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S1. Theory: Model and Green’s Function Formalism

Model: The Hamiltonian consists of electron and phonon parts as [1]

H = Hel +Hph +Hep +Hdiss, (S1)

with the electron part Hel modeled on a tight-binding lattice with electrostatic potential
V (r) = −eE · r on the site r of an infinite honeycomb lattice, the phonon part Hph

with Einstein phonons of energy ~ωph, the electron-phonon (el-ph) coupling Hep and the
dissipation mechanism for both electrons and phonons being contained in Hdiss. The
electron part is given as Eq. (8) in the main text. We suppressed the summation over
the electron spin and later take spin degeneracy into account in the self-energies. The
phonon part of the Hamiltonian is also defined in the main text.

The dissipation Hdiss has two parts, for electrons and phonons, respectively, as Hdiss =
Hdiss,el + Hdiss,ph. The dissipation into fermion baths can be understood as particle
exchange between hot and cold electrons in the sample and substrate, respectively. We
model the fermion bath as a continuum of fermion states, with each state being labeled
as k, coupled to each site independently [1] as Hdiss,el =

∑
rHdiss,el(r) with

Hdiss,el(r) =
∑
α

∑
k

[
(εk − E · r) c†αr(k)cαr(k) +

γ√
N
d†αrcαr(k) + H.c.

]
. (S2)

Here, c†αr(k) (cαr(k)) is the creation (annihilation) operator of bath fermions of the
orbital α and the continuum index k defined at each site r, εk the dispersion relation,
γ the overlap to the main orbital d†αr (dαr), and N the normalization factor against the
length of the bath chain. We assume a structureless model for the density of states of
infinite bandwidth with the energy-independent hybridization Γ as

γ2

N

∑
k

δ(ω − εk) ≡ Γ. (S3)

The dissipation of the phonons can be formulated similarly, now with coupling to an
Ohmic bath at each site. With Hdiss,ph =

∑
rHdiss,ph(r)

Hdiss,ph(r) =
∑
k

[
1

2

(
q2αr(k) + ν2kx

2
αr(k)

)
+

αk√
N
xαr(k)ϕαr + H.c.

]
. (S4)

Here, xαr(k) is the amplitude of the bath particle with the continuum index k of orbital
α and qαr(k) is its conjugate momentum, νk is the dispersion relation, and αk is the
overlap to the phonon field ϕαr on the main lattice. In the Ohmic limit, we define the
decay rate of the phonons into the bath to be

1

N

∑
k

α2
k

ν2k
δ(ω − νk) ≡ τ−1P ω, (S5)

with the phonon life-time parameter τP .
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Green’s function technique: Within the Keldysh Green’s function technique, the
dissipative bath can be easily incorporated in the (non-interacting) self-energy as

ΣR
0,αβ(r, ω) = −iΓδαβ and Σ<

0,αβ(r, ω) = 2iΓf0(ω + E · r)δαβ, (S6)

for the retarded and lesser Green’s functions for electrons, respectively. f0(ω) = [eω/kBT+
1]−1 is the Fermi-Dirac function at the bath temperature T (kB = Boltzmann constant).
Phonon dissipation is similarly described within the dissipative phonon self-energy as

ΠR
0 (ω) = −2iτ−1P ω and Π<

0 (ω) = −4iτ−1P ωn0(ω), (S7)

with the Bose-Einstein function n0(ω) = [eω/kBT − 1]−1. Note that the electric field does
not couple directly to the charge-neutral phonons and the phonon Green’s functions
are translationally invariant. As suggested in the self-energy expression, the electron
Green’s functions in the steady-state limit satisfy the symmetry relation

GR,<
αβ (r + ax̂, ω) = GR,<

αβ (r, ω + Ea), (S8)

which embodies the symmetry requirement that, other than the energy shift relative to
the electrostatic energy and chemical potential shift, the electronic properties such as
electron occupation number are translationally invariant.

We solve the electron-phonon problem by mutually consistent interacting self-energies
to electrons and phonons through iteration. The approximation is that we consider the
perturbation up to second-order of the el-ph coupling gep, and we make the self-energies
as diagonal in site and orbital. The electron self-energy by the el-ph coupling is given as

Σ≶
ep,α(r, ω) = ig2ep

∫
dω′

2π
G≶αα(r, ω − ω′)D≶

α (ω′), (S9)

where G≶(r, ω) is the electronic impurity (Weiss field) Green’s function in the DMFT
formalism [3, 4] and D≶(ω) phonon’s on-site Green’s function. The phonon self-energy
is similarly defined as

Π≶
ep,α(ω) = −2ig2ep

∫
dω′

2π
G≶
αα(r, ω + ω′)G≷

αα(r, ω′), (S10)

with the full electron Green’s function G≷(r, ω). The pre-factor 2 is due to spin degen-
eracy. The retarded and advanced self-energies are computed according to the standard
definition [4]. Here, we use the convention that the phonon Green’s function is defined
with respect to the field variable, eg., D>

α (t) = −i〈ϕαr(t)ϕαr(0)〉.
Once the local self-energies are computed, we construct the full Green’s function for

each perpendicular wave-vector py as described in Refs. [1, 2]. Once the local full Green’s
functions are computed, we calculate the Weiss-field Green’s function G(ω) to perform
the DMFT self-consistency. Due to the broken spatial symmetry, the equilibrium ver-
sion with the momentum summation is not applicable. The modified Dyson’s equation
becomes for the site r = 0,

GR(ω) = [I +GR(ω)ΣR
ep(ω)]−1GR(ω), (S11)
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G<(ω) = [I +GR(ω)ΣR
ep(ω)]−1G<(ω)[I + ΣA

ep(ω)GA(ω)]−1 − GR(ω)Σ<
ep(ω)GA(ω), (S12)

where the product involves matrix multiplication over orbital indices. The impurity and
the full Green’s functions are then iterated with the self-energies, Eqs. (S9,S10), until
convergence is reached.

The phonons do not need the impurity Green’s functions since their self-energy only
consists of the electron Green’s functions. Moreover, the electric-field does not couple
directly to phonons and phonons are not subject to the condition Eq. (S8). Therefore,
the equilibrium-like momentum summation is valid for phonons. For Einstein phonons,

DR(ω) =
[
ω2 − ω2

0 + 2iω/τP − ΠR
ep(ω)

]−1
D<(ω) = (Π<

ep(ω)− 4iωn0(ω)/τP )|DR(ω)|2, (S13)

with the Bose-Einstein function n0(ω) at the bath temperature. With the acoustic
phonons, the integral over the phonon spectra is done analytically with the dispersion
relation and the phonon density of states, respectively, as

ωk = sk with s = ωD/(6π
2)1/3, and νph(ω) =

ω2

2π2s3
Θ(ωD − ω). (S14)

Then the phonons Green’s functions become

DR(ω) =

∫
νph(ε)

ω2 − ε2 + 2iω/τP − ΠR
ep(ω)

dε =
−ωD + f

2π2s3
(S15)

D<(ω) =

∫ [
Π<

ep(ω)− 4iωn0(ω)
]
νph(ε)

|ω2 − ε2 + 2iω/τP − ΠR
ep(ω)|2

dε =
−
[
Π<

ep(ω)− 4iωn0(ω)
]

(f − f ∗)
(2π2s3)(z − z∗)

with

z = ω2 + 2iω/τP − ΠR
ep(ω) and f =

√
−z tan−1

(
ωD√
−z

)
. (S16)

The local electronic spectral function per orbital is defined as

Aα(ω) = − 1

π
ImGR

αα(r = 0, ω), (S17)

and the local distribution functions for electron and phonon, respectively, as

f(ω) = −1

2

∑
α ImG<

αα(r = 0, ω)∑
α ImGR

αα(r = 0, ω)
, n(ω) =

1

2

ImD<(ω)

ImDR(ω)
. (S18)

As shown in Fig. 3 of the main text, the orbital-summed Green’s function
∑

αG
<
αα(r =

0, ω) is particle-hole symmetric. Since these distribution functions reduce to the equi-
librium Fermi-Dirac and Bose-Einstein functions at the E = 0 limit, respectively, we
extend the electron and phonon effective temperatures as

T 2
el =

6

π2

∫ ∞
−∞

ω[f(ω)−Θ(−ω)]dω

T 2
ph =

6

π2

∫ ∞
0

ωn(ω)dω, (S19)
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with the step-function Θ(x). As shown in Fig. 2(b) in the main text, the electronic
distribution function may deviate strongly from the Fermi-Dirac form. In such situations,
the above definition for the effective temeprature serves as a approximate measure of
nonequilibrium excitations.

Parametrization of the electron-phonon coupling: We briefly comment on the
parametrization of the electron-phonon coupling by the mass-renormalization factor λ.
We use the commonly used definition for λ as

λ =
1

Ω

∑
k

g2ep
ω2
k

ν0, (S20)

with the density of electronic states ν0 (per site and per spin) replaced by the inverse
bandwidth of a 2D lattice as ν0 = (8t)−1. Ω is the area of the Brillouin zone. For the
optical phonon at frequency ωph, the mass-renormalization λ becomes

λoptical =
1

8t

(
gep
ωph

)2

, (S21)

and for the acoustic phonon with the Debye frequency ωD [see Eq. (S14)],

λacoustic = (8t)−1
∫ ωD

0

(gep
ω

)2
νph(ω)dω =

3

8t

(
gep
ωD

)2

. (S22)

Dependence of avalanche with model parameters: Here we evaluate the valid-
ity of the heuristic derivation for the avalanche condition [Eq. (2) in the main text]

Eav ∼
~Γ∆

eg2ep

[
(~ωph)3

2m

]1/2
. (S23)

We test this schematic relation in the regime of small avalanche field by comparing
with fully numerical calculations. Fig. S1 show a Log-Log plot of Eav as a function of
our model parameters (damping rate from the fermion bath Γ, energy gap ∆, phonon-
frequency ωph and electron-phonon coupling constant gep). As detailed in the caption,

Eav and Γ, ∆, ω
3/2
ph and g−2ep are normalized by their minimum values so all curves start

at (1, 1). The above equation predicts that Eav is an increasing function of the variables
shown on the horizontal axis, which is numerically verified without any doubt. The
curves are clustered around the linear relation (black-dashed line) and, except for the Γ
dependence, the relations slowly roll over to a sub-linear dependence.

The linear dependence on Γ is not only highly nontrivial, as discussed in the main
text, but also numerically robust for a wide range of parameter sets. The departure to
the slight super-linear behavior can be understood as a result of interaction-generated
electron-dephasing at high fields. As Eav increases, the electron self-energy develops
stronger dephasing from the electron-phonon coupling and adds to the bare dephasing
rate Γ, which then means that higher electric field are needed to cause the avalanche.

The relation Eav ∝ g−2ep confirms the scenario that el-ph coupling triggers an
avalanche. The dependence on ωph further corroborates the role of the electron-phonon
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Fig. S1. Log-Log plot for the avalnche fields Eav versus the fermion damping Γ, the energy gap

∆, 3/2-power of the phonon frequency ω
3/2
ph , and the squared-inverse of the electron-phonon

coupling, g−2ep . The parameters are normalized so that each set of data starts at (1, 1). The

Γ-run (black) has other parameters of ∆ = 1, ωph = 0.3, gep = 0.5 with Eav,min = 0.00089 at

Γmin = 0.001. For the ∆-run (red), Γ = 0.005, ωph = 0.3, gep = 0.7 with Eav,min = 0.00254 at

∆min = 0.5. For the ωph-run (green), Γ = 0.005, ∆ = 1, gep = 0.6 with Eav,min = 0.00265 at

ωph,min = 0.12. For the g−2ep -run (blue), Γ = 0.005, ∆ = 0.5, ωph = 0.3 with Eav,min = 0.00254

at gep,max = 0.7. Throughout all runs, the phonon life-time is τP = 1000 and the bath

temperature Tb = 0.001. For comparison, curve of exponent 1 (black-dashed) is shown.

coupling. While we used the commonly quoted expression (gep/ωph)2 for the strength of
the electron-phonon coupling’s contribution to the electron self-energy [eg. see Eq. (S21)]
in deriving Eq. (2), it is only a rough estimate and the resulting exponent 3/2 to ωph

should not be taken too literally. We note the general tendency towards sub-linear

relations for Eav vs. ∆, ω
3/2
ph and g−2el at higher Eav. This results from nonperturbative

effects in the self-consistent solution. As we approach the regime that requires higher
avalanche field, higher order interaction effectively enhances electron-phonon coupling,
causing the avalanche to occur at smaller fields.

Based on these analyses, we conclude that Eq. (2) derived in the main text is con-
ceptually sound and captures the essential physics that the avalanche results from the
competition between electron dephasing and electron-phonon generated replica states.
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