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Supplementary Methods I: Derivation for the Hamiltonian of the unimon qubit using a
distributed-element circuit model

In this section, we provide two different derivations for the Hamiltonian of the unimon qubit,
both starting from the distributed-element circuit model. These theoretical models correspond to
models 1 and 2 in the main text. We begin with model 1 that is based on expressing the Hamiltonian
in the basis of interacting classical normal modes that are obtained by linearizing the circuit in the
vicinity of its potential energy minimum. Subsequently, we proceed to model 2 which utilizes the
path integral formalism to analytically eliminate exactly solvable linear parts of the Lagrangian and
to approximate the remaining action with the help of a truncated polynomial. Whereas model 1
does not apply as such in the case of multiple potential minima, no extensions to model 2 are

required in such a regime which is, however, not studied experimentally in this work.

Gradiometricity and classical treatment of the dc supercurrent

First, we study the dc response of the unimon circuit in the presence of an external magnetic flux
in order to justify why the circuit is gradiometric, and hence it is only sensitive to the external
flux difference. To this end, we first consider the lumped-element circuit model for the currents
and fluxes shown in Supplementary Fig.[Il The capacitance can be neglected in the case of dc
currents. In our model, we denote the total flux through the left (right) loop of the grounded
coplanar waveguide (CPW) structure of the unimon by ®; (®5). The loop flux @, is given by a

sum of the external flux and the flux generated by the induced supercurrents as
Q1 = Pexi1 + Lgly + Ly, ey

where @, ; is the external dc magnetic flux through the left loop, L, is the geometric inductance
of the left branch of the ground loop, L is the total inductance of the center conductor, and the
currents /; and [; are defined as in Supplementary Fig. |1l Similarly, the total dc flux through the
right loop @, is given by

By = Deurp — Lygly — LIy, 2)

where @y o is the external dc magnetic flux through the right loop, and I, is the current in the
right branch. Note that we assume that the left and right branch of the ground loop are symmetric.

Importantly, we model the outer loop as an ideal superconducting loop with a geometric
inductance of L, in both arms of the loop. Due to the phenomenon of flux quantization™2, the total

dc flux ®; 4+ ®, must be quantized in units of the flux quantum

Dy + Py = Doy + Pext 2 + Lg([1 — I2) = n®y =0, 3)
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Supplementary Fig. 1: Direct-current circuit model of the unimon. Circuit model used for

deriving the flux quantization condition of the unimon circuit in the dc regime. Here, L denotes
the lumped-element inductance of the center conductor of the CPW resonator, L, denotes the in-
ductance of the right and left arms of the outer superconducting loop, /; denotes the dc current
through the Josephson junction embedded in the center conductor of the CPW resonator, and /;
and /5 denote the dc current in the left and right branch of the outer superconducting loop, respec-
tively. Furthermore, @y 1 and @ 2 denote the external dc magnetic flux through the left and right
superconducting loop, respectively, and ¢, denotes the dc superconducting phase difference across
the Josephson junction due to the external magnetic flux. Note that the used inductor symbols do
not show the handedness of the inductors which is defined by equations (1)) and (2).

where &) = h/(2¢e) ~ 2.067 x 107'> Wb is the flux quantum, and we have set n = 0 in the last
step. Naturally, this implies that the fluxes through the left and right loop must satisfy ®; = —®,.
By considering the flux quantization through the left loop, we obtain an equation that relates the
dc phase across the Josephson junction to @, as

) 2
By + —pg=0= pp = ——by, (4)
2m (DQ

where we have denoted the dc Josephson phase across the Josephson junction with the symbol (.
Note that an identical equation is obtained by considering the right superconducting loop.

By combining the information in equations (I)—(4)) and using the Kirchhoff current law I; +

I, = I, we find that the dc phase across the Josephson junction reads

2
Yo = %[@diﬂ“ — (L + Lg/2)15], )

where we have additionally introduced the shorthand notation @iy = (Pext,2 — Pext,1)/2 for the
half difference of the external fluxes through the right and the left loop. Importantly, the dc current

across the Josephson junction is given by the dc Josephson relation I; = I.sin(pg), where I is



the critical current of the junction. Consequently, the dc phase across the Josephson junction is

obtained as a solution of the transcendental equation

L Dg;
CPW sin(go) = 27 dift

6
I By’ (6)

Yo +

where we have used the expression for the Josephson inductance L; = ®(/(271.) and defined the
shorthand notation Lepw = L + L, /2. Importantly, the Josephson phase across the junction is
controlled by the difference of the fluxes through the two loops since the circuit contains a gradio-
metric loop. Since the Josephson phase is only affected by the difference of the external fluxes, the
circuit and the corresponding qubit are protected against flux noise which is homogeneous over the

length scale of the transverse width of the CPW resonator.

Note that the equation has a single-valued solution for all values of the flux bias ® ;¢ if and
only if the inductance of the junction L; dominates over the inductance Lcpw of the CPW. This
single-valuedness is used below to express the Hamiltonian in terms of the normal modes of the
circuit which is linearized around the dc phase. If there are two or more solutions to Eq. (6)),
the treatment becomes more complex. Thus for model 1, we refrain from going into the multi-
valued regime. However, we observe below that for model 2, no special issues arise even in the

multivalued regime.

Derivation of the quantum Hamiltonian of coupled normal modes for the unimon qubit
(model 1)

To derive the Hamiltonian for the unimon circuit, we use the discretized circuit model visualized
in Supplementary Fig. Our theoretical approach is inspired by Ref?, in which the Hamilto-
nian is derived for a system consisting of a floating CPW resonator with an embedded Josephson
junction in its center conductor. However, we extend the theory to model phase-biased Josephson
junctions in order to consider effects arising from an external magnetic field. To summarize our
derivation of the Hamiltonian, we first derive classical equations of motion for the distributed-
element system. Subsequently, we find the classical normal modes of the system by treating the
phase-biased Josephson junction as a linear inductor. After finding the classical normal modes,
we make a single-mode approximation, in which we neglect all other modes apart from the mode
that is used as a qubit. Finally, the classical single-mode Hamiltonian is quantized by enforcing
the canonical commutation relation between phase and charge operators, as a result of which we

obtain an accurate approximation for the Hamiltonian of the unimon qubit.

In the discretized circuit diagram shown in Supplementary Fig. 2] we model the CPW of



length 2/ by N lumped-element inductors and capacitors. The Josephson junction at z; € (—[,1)
is taken to be located between the capacitors with indices ./ and J + 1. Due to the gradiometricity
of the circuit, the total external flux in the circuit model corresponds to the half difference of the
external fluxes on the two sides of the center conductor in line with the derivation of the previous
section. We use classical circuit theory to derive the equations of motion for the system and to
further compute the frequencies and the envelope functions of the normal modes. The equations
of motion are obtained from the classical Lagrangian

L=T-1U, 7)

where 1" and U are the kinetic and the potential energy, respectively. By choosing the node fluxes

W, as the generalized free coordinates, the total kinetic energy of the circuit can be written as

N
1 : 1 . .
T=Y -CAzY;+ =Cy(Vyq — V;)° 8
;21x1+2 1V —0y) @)
zy o Lo 1 ) _—
= / —Lyj(x)dw +/ —Lyj(x)2dz + ~Cy((xF) — d(z7))?, )
=00 J ;2 oy 2 2

where on the first line ¥; = ffoo Vi(t') dt’ denotes the node flux related to the ith capacitor in
terms of the node voltage V;, the index ¢ assumes values from the set {1,...,J,J +1,..., N},
Az = 2l/N describes the length scale of the discretization, C; denotes the capacitance per unit
length of the CPW, and Cjj denotes the junction capacitance that is much smaller than the other
relevant capacitances in the circuit. The second line represents the kinetic energy in the continuum
limit, N — oo, where ¥; — 1(x;,1), and =] and xj“ correspond to the locations of the left and

right electrode of the Josephson junction, respectively.

Before writing down the potential energy of the circuit, we relate the flux across the ith

inductor to the external magnetic flux using Faraday’s law
—@uig; +V + VY, — WV =0=> VU, =V — ¥, + Py, (10)

where Uy ; denotes the flux across the ith inductor, the index ¢ assumes values from the set
{1,...,J,J +2,...,N + 1}, and ®g,; corresponds to half of the external magnetic flux dif-
ference on the interval x € [x;_1,2;]. Note that there is no inductor between the indices J and
J + 1 due to the presence of the Josephson junction. Using the above equation, we express the
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Supplementary Fig. 2: Distributed-element circuit model of the unimon. Discretized model of
the unimon circuit in the presence of a flux bias ®g;¢. The circuit model consists of N lumped-
element inductors and capacitors such that J inductors and capacitors are located on the left side
of the Josephson junction and N — J inductors and capacitors are located on the right side of the
Josephson junction. The two boxes with dashed black contours illustrate the repeating elements of
the lumped-element circuit on the left and right side of the junction. The node flux W, at the ith
capacitor is defined as the time integral of the corresponding node voltage, whereas ¥ ; denotes
the branch flux across the ¢th inductor. Note that ®4ig ; should be interpreted as the corresponding
half difference of the external magnetic fluxes on the two sides of the center conductor of the CPW.
A positive applied flux is defined to point out of the page, and hence to give rise to a clockwise

rotating dc supercurrent.

potential energy of the system as

N+1
1 21
= U, 1 — U, 4+ Pyig;)? — E (V=T 11
U LAz i“z#“( 1 + Paifr,i) j cos {%( J+1 J)} (11)
*1 (0p) — sBaigr)? /l (0x%) — $Baigr)?
N—ro0 /_l 2L, dot 5 2L dr
2T i _

—Fj cos 30(2/}(%) —Y(x7)) |, (12)

where on the first line we define ¥y = Wy = 0, L; denotes the total inductance per unit length,
and Ej denotes the Josephson energy. The second line represents the potential energy in the con-
tinuum limit, where @i ;/Ax — sBaig(x;) with s being the perpendicular distance between the
center conductor and the ground plane and By (z;) denoting half of the effective magnetic flux

density difference on the two sides of the center conductor at the location z;.

The classical equation of motion for the ith node flux W; (¢ # J, J + 1) is obtained from the



Euler-Lagrange equation
d oL 0oL

dtow, ov;
Inserting the Lagrangian in equation (/) into the Euler—Lagrange equation, we acquire

(13)

CiAzW; — (Wipr = 205 + Wiy + Qaigy — Pairin) =0, i £, J+1. (14)

LlA(L'

By taking the the continuum limit, Az — 0, of the above equation of motion, we further obtain

- 1 s

Note that equation (15]) corresponds to a wave equation with a source term. In the following cal-
culations, we assume that the applied magnetic field is sufficiently homogeneous in the x direction
such that we can neglect the magnetic-field-dependent term from equation (13) resulting in the

wave equation
U = 030ua ), (16)
where we have defined the phase velocity v, = 1/y/L;C).

Subsequently, we derive the equation of motion for the node flux W ; that corresponds to the
left electrode of the junction. According to the Euler—Lagrange equation, we obtain

CilAzV; +Cy(Vy — W)+ Lesin | —(Vy — V)| = — (Wy— Uy — Daig,s). (17)
CI)O LZAZL’

In the continuum limit, Ax — 0, the above equation of motion can be written as

Paigr
21L;°

—CyAY — I, sin <2—7TA¢) __ L mw‘ + (18)
0N L, _—

where Ay = U ;,; — U ; denotes the change in the flux across the junction, ® ;¢ = ZZ D ; 15 the
total external half flux difference as above, and we have utilized the assumption of a homogenous
magnetic field in order to write Qi ;/Ax — Pair/(20). Note that our definition of Ay has a
sign convention opposite to Wy ;. Intuitively speaking, the above equation imposes the current
continuity condition at the left electrode of the Josephson junction. The term on the left side of
equation (I8) can be interpreted as the total current across the Josephson junction including the
charging of the junction electrodes and a supercurrent across an ideal Josephson element. The
term on the right side of equation (I8)) corresponds to the current in the CPW resonator in the
presence of an external magnetic flux as can be inferred from Eq. (I0), according to which the
current at location x; in the center conductor is given by
Wi — U+ Py

L Ax N—oo

Dgigr
Ty

1
I = ; —Eam ) (19)



where we have again imposed the assumption of a homogeneous flux bias ®4;¢. Importantly, we

can also derive a similar boundary condition at the right electrode of the Josephson junction

Dyigr
T

) 2 1
A — Isin ((}%Azp) = 7 0u (20)

Classically, the solution to the wave equation in equation (16) can be decomposed into a
sum of oscillatory normal modes and a dc component corresponding to a spatially and temporally

constant current as

D(,t) = doto(w) + D un()thn(t), @1)

n>1
where the result applies for x # x;. In the above equation, ¢ is the coefficient of the dc mode in the
units of flux, and ug(z) is the corresponding dimensionless envelope function. Furthermore, u,, ()
are dimensionless mode envelopes and 1, (t) = ¢, exp(—iw,t) are the corresponding temporally
oscillating coefficients in the units of flux with w,, being the classical mode frequency. In order for
the decomposition to make sense, the mode envelopes must be required to satisfy the wave equation
in equation (16)), and the boundary conditions corresponding to the grounding of the CPW and the
current continuity across the Josephson junction [see equations and (20)].

Importantly, the dc component of the current should behave in line with the results of the
dc analysis presented in the previous section. To recover equation (6) and to comply with the
grounding of the CPW, the envelope function of the dc mode must be chosen as a piece-wise linear

function
(x+1)/(20), for x € [—1, z;),
up(z) = (22)
(x—1)/(2D), for z € (x3,1],
which corresponds to a spatially constant current of [ = (®gqi¢ — o) /(21 L;) based on Eq. and
to a dc Josephson phase difference of g = 27w, /Py. Importantly, we use the decomposition in

equation (21]) and rewrite the current continuity condition in equation (18] as

| 27 g . [ 27 . (27 ¢g \
2
C; E wi A, + 1 sin {ao <¢0 - E Aunwn)l + I, sin ( T ) — I sin ( B, )

n>1 n>1
1 [ ¢ D gigy
= — 5 =7 nam n - YR 23
A ;w Unlomy | AL, (23)



where Au,, = u,(z}) — u,(x;) denotes the change in the envelope of the nth mode across the
Josephson junction. The above equation can be grouped into a time-independent part and a time-
dependent part that should both vanish

. (27 oo Pam 9
{]C sin ( B, ) + I, 2L, } + {CJanAun@Zzn

n>1
2 1
+1.sin [ <¢0 ;Aunqﬁn)} — I.sin ( ;T)fo> + fl ;wnﬁmunb:%} =0. (24)

We simplify the time-dependent part further using the trigonometric identity sin(x+y) = sin(x) cos(y)+

cos(z) sin(y) as

CYy Z w2 Aup, + I sin (2?;?()) (q’o Z Aunl/}n)

n>1 n>1
27 g ) . ( 2 ) . (27T¢0 )
—1. cos sin ([ — Aupp, | — 1. sin Oz n :0. 25)
( ® d ; v L ;w

By invoking the assumption of small ac oscillations (C = 2@1 21 AUy, [Py K 1), we write
the above equation into a simple form

2 ] 1
Z U |:CJW2AU71 — MAU,L + faxun\x_x] ~ 0, (26)
1 I

L
n>1 J

where we used the approximations sin(¢) ~ ¢ and cos({) ~ 1 together with the relation L; =
®y/(271.). Importantly, each term corresponding to a different n in equation must vanish
independently since all the coefficients 1, o< exp(—iw,t) oscillate in time with different frequen-
cies. Note that our assumption of small ac oscillations ( D ons 2T AUy, [Py K 1) is equivalent to
linearizing the circuit around its dc operation point, which also has the consequence of decoupling
the different modes of the circuit. In the following equations, we drop the approximation sign for

notational simplicity.

Under the assumption of small ac oscillations, it is thus possible to summarize the current

continuity conditions across the Josephson junction with the following set of decoupled equations

. (27 ®o Dyige
1. — —_— = , 27
sin (cpo %) Yo, T @7)

2 o
w2 C5Au,, — %MAum 8 U | ey M2 1, (28)
J

! 19) _ 1 0 > 1 29
_fl mum|x:x; — _fl xum|x:zj7 m =1, ( )



where the final equation essentially requires current continuity on both sides of the junction and
it has been obtained by also considering the current continuity condition of the right electrode in
equation (20). We make a few important observations based on the above set of boundary con-
ditions. Assuming that the ground-loop inductance is much smaller than the total inductance of
the center conductor 2/1;, we have Lcpw = 2lL;, in the case of which equation reduces
to the dc flux quantization condition presented in equation (6). On the other hand, equation (28)
can be interpreted such that the dc supercurrent essentially changes the phase bias of the Joseph-
son junction by 2m¢ /P, resulting in an effective linear inductance of L;/ cos(2m¢y/Py) in the
limit of small oscillations. Importantly, the effective inductance of the biased Josephson junction
Lj/ cos(2mpg/Py) can be negative for certain values of the dc phase ¢y = 27¢o/Po. The operation
points corresponding to negative inductances are classically stable with a single energy minimum

if the Josephson inductance Ly exceeds the total inductance of the CPW Lcpw = 201;.

Subsequently, we use the derived set of boundary conditions to determine the normal-mode
angular frequencies w,, and the mode envelope functions u,,(x). To satisfy both the wave equa-
tion and the grounding condition, we use a piece-wise sinusoidal ansatz for each of the enve-

lope functions

A sinlk,, (x +1)], ifee |-l

) o+ 1) ~L22) 0
Ap By sinlky, (z —1)], ifx € (xy,]]

where £, is the wavenumber of the mth mode obeying k,, = w,,/v, in order to satisty the wave

equation, and A,, and B,, are dimensionless constants. We solve B,, by inserting the piece-wise

sinusoidal ansatz of the mode envelope function to the boundary condition in equation (29), which

yields

_ cos[km (x5 +1)]
" coslkp(xy = 1))

€1V

By further inserting the piece-wise sinusoidal mode envelopes to the boundary condition in equa-
tion (28)) and using equation (31) to carry out simplifications, we obtain a transcendental equation

for the wavenumbers k,,, (m > 1) of the normal modes

kil coslkm(xy — 1)] cos[k,, (x5 + 1)]—

2
1 J 0

where the value of ¢ should be obtained by first solving equation (27), and the wave numbers
k,, are related to the classical mode angular frequencies w,, through the relation w,, = v,k,,.

Importantly, the mode envelope functions corresponding to solutions of the above equation may or

9



may not have a discontinuity (Auw,, # 0) at the location of the Josephson junction. The modes with
a discontinuity at the junction are the modes of interest since in the following quantum-mechanical
treatment, a mode can have an anharmonic energy spectrum only if the non-linear junction couples

to it, i.e., a non-zero current flows across the junction.

In Supplementary Fig. 3] we illustrate the mode envelope functions of the three normal
modes with the lowest frequency at external flux bias of ®gq;g/®y = 0.0 and Pgie/Py = 0.5.
The mode envelope functions at the two external fluxes differ due to a different value of the effec-
tive Josephson inductance: At ®gi/ Py = 0.0, the effective Josephson inductance is Lj, whereas
at $gir /P = 0.5, the effective inductance is — L;. Note that the lowest anharmonic mode corre-
sponds to the second normal mode of the system at @4 /Py = 0.0, whereas the first normal mode
is the lowest anharmonic mode at g5 /Py = 0.5.

a D 4iir / Py

. =0.000 b D i /Py =0.500

uy(x

)
L we(=) ] |
—us(x)
15 1 1 1
-1 05 0 05 1 - 0. 0.5 1
x/l x/l

Supplementary Fig. 3: Mode envelopes of the unimon. a, b, Flux envelope functions for the
three lowest-frequency normal modes at a flux bias of ®g;5/P¢ = 0.0 (a) and at P i /Py = 0.5 (b).
The results were obtained using the example parameter set presented in Supplementary Table E

Importantly, the classical normal modes satisfy useful orthogonality relations”

!
(U, Up) = / Crtv () up () dz + CiAu, Au, = Csdmp, (33)
-1
!
(O, Optiyy) = / i@Cum(x)@gcun(:zc) dx + MAumAun = (Sm—n, (34)
L Lj L,

where Cy, = 2C;l 4+ C'y denotes the total capacitance of the circuit, and the effective inductance
corresponding to the mth mode is given by L,, = (Csw? ). Note that the above orthogonality
relations fix the normalization coefficients { 4,,} introduced in equation (30).

10



Supplementary Table 1: Example set of parameter values used in Supplementary Methods
I. The parameter values listed in the table include the relative location of the Josephson junction
xy/l, the total length 2/ of the center conductor in the unimon, the Josephson energy £ and the
capacitance C'y of the Josephson junction, the capacitance C; and inductance [; per unit length
of the CPW structure, the characteristic impedance Z; of the CPW structure, and the ratio of the
CPW inductance to the Josephson inductance 2(L;/ Ly that is derived from the other values in the
table.

zy/l 2l (mm) Ej/h(GHz) Cj(F) C,(pFm) L; (uH/m) Z,(Q) 20L;/L;
00 80 19.0 1.4 83 0.83 100  0.772

Above, we have described how to solve the classical equations of motion for the system and
how to determine the frequencies and flux mode envelopes of the normal modes in the limit of small
flux oscillations across the junction. In the limit of small oscillations, the classical Hamiltonian
decouples to a sum of harmonic oscillators corresponding to the normal modes. Subsequently, we
derive an approximation for the classical Hamiltonian of the unimon circuit by invoking a single-
mode approximation, in which all other modes apart from the mode used as a qubit are neglected.
The single-mode approximation describes the system with a good accuracy since the frequency
difference of the anharmonic modes coupled to each other is of the order of 10 GHz in our system

and consequently, the coupling between the modes has only a small perturbative effect.

Note that a more accurate expression for the Hamiltonian may be obtained by keeping more
than one of the modes in the following calculations. Such a treatment is needed especially if one
considers the case of several solutions to the dc flux in equation (6. Since the mode envelopes
provide a complete set of basis functions for the grounded CPW system, an exact expression for
the Hamiltonian can, in principle, be obtained by taking into account an infinite number of the

modes.

In the single-mode approximation, we truncate the flux decomposition in equation (21)) as
U(z,t) = Pouo(x) + ¥m(t)uy(x), where m is the index of the anharmonic mode (Au,, # 0)
utilized as the qubit. Invoking the single-mode approximation and the continuum limit, the kinetic
energy of the circuit in equation (8] can be expressed as

l
T = / gz e+ 02 (A,
[

_ Gy
= 5V (35)

where we have used the orthogonality relation in equation (33) to obtain the final result. Under

11



these approximations, we simplify the potential energy of the circuit in equation (L1)) to obtain

! 1 (bo (I)diff ? 2m
U= /_l Z_LZ (2_l + wmaxum - 21 ) dz — EJ COS |:ao<_¢0 + @DmAum)]

R 1 o
=0T (on) i, VAt (e = G0) = B cos [50(_% " w’”AuM)] - 09

where we have dropped a constant term and used the orthogonality relation presented in equa-
tion (34). Furthermore, we have defined the effective inductance L, (¢) in the last step as
1 1 cos(2meo/ Do)

= = — — — T 2 (Auy)?. 37

Subsequently, we define the flux variable ¢,, = ¥,,Au,, that equals the (time-dependent)
flux difference across the Josephson junction. This allows us to write the classical single-mode
Lagrangian as
G 1
oL 2L

Cloy 27
L= 7¢m - G (Pair — o) + Ey cos (}T(Gbm — do) | (38)
0
where C!, = Cyx/(Auy,)? and L/, = Ly,(Au,,)? are the rescaled capacitance and inductance.
By taking a Legendre transformation of the Lagrangian, we obtain the corresponding classical
Hamiltonian
0 O 2m

1
Hy, = 2C + 57 + L G (Pair — ¢o) — Ej cos [(}?O(ﬁbm - ¢0)]= (39

where we have defined the conjugate momentum with units of charge as ¢,,, = 0L/ by, = C;nwm

Finally, we obtain the quantum-mechanical single-mode Hamiltonian by imposing the canon-
ical commutation relation [g%m, Gm] = ih. Furthermore, we define the dimensionless charge opera-
tor Ay, = Gim/(2¢) and the phase operator ¢,, = 27¢,, /®o, which allows us to express the quantum

Hamiltonian in a form resembling the fluxonium Hamiltonian as

~ R 1 R . .
H,, = 4Ec m(po)h2, + 3 Lo (©00)P2 + Erpm(pais — o) — Eycos(@m — o),  (40)

where we have defined E¢,, (o) = €2/[2C" (¢0)], Erm(po) = ®2/(27)2 /L, (vo), B, = ®3/(27)%/(2LL,),
ait = 27 Pqir /Do, and g = 27¢y/Po. Note that the conjugate operators @, and 7, satisfy the

commutation relation [Py, 7] = 1.

12
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Supplementary Fig. 4: Numerically computed frequency and anharmonicity of the unimon.
a, Qubit frequency fy; ,,, as a function of the flux bias ®g;¢ for the two lowest-frequency modes.
b, Anharmonicity «,,/(27) as a function of g for the two lowest-frequency modes. The results
were obtained using the example parameter set presented in Supplementary Table I} Note that the
results were computed individually for each of the modes by enforcing the single-mode approxi-

mation and diagonalizing the Hamiltonian in equation (40).

To study the qubit frequency and anharmonicity of the unimon, we numerically diagonalize
the Hamiltonian in equation (0] for flux biases in the range ®4¢/Py € [0,1]. For each of the

modes, the corresponding qubit frequency and anharmonicity are computed as

Ei..— Eom
form = % (41)
Oé_m _ <E27m — El,m) - (El,m - EO,m)

= 42
o . ; (42)

where fo1,, and «a,,,/(27) denote the qubit frequency and anharmonicity corresponding to the
mth mode, whereas E;,, is the ith eigenenergy of the mth mode. In Supplementary Fig. {4
we illustrate the numerically computed qubit frequency and anharmonicity of the two lowest-
frequency modes as functions of the flux bias. Importantly, there is a flux-insensitive sweet spot
at Ogir /Py = 0.5 that corresponds to the smallest frequency and highest anharmonicity of the
lowest-frequency mode. For the parameter values presented in Supplementary Table [T} the qubit
frequency at g5 /Py = 0.5 is approximately 4.5 GHz, whereas the corresponding anharmonicity
is +510 MHz. Thus, the sweet spot ®qi¢ /Py = 0.5 corresponds to the optimal operation point of

the unimon.
To gain intuitive understanding of the enhanced anharmonicity at ®4;¢/®o = 0.5, we note

13



that the single-mode Hamiltonian simplifies into

A 1
Hyy = AEcm(m)it, + 5 Erm (7)1, + By cos(ém), (43)

where we have used the fact that g6 = o = 7, which is valid if £y < E. By expanding the
cosine potential as a Taylor series, we obtain
4 EL7m(7T) — EJ ~2 EJ ~d

+ G+ O(27,). (44)

H,, = 4Eq,,(m)h?

Importantly, the unimon is designed to work in the regime Ej <

~Y

Ep (7). Thus, the enhanced
anharmonicity can be attributed to the partial cancellation of the inductive energy E, ,,,(7) and the
Josephson energy Fj, as result of which the quadratic potential energy term practically vanishes

while the quartic and higher order terms are preserved.
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Path-integral-based model for the unimon (model 2)

We start from the classical action for the electromagnetic field of the unimon, which can be ex-
pressed with the help of the temporally dependent flux density ¢ (x,¢) in the unimon circuit based
on the continuum-limit Lagrangian given by Egs. (7)), (9), (12) as

zJ

bz, )2 O, (x,t) — s iﬁc:p2
s [ ([ it st st

—l

+/ Cib(a, 1) [00(2.) — sBan()]’

2 2L, 2

+E;,cos{fb—7r[¢(x;, )—w(xj,t)” dt (45)
0

The spectrum of the unimon can be extracted from the partition function Z(/3), where § =
1/(kgT). The partition function of the unimon can be expressed through a path integral of an

exponent of an Euclidean action in the imaginary time 7 = it as

Z(8) = / D[i(x, 7)]e 75 W], (46)

where the path integral is taken over all periodic trajectories in imaginary time and the Euclidean
action SE[¢(z, 7)] = S[p(z, —iT)] is given by

- B T Ci[0,(z, 7)) [8961#(56,7')—53(11&(3:)}2
s = [ | [ SR - "
0 —1
Ff o P (0@, 7) - sBan(@)]’
* / — + 2L, de
s [0 (xy, 7) — 0np(at, 7)) T
S Colorwter, ) = Onita ) - Byoos {7 [w(ay. )~ vt ] | ) )

where the interval of imaginary time is determined by the inverse temperature 3. First, we define
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W(% 7—) = Qb(l‘7 T) - CI)diﬁf(fL'), where
/Bdiff(x') d2’, © < x5
ban(z) =39, (48)

—/ijﬁ‘(l'/) da’, v > x;.

\ xT

Then the action takes the following form:

hﬁ T

[0 (x, 1)2 [0ut (2, 7))
/ Ci0:9' (z,7)]? [axw’(x,T)]Q Cy [0, (27, 7) — 0T¢’(x+,7')}2
+ / : 5 s dz + e !

— Ejcos {(}T [w’(x}, )= (x3,7) + (I)diff}} dr, (49)

where ® 460 = @diff(x}) - (I)diff(l"jr)-

In the following derivation, we eliminate all the linear resonator degrees of freedom and
arrive at a model expressed in terms of a single variable, namely phase difference across the junc-
tion. To this end, we seek for fixed ¢'(z,7) and ¢/ (z}, 7) classical trajectories which minimize
the Euclidean action of the linear resonator parts of the system. We first focus on the left half of
the resonator with = € [—[, ;) and then adjust the results for the right side of the resonator. The
equation for the classical trajectory 1).(z, 7) corresponds to the Euler-Lagrange equation for the

Euclidean action that is given as
Oftbe(w, 7) + vp0e(,7) = 0 (50)

where vg = 1/(L;C}). Since we integrate only over the periodic in imaginary time trajectories with

the fixed value of the flux at the junction, we impose the following boundary conditions:

Ye(=1l,7) =0, for T € [0, hf], (51
Ye(xy, 7) =Y (25, 7), for T € [0, hp), (52)
Ye(x,0) = Y(x, hf), for x € [—1, z4]. (53)
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We expand the flux at the junction into a Fourier series as

W (xy, 7 hﬁ Z W (g )e T, (54)

n=—oo

where w,, = 2mnkgT'/h are the bosonic Matsubara frequencies. Consequently, the classical trajec-

tory is given by the following expression:

g iwnT (55)

We make a substitution ¢/(x,7) = t.(x,7) + ¢(x,7) in the path integral expression for the

partition function. Thus the action for the Euclidean left half of the resonator reads as

SE 9@, 1),/ (a7,7)| =

hB xj

Gl T@Dc 7)) | Betbe(z, D C [0 (z, )P [0 (2, 7))’
//{ d oL + 5 + 5L, } dz dr =
T N W o
/l{ 77 } " 5n;oow T~ (1) o

where Z = /L;/C; and [} = | + ;. Repeating the above procedure for the right half of the res-
onator, we obtain the following expression for Euclidean action of the whole unimon with ¢/(z, )

and ¢'(z§,7) given:

Hafoien] [adte 0] Cy [0,/ (ay, 7) = 0.0/ (af 7))’
+/ 5 L dz + ] 5 J
s ||
2 = n xj n xj
—FEj cos {37; [ (x5, 7) = (aF,7) + @dlﬁ]} hﬁ Z -~ <wnl> + - (w_nl ) :

(57)
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where [, = [ — xj. The partition function is expressed through this action as
/D LC T ('xJ ) )7 w (xJ ) ) 6_%SEW(mﬂ—)’w,(x;’T)ﬂp,(x;rﬂ—)]. (58)

The field ¢(x, 7) is uncoupled from (z7,7) since the boundary conditions of the total flux
Y (x,7) = 1e(z, T)+1)(x, T) are obeyed by the classical part according to equations (5T)—(33) and
consequently the field ¢)(x, 7) has zero boundary conditions independent of ¢'(zF, 7). Thus the
field z[z(a:, 7) can be integrated out. Since it satisfies zero boundary conditions at z = —[, z = x7j,
and x = [, it is equal to a product of partition functions of two grounded A/2 resonators with

lengths [; and [.. Consequently, we have

Z(B) =Z'(p) / D/ (x5, 7), ¢/ (], 7)) # 57 @ n @l (59)
where
ad 1
Z'(B) = H - —, (60)
<1_e " p) (1—e_hﬂ lrp)
7 Cy [0t @y, 1) — 0/ (at, 7]
ST (x5, 7) b/) T 5 T
0

0

_EJCOS{CQDW [ (xy,7) = ¢/ (af, 7 )+c1>dlﬁ]}) d7-+— Z W Ty \ Ky, + W (zf } Km],

(61)
and
K., = n , for o € {r,1}. (62)
27 tanh( l )
Here, we introduce |
77ZJ-|—(7_) = 5 [@ZJ (xJa ) + 1//<xJa )} 5

and
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and express the corresponding Euclidean action in terms of these variables as

hB

/ C) {3712#—(7')}2

0

Syl (7), v (7)) =

n Y|

n=—oo

— Ejcos {(QID—W [1/1_ (1) + @dig] } dr+
0

2
1 _
1/}+n + = K K nwf,n + Z (K+,n - Kg,nK—i-,ln> ’w,n|2] ’ (63)

where 1), ,, are the Fourier components of ), (7) in the spirit of equation (54). We proceed by
introducing ¢, ,, =¥, + %K ;%TK _n¥_, and integrate out the ¢/, degree of freedom to obtain

2(8) = Z'(8)Z4 (8 / Dy ()] +SE-0] (64)

where

M
Z4(B) = lim All

7
M— </
OOn:—M K+7n

where N, are normalization constants needed to enforce the convergence of the product. Thus,

(65)

we obtain
% 9
Cy [&w_(f)] o
st () = [ CLEOL o [2 )| ar il S bp
0 n=-—00
(66)
where 9
K=K ,~ K K= “n (67)

7z [tanh (“;—le) + tanh (wnz )} |

Until this point for model 2, we have not applied any approximations, i.e., the expression for
the action ST[1_(7)] is exact. However, this action is challenging to utilize further in analytical
calculations since it is both non-Gaussian and non-local in imaginary time. The corresponding
low-temperature partition function is determined by the low-Matsubara-frequency contribution of
the non-local kernel K,,. To proceed, we expand this kernel in the vicinity of w,, = 0 as
1 N C(I + 33:‘2])w2.

[L 3l "

These terms correspond to an effective capacitance and inductance, induced by the resonator. Con-

K, ~ (68)

sequently, we write a non-Gaussian action that is local in imaginary time as

" 2 2 T s
Sol—()] = / Cor [&;} ()] +12L(eﬁ> —EJCOS{%O[w—(T)+<I>diﬁ}} dr, (69

19



where

Cl(l2 + 3I§)
6l ’

Leg = 211L,. (71)

Cet = Cy + (70)

Partition function, corresponding to this action, can be evaluated numerically by diagonalization

of the following Hamiltonian:

A QQ, 1&% 21 /-
Hy = — Ejcos | X ( 4Dy ) , 72
0 QCeff+2Leﬁ 1008 | 5o Vo + Paigr (72)
where [1[1_, Q_] = ih. This Hamiltonian has indentical form to that of the lumped-element unimon

and can be used to obtain a qualitative spectrum of unimon. However it is too inaccurate for any

quantitative analysis so we need to develop a better approximation.

To proceed, we rewrite the non-local kernel as follows:

iw, {cos <M$J> + cos <Ml>}
Up Up

7 sin (Q;Jﬂl)

Kp(wn) = (73)

P

Importantly, K, (w,) has poles at frequencies of the \/2 resonator modes w, = =irkuv,/(2]),

k € Z.. The residues of these poles are equal to Fimkv?/(41*Z) [(—1)”“ oS (@) +1|. We
approximate the resonator with a set of M auxiliary modes with frequencies €, = wkv,/(20),
inductively coupled to the non-linear oscillator described by 1_ degree of freedom. Thus we

consider a trial action of the form

hB
- Clo_(1)]? 2(r T
Strial:/< [ 102( )} +1/}2£w) _EJCOS{%O [w—(T)—i_q)dlff}}

2 2.2
3 { Gl | CRE) +ak><k<7>w-<7>} dr =
k=1
T(Clow (P w2(r) 2m
/( 5 + oL, —EJCOS{aO [¢—(7)+¢diﬁ]}> dr+
0
1 Mo - OVl
w2 2 |3 ) et | e | O
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where {Xk}kM:1 are the flux variables of the auxiliary modes, Xy, is the nth Fourier coefficient
of xx(7), and C, Ly, and oy, are coefficients used below to match the trial action with that in
equation (66). To this end, we define X, = Xkn + /[(C(w) + QF)]¢-» and integrate out

variables ;. We obtain an effective action for the variable ¢ as

ns
E Clo- 2 T
Sy = /( [ ¢2 (m)]? 1/}2[2}) Ej COS{%O [¢_(T) +®diﬁ‘j|}> dr

1 Ry
w2 sy

The kernel of non-local part of the action also has poles in the frequency domain at w,, = +if).

The residues of the kernel at these poles are equal to +ia3 /(4C€),). Thus it is natural to equate
the residues of the exact kernel K, to the residues of this trial kernel as

k
(—1)* cos <7T ;CJ> +1

We have two more free parameters, namely, C' and L,, which we choose for the second-order

2 2
O‘k_Qk

4CQ.  AnkZ (76)

Taylor expansion of the trial kernel to match with that of the exact kernel given in equation (68).
Consequently, we have

M

1 2 1
ar ak 2 = 37 (77)
2Ly =205 4L
c &L 2 ¢ G 4322
— == 4+ ——" 78
> +§ 200 ~ 2 T 1 (7%)
Finally, the spectrum of the unimon is given by the Hamiltonian
2 Qz 7;2 ka:
I, =2 Y% g ( Oy ) (79
M 20+2Lw 1008 | 5 Yo+ Daisr +Z + Xt (79)
where [k, Gm] = 170km, [1)—, Q_] = ik, and all other single-operator commutators are zero.

In model 2 of this work, we choose M = 2, i.e., we consider two lowest auxiliary modes.
Thus in general, we need to solve a 3D Schrodinger equation which is feasible with the modern
computational techniques. Note that if the unimon is symmetric (zj = 0), the first mode is decou-
pled from the junction, i.e., &; = 0. However, the second mode is strongly coupled to the junction,
and hence it cannot be neglected or treated perturbatively. In this case, the problem is reduced to

solving a 2D Schrodinger equation which is computationally convenient.
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Supplementary Methods I1: Derivation of the theoretical model for a coupled unimon-resonator
system

Hamiltonian for the coupled unimon-resonator system

Here, we derive the Hamiltonian for a coupled system consisting of a unimon qubit and a A /4 read-
out resonator using an approach extended from the theoretical model 1 presented in Supplementary
Methods I. In the derivation, we take into account the qubit mode of the unimon and the lowest-
frequency mode of the readout resonator. See Supplementary Fig. [5|for a schematic illustration of
the coupled system and a lumped-element circuit model of the coupling.

We begin by writing the Lagrangians of the different parts of the coupled system. Referring
to equation (38)), we write the classical Lagrangian owing to the bare qubit mode m of the unimon

as
O 1
2L, 2l

where as above C! is the effective capacitance of the qubit mode m, ¢,, is the flux across the

£o=Smd - O @t — G0) + Ey cos[2m (9 — 00)/Po], (80)

Josephson junction owing to the mth mode, f};n is the effective inductance of the qubit mode, 2 is
the length of the unimon, Ejj is the Josephson energy, ¢ is the flux across the Josephson junction
owing to the dc component, L; is the inductance per unit length of the unimon, and @4 is the
half of the external flux difference. In the following, we assume that the coupling to the readout
resonator does not affect the mode envelope functions of the unimon.

To write the Lagrangian related to the capacitive coupling, we note that the flux at the cou-
pling location x, is related to the flux across the Josephson junction as

Pmg = Omtum(Tg)/ (Ati,), (81)

where u,,(z,) is the envelope function of the mth mode evaluated at the coupling location z,
and Au,, is the discontinuity in the envelope function Au,, = u,(z]) — u,(z7) across the
junction. Thus, the Lagrangian corresponding to the capacitive coupling between the unimon and
the resonator (see Supplementary Fig. [S) can be written as

1 Uz o\
‘Cg:§cg (¢m Zug —Cbr) 5 (82)

m

where ¢, is the node flux of the readout resonator at the coupling location. Next, the Lagrangian

of the resonator is expressed as

I PR
Er_zcrgbr 2L,

(83)
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Supplementary Fig. 5: Schematic diagram of a coupled unimon-resonator system. a,
Schematic illustration of a coupled system consisting of a unimon qubit and \/4 readout resonator
together with symbols corresponding to the relevant circuit parameters. Here, 2! is the total length
of the unimon circuit, x; is the junction location, £ is the Josephson energy, C'; is the capacitance
of the junction, ¢ is the dc Josephson phase, ¢,, is the flux difference across the junction owing
to the qubit mode m, z, is the location of the coupling capacitance, C; is the coupling capacitance
between the unimon and its readout resonator, ¢,, , is the flux of the unimon center conductor at
the coupling location, L;, is the inductance per unit length of the readout resonator, (), is the
capacitance per unit length of the readout resonator, and /, is the length of the readout resonator. b,
Circuit diagram corresponding to the coupling capacitance and the lumped-element approximation
of the readout resonator in a coupled unimon-resonator system. Here, ¢, is the flux at the end of
the readout resonator, and C; and L, are the effective capacitance and inductance of the readout

resonator.

where C, and L, are the effective capacitance and inductance of the readout resonator. For a
\/4 readout resonator, we have C, = Cj,l,/2, and L, = 8L;,l,/7?, where C;, and L;, are the
capacitance and inductance per unit length of the readout resonator and [, is the length of the

readout resonator. Note also that the characteristic impedance of the lumped-element resonator

mode is Z, = \/L,/C, = 4Z,/m, where Z, = \/L;,/C;,. Thus, the total Lagrangian of the
qubit-resonator system is given by

L=Ly+ Ly + Ly (84)
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To derive the Hamiltonian of the circuit, we first write the kinetic part of the total Lagrangian

in a matrix form as

1 N\ [Co+ Cetnlsl —Ctmmd (5N 1,
= — m r Um . = — C ; 85
A CRDN W TR V) L

where ¢ = (¢, ¢:)T is a node flux vector and C is the corresponding capacitance matrix. With
the help of the matrix notation, we can express the conjugate charges in terms of the node fluxes

> (9 E
=C (2'5 86
q= 5 ) ( )

where ¢ = (g, q:)T is a vector containing the conjugate charges. Using the matrix notation, the

classical Hamiltonian can be written as

0L

=¢' — L= qTC‘lq +U(¢). (87)
0
We can approximate the matrix elements of C~! as
Cy + C, 1
C(1,1) = = — g T — )2 , — (88)
Clo+ Cyay iz | (Cr+ Cy) — CE RS O+ Coauye
C um (Zg) C Um (Tg)
C_1(172) — — )2_g Aum —0 ~ ug(zAum 7 (89)
Cl, + Cot5 8l | (Cy + Cy) — C2uplee) [o/ 2 (O 1 Oy
um(zg)2
C1(2.2) = Con + Ce QRump o1
(2,2) =+ e — oo (90)
Cl +Cy Bun)? (Cy + Cy) — 02—’”u - r 1+ Cg

where we have used the valid assumption that the coupling capacitance C,; is much smaller than the
effective unimon capacitance C’ and the resonator capacitance C,. Inserting these approximations
to the Hamiltonian in equation (87)), we obtain

2 2 2
H = {qmg((?lin:) + ;%7 + 2l1Ll Gm(Pair — o) — Ey cos[27(dp, (po)/q)o]}

um(xg) 2 2
QmQng Au } { q ¢ }
R e e R e it 1)
{ (Z‘;mt C Jtot QCr,tot 2Lr

where we have defined the total capacitance of the unimon as C, 1o = C/, (At )* + Cytiy (4)* =
2C)1 + C; + Cyu(xg)? and the total capacitance of the readout resonator as C yop = Cy + Cj.
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In the above equation, the first curly brackets correspond to the unimon, the second curly brack-
ets correspond to the coupling, and the third curly brackets correspond to the readout resonator.
Finally, we quantize the above Hamiltonian to obtain

. . 1 .
H = {4E292n _ 2EL mP + ELpm(@air — @o) — Ey cos(Pn — 900)}

4e2 m Au,, 1
+{ e*Cyti (g) Au ﬁmﬁr} + {4Eg)§ 24 ZELr(pr}’ (92)

Cu,tot r,tot

where we have defined the charge operators as n; = ¢;/(2¢) and the phase operators as ¢; =
27rgz3i /®q for i € {m,r}. The charge and phase operators satisfy the usual commutation rela-
tion [p;, n;] = id;;. Furthermore, we have defined the following energy scales for the mth mode
of the unimon Ef!, = e?Aw? /(2Cys0t), Erm = ®2/(2m)?/L.,, and E = ®2/(2m)?/(2LLy).
For the readout resonator, we have defined the energy scales £, = e?/(2C; 10t), and Er, =
@3/ (2m)?/ L.

It is instructive to express the Hamiltonian in equation (92)) using the eigenbasis of the uni-
mon, and the annihilation and creation operators of the resonator. The unimon part of the Hamilto-
nian can be diagonalized, e.g., in the phase basis to obtain the eigenenergies {/w; } and eigenstates
{|7)} of the bare unimon. When it comes to the resonator, the annihilation and creation operators

are related to the charge and phase operators 7, and ¢, as

j E 1/4
~ L,;r ~ ~
e = =5 (Fy) (4, —al), (93)
2Etot 1/4
b=\ | (ata, (94)

which allows us to express the resonator Hamiltonian as

H, = hwdla,, (95)

where w, = , /8ng§EL,r/h.

Using equations (92)—(95)), the Hamiltonian of the coupled unimon-resonator system can be

written as

1/4
- L o gl (g) Ay, [ Ep, R ot
H = hw.ala, Z hw;l)(j| — 2ie® CuornCront Yo T (G — al). (96)
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In the eigenbasis of the unimon, we can express the charge operator 7, further as
i = =1 ) _{ilif] )] = =1 ) masli) G, (97)
i,j Y]

where we have defined n,;; = (i|lin,,|7). If the eigenenergies and states of the unimon have been
solved in the phase basis, the matrix elements can be evaluated as

o0 0
iy = / ¥ 5oV (98)

where U;(p) = (p|j) is the jth eigenstate of the unimon in the phase basis. Note also that

*

Ny = <Z’1ﬁm’]> = _<]‘1ﬁm‘z> = —Nyj.

The qubit-resonator coupling term in the Hamiltonian can be simplified as

1/4

. 5Ot (Tg) Ay, [ Ep, . L o

HC = —2162 gC : tg - <2Etot —lzn”|l><]| (ar - al)
u,tot “r to Cr i

1/4
Cotim (xg) Ay, [ Epy N, N
B 262 gCu totér tot <2Eg)t Z <n2]|l><]|al + nz]|j><2|ar>

]

=1y (gslidiglal + gyl i) (99)
i3

where the coupling strength g;; is given by

1/4
2e* Cyti (T4) Aty ( Ep, )
_ ny;

gij B h C’u,tot r,tot 2Etct’t£
Coty (Tg) AUy, | Zp o™
= Qu, 28 i o Ny (100)
Cvu,tot RK !

Cotty (Tg) Ay, 47,
~ Qe Dim R, 101
n C(u,tot RKTL] ( )

where Ry = h/e? is the von Klitzing constant and Zyrot = / Lr/Ch 1ot 1s the effective impedance
of the resonator. In the simplifications, we have used the equation

1/4
Ep, 1 1

7 = —— \/Ri Zegor, 102
<2Egj§) Crior 2/ VKO (102)

and noted that Z, 1o« ~ Z, = 4Z;,/m for a \/4-readout resonator.
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After all these simplifications, the Hamiltonian of the coupled system in equation can
be expressed as

1 = hunalae + Y haglihl+ 0y (glidilad + g3l ilas ) (103)

J ,J

Approximation of the Hamiltonian in the dispersive limit

In this section, we derive an approximation for the coupled Hamiltonian in the dispersive regime
(lwr — wo — wi| > go1), which allows us to obtain an equation for the dispersive shift of the
readout resonator coupled to a unimon. Importantly, the Hamiltonian of the coupled system in
equation is of identical form to the Hamiltonian used in Appendix B of Ref* in the derivation
of the dispersive approximation for a general qubit-resonator Hamiltonian. Thus, we apply the
results of Ref®, and obtain the following dispersive approximation of the coupled Hamiltonian

Haop = herdln + Y Blw; + A7) (] + Y hgalad ) Gl (104)
j j
where
Aj = iXij> (105)
=0
Xj = i(Xij — Xji), (106)
1=0
with
iy = —19L (107)

wj—wi—wr

If the dispersive Hamiltonian in equation (104) is projected to the lowest two levels of the

qubit, the Hamiltonian can be further simplified as

rrr

N hw!
Hgip ~ hwala, — 201 6. — hxalao., (108)

where we have defined w] = w, + (x0 + Xx1)/2, 6. = [0)(0] — |1)(1], w); = w1 — wo + A1 — Ay,

and the dispersive shift is given by

x = (x1 — x0)/2. (109)

According to the dispersive Hamiltonian in equation (I08]), the frequency of the readout resonator

attains a frequency shift of £y depending on whether the unimon is in the ground state or in the
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excited state. Thus, we can use dispersive readout similarly to the conventional transmon systems

in order to measure the state of the qubit.

Let us then derive a useful approximate expression for the dispersive shift at ®4;5 /P = 0.5.
At this sweet spot, the symmetry of the wave functions ensures that g; ;or, = 0 = n; ;421, Where
k € Z. Furthermore, the parameter regime of the unimon ensures that |g; ;1| > |g; i+2k+1|, Where
k > 1. Thus, it is a reasonably accurate approximation to only take into account the coupling
terms of the form g; ;41 or g;+;,; and neglect the rest of the terms. Within this approximation, we

can simplify the equation of the dispersive shift by noting that

Xo = Z(Xio - XOi) ~ X10 — Xo01; (110)
i=0
and
X1 = Z(Xil - Xli) A Xo1 — X10 T X21 — X12- (111)
i=0

By inserting these results to equation (109), we obtain

Y~ Xot — X10 + X21 — X12 — (X10 — Xo1)

2
1 -1 2 -1 1
= ’901‘2 - + LY -
Wo1 — Wy Wo1 + Wy 2 w12 Wy Wiz — Wy
2 1 2 1
o Aol L ol L (112)
Wor — Wy 2Wig — Wy 2

where we have discarded small terms inversely proportional to the sum of two angular frequencies.
Within this approximation, the equation for the dispersive shift is similar to that typically used for

transmons™ apart from the fact that the equation for g;; is different for the unimon.

As illustrated in Supplementary Fig. [6] we compare the experimentally measured dispersive
shifts y /(2) to theoretical predictions based on equations (I09)) and (T112). This allows us to make
the following observations: The best agreement with the experimental results is obtained with the
approximation in equation (I12)) and the experimentally measured transition frequencies wy; /(27)
and wyo/(27), in the case of which the theoretical predictions and experimental measurements
agree within 0-15% for qubits B-E and within 32% for qubit A. Secondly, we observe that the
theoretically predicted dispersive shift is overestimated if we use numerically computed transition
frequencies wy; /(27) and wyo/(27) based on the fitted circuit parameters presented in Table 1 of

the main text. This arises from the fact that the theoretically predicted anharmonicity is slightly
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Supplementary Fig. 6: Measured and theoretical dispersive shifts. Measured dispersive shifts
(blue circles) for the five qubits characterized in this work together with theoretical predictions.
The orange squares show the theoretical prediction based on the approximation in equation (112)
and experimentally measured frequencies wy; and wy5. The yellow triangles show the theoreti-
cal prediction corresponding to the approximation in equation (IT2)) and numerically computed
frequencies wp; and wy, based on the Hamiltonian in equation (40) and the fitted circuit param-
eters presented in Table 1 of the main text. The violet crosses present the theoretical prediction
corresponding to equation (T09) and numerically computed frequencies wy; and w;, based on the
Hamiltonian in equation (40)) and the fitted circuit parameters presented in Table 1 of the main text.
For all of the theoretical predictions, we use a coupling capacitance C, estimated from the avoided

crossing of the unimon and the resonator.

higher than the experimentally measured anharmonicity as can be seen from Fig. 3(a) of the main
text. Furthermore, we observe that the theoretical predictions based on equation (I09) and the
approximation in equation (112]) agree within a few percent, thus validating the approximation in

equation (112).
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Supplementary Methods III: Theoretical models for the relaxation rate of the unimon

In this section, we provide models for estimating the relaxation rate of a unimon qubit due to
different noise sources. If a qubit is only susceptible to a noise source A, the 7 decay rate of the
qubit can be described with an expression that is of the Fermi golden rule type®

1 0|0H,, /ON1)|?
Ly=7 = 101 hﬁ VEs, (). (113)

where S (wp1) is the symmetrized noise power spectral density of the variable \ at the qubit fre-

quency wo;. The symmetrized noise power spectral density is defined as®

Sy (w) = /_ T a4 e WY A (BA(0)), (114)

o0

where (A(¢)A(0)) denotes an ensemble average over the noise realizations. In the calculations
below, we use the Hamiltonian H,, in Eq. or its extensions, which means that that we employ
the theoretical model 1 derived in Supplementary Methods 1. Below, we consider relaxation due to
flux noise (ohmic and 1/ f), dielectric losses, inductive losses, radiative losses, and Purcell decay
through the readout resonator. In the case where many uncorrelated noise sources are relevant for
the qubit, the 77 decay rates of each noise source simply add such that the 7 of the qubit is the

inverse of the sum of all different decay rates.

Flux noise

In the case of the unimon, flux noise is caused by fluctuations of the external flux difference.
Fluctuations of the external flux difference can be caused by current fluctuations in the flux line
or environmental flux noise. Current fluctuations in the resistive flux line can be described with
an ohmic power spectral density, whereas the environmental flux noise is often well-described by

1/ f-type noise in superconducting circuits®.

Using equation (@0), we evaluate the matrix element (0|0 H,, /0®q|1) needed to compute
the relaxation rate due to flux noise as
27TEL

0

(0|0H,,/0Daigt|1) = (0]@m|1). (115)

Note that the relaxation is caused by fluctuations at the qubit frequency and therefore, the dc
Josephson phase ¢ can be taken to be a constant.

To estimate the relaxation rate due to ohmic flux noise, we note that the current in the flux

line is related to the external flux bias according to ®4;¢ = M I, where M is the mutual inductance
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Supplementary Fig. 7: Circuit models for relaxation rate models. a, Lumped-element circuit
diagram of the unimon. b, Lossy capacitor can be modeled with an ideal capacitor in series with an
effective resistance. ¢, Lossy inductor can be modeled with an inductor in series with a resistance.
In (b) and (c¢), fluctuations in the voltage across the effective resistance can result in the relaxation
of the qubit.

of the flux coupling. In this case, the noise power spectral density of ®4; can be written as

.o B 2M?hw hw
Sq)diﬁ(w) =M S[(w) = R coth 2]€BT N (116)

where R is the resistance of the flux line, kg is the Boltzmann constant, 7" is temperature of the

resistance, and we have utilized the noise power spectral density for the current in a resistor based

on the derivation of Ref”. By combining equations (IT3]) and (IT6)), we obtain the following
equation for the relaxation rate due to Ohmic flux noise

F{V[ _ 87T2E§M2(,U01

OhR

hw
~ 2 01
(0] |1)? coth (szT) | 117)

For the 1/ f noise, the noise power spectral density is given by

97 A2
Sop(w) = - bair (118)

w
where the constant Ag . yields the noise power spectral density at 1 Hz. By combining equa-
tions (I15) and (118), we obtain the following equation for the relaxation rate due to 1/f flux

noise ) R
E_% Abga [(0]Pm|1)]? .

f _ ¢ 3
Iy’ =8nm 2 CD% oo

(119)

Dielectric losses

To estimate the relaxation rate due to dielectric losses, we assume that the capacitance C), in the
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lumped-element circuit model of the unimon [see Supplementary Fig. [7(a)] suffers from losses.
These losses can be modeled with a series resistance R = 1/(wC/, Q¢ ) corresponding to a fixed
quality factor of ()¢ as illustrated in Supplementary Fig. [7(b). Due to voltage fluctuations of the
effective resistance R, an additional term is introduced to the Hamiltonian of the unimon such

that the Hamiltonian becomes
H!, = H,, + 2eVr i, (120)

where Vg denotes the voltage across the effective resistance. We estimate the matrix element
(0|0H!,/3Vg,.|1) and obtain

(0[0H;, [0V |1) = 26(0[Am[1). (121)

By inserting equation (121) into equation (I13]), we acquire that the relaxation rate owing to di-

electric losses is given as

16Ec . hwoy
I = —=2(0|f,|1)|* coth 122
= S Ol Peoth (52, (122
where we have used the fact that the noise power spectral density of the voltage across the effective
resistor can be written as on .
S = th . 123

Note that equation (I22)) resembles the dielectric loss rate of fluxonium qubits ™€,

Inductive losses

To model inductive losses, we assume that the inductor Z’m in the lumped-element circuit model of
the unimon is connected in series with a resistance R¢o = wf/m /@ as illustrated in Supplementary
Fig.[7(c). Here, the inductor is assumed to yield a fixed quality factor of (). Due to the presence
of the series resistance, the quadratic potential energy associated with E;n is modified into the form
1/(2L ) (ém — dr)?% where ¢ denotes the fluctuating flux across the series resistance. As a result,
we need to evaluate the matrix element (0|0H,,/0¢r, |1), which gives us

A 6}
(010H,n/0¢r|1) = —=—(0]dm]1). (124)
27TL;n

The noise power spectral density for fluctuations of ¢ can be evaluated as”

1 2hL hw
Sep(w) = ESVR(W) =0, coth (2kBT) ; (125)
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where V5 denotes the voltage across the effective resistor. By combining equations (124) and
(125)), we obtain the following equation for the relaxation rate due to inductive losses

2F hw
(0], 1)]? coth ( z > , (126)

Find —
! hQ, 2kpT

which resembles the inductive relaxation rate of fluxonium qubits .

Radiative losses
The capacitive coupling to the drive line can also give rise to relaxation due to radiative losses. We
can modify an expression of the radiative relaxation rate for a fluxonium® to obtain the following

result for the unimon
Wo1

hew
rd = 2L coth < o ) (0] A1 | 1) |2, (127)

B Qrad 2kBjj
where (),.q is an effective quality factor associated with the relaxation to the drive line.

Purcell decay to the readout resonator

To estimate the Purcell decay to the readout resonator, we note that the Hamiltonian of a coupled

unimon-resonator system in equation is similar to the Hamiltonian of a coupled transmon-

resonator system apart from different {w; } and {g;;}. Thus, we can approximate the Purcell decay

rate at a low temperature using a result similar to transmon qubits'"
|01 |2

(wo1 - wr)27

where r/(2) is the linewidth of the readout resonator in Hz.

=k (128)

Comparing frequency dependence of measured 7 to theoretical models

In Supplementary Fig. [8] we compare the measured 7 of the qubit B to theoretical pre-

dictions based on equations (116), (118), (122)), (126), (127), and (128). We have scaled the

theoretically predicted relaxation times, apart from the Purcell decay, to coincide with the experi-

mental data at @45/ Py = 0.5 in order to compare, which relaxation mechanism could explain the
measured data. Based on our analysis, the dielectric losses and Purcell decay appear to be the dom-
inating loss mechanisms for the qubit B. When considering the dielectric loss as the dominating
loss mechanism, a good fit to the data is obtained with a quality factor of Q¢ = 3.5 x 105.

Note that our analysis assumes that the quality factors (07, ()¢, and (),.q are independent of

the qubit frequency, which may be violated in practice. Namely, the flux mode envelope functions
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Supplementary Fig. 8: Measured 77 together with theoretical models. Measured 77 (blue
circles) for qubit B as a function of qubit frequency together with theoretical predictions based
on taking into account a single decay channel at a time as indicated. The theoretical predictions
are based on the following results: ohmic flux noise in equation (IT6), 1/f flux noise in equa-
tion (I18), dielectric losses in equation (122)), inductive losses in equation (126), radiative losses
in equation (127)) and Purcell decay in equation (128)). The theoretically predicted relaxation times,
apart from the Purcell decay, were scaled to coincide with the experimental data at ® 4/ Py = 0.5
corresponding to fy; =~ 4.5 GHz.

of the unimons are frequency-dependent, and thus, the electric field strengths in different parts of

the circuit vary with the qubit frequency.
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Supplementary Methods I'V: More detailed schematic of the experimental setup

Supplementary Figure [9] presents a detailed schematic illustration of the experimental setup used
in the measurements of the unimon qubit devices studied in this work. See Methods in the main
article text for a discussion of the experimental setup.
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Supplementary Fig. 9: Experimental setup. Schematic experimental setup used in the mea-
surements of the unimon qubit devices. Electronics and components related to qubit drive, qubit
readout, and flux control are denoted with green, yellow, and black colors, respectively. The dashed
rectangles illustrate boundaries between the different temperature stages of the cryostat. Brief ex-
planations of the symbols are provided in the rightmost column of the figure. Note that the qubit
readout does not utilize any parametric amplifier.
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Supplementary Methods V: Targeted design values for the most relevant parameters of the
unimon devices

Supplementary Table 2] presents the targeted design values for the most relevant circuit parameters
of the five unimon qubit devices studied in this work.

Supplementary Table 2: Design values of the characteristic parameters of the five unimon
qubits. The design values listed in the table include the inductance L; and capacitance C) per unit
length of the center conductor of the qubit, the characteristic impedance Z of the transmission line
in the qubit, the coupling capacitance C, and coupling strength |go |/ (27) between the qubit and its
readout resonator, the coupling capacitance Cy between the qubit and its drive line, the dispersive
shift y/(27) of the qubit, the frequency f, of the readout resonator, the coupling capacitance C),
between the readout resonator and the readout transmission line, and the linewidth of the readout
resonator x/(27). Note that the coupling strength |go;|/(27) is estimated by a simulation, in which
the resonator frequency is tuned on resonance with a linearized unimon circuit in order to measure

|go1|/(27) from the frequency separation of the resonances in the formed avoided crossing.

Qubit L G Z Cg |gol/(2m) Cq x/(2m) fr C. k/(2m)

(puH/m) (pF/m) () (F) (MHz) (fF) (MHz) (GHz) (fF) (MHz)
A 0.83 83 100 10.4 53.2 0.083 0.89 6.0 16.8 0.89
B 0.83 83 100 10.4 53.2 0.083 0.58 6.3 12.8 0.58
C 0.83 83 100 14.0 69.4 0.083 2.48 5.7 29.6 2.48
D 0.83 83 100 14.0 69.4 0.083 1.44 6.0 28.1 1.44
E 0.83 83 100 14.0 69.4 0.083 0.94 6.3 21.5 0.94
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Supplementary Note I: Two-qubit gates for unimon

In order to implement universal quantum computation, one needs to implement entangling two-
qubit gates in addition to single-qubit gates. Here, we theoretically show that methods common
for conventional qubits such as transmons to realize two-qubit gates can be utilized for unimons as

well.

We focus on cross-resonant implementation of the CNOT gate! 2 between two capacitively
coupled unimons shown in Supplementary Fig. [10[a). We drive both qubits coherently with the
frequency of the target qubit. The amplitudes and relative phases of the drive pulses are fine-
tuned in such a way that the unwanted transition between |00) and |01) states is suppressed. The
Hamiltonian of the two-unimon system reads as

2
H=Y" [4Ecjﬁ§ + % 1i@5 + Eyjcos (@) | + Eohahg, (129)

j=1
where E¢;, Er;, and Ejy; are the capacitive, inductive, and Josephson energies of the j:th unimon,
respectively, E. is the coupling energy, and we take the flux difference through the loops of each
unimon to be ®/2. Owing to the small but finite direct coupling E. # 0, the eigenstates of this
Hamiltonian deviate from the eigenstates of the uncoupled unimons. Consequently, we construct
01),
overlap with the respective bare qubit states.

the computational basis |00), 10), and |11) from the eigenstates which have the highest

To proceed, we apply a coherent drive pulse to the qubits described by the following operator

Ay = Ae 3 sin(wst) (R — aiin) (130)
where 7 is the duration and A is the maximum amplitude of the gate, ws is the angular frequency
between states |10) and |11), and the relative drive amplitude between of the first and the second
qubit is given by a = (00]n1]01)/(00|n4|01) in order to suppress transition between the states |00)
and |01). The maximum amplitude is adjusted to

A= Vrh
7[(10|7y — ang|11)|
We define the gate as an evolution operator in the rotating frame of the two-unimon system pro-

(131)

jected onto the computational subspace as
te

Uenor = 0/ T o ] / [H + Hd(t)] /hdt (132)

t
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Supplementary Fig. 10: Two-qubit gates for unimons. a, Lumped-element circuit diagram for
two capacitively coupled unimon qubits. b, Absolute values of the unitary matrix corresponding to
the temporal evolution arising from the cross-resonance CNOT gate as described in the text below.
Parameters of the unimons are equal to E¢i/h = 0.318 GHz, Er,/h = 24.9 GHz, Ejy /h =
23.3 GHz, E¢o/h = 0.297 GHz, Er,/h = 25.2 GHz, Ej3/h = 19.0 GHz, and E./h = 5 MHz
which correspond to the experimental parameters of the unimons A and B (see Table 1 of the main
text) and a much weaker coupling energy than that of the capacitive resonator—unimon coupling

implemented in our experiments. The characteristic duration of the gate is set to 7 = 200 ns. We
2

estimate the fidelity of the CNOT gate as % ‘Tr {ULMUCNOT}' = 0.996, where Ujgea 1S the
ideal CNOT gate and Ucnor is that implemented with these parameters in the employed rotating

frame.

where t; ~ —37 and ¢; ~ 37 are the times of beginning and the end of the gate. Note that to high-
light the capabilities of two-qubit unimon gates in comparison to the state-of-the-art transmons,
we effectively cancel the residual ZZ coupling by the above choice of the rotating frame, justified
by the fact that the residual coupling can be suppressed by off-resonant drive fields which are not
included in our simulations for the sake of simplicity. As shown in Supplementary Fig. [10(b),
the temporal evolution according to the above two-unimon Hamiltonian augmented by the drive
Hamiltonian leads to a high-fidelity CNOT gate. Thus, we have theoretically demonstrated that
two-qubit gates are implementable in a multiqubit unimon processor. In the future, we aim to
study also tunable couplers for unimons and to focus on the most promising approaches for two-

qubit unimon gates.
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Supplementary Note I1: Dispersive shift and critical photon number in qubit readout

In the usual dispersive qubit readout, its speed and fidelity are largely determined by the dispersive
shift x/(27) and the linewidth of the readout resonator /(27 )'*!%, This can be understood by
considering a semi-classical model, in which the readout resonator is treated as a classical damped
and driven oscillator, the frequency of which depends on the state of the qubit due to the dispersive
shift. In such a model, the state-dependent complex output response signal s, /.(¢) can be derived
to be'*

K .
o(t) ¢ ——————— [1 — *t(IAg/ﬁﬁ/?)] : 133
Serelt) o R e (133)

where Ay /e = wq—w, & x with wq being the frequency of the resonator drive. Based on this model,
the dispersive shift x/(27) determines the initial increase rate of the readout contrast s, (t) — s(t),
whereas the linewidth x/(27) accounts for the initial increase rate of the overall signal. Further-
more, an optimal readout contrast is achieved by designing the coupled resonator-qubit system
such that y = /2. Thus, a large dispersive shift together with a correspondingly large resonator
linewidth are required for fast and high-fidelity single-shot readout. However, the increased res-
onator linewidth also brings about an increased Purcell decay according to Eq. (128), the effect of
which can be reduced by an appropriately designed Purcell filter'.

For the unimon that has anharmonicity exceeding that of the transmon but lying well below
the qubit angular frequency, the expression of the dispersive shift in Eq. (I12)) can be further

approximated as
- | go1 |2Oé
(wor — wr)(wor — wr + @)’

(134)

where we have invoked the assumption that g12/go1 = n12/n01 =~ v/2, which holds within 5.2%
(11.0%) across all values of the applied flux difference for the parameters of qubit B (qubit A) as
illustrated in Supplementary Fig. [II(a). Note that the obtained approximation for the dispersive
shift is similar to the case of the transmon qubits'®. In Supplementary Fig. [L1{b), we illustrate
the dispersive shift based on the above approximation as a function of the qubit anharmonicity by
assuming that only the anharmonicity is changed while the circuit parameters are chosen such that
the unimon-resonator coupling go; and the unimon-resonator detuning wy; — w, are fixed to the
values measured for qubit B at ®gi¢/Py = 0.5. From the figure, we observe that the dispersive
shift is drastically enhanced with increasing anharmonicity, which suggests that the high anhar-
monicity of the unimon may provide an advantage over transmon qubits with a low anharmonicity
in implementing fast and high-fidelity single-shot readout. On the other hand, an increase in the
qubit anharmonicity enables one to reach an equally large dispersive shift with a smaller coupling
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Supplementary Fig. 11: Dispersive shift and critical photon number in qubit readout. a,
Ratio of the charge matrix elements n5 = (1|n,,|2) and ng; = (0|n,,|1) as a function of the
external flux difference for the parameters of qubits A, B, and E (see Table 1 of the main text).
The ratio nq5/ng; differs from that of a harmonic oscillator (ny3/ng; = \/5) by at most 5.2%
(11.0%) in the case of qubit B (qubit A) that has a sweet-spot anharmonicity of «/(27) = +434
MHz (a/(27) = 4744 MHz). b, Dispersive shift y/(27) (blue colour) and critical photon number
Neriy (orange colour) as functions of the qubit anharmonicity for a coupling strength g, and qubit-
resonator detuning wy; — w, set to the measured values of qubit B, i.e., go1/(27) = 70.0 MHz
and (wp1 — wy)/(2m) = —1.71 GHz. The solid blue line shows the dispersive shift based on
the approximate expression in Eq. (134)), whereas the blue rectangle shows the experimentally
measured dispersive shift of qubit B. The solid and dashed orange lines show the critical photon
number computed using Eq. (I35]) for the ground state (j = 0) and for the excited state (j = 1),

respectively.

rate go; or a larger detuning wy; — w,, which helps to reduce the relaxation rate due to the Purcell

effect while keeping the speed and fidelity of the readout essentially unchanged.

However, the increased anharmonicity may slightly lower the critical photon number of the
readout resonator coupled to the unimon. Under the approximation g12/go1 = n12/n01 ~ V2, the
critical photon number can be approximated using a similar expression as in the case of transmon

1 lwor — wy + ja*
rit = — , 135

where j = 0 and j = 1 correspond to the qubit being in either the ground state or the excited state.

qubits*

As illustrated in Supplementary Fig. [II(b), the critical photon number corresponding to j = 1

decreases with increasing anharmonicity, but the relative decrease of the critical photon number is
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much smaller than the relative increase of the dispersive shift.

An enhanced dispersive shift resulting from a high anharmonicity is not the only advantage
that the unimon may have in comparison to transmon qubits when it comes to the qubit read-
out. As a consequence of the cosine-shaped Josephson potential of the transmon, the transmon
has unbound states above the cosine potential, to which the transmon may be excited during a

high-amplitude readout pulse required for fast readout!®!’

. Interestingly, the readout pulse may
cause resonances with the unbound states already at the few-photon level degrading the fidelity
and quantum-non-demolition properties of the readout with transmon qubits'”. Owing to the con-
finement of the potential in the unimon, all eigenstates of the unimon are bound, implying that the
unimon should not suffer from the undesired effects arising from resonances with unbound states.
Naturally, this argument also applies to fluxonium qubits that also include an inductor shunting the
Josephson junction. However, the above analysis on the dispersive shift and critical photon number
does not necessarily apply to fluxonium qubits, for which the anharmonicity is on par or exceeds

the qubit transition frequency.
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