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1. Spin Hamiltonian

By considering J - the nearest orthogonal spin interactions, J' - intradimer spin interactions, |’ -
the 2" nearest interdimer interactions, J, — the nearest interlayer spin interactions (see Figure la
and 1fin the main manuscript), the spin Hamiltonian in the SSL BaNd>ZnSs is expressed as,

H=an-]-5n,+Zsi-1’-si,+25j-1”-sj,+Zsk-12-sk,
nn' i’ jj’ kk'

According to the bond symmetry analysis using Su(n)ny [1], the interaction tensors are listed as

X Z+P O A D 0 E H 0
J=|Z—-P X ol.//=|b B 0|J'=|H F 0],
0 0 Y 0 0 C 0 0 G
I K+L M—-N
J:=|K—-L I —M — N|.
M+N —-M+N R

and 18 non-zero elements represent the allowed interactions.

As discussed in the “Field-Induced Phase Evolution section in the main manuscript, the neutron
diffraction data suggest the FM interaction /' is dominant and the inter-dimer interaction J is weak,
which decouples two magnetic sublattices as shown by the field-dependence of magnetic orders.
While /"and ], interactions in each magnetic sublattice are required to stabilize the observed



magnetic order although they are not expected to be strong due to the larger bond distances. This
leaves the effective Hamiltoniantobe H = ;i S; - J" = Sy + X1 S; -] = Sjr + Xwewr Sk J - Sier -

Within the context of the main manuscript, we discussed the interactions using the “symmetric”
exchange (X,Y,Z; A,B,C,D; E,F,G,H, [,R,K,M) and “antisymmetric” exchange (P, L, and N) in the
matrix representation of J, /', /" and J, and evaluated the relative interaction strengths according
to the diffraction data. To quantitatively determine the interaction matrix of the spin Hamiltonian,
one needs to measure spin dynamics by inelastic neutron scattering, which requires larger crystals.

2. Field-dependent specific heat and 7~
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Supplementary Figure S1. Bulk temperature dependent specific heat measurements down to 1.8 K for a
series of fields from 0 — 9 T. Measurements were performed on a Quantum Design physical property
measurement system (Dynacool) using the two-tau relaxation method on a 2.7mg sample with H// (1 1 0).
As indicated by peaks in each specific plot, one magnetic transition splits into two under field. The transition
associated with the magnetic sublattice with spins parallel to the field [1 -1 0] is labeled as Tni. Tn2is for
the other one with spins perpendicular to H.
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Supplementary Figure S2. Transition temperature (Tx) versus field H // (1 1 0). The data are extracted
from the bulk temperature dependent specific heat measurements for a series of fields from 0 — 9 T as shown
in Figure S1.

3. Magnetization without hysteresis
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Supplementary Figure S3. Magnetization measurement shows no hysteresis observed at 1.8 K, the black
and orange line represents the field wrapping up and down as indicated by the arrows.
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