), where the tanh factors
vanish, leaving

2
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which is manifestly real and non-negative for all times ¢. In the thermodynamic limit we have the expressions [10],
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where J,, is the nth Bessel function of the first kind and F,, = J,, + iF,,, where F,, is the Weber function.
[

SUPPLEMENTARY NOTE 5: TIME-LIMIT OF
RELIABILITY

erned by the lowest measured energy. In this case, the
low-energy cutoff from the SEQUOIA experiment was
0.7 meV, which yields a cutoff in time of ;- = 6x1071% s,
where h is Planck’s constant. However, the boundary be-
tween the MAPS and SEQUOIA data is 7 meV, which

yields a slight artifact in the data and causes the G(r,t)

The long time dynamics of a Fourier transform is de-
termined by the lowest frequencies. Consequently, the
reliability of the calculated G(r,t) at long times is gov-
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Supplementary Figure 4. On-site correlation r = 0 for KCuF'3
at various temperatures, showing the oscillations decaying.
Beyond 4 x 10713 s, the results are not reliable and the “ring-
ing” from the low-energy cutoff begins to dominate the signal.

to “ring” with a period % =6 x 10~'3 s—this behavior
is an artifact and is not physical. When the calculations
are safely below this threshold, the G(r,t) is reliable, as
shown in Fig. 4. Although the lower energy SEQ data
produced this ringing, we found that it was necessary to
include in order to get a clean Fourier transform signal
at higher temperatures.

To be completely safe from ringing effects, we find that
one needs to stay below half the cutoff time (3 x 10713 s
for this experiment). Thus, any experiments aiming to
measure G(r,t) to long times must measure to appropri-
ately high resolution and low energies.

SUPPLEMENTARY NOTE 6: QUANTUM
SCRAMBLING AND OUT OF TIME
CORRELATORS

Quantum scrambling is typically studied using out of
time order correlators (OTOC) [12-17]|, which in spin
chains are defined as

F(t) = (S5(£)S) Sa(t)S) (6)

where S,(t) and S, are two different spin operators at
time ¢t and t = 0 respectively. The OTOC is related
to the commutator between these operators Re[F'(t)] =
1—(|[Sa(t), Sp]|?) /2, which functionally makes the OTOC
a measure of how S,(t) and S fail to commute [14].
In 1D spin chains, OTOCs reveal quantum scrambling
above the light cone [16, 18, 19]. This is similar (but
not identical) to imaginary G(r,t), which also measures
[S4(t), Sy] (main text Eq. 3), and thus provides similar
information.

As shown in Fig. 1 and Fig. 2 of the main text, imagi-
nary G(r,t) correlations are only nonzero above the light
cone, in good agreement to the commuting spin opera-
tors in the Heisenberg antiferromagnetic ground state.

Above the light cone, both Bethe ansatz and KCuFg
show nonzero negative static Im[G(r,t)] on the odd sites,
and oscillating but average positive Im[G(r,t)] on the
even sites. This concurs with quantum scrambling, where
time-like separated spin operators do not commute with
the spin operators at t = 0.
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