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In these Supplementary Notes and Supplementary Figures, we provide a detailed derivation of
the bare particle dispersions used in the main text when calculating the excitation spectrum, more
experimental data on time-resolved and energy-resolved photoluminescence maps, and analysis of
the nonradiative losses influence on the system. Additionally, we check the applicability of the
Bogoliubov approximation for the parameters used in simulations.

SUPPLEMENTARY NOTES

Exciton-polariton dispersions. For a waveguide with
grating shown schematically in Fig. 1a of the main text,
the wavevector of the two guided photon modes in the
vicinity of the I'-point reads (see e.g. [1])
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Corresponding photonic modes dispersions have the
form:
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where a is the period of grating, n, the guided-mode
refractive index of the medium (here GaAs), and ¢ the
velocity of light in vacuum. The Hamiltonian of the two
coupled photonic modes reads:
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In (1), U is the direct coupling rate, /iy is the rate of ra-
diative losses in the structure, and the off-diagonal term
hry cos ¢ represents the coupling between the two photon
modes via the radiative continuum (far-field coupling),
with the phase difference between two modes given by
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At small wavevectors (ks , < 2m/a) one gets

cosp ~—1+ k§a2/27r2 — —1.
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After diagonalizing the Hamiltonian (1), we obtain ex-
pressions for the new normal photonic modes in the
etched waveguide:
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Expansion of (2) in the vicinity of k,,k, = 0 provides
highly anisotropic effective masses of a photon in the z—
and y—directions, respectively,
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In the experimental fit of Ref. [2] U < 0 and
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One can see that m”éi are dependent on momentum via
cos ¢, and for the “—” mode the effective photon mass
in the z—direction is negative even without losses. In the
following, we drop out the superscript “—" when referring

to the effective mass of the “—” photon mode. Note that
for relevant experimental parameters |mg&| < mg.
For the “—” photon mode in (2) at small momenta
2 .
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which gives ImnEs — 0 at p, — 0, i.e. this state is dark
(which corresponds to the so-called bound state in the
continuum, or BIC state).

Due to the symmetry reasons (the anti-node position
of each photon mode corresponding to the node position
of the other, see [2]), excitons in quantum wells cannot
couple efficiently to both photonic modes at the same



w
o
w
o

N
=]
/»
Cc
Cc
\U
N
=]

o
<
C
T

Energy (meV)
=
Energy (meV)
>
>—
c
o

LUP

o
o

L
o
\
N
o

FWHM (meV)
o o
o (4]
\’
FWHM (meV)
o o
o [6,]
\ Q-

'
£
'
N
o
N
H

Supplementary Fig. 1: Exciton-polariton dispersions.
(a,b) Four branches of the polariton dispersion (real parts)
in a waveguide with grating: lower lower polariton (LLP, yel-
low) and upper lower polariton (ULP, purple) according to
(7), lower upper polariton (LUP, blue) and upper upper po-
lariton (UUP, green) versus ky (a) and k. (b), with the energy
reference taken at the saddle point of the lowest mode. (c,d)
Imaginary parts of the LLP and ULP energies (color code
same as in top panels). Parameters are the same as used in
the main text: Ag = hwo — Eg = —0.6 meV, h2r = 15 meV,
U= -13 meV, iy =0.51 meV, ng = 4.3, mx = 0.22 my.

time. Thus we assume that the excitons with the stan-
dard isotropic parabolic dispersion

Ex (k. ky) = Eg + 0* (k2 + k2)/2mx —ihyx ()

(Es gives the semiconductor energy gap, mx is the ex-
citon effective mass, and vyx < < is the non-radiative
exciton decay rate) couple either to the “+” or the “-’
photon modes in (2). In this case the 4 x 4 Hamiltonian
of the system has the form:
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where hQ)yr is the Rabi splitting energy. After the diag-
onalization of the Hamiltonian (6) we obtain two upper
and two lower exciton-polariton modes corresponding to
the two different (£) photon modes, which are shown in
Fig. 1a,b as cuts along k; and k.

As described in the main text, we assume that the
upper polariton states (UUP and LUP in Supplementary
Fig. 1) are not populated, while the dispersions of the
two lower polariton branches are as follows:

EX+FE
= % — % (B - EX)2 + (RQR)2.  (7)
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The lower lower (LLP) and upper lower (LUP) polariton
dispersions given by (7) are shown as yellow and purple
lines in Supplementary Fig. 1, respectively, and their real
parts are plotted in full three-dimensional view in Fig. 1b

of the main text. At small momenta, the LLP dispersion
is described by the asymptotic expression:
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Here Cf) = (1 -[Ap — U]/\/[hQR]2 +[Ap —U]?)/2 is
the photon Hopfield coefficient for the lower-polariton
modes (generally complex, but the state & = 0 for
the lower photon mode is dark, hence C? is real), and
Ap = E; (p) — Ex(p) is the photon-exciton detuning at
a given momentum.

Non-radiative losses. The theoretical calculations pre-
sented in the main text are obtained in the neglection of
the non-radiative exciton loss: yx &~ 0. Curiously, when
adding even a slight loss to the exciton dispersion in (5),
the local minimum of the Bogoliubov dispersion at k, = 0
which yields the regular linearization and the correspond-
ing sound velocity, starts to shift and can eventually fully
disappear. The characteristic behavior is shown in Sup-
plementary Fig. 2: when x is increased from 0, the sad-
dle point shifts up. It needs to be pointed out that for
physically relevant vx (here we took values from 10~37 to
1072+, see the colorful lines in Supplementary Fig. 2b),
the local minimum of the dispersion in the region of small
momenta still stays, but transforms into a “double-well”
geometry (with the minima slightly shifted from 0 along
k). The 3D view of the Bogoliubov dispersion around
the saddle point for the case of finite non-radiative ex-
citon loss rate is shown in Supplementary Fig. 2c and is
to be compared to Fig. 4a of the main text. At further
increase of yx, the minimum could disappear completely
tuning into a hill, however this case is not realized.

This curious behavior of the Bogoliubov dispersion at
small momenta is clearly seen from Eq. (5) of the main
text in the general case yx # 0. In this case, the asymp-
totic formula (8) can be rewritten as
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Thus there are two essentially different cases correspond-
ing to different momenta regions:
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Supplementary Fig. 2: Influence of non-radiative ex-
citon losses. (a,b) Real part of the Bogoliubov dispersion
of excitations on top of the BIC-polariton condensate vs. k
(the cut at k, = 0) for different non-radiative exciton loss
rates yx = 0 (blue), 0.001y (green), 0.002y (yellow), and
0.01v (red). (c¢) Three-dimensional view of the dispersion of
excitations zoomed in at the region of small momenta for
vx = 0.002y. In all panels, the condensate density no =
4% 10" cm™2, the dark reservoir density # = 3 x 10'° cm™2,
and exciton interaction constant g = 2.5 peV pum?.

In the first case, the approximate expression for the Bo-
goliubov spectrum reads:

Ep, ~ \/(2gn — ihT')(—ihT')
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while for second case we obtain:
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From these equations one sees that the parabolic be-
havior at k, ~ 0 changes to linear behavior with the
increase of k,. It is worth noting that the increase of
non-radiative losses leads to vanishing of the lineariza-
tion in the small-momenta region of the Bogoliubov
dispersion in all directions. On the other hand, the
difference of the spectrum in Supplementary Fig. 2 from
the spectrum shown in the main text corresponds to an
extremely narrow region around k, = 0, which means
it is unlikely to play a role in the reported experiment:

J

to resolve such a narrow region in k, one would require
a condensate spot of several hundreds of microns in
diameter.

Temporal dynamics. Supplementary Figure 3 shows
several snapshots extracted from the Supplementary
Movie 1. Each panel represents the energy vs k, emis-
sion taken at different times after the pulse arrival (the
temporal delay is written on each panel of the figure).
These snapshots display the cuts of the dispersion at
ky ~ 0.02 pm~1!, ie. close to the saddle point of the
LLP. The snapshots clearly show how the dispersion
starts from a parabolic shape (blueshifted LLP) at
earlier times, when the condensate is not yet formed
and the ULP is populated (panel a), but becomes flat
as polaritons start to accumulate in the BIC (panels
b, ¢ and d). As the condensation takes place, the
emission from elementary excitations dispersion close
to the condensate becomes dominant. As soon as the
condensate starts fading the lower polariton branch
recovers its parabolic shape (panels e and f), indicating
that the flat region visible on panels b, ¢ and d is
related to the excitation spectrum of the condensate in
the BIC, which shifts down in time (representing de-
creasing blueshift) as the particles are leaving the system.

Photoluminescence (k,,k,) scan below threshold.
To better illustrate a drastic change that the energy-
momentum dispersion undergoes when the condensate
appears at the saddle point, here we show the experi-
mental PL maps in (k;, k,) domain below threshold (see
Supplementary Fig. 4) for three different energies: just
below the saddle point of the LLP dispersion (a), at the
saddle point (cutting at the BIC state, hence displaying
a dark middle, panel b), and above the saddle point
(c) where one can see a much higher populated ULP.
Corresponding maps above threshold (at the level of the
blueshifted BIC condensate and above) are shown in
Fig. 3 of the main text. Supplementary Movies 2 and 3
show a sequence of such cuts for different energies above
and below threshold, respectively.

Applicability. All theoretical calculations presented
here are performed within the mean-field approximation
that is applicable when n’/n < 1, where

¢ =) +mp
e-(p)[e-(p) + 2purp]

is the non-condensate lower polariton density and n is
the total density. For the parameters used here (the con-
sidered values of density and interaction strength), the
Bogoliubov approximation works well (n’/n ~ 1073).
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Supplementary Fig. 3: Time-resolved dynamics of the system energy dispersion. (a—f) Energy vs k, emission close
to the BIC state (cross-cuts of the dispersion at k, ~ 0.02 um™"), measured at different times after the arrival of the excitation
pulse. Intensity color scale is in arbitrary units with the same normalisation for all panels, coinciding with that of Fig. 2d,e in
the main text. The dashed lines show the non-blueshifted single-particle dispersion EL¥ (7) (parameters as in Suppl. Fig. 1).
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Supplementary Fig. 4: Momentum-space cuts below threshold. Experimental PL maps in the (ks, ky) domain taken
at different energies below threshold, below the BIC energy (a), at the energy of the BIC (b) and above the BIC state (c).
Intensity color scale is in arbitrary units with the same normalisation for all panels, coinciding with that of Fig. 4 in the main
text. Compared to the PL maps shown in the main text, one can see a clear change of the dispersion around the saddle point,
with the two-lobe pattern appearing only above threshold. For a more complete scan, see the Supplementary Movie 3.
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