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FIG. S1. | Hybrid full-shell Al-InAs junctions. Electron micrograph (false color) of a device

that is lithographically similar to the devices studied in the main text.
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FIG. S2. | Joule spectroscopy characterization of devices A, B and C. For each device we
plot: (i) the Joule spectrum of the leads and (ii) dI/dV at low-V as a function of B, and Floquet-

Keldysh calculations of the (iii) high-V" and (iv) low-V transport response.
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FIG. S3. | Perpendicular magnetic field dependences. dI/dV (V') as a function of perpendic-
ular magnetic field, B, for devices A (panel a) and B (panel b). Dashed lines show predictions of

the AG theory using the same parameters obtained from fitting the data with the nearly parallel

magnetic field, B.
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FIG. S4. | Gate dependence of the dip features in device C. dI/dV (V) (left panel) and
dI/dV (I) (right panel) measured in a 4-terminal configuration as a function of the gate voltage.
Notice that no post-processing of the data is required to obtain the real voltage drop across the
device (see Methods), as the measurement is not affected by series resistances in the experimental
setup (e.g., the resistance of the cryogenic filters). The dashed lines are fits to Eq. (3) in the main
text with a single free fitting parameter per dip, Rjeqq,1 and Rieqq2. An excellent agreement is
obtained between the experimental data and the fits, from which we obtain Rj..q1 ~ 1.8 © and
Ricqq2 ~ 2.4 €. Note that for this analysis, we have used the two different superconducting critical
temperatures of the leads, namely 7i.; = 0.98 K and 7. = 1.31 K, which result from the inverse

superconducting proximity effect.
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S2. SUPPLEMENTARY EXPERIMENTAL DATA
A. Properties of the epitaxial Al shell

We present here a characterization of the epitaxial Al shell of nanowires from the same
batch as that used for devices A, B and C. We have fabricated devices with a 4-terminal
geometry and with angle-evaporated Cr(2.5 nm)/Au(80 nm) contacts, similar to device C.
In this case, however, the Al shell was not etched. Current-biased measurements were taken
at low temperatures and with an external magnetic field, B. Such a characterization was
aimed at estimating relevant parameters of the Al shell, such as the normal state resistance,
R, the superconducting coherence length, £s, and the critical current, I3 to compare

with the results obtained from our analyses of the dips in the main text.

Fig. displays a typical dV/dI(I, B) measurement, where I is the current bias. Note
that the measurements were taken by sweeping I from negative to positive values and, as
such, features in the negative/retrapping branch may be affected by heating effects. We will
not discuss this in further detail, as it is outside of the scope of this work. By measuring
a total of 5 devices, we have observed a distribution of critical current, 3" ~ 10 — 25uA
(taken at positive ). These values are at least 2-3 times larger than the highest values

measured for Iy, reinforcing that the reported dips are not related to the critical current

of the shell.

Concerning the normal state resistance of the shell, we define R,, = dV/dI(I > I:""). In
Fig.[Sh] we plot R, as a function of the distance between the voltage probes, L. By applying
a linear fit to the datapoints, we estimate R, /L ~ 11 /m. As mentioned in the main text,

the Rje.q values obtained by fitting the dips agree very well with this estimate.

We now evaluate the superconducting coherence length of the epitaxial shell. We esti-

mated & from R,, by applying the methodology described in ref. [I]. In brief, in the dirty

limit of superconductors, the coherence length is given by & = /mhupl./24kpT.(B = 0),
where vp = 2.03 x 10° m/s is the electron Fermi velocity in Al, and [, is the mean free path.
This latter parameter is obtained from the resistivity of the Al shell. By taking R,, and
considering the geometrical dimensions of the shell in each of our devices, we estimate [, ~ 2
nm. From this value, we calculate &g for the 5 measured nanowires, obtaining a distribution

in the range of 75-105 nm, consistent with the values obtained from the AG fitting of the
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dips in the main text.
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FIG. S5. Characterization of the epitaxial Al shell. a, dV/dI(I) measurement taken as a
function of B. b, Length dependence of the normal state resistance of the Al shell. L corresponds

to the distance between the voltage probes of the device.

B. Features related to the superconductivity of the Ti/Al contacts

In this section, we will discuss dip-related features that are observed in all devices with
superconducting lithographic contacts (Ti/Al), but that are absent when the contacts are
normal (Cr/Au).

We start by addressing the faint dI/dV dips that were mentioned in passing in the discus-
sion of Fig. 2b (labeled as Vg itn). These dips are more prominently seen in measurements
taken as a function of T or B. Indeed, they are also present in the B-field dependences in
Figs. 3a and 4b, although their visibility is compromised by the lower resolution of those
measurements. We show in Fig. a higher resolution dI/dV (V, B) measurement for de-
vice A, focusing on lower magnetic fields. This measurement is similar to Fig. 3a, but it was
taken in a different cool-down. For this reason, we note that even though both measure-
ments were taken at the same gate voltage (V, = 80 V), R; (and consequently Vy;,;) are

slightly different owing to a small shift in the pinch-off voltage of the device upon thermal
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cycling. Interestingly, Rje.q; remains unchanged for the different cool-downs, reinforcing
that it is a property of the leads and not of the junction. Importantly, we note that the
behavior of the faint dips is consistent with the superconductivity of 240 nm-thick Al films
with lateral dimensions ~ pm. Notably, their critical temperature (7. ,(B = 0) ~ .1.1 K)
is lower than that of the epitaxial shell (7. ,(B = 0) ~ 1.35 K), and their critical magnetic
field is ~ 20 — 50 mT. We thus conclude that the faint dips indeed have their origin in the
lithographic Ti/Al contacts. We do not discuss these dips further, as they do not affect the

main conclusions of this work.

We also attribute the slight increase of Vy,; at low fields (up to ~ 20 mT) to the
Ti/Al contacts. As we mentioned in the main text, this effect leads to a small discrepancy
between the data and the AG fitting. Fig.[S6] clearly demonstrates that the dips in devices
with Cr/Au contacts do not show such a discrepancy at low B. In analogy to the previous
effect, we speculate that the present behavior is also related to the superconductor-to-normal
transition of the Ti/Al film. In brief, we believe that the closing of the superconducting gap
of the Ti/Al contacts slightly improves the thermal transport from the junction to the bath,
leading to a small renormalization of Rj.q;. Indeed, we estimate that Rj.q; at B = 0 is

approx. 10% higher than at B = 20 mT, suggesting a slightly higher thermal resistance.
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FIG. S6. Dip features in devices with superconducting (left panel) and normal (right
panel) lithographic contacts. Devices with Ti/Al contacts show additional faint dips that are
suppressed for low magnetic fields. They also show a slight increase in Vy;, ; upon applying B from

zero to ~ 20 mT.

S11



C. Determining device parameters

In this section we provide detail on the fitting of parameters for device A, B and C. From
the main text it is already established how zero-field critical temperature, 7.(B = 0), and
lead resistance, Rj..q, are obtained by monitoring dips under change of cryostat temperature,
Thyatn, and junction gate, V;, respectively. Additionally, for a given V,; we measure the zero-
field normal resistance, R;, and maximal excess current, max(leze1(V)+Zeze2)(V), which we
use to fit the number of transmission channels, IV, and the transmission of each channel, 7, as
to produce the same ratio of excess current to resistance in theory calculations. Realistically,
each channel, j, will have a different transmission and fitting each 7; can be achieved by
precise fitting of MAR peaks [2]. As we primarily focus on high-bias measurements, and to
keep the number of fitting parameters low, we deem this procedure not worthwhile.

Next, we elaborate on the fitting of the Little-Parks lobes observed in Vg,(B) as a
function of field, and compare it to expected wire parameters. Little-Parks oscillations

of T.(B)/T.(0) = Vgip(B)/Vaip(0) in a superconducting thin cylinder in the dirty limit, is

described by [3, 4],
(O ) o

where W is the digamma function, and « the pair-breaking parameter. As a perfect mechani-

cal alignment between the nanowire axis and the applied magnetic field is not experimentally
feasible we leave a small angle, 6, as an additional fitting parameter, resulting in a paral-
lel and a perpendicular contribution to the magnetic field: B = Bcost), B, = Bsin0.
Difference in 6 between two leads we attribute to a possible curvature of the nanowire.

Consequently, the total pair-breaking is given by a = oy + a [I} [5] with,

4£°T.(0) AN
= — —_ P 1 - 2
“ A ") Tel\mTE) | @
46T (0)\ B2
aL= T(IT? (3)

Here n denotes the fluxoid quantum number, & = BjA, &, = B/ A, A = nd?*/4, and X is a
free fitting parameter determining the perpendicular contribution to pair-breaking. For the
purpose of fitting this function is characterized by the following four components,

d, o 4€2T.(0) o — 1 ﬁ N Ast 0

B = — = T Oy = \A? 4
P Acosf’ Tt A 7 TP 314 cos2f’ 2 ’ (4)
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where B, is the measured LP periodicity, C; sets the amplitude of periodic oscillations, C
the decay at integer flux, ®|/®o = n, and C5 the decay for a perpendicular field (6 ~ 7/2).
A given measurement of Vg, as a function of parallel magnetic field, possibly with a small
0, in combination with a perpendicular field measurement with 6 ~ 7/2, can be fitted
by the components {B,,Ci,Cs, C3}, and consequently any parameters yielding identical
{B,, C1,C5, Cs} also provides a fit. Here we assume perfect alignment in the perpendicular
direction as a small parallel component is negligible, while a small perpendicular component
to a parallel alignment is not. If we assume that {4, tg, &g, A, 0} are all free parameters a
unique fit cannot be obtained. Nonetheless, the space of possible fits for dips 1&2 in device
A and dip 2 in device B is restricted to 6 € {0°,10°} as shell thickness, tg, otherwise becomes
complex in order to keep C5 constant.

By fixing t5 = 15 nm (from fabrication tg &~ 20 nm) and A\ = 1.7 a unique fit is obtained
for all dips, with corresponding values shown in tables below. The resulting fits for all
devices can be seen in Extended Data Fig. 1-2. For this choice, we find from B, that
da, de ~ 125 nm and dp ~ 105 nm (with A, B and C indicating device) comparable to
the nominal length of 135 nm from fabrication. In the allowed range of freedom for 6,
parameters {A, s, A} only varies within third digit precision, consequently we can conclude
that the coherence length, £g, must be different between lead 1 and 2 in order to obtain a
good fit. This highlights the ability of Joule spectroscopy to extract the coherence lengths
of each lead independently. Device B lead 2 is a special case as no Little-Parks oscillation is
observed, and we concluded that the Al shell is not doubly connected. As a function of B
a monotone decaying trend of Vi, 2 is observed which is fitted by setting oy = 0 and fitting
6. Consequently, the angle, 6, for dip 2 in device B should only be understood as a fitting

parameter since we lack knowledge of the state of the Al shell.
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Device A

lead Tpon [K] N T Rieaa [ Tc(0) [K] &g [nm] B, [mT] A tg [nm] 6 [deg]
1 0.25 16 0.675 44  1.35(1.4) 100 166 1.7 15 3.7
2 0.25 16 0.675 3.8 1.35(1.4) 90 162 1.7 15 5.6

TABLE S1. Parameters of Device A. Ty, N and 7 are all tuneable, and values shown here
correspond to those in Fig. 3. The T¢(0) value in parentheses is the one used in theory calculations.

Other quantities are given by: A;(0) = 1.76kgT:;(0), Ry =1/GoNT, and A = ®y/B,, cosf.

Device B
lead Tpon [K] N T Rieaa [ T2(0) [K] &g [nm] B, [mT] A ts[nm] 6 [deg]
1 0.01 15 0.69 2.0 1.35(1.4) 75 225 1.7 15 7
2 0.01 15 0.69 0.7 1.35(14) 65 225 1.7 15 11

TABLE S2. Parameters of Device B. Ty, N and 7 are all tuneable, and values shown here
correspond to those in Fig. 4. The T,(0) value in parentheses is the one used in theory calculations.
Other quantities are given by: A;(0) = 1.76kpT¢;(0), Ry = 1/GoNT, and A = ®¢/B, cosf. Note
that for lead 2 we put o (B) = 0 and B, is fitted to yield the correct perpendicular decay for

A = 1.7. The angle, 8, should only be regarded as a fitting parameter for lead 2.

Device C
lead Tpan [K] N T Rieaa [ Te(0) [K] &g [nm] B, [mT] A tsg [nm] 6 [deg]
1 0.25 21 0.64 1.8 1.0(1.0) 115 182 1.7 15 5.8
2 0.25 21 0.64 2.4(2.7) 1.33(1.4) 100 176 1.7 15 7.7

TABLE S3. Parameters of Device C. Ty, N and 7 are all tuneable, and values shown here
correspond to those in Fig. 4. The T.(0) and Rjeqq value in parentheses is the one used in theory
calculations. Difference in Rjeqq stems from difference in 7,(0). Other quantities are given by:

A;(0) =1.76kpT,;(0), Ry =1/GoNT, and A = ®y/B), cos.
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D. Cooling power by electron-phonon coupling

We estimate here the cooling power provided by electron-phonon coupling in the epitaxial
Al shell, P, ., to support our assumption that, in our devices, cooling predominantly occurs

via quasiparticles in the leads. Following refs. [6] [7], we write the heat balance equation:

Prn = SU(TS — T3,), (5)

where ¥ = 1.8 nW/um? K® is the Al electron-phonon coupling parameter [8], U =~
7.07 x 1073um? is the volume of the Al shell (assuming a NW core diameter of 135 nm, a
shell thickness of 15 nm, and a length of 1 um), T,; is the electron temperature, and T,
is the phonon temperature, which we take to be equal to Tyq,. At the superconductor-to-
normal metal transition of the leads, the electron temperature reaches the superconducting
critical temperature, 7, = 1.35 K. By assuming 7, = 0.25 K, we obtain P, ,; ~ 0.057 nW,
which is more than two orders of magnitude lower than the measured Py;,; ~ 10 nW. We
therefore conclude that heat diffusion by quasiparticles in the leads is a more efficient cooling

mechanism in our devices.
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S3. TRANSPORT THEORY

In this section we elaborate on the main theoretical results relating the measurements of
high voltage conductance dips with properties of the junction and leads. Simple approximate
relations connecting the conductance dips with lead and junction parameters, such as T, are
derived by assuming that thermal transport is solely mediated by lead quasi-particles, and
that for a given power input each lead independently reaches thermal equilibrium. Finally
to validate these relations we self-consistently calculate the power each lead receives from
joule heating through the use of Keldysh-Floquet transport methodology, accounting for
both pair-breaking, asymmetric leads, and Andreev reflection to all orders. Results from
this approach are compared to experimental data both in the supplement and in the main

text.

A. Pair-broken superconductor

The application of either a parallel or perpendicular magnetic field induces a pair-
breaking, «, in the leads, and because of the small mean-free path compared to coherence
length the resulting pair-broken superconductivity can be described by Abrikosov-Gor’kov
theory [3, 4, ©]. In this subsection we iterate the key components of this theory used in
our calculations. Under the influence of pair-breaking, the quasi-classical retarded Green

function is given by
u(w) — 7, (©)
u(w)2 -1’

where v is the density of state at the Fermi level and 7, a pauli matrix in Nambu space.

g™ (w) = —imvp

The complex number u(w) is obtained as the solution of
u(w)
Vi{uw)? =1)

For a given A(«,T) this equation can be expressed as a fourth order polynomial with root

uwW)A(, T) = w +ia (7)

u(w) chosen as to satisfy appropriate boundary conditions of the Green function. For the

pairing parameter self-consistency with the Green function demands,
fop 1 1 w

Ala,T) =v U/ dw Re—————=tanh - ——, 8

(. T) =vp i o SET (8)

where U is the strength of the interaction, assumed weak, T" denotes temperature, and wp the

Debye frequency. The various scales appearing in this problem are connected by standard
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BCS relations; Ay = 2hwpe /**U and kgTy

Ao

22 hwpe VU with Ty = To(a = 0),

zero-temperature a closed form solution of A(«,0) exist,

Ao = 0,7 = 0) and ~ denoting Euler’s constant. For finite pair-breaking and

1 A, _gA(Z,o) if « < A(a,0),
n _
Ala. 0 a+\/a2—A(a,0)2 \/aQ—A(a,O)Q 1 A(a,0) .
( ’ ) —1In A0 + %2 ) arctan m if > A(Oé, 0),
1.0 1.0 =00l
i_ a=0.1
0.8 0.8 — a=02
— a=0.3
— a=04
0.61 - 0.6 —— a=045
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0.4 04
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FIG. S7. Effects of pair-breaking. a Pairing parameter A(cq, 0), critical temperature T,(«), and
the spectral gap Q(a,0) as a function of pairing. b Numerical solutions of eq. for A(e, T') for
various . ¢ Spectral function A(w) = —Im gf% (w) at zero temperature. d The effect of temperature

on the spectral function for finite pair-breaking. In all plots « is in units of Ag.

which can be solved by intersect. In the case of finite temperature eq. has to be solved
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as an integral equation, and using BCS relations we express it as,

N 1 A
log N :/ dz Re tanh Om,
0 Vu(Aoz/2)? — 1 4T

2A(a, T)

A, (10)

where N is a numerical parameter chosen sufficiently large number as to assure the integrand

approaches % for x — N. For a given o and T eq. and eq. can be jointly solved
numerically to obtain A(«,T") and u(w), with the size of N determining precision. The above
relations allow evaluation of the retarded Green function, eq. @, for any value of v and T’
from which the spectral function A(w) = —Im g% (w) can be obtained. One characteristic of

a pair-broken supercondcutor is that the spectral gap, denoted Q(a,T), is not equal to the

pairing parameter, A(«,T'), as in the case of BCS superconductivity but instead given by,

3
2

Qa,T) = (A(oz,T)g - oz§> : (11)

In Fig. [S7| we show various quantities characterizing superconductivity dependence on pair-
breaking and temperature. In Fig. [S7h an approximate relation relating spectral gap to

critical temperature, Q(a, 0)/Ag ~ (Tu(a)/Tw)*?, is additionally shown.

B. Lead thermal balance

As a consequence of electron tunneling across the junction a non-equilibrium distribution
of high energy quasi-particles emerge on the left and right lead. In the following we assume
that on a given lead this distribution relaxes to an equilibrium distribution releasing a power
P at the lead interface. We further assume that all heat diffusion through the epitaxial
aluminium stems from activated quasi-particles and solve for thermal equilibrium. This
derivation largely follows calculations of Tomi et al. [10], here expanded to also include
pair-breaking.

We model the epitaxial aluminium leads as a 1D wire of length L and cross sectional area
S. Thermal equilibrium requires that the power passing through each segment of wire be
equal, such that a lead temperature distribution, 7'(z), stabilizes. This condition amounts
to the heat diffusion equation,

drT

S/@S(a,T)% =—P, (12)

with the thermal conductivity, kg(a,T), given by the analogous Wiedemann-Franz law for
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a pair-broken superconductor [11],

4k%o o x?
ks(a,T) = 2 T[)(a,T) dx COSthh(QkBTx,a,T) (13)
2kgT

where the effect of pair-breaking is encapsulated in the function,

a b
1.5
— a=0.00
— a=0.45
— a=0.50
1.0 ---- Power law fit
s | e TS
=
S
S 0.5
0.01
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[kéTZ(a)} Thyan ) Te(x)
C €’ Ricad d
3.04 = Toarn/Te =0.00 — Ala)=2112
—— Tyan/T=0.18 47 — A
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FIG. S8. Solutions to quasi-particle heat diffusion. a Interface temperature as a function of
injected power from eq. . b Scaling of dip power, Pg;;,, with bath temperature, Ty,,, obtained
from eq. . ¢ Ao, Tyaen) as a function of pair-breaking for zero temperature and Tpaep, = 0.18T ¢
corresponding to Tpqep, = 250 mK and T9 = 1.4 K. d Expected position of Vg, 1 (obtained from
eq. (21) using device A parameters, see table calculated with A(ca, Thaen) assumed constant and
by using eq. . « is in units of Ag.

u(w) ’ 1 ’
hw,a,T) = [Re—’ | — [Re——x—n | | 4
( ) ( u(w)? — 1) ( u(w)? — 1) (14



h(w, o, T') depends on o and T through u(w)’s dependence of A(a, T) in eq. (7). Integrating
eq. (12)) across the length of the wire and imposing the boundary condition T'(x = L) = Tyun
and T'(x = 0) = Ty, with Ty, denoting environment temperature and 7T, temperature at

the junction interface, yields,

8k2 To o x?
pP=—_F / dTT/ dr ———h(2kpTx,a,T), (15)

= — 5
e*Ricad J1,,,), %B? cosh” x

with lead resistance defined as Rje.q = 2L/0S. A conductance dip occurs whenever Ty =

T.(«) and the required power can be expressed as,

Pdip = A(O./, Tbath)%cl(j:) (16)
with the thermal properties of the leads described by the unitless function,
8 Te(e) 00 2
A, Tyaun) = (a) /Tbath dT T/%IBT) dx ol xh(szTiE, a,T). (17)

This function is bounded by 7%/3 > A(a,T) > 0.0, with the lower bound reached for
Tyatn > T.(a) when no additional power is required to drive the interface normal, and the
upper bound reached for a/Ay = 0.5 when the lead becomes metallic and most thermally
conductive. In the zero temperature BCS limit A(0,0) = 2.112 [I0] and remains approx-
imately constant so far T.(«) > Them, as shown in Fig —d. For @ = 0 one obtains the

approximate power law,

Tt

A0, Tyaen) ~ 2.112 (1 — Tg'ﬁ ) , (18)
c0

which is compared to the exact curve in Fig. [S8b. The fitted power, 3.6, attempts to bridge

the transition from an initial exponentially suppressed curve for Ty, < Ty to a second

order closing, T2, /T2, at Than ~ Two [10].

C. Schematic Theory for dips

Next, we present a schematic calculation to obtain the bias position of the dips. In the
high bias regime, eV > A+ A, with A; = Aj(o; = 0, Tharn, = 0) for lead 1 and 2, the excess
current can be described as originating from two independent S - N junctions with the total

current across the junction given by,

V
I= R_J + Lewsa (A1, a1, To) + Lews2(A2, a2, T 2), (19)
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where excess current, I.,s;, depends non-trivially on both temperature and pair-breaking.

The power deposited on either lead is given by,

2

v
Pia) = R, + Viegs 20) (Do), @21y, To2(1))- (20)

To obtain interface temperature 7p; exactly requires a self-consistent treatment; for a given
P; one finds T ; from eq. , but a change of Tj,; modifies ;. If the normal contribution
to current greatly exceeds the excess current at a thermal dip, Viipi/ Ry > lexsi, Lews2, this

self-consistency is negligible as P, ~ P, ~ deip,i /2R yielding,

R k Tci a;
‘/dip,i = RJ[dip,i = 4/ QA(Ofm Tbath) Rl Jd B ( >7 (21)

identical to eq. (3) of the main text. Under the application of a magnetic field both
A(ay, Tyaen) and T, ;(«v) are simultaneously modified, but as A(a;, Tpan) can be approxi-
mated as a constant (see Fig. ) changes of Vj;,; directly correspond to changes of T ;.

These equations constitute the main results enabling Joule spectroscopy.

D. Keldysh-Floquet transport theory

In this subsection we use the Keldysh-Floquet Green function technique for a pair-broken
superconductor [12] to self-consistently in 7j; calculate DC current, I, plotted in theory
figures of the main text. These calculations additionally support that previous assumptions
of constant A(ay, Tyan) and Vg i/ Ry > Iy, is reasonable, and allow us to compare low-
bias MAR structure with high bias dips. We consider transport to occur between the left
and right Al superconducting shell, which are described by quasi-classical Green functions,
and model the junction as a generic contact with N transmission eigenvalues 7; of the
corresponding normal-state scattering matrix. Using appropriate boundary conditions for
the quasi-classical Greens functions, transport can be described via the matrix current,

13, 4],
2

j(t) _ %Z — o (915 o) (t,1) (22)

%Tn + %Tn [g17 92]4_

n
where —(+) describe (anti-)commutators and with time-convolution assumed in the matrix

structure, §1G2(t, ') = [ dt"§i(¢,¢")g2(t",t'). The Green functions are written in Nambu-
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Keldysh space,

9 g T Py .
gi = (Z) _ZA , gl(t, t’) — m—;Flgl (t _ t/), QQ(t, t,) — iW;F2€zthrz/hg2(t N t/)e—ze\/t T2/h
g’L ’ )

(23)
where gl (t—t') = [*_dw gF(w)e™ ™) and gff(w) is given by eq. @) with g2 (w) = [gZ-R(w)}T
and g (w) = (¢f(w) — g#*(w)) tanh (w/2Ty;). In this framework the Green functions of
lead ¢ are completely specified by parameters {A;, vg;, a;, To,;}. The gauge part, eieVir=/h,
originates from the AC Josephson effect where an applied DC voltage drop creates explicit
time-dependence, and where 7, denotes a pauli matrix in Nambu space. To highlight the
connection between the quasi-classical and tunneling descriptions we rewrite the matrix
current using Dyson series,

oo de? Th

- 4e? . .
1) = 572 =57 00l M = 52> b (9201 Morn = G1920M12) — (24)

with 7, = 402 /(1 + b,,)? and,

Tn

M, =1-
* 4 — 271,

(01, Go] M, and My = 1+ bniy Mijn. (25)

These expression are obtained by utilizing the following identity §;g; = I and we recognize
by, = T2vp1VEa|ty|? where t, describes the tunneling amplitude in a corresponding tunneling
model. Lastly we identify b, 201 Mgl’n = \/bn(;gl,n with the dressed Green functions defined

via typical equation-of-motion structure,

Gorp = G2V 0uGi1n and Giip = G+ G1V bnd2 v/ buGiin, (26)

such that the matrix current is given by,
. 4e2 . .
Ih==13 (\/bnGgl(t,t) - \/bnGlg(t,t)) , (27)

identical to equations obtained from S - S tunneling models [15]. From the matrix current

we obtain the charge and energy current [14],

1 .
I(t) = oo .15 (1),

Pi(t) = éTr [eI™(t) + I (t)e] , (28)

By(t) = I(t)V = PL(t),
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with I (¢) indicating the Keldysh component of the matrix current and e(, ') = i9,6(t —t').
Assuming that the system reach a time-periodic non-equilibrium steady state, g;(¢,t') =
Gi(t+T,t'+T) with T = 2wh/eV, we can transform time-convolutions into Floquet matrix
structure. Considering only the DC component, corresponding to the zeroth Floquet band,

we obtain the following equations for the currents,

2e * it 0 J> ¢ Ves
I = % Z /oo dWRe Tr |:Tz bnMQl,TL (252? + g<gf) M21’ni| 00 ’
2e * it a‘ta g-q Vs
P = 5 Z /_OO dwRe Tr [w bn My, (Qfgf + Q2<214> Mm’”} 00’ (29)

PQZIV—Pl,

with the 'underline’ indicating Floquet matrix structure and 00 indicating initial and final

Floquet index. Entrances in Floquet matrices are given by,
o > : ,
gi(nm(w) _ T/ dt ez(n—m)e\/t/ﬁ/ dt’ ez(w-{—meV/h)(t—t )ng (t, t/), (30)
0 —00

with X € {R,L,<} and g5,,,(w) = (g m(w) — 37 (w)) np(w + meV/h, Ty;). In this
framework the product g 9, forms a block tridiagonal matrix in Nambu-Floquet space,
which M. 21 18 @ convergent series of. Consesquently for a given b, the number of included
Floquet bands can be truncated to obtain I and P; to any given precision. The numerical
results presented in the main paper are obtained in the following way; For a given magnetic
field we obtain «; from Little-Park theory which together with an initial guess of T}, yields
A, Ty;) and g (¢, t) via eq. and eq. @ For a given bias, eV, we then calculate [
and P; using eq. including sufficient Floquent bands as to assure convergence. From P,
we update T} o using eq. (15]), which is used to update A;(a, Tp;) and g;* (¢, ') and recalculate
I and P; until convergence of Tj; is achieved. This procedure assures that thermal trans-
port across the junction stemming from asymmetry in leads and heat diffusion is properly

accounted for in a self-consistent manner.
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FIG. S9. Self-consistent calculation of transport. a High resolution conductance line-cut

at zero magnetic field for device A. Inset shows low-bias MAR structure and Tp; obtained self-

consistently. b Low-bias conductance map showing the effect of magnetic field on MAR, structure.

Black lines and dashed blue lines indicate expected position of MAR resonances obtained from

Q;(c;,0) and eq. respectively. Plots are made using device A parameters, see table

Results of self-consistent Floquet Keldysh calculations are shown both in the supplement
and main text, and by using experimentally extracted parameters (see tables in subsec-
tion we find a good agreement between experiment and theory. A full comparison for
all devices can seen in Extended Data Figure 1. Simulations shown in both Extended Data
and in the main text are performed with a finite coarse-graining set to approximately match
experimental resolution. Using finer graining we find that both low-bias MAR features and
high-bias conductance dips contain narrow peaks not fully resolved in experiment, as shown
in Fig. [S9 which is identical to Fig. 1d of the main text except graining. For a BCS super-
conductor with no pair-breaking MAR steps for odd n appear at bias V = (A; + As)/en,
and for even n at V' = A;/en. For finite pair-breaking, «; # 0, we find that MAR steps in-
stead appear as fractions of the spectral gap, Q;(a;, Ty ;), in a similar manner. In experiment,

however, spectral gaps are not directly extractable from measurements of high bias dips, but

) ) . Q;(e;,0) Te,i(0n) 5/2
as shown in Fig. [S8a for zero temperature one approximately finds ~-3= ~ (f#z,(ol) )
yielding MAR steps at,

Ay <Tc (a1) 5/2 4 A2 (ch?—(”)>5/2 if n is odd
V= o \ T en \ T200) ’ (31)
- e\ /2
% (325611((0(‘;)) if n is even.
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Approximating A(c, Tpan) as constant renders 7, ;(«;) proportional to Vg, ; and consequently

Tei(@)/Te:(0) = Viipi(a) /Vaip:(0). This last relation allows one to fit low-bias MAR struc-

ture directly from measurements of high-bias conductance dips. In Fig. [S9p we show a

simulation of low-bias conductance for device A alongside fits of MAR lines yielding good

agreement between conductance peaks and MAR integers.

Lastly, it should be noted that the above analysis does not account for the low bias

supercurrent branch around V' ~ 0. Consequently the zero-bias conductance peak observed

in experiment is not reproduced by numerical simulations.
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