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Supplementary Note 1 - Derivation of the spin-wave dispersion for bias fields along the

NV axis
Here we derive the spin-wave dispersion for a magnetic film in the xy-plane with perpendicular
magnetic anisotropy (PMA) and a magnetic bias field Bg in an arbitrary direction. The
dispersion is given by the poles of the transverse magnetic susceptibility>? that relates the
transverse magnetization to a drive field B,c. We derive the magnetic susceptibility from the
Landau-Lifshitz-Gilbert (LLG) equation that describes the dynamics of the unit magnetization
vector m

m=—ymXx B — agm X m, (1.2)
where ag is the Gilbert damping and the “overdot” denotes the time derivative. We solve this
equation in the (x',y’, z") magnet frame that is tilted with respect to the (x, y, z) lab frame by
an angle ,, such that the equilibrium magnetization points in the 2 direction and the
axes overlap. B = B¢ + By, With B, the effective magnetic field as derivative of the

magnetic free energy density F
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where M, is the saturation magnetization and a’ € {x', y', z'} indicates the vector components
in the magnet frame. The free energy density includes the Zeeman energy, the demagnetizing

field By, the PMA energy F,, and the exchange interaction
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F=-Mm (Bs +2) + Fy + 280 sy (%) . (1.3)

In the magnet frame

o = Em2 = % 56y g + 036y @)

such that the x" and z’ components of the anisotropy effective field are
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Bax = = - Mﬁ (sin? 8, m,r + cos 6, sin 6, m,/), (1.5)
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Baz = Twam, —E(cos 0, sin 8, m,» + cos* 6, m,). (1.6)

The contributions of the Zeeman-, demagnetizing- and exchange energy to B have been
derived in Refs.}2,

In linear response with m,» ~ 1, the LLG equation describes the transverse magnetization
dynamics. In the frequency domain it reads

—iwm, = —y(m, /B, — B,r) + iagwm,,, (1.7)

y
—iwmy =y(my By, — By) — iagwm,, (1.8)

where w is the angular frequency. Substituting the components of the effective magnetic field

and rewriting the equations in matrix form,

(20 250 o tagen) () =7 (522), (L9)
where

wo = —(wy — wg) cos? By + wg cos(8g — By) + wpk?, (1.10)

w1 = wyf sin ¢ cos ¢ cos 6, (1.11)

wy = wg + wy f(cos? ¢ cos? B, — sin? By) + (wy — wg) sin? G, (1.12)

w3 = wo + Wy f sin? ¢, (1.13)

and wg = yBg, Wy = YoM, wp = L—D and wg = L—K Uo 1S the vacuum permeability, k = |K|

is the modulus of the wavevector along an angle ¢ with respect to the in-plane projection of the

magnetization, 65 is the angle of the magnetic bias field with respect to the plane normal (z

_,—k
axis), and f =1 — % depends on the film thickness t. By inverting the matrix in Eq.

(S1.9), we obtain the transverse magnetic susceptibility, which is singular when
(0, — iagw)(w; — iagw) — w? — w? = 0. (1.14)
Assuming ag < 1, the real part of the solutions of this quadratic equation gives the spin-wave

dispersion as a function of k



w? = wyw; — wi. (1.15)
The theoretical lines in Figs. 2 and 4 in the main text are based on Supplementary Equation
1.15. We assume that the field is applied parallel to the NV axis, such that 8; = 54.7°, with in-
plane projection along the stripline. We consider only spin waves with ¢ = /2, since these

are most efficiently excited by our 150-micron-long stripline. 8, minimizes the free energy
density and is found by numerically solving ;TF = 0. The ferromagnetic resonance (FMR)
0

frequency corresponds to k = 0. Supplementary Table 1 states the values of the saturation
magnetization, exchange and uniaxial anisotropy constants for different magnetic materials

used for calculating the spin-wave dispersions in Supplementary Fig. 7.

Supplementary Note 2 - Dependence of the detection bandwidth on the microwave drive

field

For efficient frequency conversion, the microwaves should excite propagating spin waves with
a significant amplitude. The spin-wave excitation efficiency depends on the microwave power
and the spatial mode overlap between the drive field and the spin waves®. In our experiment, a
5-micron-wide stripline creates an inhomogeneous microwave drive field with a sinc-like
amplitude in k-space (Supplementary Fig. 1a). The efficiency drops with decreasing wavelength
with nodes at A = w/n, where w is the stripline width and n is an integer.

To characterize the dependence on the drive field, we measure the bandwidth induced by four-
wave mixing as a function of the pump power (Supplementary Fig. 1b). As expected, the
bandwidth increases with microwave power. The photoluminescence contrast is suppressed at
spin-wave frequencies that correspond to the nodes of the drive field in Supplementary Fig. 1a

(colored dashed lines). The frequencies of these modes agree with the spin-wave dispersion

derived in the previous section (Supplementary Equation 1.15). The spin-wave excitation



antenna is therefore an important design parameter for hybrid diamond-magnet microwave

Sensors.

Supplementary Note 3 - Comparison between the idler-driven Rabi frequency and

dynamical Stark shift

A strong microwave field detuned by 6f from the NV ESR frequency (fxv), causes the latter
to shift, an effect known as the AC (or dynamical) Stark shift*. The Stark shift increases with
drive power and is inversely proportional to §f, which allows detecting the presence of an off-
resonant microwave signal. We show here that the idler-driven Rabi frequency resulting from
four-spin-wave mixing is about an order magnitude larger than the Stark shift at the same off-
resonant drive power.

We measure the Stark shift via pump-probe microwave spectroscopy. The high-power pump is
detuned from fyv by 10-1000 MHz, while a low-power probe measures the ESR frequency.
We determine the Stark shift for every detuning by measuring the ESR frequency with and
without pump (blue data in Supplementary Fig. 4a).

Next, we measure Rabi oscillations using the four-spin-wave mixing technique. We extract the
Rabi frequency for signal spin waves detuned from 10 to 710 MHz (red data in Supplementary
Fig. 4a). We attribute the small oscillations in the Rabi frequency and Stark shift to frequency-
dependent (cable) resonances in the microwave transmission of the stripline. Supplementary
Fig. 4b shows that the Rabi frequencies are larger than the Stark shift by about an order of

magnitude over the measurement range.



Supplementary Note 4 - Eight-modes model

Here we describe the details of the model for the spin-wave dynamics under a two-tone drive
used to calculate the idler amplitude as a function of pump and signal power, as plotted in Fig.
3E in the main text.

Supplementary Fig. 5 shows the spin-wave dispersion of a YIG film for 8, = 0 (blue line) and
Ok = m/2 (black line), where 6 is the angle between the in-plane spin-wave wavevector k and
the static magnetization for the parameters in Supplementary Table 1. Since the out-of-plane
component of the applied bias field Byy is small compared to the demagnetizing field of
~178 mT in YIG, we assume that the static magnetization lies in-plane along Z (X is the out-
of-plane axis), parallel to B;, the in-plane component of Byy,. The long stripline along Z excites
signal and pump spin waves with 6, = m/2. Conservation of momentum dictates that the two
created idler spin waves also lie on the 6, = m/2 branch with wavevectors k; = 2k, — k, and
ki = 2k, — k,, (Supplementary Fig. 5).

When the pump mode is strongly driven beyond a certain threshold, the four magnon scattering

term in the spin-wave Hamiltonian cgpc]ipck,cku leads to a Suhl instability. Here cfr) is the

annihilation (creation) operator for a magnon with wavevector k ,which is normalized by /S,
where S = Vs, /V,, is the total number of spins, V is the volume, s,, is the number of spins per
unit cell, and 1, is the unit cell volume. A specific pair of magnons wins the ‘instability
competition’, K" =k, ; and k" =k, , = 2k, — k, ;, which we call the ‘efficient Suhl pair’ of
the pump mode. The efficient Suhl pair for the signal ky; and k,, should also be considered
when its mode amplitude is sufficiently large. We disregard cascades that lead to the weak
higher-order idlers in Fig. 2f of the main text, as well as the Suhl pairs of the idlers that are
safely below their instability threshold at the presently applied powers. A minimal model should

therefore include the eight modes indicated in Supplementary Fig. 5.



The efficient pump and signal pairs can be identified from the threshold amplitude of the pump

(signal) mode x = |a,)|* above which the Suhl instability leads to {k’, k''} pairs, which solve®

— 20D

Suhl 2 2
(Dp?s) K’k Dp(s) K’ ) ponX —§8 = AT =0, (4.1)

where A = wp) — (wyr + wyrr) /2, with w an angular frequency, and ¢ is a dissipation rate

chosen here to be 10 MHz for all modes. D{0 . (Dygs)qe) is the matrix element for the

p(s)k’

i ot +
scattering process Clty sy Chipgey O’ CKc” (Ckp(s) Cltyie) k’Ck’) in the Hamiltonian®. First, we numerically

calculate the threshold amplitude |a,)|* as a function of |k’| and 6, as in Supplementary Fig.
6a. We identify the minimum threshold amplitude in the (|k’|,6,) plane of Supplementary Fig.
6a as a function of modulus |[K’| in Supplementary Fig. 6b. The corresponding 6,s and spin-
wave pair frequencies are shown in Supplementary Figs. 6b and 6c¢, respectively. The spin-
wave pair with the lowest threshold amplitude — the effective pump (signal) Suhl pair — turns
out to be at angles 6,/ far from 7 /2 (as indicated by the vertical dashed lines in Supplementary
Fig. 6b-c).

Our model Hamiltonian reads

Suhl t T
H = Z a)XcXcX D 3p,L3p,2 ke, O, Chey 1 Cy 2 +

Suhl .t .1 Suhl T .t
'DpSICk ck Ck,Ck; +Z)Sslszck Ci Cicy 1 Cks 5 +

Dssghlfck clir Ck, Ck, T H. c] +

D;KC;CXCXCX + z DX yCXCXCYCY

2.

X

Ej(e~itc! + He.) + El(e7stcl + H.e)). (4.2)
Here X,Y € {p;s;i;i’;p,1(2);s,1(2)}, and H.c. denotes the Hermitian conjugate. E5 and Ej,
are the drive amplitudes of the signal and pump modes, respectively, which are related to the

excitation power of the microstrip by (cf. Supplementary Fig. 1a),
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Ilo)/(e_'kp(s)|d_1>sin<|kp(;)|W>
— 2
Pp(S) - Ep(S)Z(a)p(S)) Wdlkp(s)|2 . (43)

Here, u, is the vacuum permeability, d is the thickness of the stripline and W is its width, Z (w)

is the impedance at w, and we assumed Oy = /2. We adopt Z (wp(s)) = 50 Q,d = 200 nm,

W =5um, Ey) = )\/— where L ~ W is the length of the excited part of the sample,

p(s

wy /21 = 2.2 GHz, ws/2m = 2.32GHz and B; = 23 mT, corresponding to Byy ~ 28 mT.

From the four-magnon-scattering parameters Dt /Dol ~ ;f";hllsz/l)f‘l‘)hll, ~ 10, and

Suhl Suhl SK CK Suhl SK
Dslfn Dysi = —7.2GHz, and Dpsii’y ~ Poesiiypeii) ~ Do and DY g p01:02) ~

Dp(s) $1(52:p,13p.2) DS“hl ;p.2 We calculate the mean field amplitude of the idler mode (ck Ck,) =
|a;|* as a function of P, and P,. In Fig. 3e of the main text we plot |a;], since it is linearly

proportional to the idler-driven Rabi frequency of the NV center®.
We find an idler amplitude (and thus a Rabi frequency) that initially grows as a function of
pump and signal power. However, above the Suhl instability thresholds, the amplitude of the

idler mode decreases due to the newly opened dissipation channels, as observed in the
experiments in Fig. 3d of the main text. Since (clcy) « E /€2, € can be scaled by g to achieve
the same phase diagram for Py, shifted by 20 X log(q) dBm. Our current assumption of & =

10 MHz for wy /2m~2 GHz corresponds to a Gilbert damping of ag = 5 x 1073,

Supplementary Note 5 - Difference-frequency generation by the longitudinal component

of the magnetization

In this section we demonstrate that simultaneous transverse magnetization dynamics at the

signal and pump frequencies (f; and f;, respectively) causes a beating in the longitudinal



component at the difference frequency |f; — f;|. The normalized transverse magnetization m
of two propagating circularly-polarized spin waves is the superposition

mr = mge'*s¥=@sh) 4 gt Ukpx=wpt), (5.1)
k; = 2m/2; is the wavevector of the ith spin wave, with i € {s,p}, in terms of the wavelength
Ai, w; = 2mf; is the angular frequency and m; = M; /M is the normalized magnetization
amplitude. The transverse x and y components are the real and imaginary parts of my while
the normalized longitudinal component of the magnetization reads

my, = 1~ [mql?. (5.2)
When driving two spin waves at frequencies wg and w,, and amplitudes m, and m,,, the squared
modulus

Im|? = mym} = mZ + m2 + 2mgm,, cos((ks — ky)x — (ws —wp)t)  (5.3)
depends on time. For m; <« 1 the longitudinal component oscillates at the difference
frequency

my X mgm, cos((kS — kp)x — (ws — wp)t), (5.4)

as detected in our experiments.

Supplementary Note 6 — Extending the frequency detection range using other magnetic

materials

We envisions that the microwave frequency range detectable using spin-wave mixing could
be extended to the 10-100 GHz scale using materials with a larger magnetization than YIG
that increases the spin-wave group velocity or crystal anisotropies that increase the spin-wave
gap (Supplementary Fig. 7). The four-spin-wave mixing process, spin-wave frequency combs
and oscillations of the longitudinal magnetization used in our protocols have already been

observed in other magnets, such as permalloy (Py), Fe, and CoFe”°. The increased spin-



wave damping in these materials compared to YIG reduces the spin-wave amplitudes, but this

is partially compensated by a larger saturation magnetization that increases the stray fields.
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Supplementary Figure 1. The detection bandwidth is determined by the spin-wave
excitation efficiency. (a) Normalized Fourier amplitude of the out-of-plane (x, gray) and in-
plane (y, black) components of the microwave drive field B,c generated by a 5-micron-wide
stripline. The colored dashed lines indicate the first two nodes in the spectrum. (b) Normalized
NV photoluminescence induced by four-wave mixing as a function of signal frequency and
pump power at a static magnetic field of Byy = 28 mT. The ESR frequency is at fyy =
2.08 GHz ( black dashed line, labeled fyy) and the dashed (dotted) orange (black) lines indicate
the frequencies at which the signal (pump) spin waves are driving the FMR. The red and pink
horizontal dashed lines indicate the frequencies of the spin waves that nominally cannot be

excited by the stripline, where colors match the nodes in (a).
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Supplementary Figure 2. Normalization procedure applied for Figs. 2f and 4d of the main
text. (a) Raw photoluminescence data of the measurement. We attribute the fluctuations
between columns to drifts of the objective focus and laser power over the course of the
measurement. (b) By dividing the data by the median of each column the spin-wave comb is
revealed. To remove the horizontal line of photoluminescence contrast caused by resonant
driving at the ESR frequency fyv = 2.086 GHz, we divide the data a second time by the median
of each row, resulting in Fig. 2f in the main text. The same normalization procedure was applied

for Fig. 4d in the main text.
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Supplementary Figure 3. Emergence of a spin-wave comb generated by two microwave
drives RF1 and RF2. Normalized NV photoluminescence at Byy = 28 mT as a function of RFy
frequency (RFz is kept at 2.2 GHz, red dashed line), and RF. power (RF is kept at 4 dBm). An
increasing number of higher-order idlers appear at increased drive power. RFy and RF function
either as pump or signal field depending on which frequency is closer to the ESR frequency

fav = 2.086 GHz, as is indicated by the labels f; and f, with matching colors.
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Supplementary Figure 4. Comparison of the four-spin-wave mixing and Stark shift off-
resonant detection techniques. (a) Blue: Measured shift in NV ESR frequency due to the AC
Stark effect as a function of frequency detuning of the applied drive field. Red: Frequency of
the Rabi oscillations driven by the first-order idler mode using the four-spin-wave down
conversion technique as a function of drive-field detuning. (b) Ratio between the Rabi
frequency and Stark shift as a function of detuning. The measurements were carried out at a

magnetic bias field of Byy = 28 mT. Error bars denote the 95% confidence interval.
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Supplementary Figure 5. Eight-modes model for the calculation of the idler amplitude. In
our model we consider the signal (blue dot), pump (red dot), idlers (green and black dots),
‘efficient signal Suhl instability pair’ (blue stars) and ‘efficient pump Suhl instability pair’ (red
stars) spin waves. The lines are branches of the spin-wave dispersion corresponding to different
angles 6, of the wavevector with respect to the static magnetization (see legend). The dispersion
is symmetric upon rotations of ) by . Calculations like those presented in Supplementary Fig.

6 lead to the wavevectors of the efficient pump and signal pairs. Here B; = 23 mT.
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Supplementary Figure 6. Finding the efficient Suhl pair with the lowest excitation

threshold. (a) Calculated threshold amplitude |ap(s)|2 that triggers the Suhl instability of a
spin-wave pair with wavevectors k' and k" = 2k, — Kk’ as a function of |k’| and 6. The

amplitude is normalized by the total spin S. In the white regions no momentum-conserving
scattering processes can take place. Here we adopted B; = 24 mT, w,)/2m = 2 GHz and
O

e = /2, corresponding to the red dot. (b) Minimal threshold amplitude as a function of

|k’| (black line, left axis) and corresponding 6y (red line, right axis). (c) Frequencies of the
modes corresponding to the pairs in (b). The pair with the lowest threshold is indicated by the
vertical dashed line in (b) and (c), and defines the ‘efficient pump (signal) pair’ of the Suhl

instability.
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Supplementary Figure 7. Calculated spin-wave dispersion of various 100 nm-thick
magnets. Byy = 20 mT. Matched color shading highlights the accessible detection bandwidth

using a 500-nm-wide stripline.



Material M, (A/m) D (J/m) K (J/m?) Reference
YIG 1.42 - 105 415-10712 0 Ref.’
Permalloy (Py) 8.46 - 10° 2.4-10712 0

Cobalt (Co) 13-10° 2.4-10712 0

CrBrs 2.55-10° 1.2-10712 2.24-10° | Refl!
Crls 2.15-10° 1.35-10712 6.30-10°> | Ref.l!
FesGeTe; 3.76 - 10° 9.5-10713 1.46-10° | Refl!?

Supplementary Table 1. Values of the saturation magnetization (M), exchange constant
(D) and uniaxial anisotropy constant (K) used to calculate the spin-wave dispersions in

Supplementary Fig. 7.
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