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I. SUPPLEMENTARY INFORMATION

This document contains the supplementary information.

A. Mechanical overtones

The motion of a mechanical resonator can typically be de-
scribed by considering a linear superposition of the normal
modes of the structure. In some structures, the normal modes
are related by integer multiples of some frequency, and they
are said to be harmonic. This is the case for a model string
(Fig. S1a,b) and a desirable property for many musical in-
struments. However for most of the resonators in this work,
the normal modes are not related by integer multiples, thus
the spectrum is anharmonic. In Fig. S1c, we have simulated
and plotted the first six eigenmodes of the trampoline mem-
brane resonator of the main text, and plotted their frequencies
in Fig. S1b.

In this work, we introduce an optics-based non-linearity to
the equation of motion, which affects the description of the
resonator motion in terms of the normal modes given by its
structure. Briefly summarized, we consider only the lowest
frequency normal mode given by the mechanical structure, as
a simple harmonic oscillator,

ẍ + γẋ + ω2
0x = 0. (S1)

The solutions for this equation are well-known, x ∝ eiω0t,
which oscillates at the frequency ω0 of the normal mode. By
introducing the gradient force term, ∝ sin(x) (non-linear), we
get terms in our solution that oscillate at integer multiples of
ω0, without being related to the (other) normal modes of the
mechanical resonator. To distinguish them from the other nor-
mal modes, we will refer to the components at nω0 (n integer)
as overtones. Others have detected these components of the
mechanical motion before, and refer to them in a similar man-
ner [1–3]. They ascribe the origin of these overtones to be
mechanical in nature, while we propose an optical origin.

1. Small displacement

To expand the description of these overtones, we consider
the equation of motion as Eq. 1 in the main text, where we
have added a resonant drive term Fd and absorbed the effective

mass meff into Fo and Fd for convenience. The shorthand Λ =
4π/λ is similarly used. We get

ẍ + γẋ + ω2
0x = Fo sin (Λ(x − xoff)) + Fdeiω0t. (S2)

The periodic part of the optical potential is of the form E ∝
sin

(
2π
λ

(x − xoff)
)
. The gradient of the optical intensity, ∇E2 ∝

sin (Λ(x − xoff)) after some algebra and absorbing the relevant
constants into Fo. The constant offset between the potentials,
xoff , can be taken out of the sine by

sin (Λ(x − xoff)) = sin (Λx) sx + cos (Λx) cx, (S3)

with sx = cos(Λxoff) and cx = sin(Λxoff). For a small displace-
ment x, we can use the Taylor series and truncate the higher
order terms, so sx sin(x) + cx cos(x) ≃ cx + sxx − cx

2 x2. The
equation of motion then becomes

ẍ + γẋ + ω2
0x = Fo

(
cx + sxΛx −

cx

2
Λ2x2

)
+ Fdeiω0t. (S4)

This equation admits solutions of the form

x =
∞∑

n=0

Aneinω0t, (S5)

which are the integer multiples of our original frequency ω0;
the overtones. The term n = 0 corresponds to a static position
offset from the zero of the mechanical potential. Substituting
the solution Eq. (S5) into Eq. (S4) and gathering all terms
by their frequency (einω0t for every n separately) allows us to
extract the amplitudes of the individual overtones in terms of
the parameters of our system. We get

A0 ≃ cxFo/ω
2
0

A1 =
Fd

iγω0 − ΛFosx + Fo
cx
2 Λ

2A0
,

A2 =
Fo

cx
2 Λ

2A2
1

3ω2
0 − 2iγω0 + FosxΛ − Fo

cx
2 Λ

2A0
,

An =
FoΛ

∑∞
j,k=0 A jAk

(n2 − 1)ω2
0 − iγnω0 + FosxΛ − Fo

cx
2 Λ

2A0
,

(S6)

where the summation contains only the terms where j+k = n.
This sequence of overtone amplitudes is monotonically de-
creasing (see Fig. S2): Every An < An−1. In the small-
displacement case, the overtones will be negligible compared
to A1.
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FIG. S1. Mechanical overtones. a: Resonator modes of a string. b: Frequency diagram of eigenmodes of a harmonic string and the
anharmonic SiN trampoline membranes used in this work. c: SiN trampoline modes, grey box denotes degenerate modes. The color scale
denotes normalized absolute displacement, from minimum (blue) to maximum (red).

2. Large displacement

If instead the displacement is not small, we can still use the
same method. We need to keep all the terms of the Taylor
expansion,

sin(x) =
∞∑

n=0

(−1)nx2n+1

(2n + 1)!
, cos(x) =

∞∑
n=0

(−1)nx2n

(2n)!
. (S7)

We can use the same ansatz of Eq. (S5), and extract the ampli-
tudes by collecting all terms of the same frequency. For n = 0,
the solution converges to

A0 ≃ cxFo/ω
2
0, (S8)

as the contribution from the higher order terms of the expan-
sion scale with 1/Λn. Similarly, the denominator for n > 0
can be truncated to obtain

A1 =
Fd

iγω0 − ΛFosx + Fo
cx
2 Λ

2A0

An =

Fo
∑

j

(
sxs j

∞∑
k,ℓ,...=0

A j
k,ℓ,... + cxc j

∞∑
k,ℓ,...=0

A j
k,ℓ,...

)
(n2 − 1)ω2

0 − iγnω0 + ΛFosx − Fo
cx
2 Λ

2A0
,

(S9)

with s j =
(−1)( j−1)/2Λ j

j! for odd j (s j = 0 for even j) and

c j =
(−1) j/2Λ j

j! for even j (c j = 0 for odd j). The summa-
tion only contains the terms of j amplitudes (Ak, Aℓ, ...) whose
indices k, ℓ, ... add up to n. To clarify, for n = 3, we sum over
A1A1A1, A1A2, A2A1, A3A0, A0A3 as well as many terms with
more A0’s. For every n, we get an infinite number of contri-
butions to each term. The denominator contains at most two
terms that depend on n, but the rest is constant and the whole
denominator converges for each n; thus we can truncate the
denominator, as we have done in Eq. (S9). In contrast, to
evaluate the numerator we can take sequentially higher terms
in the Taylor expansion (i.e. increase j), find all combinations

FIG. S2. Overtone amplitudes. Numerically evaluated overtone
amplitudes An in the small- and large-displacement case. The terms
A0 = 1 · 10−7 and A1 = 3 · 10−7 are taken constant, with Fo cor-
responding to 100 pN. For large displacement, the overtones have
much higher amplitude than in the small-displacement case. The
amplitude also decays more slowly with mode number.

of j integers that sum to n, and add them to the term of fre-
quency nω0.

It is difficult to analytically express all the combinations of j
integers that sum up to n, so we numerically evaluate the over-
tone amplitudes in Fig. S2. Here, we take the expansion up to
13th order, which results in close to 2.5·106 terms contributing
to n = 12. We fix the terms with n = 0, 1 to a constant value, in
the experiment we do not directly apply a resonant drive (A1)
and there are radiation pressure effects that could result in a
static position offset (A0). From the numerical evaluations,
we consistently see that for small displacement, the power in
each subsequent overtone drops exponentially. However, for
large displacement this is no longer true, and the higher-order
terms from the expansion cause strong overtones that decrease
much slower in amplitude with overtone number. This is re-
produced in the experiments shown in the main text.
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3. Numerical simulation of overtones

So far, we have derived analytically that the addition of an
optical sin(x) non-linearity to a mechanical harmonic oscilla-
tor creates components of mechanical motion at integer multi-
ples of the original frequency ω0. If the displacement is large
enough, these overtones have significant amplitude and form
a frequency comb. We have made some simplifying assump-
tions (e.g. xoff = 0), which do not necessarily hold in practice.
The remedy that, we perform numerical simulations. These
allow us to better understand the roles of resonator displace-
ment x, the the optical (dielectrophoretic) force Fo, and the
position offset xoff of the optical potential with respect to the
mechanical potential.

First, we investigate the dependence of the frequency comb
on displacement x. In Fig. S3a, we simulate the motion
of the resonator starting from the value initial amplitude x0
(v0 = 0) indicated in the legend. We include dissipation
but it is sufficiently small that the amplitude does not signif-
icantly decrease within the simulation time. For small am-
plitude of motion (x0 < xoff), we cross no optical extrema
and only the fundamental mode is visible, no higher over-
tones appear. Once the motion is large enough to cross one
optical extremum (100 nm), several overtones appear with
exponentially decreasing power, as derived previously. If
the motion is large enough to cross multiple optical extrema
(x0 > λ/4 ≃ 150 nm), more overtones appear. The lower over-
tones have approximately equal amplitude (empirically until
ω = 3x0/(λ/4)×ω0), since these also interact with the optical
potential and get modulated to drive higher overtones. Note
that the lower overtones have the same amplitude regardless
of the resonator displacement. The higher overtones, above
ω = 3x0/(λ/4) × ω0, have an amplitude that decays exponen-
tially.

Secondly, we study the dependence of the frequency comb
on dielectrophoretic force Fo. For identical initial position
x0, we plot the frequency comb for various values of Fo in
Fig. S3b. For Fo = 0 N, we see the dominant fundamental
mode but also some higher harmonics (3,5,7,...). These are
from the numerical accuracy of our simulation, they do not
follow the exponentially decaying trend of the other curves.
For increasing values of Fo, the amplitude of each of the in-
dividual overtones increases linearly, but the exponential fall-
off for higher overtone numbers is unchanged. At some point,
the non-linearities start to shift the frequency of the modes,
but this trap strength is well beyond the regime of our setup
(Fo = 100 nN corresponds to approximately 6 W of incident
laser power).

Finally, we report on the dependence of the frequency comb
on position offset xoff . In the analytical case, we simplified us-
ing xoff = 0 nm, retaining only the cosine terms so the even
overtones are strong (dark blue). By shifting the optical po-
tential with respect to the mechanical zero by λ/8 = 79 nm,
we see mainly the odd-numbered overtones appear. For this
value of xoff , we can rewrite the cosine into a sine, such that
the Taylor-series expansion only contains odd terms. At other
values of xoff , we have a weighted average of the two series
expansions. In the middle, at xoff = 35 nm, we see odd and

a

b

c

FIG. S3. a: Numerical simulation of overtones generated depend-
ing on initial amplitude. Parameters Fo = 100 pN, ω0 = 2π ×
118.049 kHz, γ = 2π × 0.02 Hz, Fd = 0 N, xoff = 30 nm. b:
Simulation of overtones generated depending on optical force Fo,
for xo = 200 nm. Other parameters identical to a. Inset shows
the frequency shift for stronger optical fields. c: Simulation of
overtones depending on offset xoff . For xoff = 0 nm, we predomi-
nantly drive the even overtones through the cosine-expansion, while
for xoff = λ/8 = 79 nm we predominantly drive the odd overtones
through the sine-expansion. At xoff = 35 nm, odd and even modes
are approximately equal in power. Individual traces are offset verti-
cally, x0 = 1000 nm and other parameters are identical to a.

even numbered modes with approximately equal power.
To summarize: The addition of an optical sin(x) non-

linearity to a mechanical harmonic oscillator creates compo-
nents of mechanical motion at integer multiples of the original
frequency ω0, which we call the overtones of ω0. These over-
tones can have significant amplitude, if the mechanical dis-
placement is large enough. The displacement x controls the
number of overtones visible, while the dielectrophoretic force
Fo determines their power relative to the fundamental mode
of the comb. Based on the offset between the optical and me-
chanical potential xoff , we can control the relative power in
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the even- or odd-numbered overtones. We have thus derived
an analytical model for the overtone frequency comb, and ex-
panded our qualitative understanding with numerical simula-
tions.

4. Exclusion of mechanical nonlinearity

We have introduced an optical nonlinearity to explain the
mechanical frequency combs, but we have not excluded con-
ventional mechanical nonlinearities (e.g. a Duffing term, ∝
x3). These nonlinearities can also lead to mechanical fre-
quency combs, even in the absence of other modes to couple
to [2, 4]. In Fig. S4a, we have simulated and plotted the spec-
trum of a mechanical resonator with a Duffing term cduff x3,
such that the equation of motion is

ẍ + γẋ + ω2
0x + cduff x3 = 0. (S10)

We start from an initial condition of x0 = 500 nm for all
traces. For a sufficiently strong nonlinearity, we see a fre-
quency comb. However, due to the nonlinearity, the frequency
is shifted away from ω0. This is expected behavior for non-
linear resonators, oscillating at ω0 for small amplitude fre-
quency shifting for larger amplitudes where the nonlinearity
becomes dominant. The sign of cduff controls the direction of
the frequency shift, and a hardening nonlinearity (increasing
frequency) is expected for most mechanical resonators.

In Fig. S4b, we have plotted the fundamental mode dur-
ing the measurement shown also in Fig. 3e. At the start of the
measurement, the amplitude is small and there is no frequency
comb, whereas at the end the amplitude is large and the comb
is clear. There is no shift of the frequency of the fundamen-
tal mode visible in this measurement, which excludes the ex-
planation of a Duffing nonlinear term being the origin of the
comb.

It was proposed by others that strong, higher order nonlin-
earities (e.g. ∝ x3, x5, x7, etc.) could be the origin of this
comb [2]. However, to reproduce the frequency comb with-
out a similar frequency shift as in the Duffing case, one would
need strong nonlinear terms of very high orders. Rather than
assuming as many nonlinear terms as we have overtones (up
to 35), we have introduced an optical nonlinearity that can ex-
plain all overtones from a single effect.

5. Comparison to other combs

There have been demonstrations of mechanical frequency
combs generated via different mechanisms in literature. For
applications, the comb properties are more important than the
generation mechanism, and we have summarized a large part
of the combs available from literature in Table S1. The entries
are sorted by material/geometry platform, and multiple publi-
cations with subtle difference in the comb generation mecha-
nism may be present within the individual categories.

The overtone comb of this work has a bandwidth on par
with the largest available in literature (limited by the setup),

but also has a relatively large resolution. The bandwidth is
given by a combination of the maximum displacement and
mechanical frequency, both can easily be engineered. We esti-
mate the optothermal parametric drive is limited to ≲ 500 kHz
in our membrane, which would constrain the mechanical fre-
quencies that can be operated without an external drive. The
frequency resolution could be enhanced by lowering the me-
chanical frequency (i.e. make the membrane tethers longer
and thinner), and can likely be tuned thermally. A further
benefit is that the overtone combs are spectrally flat (same am-
plitude in different overtones), in contrast to other mechanical
combs.

The main benefit of the overtone comb is that it does not
require an external drive, which is unique for a mechanical
comb. This greatly simplifies the necessary setup to operate
the comb. In terms of uniformity of the frequency spacing,
overtone combs come close to the level of electromechanical
combs, where the uniformity is given by the electric drives di-
rectly. However, our measured uniformity is limited by the de-
tection setup. Overtone combs are also among the most stable,
especially comparing our 6-hour frequency stability (Sec. I H)
to the 10 s Allan deviation of Ref. [5].

B. Higher harmonics in LDVs

There are several mechanisms by which spurious higher
harmonics can appear in measurements from a LDV [16]. In
the following paragraphs, we will discuss these mechanisms
and show that we can exclude them as the source of the ob-
served frequency comb. We will treat all parts of the setup
shown in Fig. 5: the optical parts, the photodetector, the de-
coder and the data acquisition.

Multi-path interferences may happen when the LDV laser
beam is reflected by more than one surface [17]. The geome-
try of our system facilitates having multiple reflection sources,
since both the trampoline membrane and the substrate con-
tribute to the reflection. We assume an ideal LDV, with an
incident electrical field with amplitude E0, a moving mem-
brane, and a stationary substrate, as shown in Fig. S5a. The di-
rectly reflected (desired) beam from the membrane has power
RSiN|E0|

2 (RSiN = 0.3). Assuming no scattering (T + R = 1,
for transmission T and reflection R), the substrate contributes
T 2

SiNRSi|E0|
2 ≃ 0.17|E0|

2 (RSi = 0.35). Only the mem-
brane contribution has a Doppler shift due to its motion, +v.
Neglecting effects from beam divergence, multiply-reflected
beams contribute T 2

SiNR2
SiRSiN, T 2

SiNR3
SiR

2
SiN, and so on. These

terms have Doppler shifts with the opposite sign to the directly
reflected beam, as they interact with the membrane from the
opposite direction. The first term has a Doppler shift equal
in magnitude to the desired signal (−v), while subsequent
terms have multiple times the Doppler shift (−2v,−3v, ...).
These terms thus directly affect the magnitude of the veloc-
ity that the LDV senses. For harmonic membrane motion
v(t) = v0 cos(ω0t), the multiply-reflected beams lead to an er-
ror in v0, but their Doppler shift does not contribute directly
to higher harmonics of the observed membrane motion.

In a non-ideal laser Doppler vibrometer, multi-path inter-
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FIG. S4. Frequency comb by mechanical nonlinearity. a: Simulated displacement spectrum of a mechanical resonator with a Duffing
nonlinearity. All traces share the same initial displacement, x0 = 500 nm, with different Duffing coefficients. For a sufficiently large nonlin-
earity, the frequency comb appears, but the frequency of the fundamental mode (and comb spacing) is changed. b: Measured frequency of the
fundamental mode of Fig. 3e, showing no shift in frequency between low displacement (no comb) and high displacement (comb).

Type Bandwidth (Hz) Resolution (Hz) Ext. drive power (dBm) Uniformity (-) Stability (-) Footprint (µm2)
Electromechanical [6] 20 − 100 0.005 − 10 −15 [7] 1 · 10−9 3 · 1 − 150 · 50
Nanostrings [8] 10 − 25 (×103) 0.5 − 10 (×103) −2.5 [4] 55 · 0.27
Free-beam [9] 60 − 150 (×103) 2 − 10 (×103) [10] 5 5 · 10−6 [5] 1 · 10−8 [5] 1100 · 350
Coupled beams [11] 10 − 200 1 − 30 [12] −26 500 · 50
Bulk acoustic [13] 20 0.7 − 2 −67 23000 · 1000
Circular 2D [14, 15] 2 − 11 (×106) 75 − 400 (×103) 10 5 − 8 (diameter)
This work 4.2 (×106) 118 − 359 (×103) None 4.7 · 10−8 7.5 · 10−10 750 · 750

TABLE S1. Mechanical frequency comb performance. Overview of reported mechanical frequency comb properties from literature, orga-
nized by platform (irrespective of comb mechanism). The overtone comb has a bandwidth (frequency span) on par with the largest combs, but
also a relatively large resolution (frequency spacing). We report the absolute frequency stability over a 6-hour period (see SI Sec. I H), whereas
[5] computes the Allan deviation over a 10 s period. Our work is the only mechanical frequency comb that does not require any external drive.

ferences can be identified by presence of ripples and spikes
in the velocity signal. We can compare the measured velocity
signals with simulated signals using the model of [17]. For a
harmonic oscillator with ω0 = 118 kHz, maximum displace-
ment amplitude xmax, the demodulated velocity signal has the
form

v(t) = −
1
2
ω0xmax

 θ2 − 1

2θ cos
(

4π
λ

cos(ωt) + ∆ϕ
)
+ θ2 + 1

 sin(ωt).

(S11)
Here, θ is the electric field ratio of the correct and the un-
wanted reflected signals (θ = ∞ for an ideal vibrometer),
∆ϕ is the phase offset between the two beams (constant). In
the worst-case scenario (RSiN = 0.3, RSi = 0.35, no scat-
tering losses), θ ≃ 1.33. The unwanted beam likely suffers
from scattering losses more than the correct beam, since its
path crosses the Si3N4 domain twice and reflects of the etch-
roughened Si surface (see Fig. 5d).

We simulate the velocity signal with multi-path interfer-
ences, and compare it with the observed velocity signal in
Fig. S6. The simulated signal of Fig. S6b (θ = 10) has the
characteristic ripples of multi-path interference. By compar-
ing the simulated signal to the measured signal (Fig. S6a),

one sees that the characteristic ripples are absent. While it is
unlikely that the multi-path interference effect is completely
absent in our setup, it can be corrected by a combination of
amplitude- and phase-locked loops [18]. Either way, the ob-
served velocity signal does not correspond to multi-path inter-
ference effects.

We can further exclude multi-path interferences as the
source of the comb by measuring outside the membrane, on
the Si chip. At the position indicated on the microscope image
of Fig. S6d, the Si and Si3N4 layers are touching and thus have
the same motion. The multi-path interference as described in
Ref. [17] does not happen. We use a second beam (’drive
beam’ in Fig. S6d) to generate a comb of the fundamental
mode of the membrane. At the measurement position outside
the membrane, we can detect this comb, red curve in Fig. S6c.
For verification, without the drive beam present (blue curve),
no comb is detected while the fundamental mode is visible.
Thus we can exclude multi-path interference effects as the
source of the observed frequency combs.

High-aperture effects can occur when the LDV is operated
with a microscope objective, based on the Guoy phase delay
of the optical beam [16, 19]. The majority of the measure-
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FIG. S5. Sources of higher harmonics. a: Schematic of reflected
components of a single optical beam on our device (red arrows). For
each component, the Doppler shift due to membrane velocity v is
shown, as well as the relative power. b: Frequency comb measured
using the VD-09 decoder (maximum bandwidth set to 1.5 MHz to al-
low maximum detectable amplitude). Inset shows microscope image
with laser position highlighted by the red circle. c: Frequency comb
measured using the DD-300 decoder, measured on the same device
at a slightly different position.

ments in this work were done using a Mitutoyo Plan APO
5x objective with a numerical aperture of 0.14. With this
numerical aperture, the amplitude error and harmonic distor-
tion should be limited to < 1% [16]. Additionally, we com-
pare the frequency combs obtained from the same device us-
ing different lenses (different numerical apertures) in Sec. I G,
which show no relation between the numerical aperture and
frequency comb. Thus we can exclude high-aperture effects
as the source of the observed frequency comb.

The electronic parts of the LDV (sketched in Fig. 5a) may
contribute to a nonlinear response that would generate har-
monics [16]. We record frequencies well below the 20 MHz
specified maximum frequency of the detector, thus this com-
ponent should not contribute higher harmonics.

In a conventional heterodyne interferometer, harmonics of
a signal would naturally arise for sufficiently large displace-
ment. The interferometer phase is linear only in a limited
regime, typically x ≪ λ. However, a Doppler vibrome-
ter measures the frequency shift of the reflected light rather
than its phase. The frequency shift can be extracted with a
frequency-to-voltage converter, in the LDV decoder. This al-
lows an LDV to measure velocities associated with displace-
ments much larger than the optical wavelength, without suf-
fering from the harmonics expected in a displacement inter-
ferometer.

There are two LDV decoders available in our setup, the
VD-09 velocity decoder and the DD-300 displacement de-
coder. The VD-09 has a lower maximum operating frequency
(1.5−2.5 MHz), while the DD-300 has a lower detection max-
imum. In Fig. S5b,c, we show the frequency combs measured
from the same device with the different decoders. These mea-
surements show that the frequency comb is not a decoder arti-
fact. Thus we can exclude the electronic parts of the measure-
ment setup as a source of the observed frequency comb.

In summary, we have described common mechanisms that
yield higher harmonics in laser Doppler vibrometer measure-
ments. All these mechanisms can be excluded as the cause of
the frequency combs, by qualitative arguments and the mea-
surements shown in Figs. S5, S6, and S17. In combination
with the fact that there is a visible change in the membrane
when the frequency comb occurs (Fig. S15), we conclude that
the observed mechanical frequency comb is a real, physical
phenomenon and not an artifact of the measurement setup.

C. Membrane in an optical trap

Optical traps can be used to confine small particles, as the
light exerts a force proportional to the gradient of the opti-
cal intensity [20, 21]. For uncharged dielectric particles, the
electrical field polarizes the particles, and any change in field
(from a gradient) will result in a dielectrophoretic force act-
ing on that particle [22]. In this section, we will simulate a
laser incident on a dielectric (Si3N4) membrane, and evalu-
ate the dielectrophoretic and radiation pressure forces. We
will show that the optical gradient is sufficient for the dielec-
trophoretic force to affect the mechanical motion, while the
radiation pressure force does not affect the dynamics signifi-
cantly.

1. Dielectrophoretic force

We simulate the physical system consisting of a t ≃ 80 nm
thin Si3N4 slab suspended in air above a much thicker Si slab,
shown in Fig. S7a. We study a 2D-axisymmetric domain cen-
tered around our laser spot, which is incident from the top of
the figure. We assume that our laser Doppler vibrometer emits
a Gaussian beam for convenience. For a regular optical trap,
the optical gradient and thus the force exerted is weakest along
the laser propagation direction, while it is stronger in the plane
normal to the propagation direction. However, the Si back-
plane in our geometry reflects part of the light and produces
a standing wave (Fig. S7a), producing a periodic optical in-
tensity. Combined with the fact that the membranes are much
larger than the optical gradient laterally (∼ 750 × 750 µm2),
we have a one-dimensional counterpropagating-wave optical
trap in the out-of-plane direction. A simple (unpatterned) Si
backplane has been shown before to be sufficient to create an
interference pattern for such an optical trap [23].

We consider only motion in the out-of-plane direction of
the membrane, so we are interested in the gradient of the elec-
tric field norm in the y-direction (Fig. S7a). The total force
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FIG. S6. Exluding multi-path interferences. a: Measured velocity signal for different times in Fig. 4b. The data has been smoothed with a
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118 kHz with multi-path interferences present. The characteristic ripples of the interference are visible at the extrema of the velocity curve in
b, but absent in a. c: Measured velocity spectrum outside the membrane, on chip. A second (drive) beam generates a frequency comb of the
membrane’s fundamental mode, which we detect at the position indicated on the microscope image d. Without this beam on the membrane,
no comb is observed.

Fde induced by the optics on the dielectric Si3N4 structure can
then be found by integrating this gradient over the membrane
domain,

Fde =

∫
VS iN

α
∂|E|2

∂y
dV, (S12)

with α the polarizability. For a linear isotropic material, the
constant α = Px/Ex can be found from the simulation by di-
viding the polarization in any direction Px by the electric field
in that direction Ex.

We need relate the equation for Fde (units of force) to the
coefficient Fo (units of force) used in Eq. 1. The expres-
sion for Fde depends on the position of the resonator with
respect to the Si backplane, Fig. S7b, whereas Fo is a con-
stant. Fde(x) in Fig. S7b shows the periodic behavior expected
from an optical trap (i.e. periodic sign change), as well as a
slight asymmetry due to radiation pressure. It shares the pe-
riodicity that we have separately introduced in Eq. 1 in the
main text, sin

(
4π
λ

(x − xoff)
)
, but does not exactly follow the

same curve due to the finite size (thickness) of the membrane
with respect to the wavelength. To simplify the dynamical
calculations, we have thus chosen to separate out the peri-
odic behavior and leave it proportional to the optical intensity,
sin

(
4π
λ

(x − xoff)
)
, and keep Fo as a constant equal to the max-

imum of |Fde(x)|. Thus for a t = 80 nm membrane subject to
our 3.6 mW laser, we expect a maximum out-of-plane force in
the order of 60 pN. This confirms the values of Fo used in the
numerical simulations in the main text and in Sec. I A, which
show that the dynamics of our membrane can be significantly
altered by the presence of the optical field.

The different curves of Fig. S7b illustrate that the total op-
tical force exerted on the membrane does not decrease mono-
tonically with membrane thickness. When we calculate the
effective strength of the trap (peak-to-peak force difference
divided by the thickness of the membrane, in Fig. S7c), we
see that it decreases for increasing Si3N4 thickness. There are
minima around t = λ/(2nSiN) where nSiN the index of refrac-
tion; the half-integer number of optical periods leads to a total
cancellation of the net force on the membrane Fde.

2. Radiation pressure force

In an optical cavity, the interaction between radiation pres-
sure and a mechanically compliant element can lead to op-
tomechanical frequency combs [24]. The radiation pressure
of an optical cavity coupled to a mechanical resonator can
result in an effective cubic non-linearity, and by sufficiently
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FIG. S7. Simulation of optical trap. a: Electric field norm of incident 633 nm light on 100 nm Si3N4 membrane suspended ∼6 µm above a Si
backplane. The reflected light forms a standing wave pattern. Zoom shows center of the Si3N4 membrane. Bottom inset shows the simulation
geometry schematically. b: Force exerted by the optical field on the Si3N4 domain as the position of the membrane is varied. The colors
represent different membrane thicknesses. c: Normalized strength of the trap for different Si3N4 thicknesses.

driving the optical cavity one can bring the system in the
self-oscillation regime. This creates an optical frequency
comb with a spacing equal to the mechanical frequency. We
must thus distinguish the frequency combs from the dielec-
trophoretic force from those originating from the radiation
pressure.

We follow the analysis of Miri et al. [24] as they analyze
the stability of a mechanically compliant end-mirror optome-
chanically coupled to an optical cavity. Our Si3N4 membrane
functions as the compliant end mirror, while the Si substrate
is the other (fixed) end mirror. For a given set of param-
eters, we evaluate whether the frequency comb will appear
through equations (9a,b) of [24], which amounts to check-
ing the Routh-Hurwitz stability criterion. For completion, the
conditions for stability are

3G2 + 4∆G + ∆2 + κ2/4 > 0,

G4 + d1G
3 + d2G

2 + d3G + d4 > 0,
(S13)

with coefficients
d1 =4∆,

d2 =γκ + 6∆2 + γ2 − 6ω2
0 +

κ2

2
−

2γω2
0

κ
−

2ω2
0κ

γ
,

d3 =∆

2γκ + 4∆2 + 2γ2 − 8ω2
0 + κ

2 −
2γω2

0

κ
−

2ω2
0κ

γ

 ,
d4 =∆

2
(
∆2 + γ2 + γκ − 2ω2

0 +
κ2

2

)
+
γ2κ2

4

+ γω2
0κ +

γκ3

4
+

(
ω2

0 +
κ2

4

)2

.

(S14)
The key quantity is the static optomechanical frequency shift
G =

2g2
0

ω0
|a|2, with g0 = 2π × 1 Hz the vacuum optomechani-

cal coupling strength typical for these membranes [25]. Ad-
ditionally, a =

(
κPℓ/4ℏωℓ
(κ/2+i∆)

)1/2
is the average optical field am-

plitude in the cavity, determined by the cavity decay rate κ,
laser power and frequency Pℓ, ωℓ and detuning ∆. Finally,
the mechanical frequency ω0 = 2π × 120 kHz and linewidth
γ = 2π × 0.1 Hz are rounded from the values measured and
reported in the main text.

To estimate κ, we calculate the finesse of the Fabry-Pérot
cavity formed by a 10 µm distance between an R = 0.3 Si3N4
and an R = 0.35 Si backplane. This is a low estimate for
κ, as the Si surface is rough from fabrication (Fig. 5d), and
we do not consider additional losses from that. We obtain
κ ∼ 2π × 430 GHz. We assume the optimal detuning to reach
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the frequency comb regime, which is around ∆ = −κ/4. Com-
bining these values, we can evaluate the expressions for the
stability and determine a minimum input laser power to reach
the frequency comb regime. This is at approximately 1.5 kW,
several orders of magnitude larger than the 3.6 mW measured
laser power output of our laser Doppler vibrometer. Thus the
optomechanical (radiation pressure) instability is not the ori-
gin of our frequency combs.

In conclusion, we have simulated the behavior of a Si3N4
membrane subject to an incident laser. Due to the Si back-
plane, reflected light forms a standing wave which leads to
a counterpropagating optical trap. We have calculated the
force exerted on the membrane by the optical trap, its di-
electrophoretic part is sufficient to generate the overtone fre-
quency comb as described in the main text. We have also ver-
ified that the optical cavity formed between the Si3N4 mem-
brane and Si backplane is not good enough to lead to an op-
tomechanical frequency comb based on the radiation pressure.

D. Optothermal parametric driving

Driving the trampoline resonators to sufficiently large am-
plitudes to see the frequency comb from the optical trapping
potential requires a strong driving mechanism. We have previ-
ously used a piezo shaker to drive these membranes [26] (also
described in Sec. I E), but for the majority of this work we use
a optothermal parametric drive mechanism where the mem-
brane reaches the self-oscillation regime [27]. That means
that we can use a continuous-wave laser without power or fre-
quency modulation, and do not require any additional signal
or connection to the chip containing the resonator.

In the following subsections, we study the optothermal
parametric driving. Since it is based on absorption, which is
normally not too large for λ = 633 nm in Si3N4, we first show
the absorption is enhanced by our photonic crystal structure.
Then, we simulate the slow (> 0.1 s) thermal dynamics from
steady state absorption and the fast (≪ 0.1 s) thermal dynam-
ics due to modulated intensity from the standing wave optical
field. Finally, we compare the simulated changes in tempera-
ture to the optothermal self-oscillation theory [27] and other
effects from literature.

1. Absorption in the photonic crystal

Si3N4 is a often-used optical material because of its low ab-
sorption at telecom wavelengths, with typical absorption co-
efficients µ = 1−2 cm−1 at 1550 nm [28]. However at 633 nm,
absorption is higher and sensitive to deposition parameters
(reports vary from µ = 2 cm−1 [29] to µ = 5000 cm−1 [30].
Works using a similar setup but low-stress Si3N4 measured
0.5 % absorption for a 50 nm film (µ = 100 cm−1) [31], so for
simulation purposes we assume 1 % for our 80 nm film. It is
difficult to verify the accuracy of this assumption, especially
since our trampoline resonators are patterned with an array
of circular holes that form a photonic crystal [32] and pre-
viously cited absorption coefficients cover unpatterned films.

These works suggest absorption should be dependent mainly
on material properties (Si3N4 deposition parameters) thus be
the same for all membranes on a chip. However, we expe-
rience quite a variance in the response of our membranes to
our laser beam (SI Sec. I G), and also depending on the ex-
act positioning of the laser on the membrane, so we propose a
different effect.

Photonic crystal patterns can be designed to yield a cer-
tain reflectivity at a target wavelength [32], but for the res-
onators in this work the photonic crystal functions as a mech-
anism to accurately control the resonance frequency [26], as
well as allowing their smooth undercut. Due to this, the pho-
tonic crystal parameters (lattice spacing a = 1356 nm, hole
radius r = 481 nm) are larger than the wavelength, which al-
lows standing waves in the Si3N4 domain that couple to waves
incident on the plane of the membrane. These modes en-
hance the field inside the Si3N4 and thus could increase the
absorption while being subject to fabrication imperfections
such that not all membranes or locations on membranes ab-
sorb equally, leading to the variance in the observed optother-
mal self-oscillation.

We simulate the behavior of the photonic crystal in COM-
SOL by taking a unit cell with the photonic crystal param-
eters (a, r, and Si3N4 thickness t = 100 nm), as shown in
Fig. S8a,d. We use n = 2.016 for the Si3N4 domain and n = 1
for vacuum. Parallel to the plane of the membrane we define
two periodic ports, for input (reflection) and output (transmis-
sion), which are located sufficiently far away from the Si3N4
domain. These ports border a perfectly-matched layer that ab-
sorbs scattered light that is not absorbed by the periodic ports.
The incident wave is an plane wave with normal incidence to
the slab, with a polarization in the x + y direction, and the en-
tire simulation domain has periodic boundary conditions in x
and y directions (brown lines in Fig. S8a.

From this simulation, we find that a standing wave pat-
tern forms in the plane of the Si3N4 membrane, shown in
Fig. S8b. When we evaluate the reflection and transmission
of this photonic crystal, we see only a small feature around
λ = 630.8 nm, Fig. S8c. However, the field integrated over
the Si3N4 domain is much enhanced. These modes are sensi-
tive to material thickness, a and r, and not unique to the pa-
rameters chosen for our simulation. We propose that standing
waves of this form cause strong(er) absorption of light in some
of our structures, depending on fabrication imperfections and
precise laser position.

2. Slow thermal behavior

To build our understanding of the effects of the absorbed
light, we simulate the effect of a heat source on the photonic
crystal membrane (Fig. S9a). The membrane structure is sym-
metric, so we can reduce the simulation domain to only a quar-
ter of a membrane. The outer edges of the domain connect the
suspended Si3N4 connects to the (much more massive) Si sub-
strate, so we apply a fixed temperature condition (purple). The
heating due to the laser light is considered as an incident heat
flux in the center of the membrane (orange), defined via the
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FIG. S8. Optical behavior of photonic crystal. a: Schematic of simulation setup, consisting of a Si3N4 photonic crystal unit cell in air,
with a plane wave incident in the out-of-plane direction (red arrows). There are periodic boundary conditions on the outer surfaces, with the
brown markings indicating one of the surface pairs. b: Norm of the E-field along the mid-surface of the Si3N4 domain, showing a standing
wave for λ = 630.8 nm. c: Reflection and transmission of the photonic crystal as a function of wavelength, and that of a flat Si3N4 surface for
comparison (dotted lines). The feature in the reflection/transmission is correlated with the mode of the photonic crystal shown in b, indicated
by the total E-field integrated over the Si3N4 domain (green). This feature is also absent for an unpatterned surface (green, dotted). d: SEM
image of photonic crystal at the membrane edge, with inset showing single hole.

total deposited heat as PµSi3N4 with laser power P = 3.6 mW
and absorption coefficient µSi3N4 = 0.01. The heat can be lost
through the fixed temperature boundary condition at the outer
edges of the domain, but also through radiative transfer in
the out-of-plane direction, where we assume the environment
is at room temperature. We use a surface emissivity of 0.1,
which is valid for room temperature and a film thickness of
100 nm [33], and noticeably different than the 0.6 − 0.9 value
used for bulk Si3N4.

The choice of material parameters of Si3N4 is important for
our simulation. The Young’s Modulus E = 250 GPa, Pois-
son’s ratio ν = 0.23 and density ρ = 3100 kg m−3 are rel-
atively well-known, and the fabrication pre-stress is known
to be 1.0 GPa. The thermal properties reported in litera-
ture vary (see [31] and references therein), we take the spe-
cific heat Cp = 700 J kg−1 K−1 and thermal expansion coef-
ficient Υ = 2.3 × 10−6 K−1. Literature values for the ther-
mal conductivity vary between k = 0.34 W m−1 K−1 [34] and
k = 20 W m−1 K−1 [35]. We simulate using both values and
plot the results as solid (k = 20 W m−1 K−1) or dashed lines
(k = 2 W m−1 K−1) in Fig. S9b,c,d.

The simulation results show that for both thermal conduc-
tivities, the temperature (Fig. S9b) reaches a steady state af-
ter ≲ 0.3s, though the temperature is significantly higher for

the low thermal conductivity case (470 K) than for the high
thermal conductivity case (349 K). Due to this, the material
expands by 20 (45) nm for the high (low) thermal conduc-
tivity case ((Fig. S9c). On a lateral dimension of 150 µm of
the membrane this is negligible as it corresponds to approx-
imately a 0.2 (0.4) nm increase in the lattice spacing a. Be-
cause of the width of the pad (middle of membrane) with re-
spect to the tether, the stress in the pad is strongly reduced
from the initial film stress (1 GPa), to < 20 MPa. By the
heating, this can be reduced to close to zero stress (compare
yellow-dashed line in Fig. S9d to the blue line). Overall, these
changes are not so significant and unlikely to change the dy-
namics of the membrane by themselves.

3. Fast thermal behavior

After simulating the steady state in temperature, material
deformation and stress described in the previous subsection,
we will now include the time-modulated optical intensity. We
assume that the resonator moves initially in its fundamental
mode at 120 kHz, so the optical field intensity is modulated
by the sin term of Eq. 1. We make sure to keep the time-
averaged power the same as in our steady-state simulation. We
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FIG. S9. Thermal behavior of photonic crystal. a: Schematic of
simulation of the laser heating the suspended membrane. Bound-
ary conditions and geometry are described in the text. Results are
extracted along two linecuts, horizontal (left column) and diagonal
(right column) in b, c, d. Starting from room temperature, an in-
cident heat flux representing absorption from the laser light heats
up the membrane over time. Colors indicate time, solid lines as-
sume thermal conductivity k = 20 W m−1 K−1, dashed lines use k =
2 W m−1 K−1. b: Temperature along the linecuts shows heating in the
center, which settles within 0.3 s. c Displacement of the geometry
away from (positve) or towards (negative) the center of the domain
due to thermal expansion. The maximum displacement is ∼ 45 nm.
d: Von Mises stress (smoothed, only first and last timestep shown).
Left and right panel have different y-axis scale.

simulate a full period, and plot the incident heat flux (grey)
and resulting temperature averaged over circular domains at
various distances from the center (colors) in Fig. S10a.

The incident heat flux modulates the temperature of the
membrane with an amplitude of about 0.3 K and a delay
on the order of a microsecond. This delay is smallest in
the domain where the heat flux is directly incident (blue),
and increases as we move further away from the center (or-
ange through red). The change in temperature also de-
creases as we move further away, which indicates that the
effect is local to the laser beam spot. We can also ex-
tract the average von Mises stress, Fig. S10b, according to

a

b

FIG. S10. Fast thermal dynamics. a: Incident laser power (grey)
and average temperature difference with respect to steady state (≃
348 K for 120 kHz motion through standing wave optical trap field.
Colors represent integration over domains depicted in the insets. b:
Resulting stress change with respect to steady state.

σavg = 1/
√

2
√

(σxx − σyy)2 + 6σxy, with σxx,yy,xy represent-
ing the stress components in the respective coordinates. This
shows a clear inverse correlation with the temperature, and
follows the trend of decreasing in amplitude and increasing in
delay as we move further away from the incident laser beam
spot.

The resulting stress difference is relatively small compared
to the total local steady-state stress (∼ 24 MPa). However,
it can forms a parametric driving mechanism since stress is
modulated at double the frequency of the original motion,
guaranteed by the optical standing wave. This optothermal
parametric driving is thus automatically frequency-matched to
the dominant motion. The delay between heat flux and stress
suggests that this mechanism of driving is limited in our case
to ≲ 500 kHz, which corroborates with the fact that only ob-
serve combs based on the first few eigenmodes.

4. Self-oscillation

We have shown so far that the motion of the membrane
through the optical standing wave results in a modulated stress
via the absorption. However, this alone is not sufficient to
drive the resonator to larger amplitudes since dissipation is
also present (though small). To estimate whether this effect is
strong enough to bring our resonator into limit-cycle oscilla-
tions under a P ≲ 3 mW drive, we follow the model of [27].
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FIG. S11. Simulated optical power necessary to create a limit-cycle
of amplitude R, using the absorption expected for a bare Si3N4 mem-
brane, and with one enhanced by absorption through internal stand-
ing waves due to the photonic crystal. Black dashed lines indicate
maximum laser power used in experiments, 3.6 mW.

There, the authors derive the minimum incident laser power
to bring a resonator into the self-oscillation regime (Hopf bi-
furcation),

PHopf =
3(B2 + 1)(B2 + 4)

2π2AQψK
, (S15)

where

K = η1λ
4R4 + η2λ

2R2 + η3,

η1 = −4π2(B2 + 1)C,

η2 = −24π2(B2 + 1)x2
offC/λ

2 − 24π2(B2 + 4)xoffD/λ

+ 3(B2 + 1)C,

η3 = −4D(B2 + 4)(8π2x2
off/λ

2 − 3)xoff/λ.

(S16)

Here, A describes the heating due to the laser (units K W−1), B
is a dimensionless constant, C represents the stiffness change
due to temperature (units K−1), D is the optothermal forcing
term (units K−1), Q is the mechanical Q-factor of our res-
onator, and ψ is the fraction of optical field that forms a stand-
ing wave. These equations give the laser power necessary to
create a limit-cycle of amplitude R.

The authors of [27] give helpful guide on how to estimate
the parameters of Eq. (S15) from the simulations of Secs. I D 3
and I D 2. To estimate the thermal parameters A and B, we
require the steady state temperature at the point of illumina-
tion (center) of Fig. S9, Tdc (difference with respect to the
room temperature environment), and the amplitude of the tem-
perature change due to the standing wave optical field from
Fig. S10, Tac. Using

A = BTdc

B =
Tacω√

T 2
dc − T 2

ac

(S17)

and the values of Tdc and Tac reported in the previous sub-
sections, we get A = 222425 K W−1 (independent of thermal

conductivity k), and B = 1257 (k = 2 W m−1 K−1) or B = 3971
(k = 20 W m−1 K−1).

The forcing parameters C (parametric) and D (direct) can
be estimated from other simulations. By calculating the dif-
ference between eigenfrequencies of our structure at the min-
imum and maximum temperatures of Fig. S10, ∆ω0 for the
fundamental membrane mode, we can use C = 2∆ω0/(ω0Tac).
We extract ∆ω = 2π×200 Hz from a simulation where we im-
pose only the stress change due to the thermal behavior, which
gives C ≃ 0.01 K−1 The parameter D should be zero, because
the tensile stress means that a temperature change does not
lead to a direct out-of-plane displacement. This is true if the
out-of-plane heat gradient is small enough, the tensile stress
does not reach zero, and as long as our entire structure has
the same thermal expansion coefficient (i.e. is from the same
material). The latter is what distinguishes us from previous
work on the optothermal excitation (bolometric backaction)
driving a cantilever into self-oscillation [36], where the gold
layer induces deflection under temperature change such that
D , 0.

Finally, the we take mechanical quality factor Q = 1 × 106

and ψ = 1. The latter we implicitly assumed already in
Sec. I D 3, where the standing wave field cancels out fully
(modulated power goes to zero). This is likely an overesti-
mation due to losses and transmission through the Si back-
plane. The assumptions behind the derivation of [27] leading
to Eq. (S15) are somewhat different than for our system, since
they use small displacement x ≪ λ.

We evaluate Eq. (S15) and plot the power necessary for a
limit-cycle of radius R in Fig. S11. We distinguish between
the absorption that we expect for an unpatterned Si3N4 film
(1% light absorption, blue), and if it would be enhanced a
factor 3 by the standing wave (orange). For non-zero limit cy-
cle amplitude R, the orange curve lies below the (maximum)
power we send in, 3.6 mW indicated by the black dashed
line, which shows that our membrane can be driven to self-
oscillation by the optothermal parametric effect. This requires
a slightly higher absorption than would be expected based on
the material parameters, which can be achieved due to the in-
ternal standing optical waves shown in the previous section.
Fig. S11 shows that limit cycles with amplitudes larger than
R ≃ 30 nm can exist. For R → 0, no limit cycle appears
which is due to D = 0 in our system. By evaluating the sec-
ond derivative of P with respect to R, d2P/dR2, we find that
the Hopf bifurcation is supercritical and thus our limit-cycle
is stable [27].

The optothermal parametric drive forms an effective peri-
odic modulation, which could also lead to a frequency comb,
similar to the dielectrophoretic force. By including a periodic
variation in the frequency ω0, we simulate this effect. The
equation of motion is

ẍ + γẋ + ω2
0(1 + Fth sin 2ω0t)x = 0, (S18)

such that the parametric term oscillates at twice the frequency
of motion. With Fth = 1 · 10−5, we are close to the simu-
lated frequency shift ∆ω. Numerically integrating Eq. (S18)
yields an increase of velocity over time (even in the presence
of damping γ/2π = 0.2 Hz). However, the higher harmonics
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FIG. S12. Comb with sine drive. Observed velocity power spectra
for different drive powers of a 104.524 kHz sine wave. The overtones
appear when the resonator is driven with high powers on resonance,
such that the displacement amplitude is large. The individual traces
are offset by 5 dB vertically.

generated by the inclusion of this parametric drive are negligi-
ble, 60 dB lower than the fundamental mode. Higher harmon-
ics (above 2ω0) do not appear visibly in the spectrum. While
the optothermal parametric drive is sufficiently strong to drive
the membranes to self-oscillation, it is not strong enough to re-
sult in a frequency comb without the dielectrophoretic force.

To conclude this section, we have simulated the optical and
thermal behavior of our resonators and analyzed the possibil-
ity of self-oscillation. We find that the motion of the mem-
brane through the standing wave optical field modulates the
absorbed light intensity, which in turn modulates the tensile
stress in the material. This is sufficiently strong to drive our
resonator to self-oscillation, if the absorption is slightly higher
than what is expected based on purely the material parameters.

E. Overtone comb with piezo driving

In this section, we demonstrate that it is possible to generate
the overtone frequency comb through inertial driving with a
piezo shaker. We do this by using several membranes that do
not show any sign of overtones when the laser is positioned
anywhere on the membrane for at least five minutes. This
way, we exclude thermal parametric driving. The piezo shaker
is mounted on the back-side of the sample holder and driven
via an Agilent 33220A arbitrary waveform generator and a a
FLC A400 voltage amplifier with 20× gain.

In Fig. S12, we show the velocity power spectrum of
a device that is driven on resonance by a sine wave of
varying power. Without any drive, the fundamental mode
(104.524 kHz) can be observed, together with the second and
third modes above 250 kHz. At higher powers, the power in
the first mode grows and overtones appear. For the highest
drive powers, we retrieve a comb similar to the one reported in
the main text. This demonstrates that using an external drive
tone, we can utilize the overtone mechanism to generate a fre-
quency comb.

If the comb can be generated with the piezo by applying a
white noise drive, it would be possible to avoid an external

frequency reference that must be matched to the device. In
Fig. S13a, we apply a white noise drive of varying peak-to-
peak amplitude. Again, the overtone comb is absent for lower
drive powers, but clearly present once the drive is sufficiently
strong. Fig. S13b shows the fundamental mode for the low-
est and highest drive cases. We perform a similar analysis of
the white-noise driven comb dynamics as for the optothermal
parametrically driven comb in the main text. The displace-
ment of the mechanical resonator over time as we increase
the drive power is shown in Fig. S13c, starting from 0 V at
t ≤ 2.5 s to 3 V at t ≥ 25 s. Compared to those obtained
via thermal parametric driving, the white noise drive results
in a less smooth displacement signal. The amplitude is also
noticeably smaller, which may be related to using a differ-
ent displacement encoder, which is not impedance-matched
to the oscilloscope used to record the time signal. By extract-
ing the different overtones, Fig. S13d, we see the fundamental
mode increase in power first, the first and second overtone
grow some seconds later and the higher overtones only appear
once the amplitude has grown sufficiently. This matches the
behavior of the comb shown in the main text. The bumps be-
tween t = 20 s and t = 28 s are due to the waveform generator
internal switches.

We have shown that we can generate the overtone frequency
comb using different driving mechanisms. Using inertial driv-
ing via a piezoelectric shaker, we observe qualitatively the
same comb behavior as when using the thermal parametric
drive. However, the white noise drive results in a noisier dis-
placement signal and comb teeth powers. To highlight this,
we show the displacement power spectrum around the first
three tones in Fig. S13e, where the vertical lines indicate fast
changes of comb power. This, combined with the added com-
plexity of requiring a piezoelectric shaker, voltage source and
amplifier, motivates the choice of using thermal parametric
driving for the majority of the measurements in this work.

F. Extension via comb interactions

The bandwidth (span) of a frequency comb is an impor-
tant property for many applications. While the overtone comb
already performs on-par with the largest bandwidth mechani-
cal combs (Table S1), we illustrate how the bandwidth can be
extended further. This can be done by letting the frequency
comb interact with a higher-order mechanical eigenmode ωh
of the membrane, to generate a comb with frequency spacing
ω0 centered around ωh. This comb around ωh has harmonics
appearing on both sides of ωh. In contrast, the comb of ω0 has
harmonics only on one side. This means that the interaction
with ωh could double the span.

We observe a copy of the fundamental mode overtone comb
(ω0 spacing) symmetrically around the higher-order mode of
the system. In Fig. S14a, we plot the spectrum around a
higher order at ωh = 2083.3 kHz which we designate as the
(5,5) mode shown in the inset. The simulated frequency of
the (5,5) mode is at 2046 kHz, and this is the closest mode
with significant mode amplitude at the readout position (same
as in Fig. 2c of the main text). The symmetric pattern of ω0-
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FIG. S13. Overtone frequency comb through piezo driving. a: Displacement power spectrum for various white noise driving powers.
The overtone frequency comb only appears for the highest driving powers. b: Fundamental mechanical mode without and with driving. c:
Displacement of the resonator as the drive power is slowly increased from 0 to 3 V. The displacement shows a less smooth signal than those
obtained through thermal parametric driving in the main text. d: Extracted strengths of the individual comb teeth over time from the signal
shown in c. Jumps around 25 s likely originate from the waveform generator internal switches. e: spectral maps of fundamental and first two
overtones. The jumps observed in d cause the vertical lines.

spaced comb teeth is offset from the overtones of ω0 (black
dashed lines).

To corroborate this interaction between the frequency comb
as a whole and a higher-order mode of the membrane, we
closely study the frequency of two of the comb teeth over
time. Originating from the same measurement as Fig. 3 of
the main text, the fundamental mode at ω0 has a 9 Hz up-
wards frequency shift over the duration of the measurement.
In Fig. S14b, we plot the spectrum of two of the comb teeth
(the first ones symmetrically around the central peak). These
peaks show the same shift in frequency, but one shifts up-
wards while the other shifts downwards in frequency; they
are clearly spaced around the central (5,5) mode peak by ω0.
The teeth further away from the center follow the 9n Hz scal-
ing of the fundamental mode comb as described in the main
text. This interaction thus unlocks the possibility of shifting
the overtone comb upwards in frequency and thereby extend
its span.

G. Effect of optics on comb and membrane

In this section, we demonstrate the overtone frequency
comb on multiple devices to corroborate the measurements
shown in the main text. Additionally, we also describe the

visible changes in the membranes under an optical microscope
when driven into the overtone comb regime, and we study the
effect of the optics (power and focus) on the frequency comb.

1. Comb prevalence and visible deformation

We observe the overtone frequency comb behavior on mul-
tiple devices, shown in Fig. S15a. We fabricated two nom-
inally identical chips containing 25 membranes each. The
membranes are identical with the exception of the photonic
crystal parameters, as described in earlier work [26]. All of
the designs feature the same internal modes that allow for
strong absorption of λ = 633 nm light as in Sec. I D, al-
beit at slightly different wavelengths. Each chip contains the
same set of 5 photonic crystal designs, oriented as marked in
Fig. S15a.

Of the 45 surviving devices on the two chips, 27 demon-
strated the frequency comb behavior based on optothermal
parametric driving (Sec. I D), and the remainder could be
driven into the overtone comb regime by sufficient piezoelec-
tric shaking (Sec. I E). This confirms the generality of the
overtone mechanism.

We can corroborate the relation of the overtone comb and
(powerful) heating through absorption by studying the mem-
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FIG. S14. Comb interactions. a: Spectrum around a higher-order
mechanical mode, showing a symmetrized copy of frequency comb
of the fundamental mode, ω0. The teeth are offset from the integer
multiples of the original mode (dashed lines), but still equally spaced
by ω0. Inset shows mode shape of the (5,5) mode expected to be the
center peak at 2083.3 kHz. Readout position is identical to Fig. 2c of
the main text, where the (5,5) mode has considerable amplitude. b:
The teeth of the secondary comb follow the 9 Hz shift of the funda-
mental comb mode as in Fig. 3, and shift symmetrically away from
the center peak.

branes using the microscope of the laser Doppler vibrome-
ter. The presence of the optothermal parametrically driven
frequency comb behavior is correlated with visible changes in
the membrane structure. We show this by taking a microscope
image immediately after the laser spot is moved to the center
of the membrane (Fig. S15b, left column), and > 30 s later
when the system has reached steady state (Fig. S15b, right
column). There is an interference pattern at the edges of the
membrane, which is likely from the change in photonic crys-
tal pattern due to a stress-gradient from the edge of the Si3N4.
The laser beam heats the membrane and via the thermal ex-
pansion of the Si3N4, the stress changes such that this edge
deforms and the interference pattern changes.

We show three devices to illustrate different changes ob-
servable in this interference pattern in Fig. S15b. In some
devices (top row), the pattern disappears completely, which
suggests these have the strongest absorption: The deformation
is larger than in other devices and the steady-state temperature
is thus high. Simultaneously, these devices show strong fre-
quency combs. In other devices (Fig. S15b, middle row), the
interference pattern disappears only partially. This is typically
along one diagonal, which suggests that the stress along the
other diagonal is not fully removed; we can switch between
the diagonals by positioning our laser spot. The steady-state
temperature is likely less than in the case where the pattern
disappears completely, and also the frequency comb appears
less pronounced. Finally, a few devices show a small discol-
oration around the laser spot, which suggests that the interfer-
ence pattern is modified only slightly. These devices display
only weak frequency combs. These behaviors corroborate that
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FIG. S15. Visual changes in membrane structure. a: Schematic
sample maps of two nominally identical chips containing 25 mem-
brane devices each, using 5 different photonic crystal designs. Green
checkmarks indicate which devices show frequency comb behavior
when optically addressed, blank squares show membranes collapsed
during fabrication. b: Microscope images of three different devices
before (left) and during (right) frequency comb behavior, showing
visible changes. The color pattern along the outer edge of the mem-
brane either disappears fully (top), partially (middle) or shows as a
slight discoloration centered around the laser spot (bottom), indicat-
ing induced change in the photonic crystal lattice spacing and hole
radius.

the thermal parametric driving through absorption of the light
is the origin of the frequency combs that we observe.
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FIG. S16. Comb dependence on laser focus. a,c,e: Microscope
images of the same device with the laser focus before (a), at (c) and
after (e) the plane of the membrane structure. b,d,f: Frequency comb
spectra measured with the respective laser foci, showing no major
change. g: Simulated trapping force as a function of beam waist for
constant total beam power.

2. Comb dependence on optical focus

We study the effect of laser focus on the frequency comb
behavior. By deliberately defocusing the laser beam, and us-
ing a membrane that has a weak frequency comb behavior, we
expect the focus to change the number of overtones appearing
in the spectrum.

In Fig. S16a,c,e, we show microscope images of the laser
focus before, at and after the plane of the membrane. In b,d,f,
we plot the velocity power spectrum measured from the de-
vices with their respective foci, which are nearly identical.
This shows that the formation of the frequency comb does not
depend significantly on the laser focusing. Simulations of the
optical trapping force as a function of beam waist (Fig. S16g)
confirm this behavior: The trapping force does not change for
beam waists > 3 µm. Simultaneously, the thermal parametric
force is limited to the area of the beam spot, so as long as the
total beam power is constant, the changes in power density

FIG. S17. Comb dependence on optical power. Relative powers
in the individual overtones, normalized the overtone powers without
filter and to the power of the fundamental mode for each filter setting.
With less optical power, the overtones decrease in power with respect
to the fundamental mode, as simulated in Fig. S3. The labeled optical
densities correspond to a transmission of 0.1D : 79%, 0.2D : 63%,
0.3D : 50%, 0.4D : 32%, 0.5D : 32%, 0.6D : 25%, 1.0D : 10%.

and beam area will cancel and the thermal parametric driving
will be constant. This shows that the generation of an over-
tone frequency comb does not require a tightly focused laser
beam.

3. Comb dependence on optical power

We also study the effect of laser power on the frequency
comb. We can add an absorptive neutral density filter to re-
duce the power of the optical beam. This decreased Fo and
should decrease the power of the overtones with respect to
the fundamental mode, as simulated in Fig. S3. In Fig. S17,
we show the relative overtone powers measured on a single
device, for various filter strengths. The power in every over-
tone is normalized to the overtone power for the measurement
without optical filter. Subsequently, the powers of the indi-
vidual filter traces are then normalized for the power in their
respective fundamental mode (overtone number 0). Fo affects
the power relative to the fundamental mode, not the absolute
power.

From Fig. S17, we see a trend where the higher optical
density filters lead to lower relative overtone powers. This
matches the simulations shown in Fig. S3. For higher density
filters and higher overtone numbers (n ≥ 4), the signal qual-
ity is too poor extract a meaningful relative overtone power.
Nonetheless, it is a clear validation of the model of Eq. (S2) as
the correct description of the source of the frequency combs.

H. Comb stability

An important property of a frequency comb is the stability
of the comb teeth over time, both in amplitude and in fre-
quency. To gain insight in how our overtone frequency comb
performs, we park our laser on a single device and measure
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FIG. S18. Comb stability. a: Extracted power of different overtones (ω0, 5ω0, 15ω0 and 30ω0, measured on the same device for several
timescales. There is no correlation in the amplitudes on timescales longer than a minute, but there appears to be a beating pattern on short
timescales. b: Frequency of different overtones, measured for several timescales. The frequency is stable on short timescales, but drifts due to
temperature on timescales longer than a minute. The drift is the same (scaled by overtone number) for all overtones.

the spectrum on various timescales. From each spectrum, ex-
tract the frequency and amplitude of some of the overtones,
and plot them in Fig. S18.

In Fig. S18a, we plot the power of the overtones at ω0, 5ω0,
15ω0 and 30ω0, offset vertically for clarity. On the timescales
> 1 min, the amplitude of the individual overtones fluctuates
around a constant mean with a 95% confidence interval be-
tween 2.0 dB and 2.5 dB. On shorter timescales, a correlation
between the amplitudes is visible which can be reproduced by
simulations if decay is included.

In Fig. S18b, we show the frequency of the same set of
overtones, where the width of the displayed part of the spec-
trum is proportional to the overtone number. The color indi-
cates power and is the same for the bottom three rows, but
multiplied by a factor 10 for the top row for clarity. All comb
teeth display the same frequency shift over time, scaled by
overtone number. This correspondence is exact, to within the

resolution of our measurement. On short timescales (< 16 s),
the frequency of the fundamental mode is stable to within the
resolution of our measurement (0.78 Hz). However, we can
use the exact frequency correspondence and observe a slight
shift of the overtone at 30ω0, 4.68 Hz over the measurement
time, or 7.9 × 10−8 s−1 relative frequency stability. This is
likely limited by the environment temperature causing a fre-
quency shift of the mechanical mode. That shift is clearly vis-
ible as the slow drift on longer timescales, as the right-most
column was measured overnight and the frequency seems to
stabilize. There are also oscillations on a 10 min timescale,
which we attribute to the room airconditioning. If we select
the most stable 6-hour period of our overnight measurement,
the fractional stability reaches 7.5 × 10−10 s−1.



18

I. Noise in overtone frequency combs

We study fluctuations in the frequency comb as a response
to (thermal) noise. By starting from Eq. 1 and including a
Langevin force noise term ξ(t), we obtain

ẍ + γẋ + ω2
0x = Fo sin

(
4π
λ

(x − xoff)
)
+ Fdeiωd t + ξ(t), (S19)

Where the noise has zero mean ⟨ξ(t)⟩ = 0 and is correlated
⟨ξ(t)ξ(t′)⟩ = 2γTδ(t − t′) such that we have assumed Marko-
vian noise at temperature T , valid since resonator Q = ω0

γ
≫

1 [37]. We expand the sine-squared nonlinear term in the same
way as in Sec. I A, where we keep all the terms since the dis-
placement is not small. We can rewrite this to

ẍ + γẋ + ω2
0x =

∞∑
n

αnxn + Fdeiωd t + ξ(t), (S20)

such that if xoff = 0, all odd coefficients (α1, α3, α5,...) are
zero. Let us first consider the oscillation of only the first har-
monic term, x = 1

2

(
Aeiω0t + A∗e−iω0t

)
. Then expand the series

of αnxn and truncate all the tones that are not resonant. The
first few terms read

α1x =
α1

2

(
Aeiωd t + A∗e−iωd t

)
⇒ α1x

α2x =
α2

4

(
A2e2iωd t + 2|A|2 + A∗2e−2iωd t

)
⇒ 0

α3x =
α3

8

(
A3e3iωd t + 3|A|2Aeiωd t

+ 3|A|2A∗e−iωd t + A∗3e−3iωd t

)
⇒

3α3

4
|A|2x

α4x =
α4

16

(
A4e4iωd t + 4|A|2A2e2iωd t + 6|A|4

+ 4|A|2A∗2e−2iωd t + A∗4e−4iωd t

)
⇒ 0.

(S21)
We can thus rewrite Eq. (S20) as

ẍ + γẋ + ω2
0x =

[
α1x + 0 +

3α3

4
|A|2x + 0 +

5α5

8
|A|4x + ...

]
+ Fdeiωd t + ξ(t). (S22)

Now we can introduce a new set of coefficients βn such that
β1 = 1, β2 = 0, β3 =

3
4 , β4 = 0, β5 =

5
8 . Rearranging the

terms now gives us

ẍ + γẋ +

1 −∑
n

αnβn|A|n−1

ω2
0x = Fdeiωd t + ξ(t)

ẍ + γẋ + Ω2
0x = Fdeiωd t + ξ(t).

(S23)

This way, we work with the frequency of the first harmonic,
Ω0, taking into account the shift due to the non-linearity. In
the case where xoff = 0, all odd αn = 0, and all even βn = 0 in
general, which implies that the frequency of the first harmonic
is not shifted by the non-linearity. Intuitively, that makes sense
since the electric field is symmetric around the resonator rest
position for xoff = 0.

We obtain the amplitude of the first harmonic by switching
off the noise ξ(t), and get

|A|2 =
F2

d([
1 −

∑
n αnβn|A|n−1]ω2

0 − ω
2
d

)2
+ γ2ω2

d

. (S24)

Similarly, we can find the amplitude response to fluctua-
tions ξ(t) by turning off the coherent drive,

ẍ + γẋ + Ω2
0x = ξ(t). (S25)

In Fourier space, we then get

X(ω) =
ξ(ω)

Ω2
0 − ω

2 + iγω
(S26)

with autocorrelation

〈
X(ω)X(ω′)

〉
=

2γkBTδ(ω + ω′)
(Ω2

0 − ω
2 + iγω)(Ω2

0 − ω
′2 + iγω′)

. (S27)

Then we can find the mean square amplitude response to fluc-
tuations as

δx2 =
〈
X(t)2

〉
=

∫
dω
2π

dω′

2π
〈
X(ω)X(ω′)

〉
ei(ω+ω′)t

=
2kBT
Ω2

0

.
(S28)

Thus the mean square amplitude of the first harmonic due to
thermal fluctuations depends on the optical non-linearity via
Ω2

0.
Now to obtain the net motion we consider both driving and

noise terms (use Eq. (S20)) and make the ansatz that our solu-
tion consists of a set of harmonics with a perturbation δx

x =
∞∑

n=1

Aneinω0t +

∞∑
n=1

A∗ne−inω0t + δx = B + δx. (S29)

The nonlinear term
∑

n αnxn from Eq. (S20) can then be ex-
panded and simplified by neglecting higher-order noise terms
and keeping only the linear one. If δx ≪ B, (B + δx)n ≃

Bn + nBn−1δx. Now if we let the sum in the nonlinear term go
to a reasonable finite number Nmax, we split the sum and shift
the index of one of the two,

∞∑
n=1

αn(Bn + nBn−1δx) =
Nmax∑
n=1

αnBn +

Nmax−1∑
n=0

αn+1(n + 1)Bnδx

= α1δx +
Nmax−1∑

n=1

Bn(αn + αn+1(n + 1)δx) + αNmax BNmax .

(S30)
If we then have αn ≃ αn+1 for all reasonable n, and small noise
such that δ(n + 1) ≪ 1, we can then absorb the term at Nmax
back into the sum,

∞∑
n=1

αn(Bn + nBn−1δx) ≃ α1δx +
Nmax∑
n=1

αnBn. (S31)

Thus we obtain the same solution in terms of the harmon-
ics as we would do without considering fluctuations δx, with
only the additional term α1δx. The equation of motion thus
becomes
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∞∑
n=1

An

(
ω2

0 − n2ωd + inγωd

)
einωd t + δ̈x + γδ̇x + ω2

0δx = α1δx +
Nmax∑
n=1

αnBn + Fdeiωd t + ξ(t) (S32)

Based on the previous analysis, we can linearize this to

∞∑
n=1

An

(
ω2

0 − n2ωd + inγωd

)
einωd t + δ̈x + γδ̇x + Ω2

0δx + Fdeiωd t + ξ(t) (S33)

where Ω2
m =

[
1 −

∑
n αnβn|A|n−1

]
ω2

0. While the amplitudes
An are obtained in Sec. I A, this analysis shows that the root-
mean square fluctuations stay constant at 2kBT

Ω2
m

for all values
of n. This indicates that the comb generation does not cause
additional fluctuations or noise.

Thus we have confirmed our observations of Fig. 3f in the
main text: The Lorentzian linewidth of our resonator funda-
mental mode is the same in the thermal regime as it is when
driven into the overtone comb, since the optical non-linearity
does not add noise to the system.

J. Phase-coherence

To show the phase-coherence of all tones within the comb,
we take a closer look at the time domain signal. When the
overtones at 2, 3, 4, ... × ω0 have considerable amplitude, we
can extract the phases of each component separately from the

shape of a single period in the time domain. To do so, fit
the sum of the first n cosine terms with amplitude coefficients
a1, ..., an and phase offsets ϕ1, ..., ϕn using

A(t) = a1 cos(2πω0t + ϕ1) + a2 cos(4πω0t + ϕ2) + ...
+ a16 cos(32πω0t + ϕn).

(S34)

When all phase offsets are the same, ϕ1 = ϕ2 = ... = ϕn, the
overtone comb is phase-coherent.

To fit Eq.(S34), we extract the amplitudes of the first n = 16
overtones from the measurement of the whole time signal
(∼ 36 s). This we use as an initial guess for a fit that opti-
mizes them to the final amplitudes that best describe a single
period (∼ 8 µs). We calculate two curves, one where all phase
offsets ϕ1, ..., ϕ16 are the same (orange in Fig. S19a,b) and one
where all the phase offsets are random (black). From this, it is
clear that all overtones have the same phase offet and thus the
overtone comb is phase-coherent.
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24, 1448 (1999).
[24] M.-A. Miri, G. D’Aguanno, and A. Alù, New Journal of Physics
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FIG. S19. Phase coherence of overtone comb. a,b: Single period
(blue) of the measured time signals of Fig. 4c, together with fits con-
taining the sum of the first 16 cosines (overtones, at ω0, ..., 16ω0).
In orange, the cosines all have the same phase offset, while in black
the phase offset is random. This shows the phase-coherence of our
overtone comb.
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and S. Schmid, Proceedings of the National Academy of Sci-
ences 115, 11150 (2018).
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