Supplementary Information

SUPPLEMENTARY NOTES

An important purpose of the Supplementary Notes is to present the analytical study of the formation of wild-type
profiles in our models. In the main text, we claim that the wild-type profile is key for bacterial adaptation in an
antibiotic gradient as it shapes the fitness landscape of mutants (see Results). The quantitative analysis of the wild-
type profile provides the first step to the computation of the evolutionary time, the ecological time and the adaptation
rate (see Methods). Therefore, understanding the formation of the wild-type profile is important for both intuitive
and quantitative analysis.

The Supplementary Notes are organised into separate notes for convenience and clarity. We start by restating the
analytical results for the wild-type profile of the simple source-sink model presented in the final subsection of Results.
Starting from the end of the main text is deliberate because the source-sink model is a toy model, which provides an
intuition for the formation of the wild-type profile in other more complex models considered in this work. However,
each note within Supplementary Notes is relatively self-contained and the notes can be read in any order. We provide
next a short guide to explain the content of each Supplementary Note and its links to other parts of our work:

e Supplementary Note 1: summary of results about the wild-type profile in the source-sink model presented in
Fig. 5 (fourth subsection of Results).

e Supplementary Note 2: utilization of Supplementary Note 1 to explain why the bifurcation argument for the
emergence of critical motilities applies to a large variety of models (fourth subsection of Results).

e Supplementary Note 3: wild-type profile in the staircase model presented in Fig. 1 and Fig. 2 (first and second
subsections of Results).

e Supplementary Note 4: modified staircase models and their wild-type profile, including the effect of resistance
costs in Supplementary Fig. 2, level of mutation rates in Supplementary Fig. 3, differential competition
between growing and non-growing cells in Supplementary Fig. 4, bactericidal antibiotics in Supplementary Fig.
5, bacterial chemotaxis in Supplementary Fig. 6 (second subsection of Results) and horizontal gene transfer in
Supplementary Fig. 9 (Discussion).

e Supplementary Note 5: wild-type profile in the model of stochastic phenotypic switching presented in Fig. 3
and Supplementary Fig. 7 (third subsection of Results).

e Supplementary Note 6: wild-type profile in the model of density-dependent motility presented in Fig. 4 and
Supplementary Fig. 8 (third subsection of Results).

e Supplementary Note 7: explanation of how our theory links to particular experiments and explains the observed
evolutionary dynamics (Discussion, Supplementary Table 1).

e Supplementary Note 8: supplementary methods detailing the computation of the survival probability of the
first mutant in the overlap region.

e Supplementary Note 9: mathematical proofs of all theorems presented in all the Supplementary Notes mentioned
above.

e Supplementary Note 10: supplementary methods detailing the exact parameter choices for each figure of our
work, including information about main and supplementary figures.

Supplementary Note 1. Source-sink model.

In the main text, we studied the wild-type profile of the source-sink model (staircase with L = 2, R = 1), described
by the dynamical system with equation (4). The phase portraits of the system are shown in Fig. 5b and the results
are summarised in Theorem 1.

Theorem 1. System with equation (4) admits exactly two fixed points

o trivial fixed point: No = Ny =0,



e non-trivial fized point:

(S1)

Ezactly one of these fized points is stable and corresponds to a stable wild-type profile, with non-negative cell numbers
Ny >0. Let f = (r—265)/2 be the average wild-type fitness. The stable wild-type profile corresponds to the non-trivial

fixed point iff
e the environment is source-like f > 0 and cell motility v is arbitrary, or

e the environment is sink-like f < 0 and cell motility is constrained to v € [0,v,], where the critical motility is

_ 9(r—=9)

There are two implications of Theorem 1. First, this theorem provides an explanation for the existence of a critical
motility as explained in the fourth subsection of Results and further discussed in the next Supplementary Note 2.
Second, it explains the shape of the wild-type profile N, in Fig. 1d. The population in compartment x = 2 is
significantly suppressed at low motility (v < §) and the population is homogeneously distributed across space at high
motility (v > ). We elaborate on this phenomenon in the Supplementary Note 3.

Supplementary Note 2. Robust mechanism for the emergence of the critical motility.

In the main text, we claimed that the critical motility can be understood as a bifurcation point of a dynamical
system for the wild-type profile formation and that this mechanism is applicable to a large variety of models. Below
we first provide a heuristic argument for why critical motilities shall arise for all models in our paper, and then we
make a comparison with critical motilities in ecological models.S? 53

Theorems with analogous structure to Theorem 1 shall exist for more complicated models of our paper and shall
predict the existence of a critical motility. Heuristically, we can argue as follows. Vary motility v > 0 as the bifurcation
parameter. When there is no motility » = 0, the dynamics between spatial compartments decouples and the non-
trivial fixed point is stable while the trivial fixed point is not. As cell motility increases, the non-negative quadrant
N, > 0 becomes forward invariant and its boundary contains a single fixed point, the trivial fixed point. Assuming
that the underlying Markov process is ergodic, a unique stable fixed point must exist within the non-negative quadrant
N, > 0. This implies that the non-trivial fixed point either stays in the positive quadrant and remains stable, or it
leaves the positive quadrant through a transcritical bifurcation with the trivial fixed point, see Fig. 5b. Populations
of high motility are generically governed by the average fitness,%* explaining the stability of the trivial fixed point at
high motility in sink-like environments. Therefore, there must exist a critical motility associated with the transcritical
bifurcation if the environment is sink-like.

In the main text, we claimed that this bifurcation mechanism also applies to the critical motility in ecological models
that study range expansion.5™53 We elaborate on this claim with a migration-selection model from>? and relate this
model to our source-sink model. Consider two alleles @ and A and two habitats, such that allele A is selected for
in habitat 1 with strength s and allele a is selected for in habitat 2 with strength as («,s > 0). Moreover, these
alleles can move between habitats at rate v. The relative frequencies of allele a in habitat ¢ € {1,2} are denoted by
a; € [0,1], and their dynamics can be described by a replicator equation with constant selection:

a1 = sai(l —ay) —vay + vag (S3)

as = —asag(l — ag) + va; — vas,

This is a dynamical system on a square (ay,az) € [0,1]2. When v = 0, there is a globally attracting non-trivial fixed
point (a1,az) = (1,0). When v > 0, the square [0,1]? becomes forward invariant and the boundary supports two
trivial fixed points: (a1,as) = (0,0) (allele A wins) and (a1, a2) = (1,1) (allele a wins). Moreover, as v increases from
0, the globally attracting fixed point is pushed from the boundary of the square into the interior. Similarly to the
source-sink model, the non-trivial fixed point can leave the square only through a transcritical bifurcation with one
of the trivial fixed points, giving rise to a critical motility v.. A straightforward calculation for the non-trivial fixed



point shows that it collides with the trivial fixed point (a1,a2) = (0,0) when o > 1 and with the trivial fixed point
(a1,a2) = (1,1) when 0 < v < 1 at

E1e%

chm.

(S4)

Therefore, in accordance with,? both alleles coexist if v < v, and the overall more fit allele takes over if v > v,.
The similarity between this model and the source-sink model is not a coincidence. The source-sink system with
equation (4) can be manipulated and rearranged into

d1 = (r—68)ai(l — a1) — vay + vas — 8a2,
1=( Jai ( 1) 1 2 1 ($5)

do = —bas(l — az) + va; — vag — 5a§,

by relabelling N; = a; € [0,00). This is similar to equation (S3) with s = r — 4§, @ = 6/(r — §) near the trivial
fixed point (a1,as) = (0,0). However, the point (aj,a2) = (1,1) is no longer a fixed point due to the corrections of
—da?. Therefore, when o > 1, the environment is sink-like and a critical motility exists, with equation (S4) matching
equation (S2) upon substitution of s and a. When 0 < « < 1, the environment is source-like and no critical motility
exists, since the corresponding trivial fixed point is removed from the dynamics by the correction terms —da?.

Supplementary Note 3. Staircase model.

In the main text, we studied the shape of the wild-type profile in the staircase model and its impact on mutant
fitness (Fig. 1d). Hereby, we study this process analytically by using the same framework as for the source-sink model
(Supplementary Note 1, fourth subsection of Results). The wild-type profile N, at state R of the adaptation process
(Fig. 1b) is governed by a dynamical system with equation (S6) on R”, where N, is the total number of cells in
spatial compartment x:

. N

le’r‘(l—f(l> N1 +VN2 —(V—F(S)Nh

. N,

Ny=r1- a N, 4vNy_1+vNygy1 —(2u+96)N,, =2,...,R (S6)
N, = UNy 1 +vNyy1 —(2v+68)Ny, o2 =R+1,...,L—1

NL = vNi_1 —(V—F(S)NL.,

Similarly to the source-sink model, the non-negative quadrant N, > 0 can only contain the trivial and the non-
trivial fixed point? . Let us concentrate on the non-trivial fixed point N,. While a closed form expression for the fixed
point does not exist for R > 1, important properties of the non-trivial fixed point N, can be derived analytically. To
study the curvature of the wild-type profile, we define the convexity of the profile” .

Definition 1. N, is convex, resp. concave on [a,b] if for any x € [a,b]N{1,... L}:
Nyi1+ N, Nyi1+ N,
% > N, resp. % < N,.

Using this definition, important qualitative properties of the wild-type profile can be derived.

Theorem 2. Let N, be any fized point of the dynamical system with equation (S6) that lies in the strictly positive
quadrant N, > 0. Note that N, coincides with the non-trivial fized point N, if it is stable. This wild-type profile N,
of resistance R satisfies:

1. N, is a decreasing function of x.

2. In any compartment above the staircase, the effective wild-type birth rate r(1 — N, /K) is bigger than the death
rate 9.

3. N, is concave above the staircase, i.e., on [1, R+ 1].

4. N, is convex below the staircase, i.e., on [R, L].



5. The curvature of the wild-type population profile at position x is proportional to wild-type fitness r(1 —
N, /K)N,1,<r — 0N, at this position and inversely proportional to motility.

6. The mutant fitness r(1 — Ny /K)Nyly<pi1 — 0N, is a positive, conver and increasing function on [1, R + 1],
and a constant —0 function on [R+ 2,L]. In particular, mutant fitness is mazimised in the overlap region and
matches the wild-type fitness characterised above in compartments x < R.

7. In any compartment N, < K(1—4§/r).

8. r > 0 is a necessary condition for the existence of this non-trivial fixed point in the strictly positive quadrant.

Theorem 2 explains the generic shape of a wild-type profile for any motility v (Fig. 1d) and the shape of the mutant
fitness landscape. However, it does not explain the difference between the low and high motility regimes discussed
in the main text. In order to understand the behaviour of the wild-type profile at low and high motility, asymptotic
expansion for the non-trivial fixed point are needed.

Theorem 3. In the low motility regime v < §, the non-trivial fixed point is given by:
K(1-9+0((%)?°)  ife=1... k-1
K(1-%2)10((5)°) #2=R
K5(1-2)+0((%)") #o=R+1
0+0((5)) ife=R+2,...,L

In the high motility regime v > §, the non-trivial fized point is given by:

w-x(1-2) oo ((2)) )

where the coefficients b, satisfy

_ 0K (03 2 2 2 2L 7
b1_6TR<3L BL*R+3LR*+ (R— LR 1) (Z - %) ).
B SLN z(z—1) Ly .,
bz:b1+K<1—5§)(x(x_lHLz(HR_m),z'fx:R,...,L.
r

Using Theorem 3, we can see that the shape of the population front is always the same in the low motility regime
and overlap region © = R+1 provides a refuge for mutants (Fig. 1d). The high motility regime leads to a homogeneous
wild-type population N, which increases with resistance state R and competes with mutants for space (Fig. 1d).
Moreover, this fixed point can be in the negative quadrant to first order if the environment is sink-like. In this case,
the non-trivial fixed point leaves the positive quadrant N, > 0 at a critical motility v, and exchanges its stability
with the trivial fixed point via a transcritical bifurcation.

Corollary 1. Let f = (rR—05L)/L be the average wild-type fitness. Then, the stable wild-type profile is non-vanishing
uf
e the environment is source-like f > 0 and motility v is arbitrary, or
e the environment is sink-like f < 0 and motility is constrained to v € [0,v,], where to first order
obr,

K (35 -1)

Ve =

(S10)

In the main text, we find a deadly motility regime characterised by extinction and no adaptation when v > v.. We
can prove that the adaptation rate is vanishing by deriving its upper bound.

Theorem 4. Fiz a resistance state R and define aopo = 1/ETE . Then,
AR < Qeyo < MfZNwa
x

In particular, when critical motility v. exists, the adaptation rate ar decreases to 0 faster than piy Y Ny asv — v, .
Moreover, no adaptation can occur if the wild-type population is extinct.



Supplementary Note 4. Modified staircase model.

In the main text, we noted that the staircase model can be modified to consider the effect of fitness costs of
resistance (Supplementary Fig. 2), level of mutation rates (Supplementary Fig. 3), differential competition between
growing and non-growing cells (Supplementary Fig. 4), bactericidal antibiotics (Supplementary Fig. 5), bacterial
chemotaxis (Supplementary Fig. 6) and horizontal gene transfer (Supplementary Fig. 9). In this Supplementary
Note, we explain each of these modifications of the original staircase model in turn and present the results for the
modified models, with the key conclusion that motility governs the bacterial adaptation by different mechanisms in
the low motility, high motility and deadly motility regimes as identified in the original staircase model (Fig. 2a). We
finish this Supplementary Note with a mathematical analysis of the wild-type profile.

a. Resistance costs. The original staircase model assumes that there are no fitness costs associated to resistance.
Yet, adaptations that confer antibiotic resistance often have a cost that is expressed in the absence of antibiotic
pressure, and in these cases resistant genotypes often grow slower than susceptible ones.5>56 We model such fitness
costs of resistance by decreasing the division rate of cells above the staircase g > x by a factor of (1 — ¢)9~%, where
c € ]0,1) is the resistance cost.5” We find that sufficiently high resistance costs can decrease the adaptation rate ar
when cell motility is sufficiently low (Supplementary Fig. 2). This agrees with Hermsen et al.5® that shows that the
resistance cost ¢ affects the adaptation rate precisely when cell motility is very low (v < ¢2§). The rationale for this
result is simple. When cell motility is low, resistant genotypes that harbour a resistance cost are less able to avoid
competition with the wild-type and cannot easily move to where they have higher growth advantage. Importantly,
we find that resistance costs do not affect our key conclusion: low motility accelerates adaptation, high motility
decelerates adaptation and very high motility leads to extinction if the average wild-type fitness f = rR/L — § is
negative. As a result, the deadly motility regime is not influenced by resistance costs (Supplementary Fig. 2).

b. Level of mutation rates. In the original staircase model and all its modifications, we assume that mutation rate
is small compared to the other rates. This is an important assumption that allows us to perform the mathematical
analysis of wild-type profiles as presented throughout the Supplementary Notes. To test the limits of this assumption,
we also consider higher mutation rates. Specifically, we vary the the forward (resistance-conferring) mutation rate
py (Supplementary Fig. 3). We find that mutation rates below uy < 107 do not affect the relationship between
adaptation rate and motility: adaptation rate increases in the low motility regime, decreases in the high motility
regime, and no adaptation occurs in the deadly motility regime. This mutation rate threshold corresponds to the
probability of uf/d = 1073 resistance mutations per cell division, which is very high compared to experimental
estimates of 1079 and 1079 resistance mutations per cell division.5? 51!

c. Competitive strength of non-growing cells. In our models, we assume logistic growth and non-growing cells
can compete with growing cells by contributing to the carrying capacity via influx from other compartments. For
simplicity, we started by assuming that growing and non-growing cells compete with each other with the same
strength, but we also considered the effect of reduced competitive strength of non-growing cells on our conclusions.
The reduced competitiveness of non-growing cells is modelled by « € [0, 1] which corresponds to the proportion of the
non-growing cells that contribute to the carrying capacity. In particular, o = 0 corresponds to no competitiveness of
the non-growing cells and a = 1 corresponds to the same competitiveness of growing and non-growing cells. More
specifically, the division rate of cells growing above the staircase (¢ > x) is modified from max(0,7(1 — N,/K))
to max(0,7(1 — (N + aN?)/K), where NZ is the number of growing cells above the staircase (g > z) and N is
the number of non-growing cells below the staircase (¢ < z) in a given spatial compartment . We note that the
relationship between adaptation rate ag and motility rate v remains the same (Supplementary Fig. 4): the adaptation
rate increases with low motility (v < ¢), decreases with high motility (v > §) and very high motility (v > v.) leads
to extinction if the average wild-type fitness f = rR/L — § is negative. The analytical theory suggests that the
competitiveness a does not influence the wild-type profile and the evolutionary time T.f,. The competitiveness a
can only modify the ecological time TZ . which affects the evolutionary dynamics only if motility is high (Fig. 2c).
In contrast, the low motility regime is not affected by «, as it is dominated by the evolutionary time T2, that is
independent of «, and the deadly motility regime is not affected by «, as it is determined by the wild-type profile
that is also independent of a.

d. Bactericidal antibiotics. The original staircase model studies the effect of antibiotics that inhibit bacterial
growth (i.e., we considered bacteriostatic antibiotics). However, many natural and clinical antibiotics kill bacteria
(bactericidal antibiotics). We model bactericidal antibiotics by increasing the death rate under the staircase o-times
as in Hermsen et al..5” Importantly, our results show that bacterial adaptation to bactericidal antibiotics again has the
same regimes dictated by cell motility (Supplementary Fig. 5). Interestingly, while bacterial adaptation is identical
to the one found for bacteriostatic antibiotics in the low motility regime, a deadly motility regime can be induced at
high motility if the bactericidal effect is sufficiently strong o > 1. In this case, bacteria experience deadly antibiotic
concentrations more often and the average wild-type fitness f is decreased by o.



e. Bacterial chemotaxis. The original staircase model assumes that bacteria move randomly. Yet, it is well-
known that bacteria can bias their motion in chemical gradients (chemotaxis). In particular, it has been shown
that antibiotics can trigger both positive®'? and negative®'? chemotaxis. We model the effect of biased motility by
changing the probability p of bacterial movement up or down the antibiotic gradient. Notably, the usual adaptation
regimes can be identified in this model (Supplementary Fig. 6). Our results show that chemotaxis has little impact
on the adaptation rate when cell motility is low (Supplementary Fig. 6), mimicking what we found for bactericidal
antibiotics described above. However, when motility is high, positive chemotaxis p > 0.5 increases antibiotic exposure
and promotes the deadly motility regime, while negative chemotaxis p < 0.5 decreases antibiotic exposure and prevents
the deadly motility regime (Supplementary Movie 2). Put differently, chemotaxis changes the average wild-type fitness
f, decreasing it for positive chemotaxis and increasing it for negative chemotaxis. For negative chemotaxis, the wild-
type has higher average fitness but resides far from higher antibiotic concentrations. Mutants are thus less likely to
reach the overlap region and the adaptation rate is decreased (Supplementary Fig. 6).

f. Horizontal gene transfer. Bacteria can exchange resistance genes through horizontal gene transfer (HGT),
which is known to accelerate bacterial adaptation.5' In particular, it has been shown that the immigration of sus-
ceptible cells from a detached habitat can promote adaptation in a focal habitat via HGT.S!® However, for closed
systems without immigration of susceptible genotypes, it has been argued that HGT does not affect bacterial adap-
tation substantially.5167520 In an attempt to recapitulate these results, we model HGT in our system by allowing less
resistant genotypes g to acquire resistance from N, , more resistant cells of genotype g’ > g located at the same
position x at a rate h x N, 4. For realistic values of HGT rate h (< 1 transfer per generation®?), we find that the
adaptation rate is slightly increased, but our key conclusion still holds: motility accelerates bacterial adaptation in
the low motility regime, while it decelerates bacterial adaptation in the high motility regime. Moreover, we find that
bacteria with very high motility experience deadly motility regimes if they have negative average fitness f = rR/L—4,
irrespective of HGT rate (Supplementary Fig. 9).

g.  Wild-type profile. So far, we considered various modifications of the staircase model. We now aim to under-
stand how the conditions for the deadly motility regime change in the modified models. We see that there is no change
to the deadly motility regime in the case of resistance costs, elevated mutation rates, differential competition between
growing and non-growing cells, and HGT (Supplementary Fig. 2, 3, 4, 9). Therefore, we focus on the bactericidal an-
tibiotics and bacterial chemotaxis that impact the deadly motility regime by modulating the average wild-type fitness
f (Supplementary Fig. 5, 6). We find the formulae for the average wild-type fitness f in these two modified models
by studying the wild-type profiles in general modified staircase models with spatially variable division rate r,, death
rate J, and motility rate v,. In this setting, chemotaxis corresponds to the choice v, = 2pv and vr , = 2(1 — p)v,
where p is the probability to move up the gradient; the effect of bactericidal antibiotics corresponds to stress-induced
death rate 6, = 00 below the staircase (z > R) and the usual death rate J, = § above the staircase (x < R). The
wild-type profile formation at state R of the adaptation process (Fig. 1b) is governed by the mean-field equations:

. N
Ny =nr (1 - K1> Ny +v1No —(vr1 + 65)Ny,
. N,
Ny=r,(1— f N, ‘H/R,;c—lNac—l + VL,:CNLK+1 _(VR,QL' + VL -1+ 5:8)N£7 z =2,...,L-1 (Sll)
. Np
Np=rp|1- e N +vrr-1NL—1 —(vp,L—1+0L)Nyp.

This dynamical system has two fixed points of interest, the trivial fixed point N, = 0 and the non-trivial fixed point,
which correspond to possible wild-type populations. Next, we compute the non-trivial fixed point at low and high
motility and derive results for the existence of a critical motility. To do this, we assume that vy ;,vr, ~ O(V),
dz ~ O(6), which is true for the modifications mentioned above.

Theorem 5. In the low motility regime v < 6§, the wild-type profile is given by:

— . o 2 .
K (1) + i (g e - 222) 2 0((5)°) o1
Ne= QK (1= g ) 4 (T e i et ot ) 1.0 ((5)°) o =2, L-1 (S12)
K (1- ) + & (g - e ) 4 0 ((5)7) fr=1L

In the high motility regime v > 6, the wild-type profile is given by:

_ L —1
N, = [le VR:H] K [Zz_l(rz B U
T L —1
Sl 2

VLy

+0 (i) . (S13)

y=1



The average wild-type fitness therefore is f = S35 (r, — 6.) [[F2] 22/ S35 TIPZ) “v . The stable non-vanishing

y=1vp y=1vr

wild-type profile exists iff
1. the environment is source-like f > 0 and motility v is arbitrary, or
2. the environment is sink-like f < 0 and motility is constrained to v € [0,v.] for a critical motility v..

We note that this result coincides with the one from the basic staircase model (SI Theorem 3, SI Corollary 1) if
ry = r above the staircase and 0 otherwise, d, = 6 and vg, = v, = v. Furthermore, this result explains the forms
of the average wild-type fitness f that were presented above for bactericidal antibiotics and chemotaxis.

For bactericidal antibiotics, the antibiotics-induced death increases o-times, which decreases the average wild-type
fitness f below zero if ¢ is sufficiently high, as

— R L—-R

f=( 5)L ol T (S14)
Therefore, Theorem 5 explains why the bactericidal effect o converts the high motility regime into the deadly motility
regime, while leaving adaptation in the low motility regime almost unchanged (Supplementary Fig. 5). Intuitively,
at low motility regime the population is not present in stressful regions below the staircase, making the adaptation
invariant of antibiotics-induced death. In the high motility regime, the population experiences the average environment
with increased overall death rate, which decreases the average wild-type fitness.

For chemotaxis, probability p that a cell moves up the antibiotic gradient decreases (resp. increases) the average
wild-type fitness f below (resp. above) zero when p is sufficiently high (resp. low), as

+ o o mPPPP A -p) 4+ +p(—p)P T+ (1 )R
f=r(1-p) Pl pE 11 —p) )+ +p(l—p)l-T+(1—p)r

) (S15)

This result means that positive chemotaxis can always create a deadly motility regime (irrespective of R), and
negative chemotaxis can always prevent a deadly motility regime (irrespective of R), as we confirm with simulations
(Supplementary Fig. 6). Theorem 5 also shows that, at high motility, the wild-type profile of a population with
negative chemotaxis becomes concentrated away from the overlap region. This result explains the reduction in the
adaptation rate in Supplementary Fig. 6 as a consequence of reduced antibiotic exposure. Moreover, Theorem 5
also predicts that chemotaxis does not affect the wild-type at low motility, explaining why the adaptation rate is not
affected at low motility in Supplementary Fig. 6. We note that it is easier to introduce the deadly motility regime by
controlling chemotaxis (power law dependence on p) rather than controlling bactericidal effects of antibiotics (linear
dependence on o).

Supplementary Note 5. Stochastic switching of motility phenotypes.

In the main text, we studied the wild-type profiles of phenotypically heterogeneous populations with bacteria
switching between different motility rates stochastically. Hereby, we study this process analytically. For convenience,
we modify the notation slightly. The phenotypes have cell numbers N, and M, ; motilities vy and vjs; and phenotypes
switch stochastically at rate s. Without loss of generality, we assume that vy; > vy. At ecological timescales, the
wild-type profile is governed by a dynamical system with equation (S16):

. N, + M
leT(l—lK 1)N1 +tunNy o 4sMy = (vn 40+ 5N
. N, + M,
N,=r (1 - 7} ) N +vNNoo1+vNNopr  +sMe— (2on +0+5)Np, 2 =2,..., R
Nx: +VNN’E—1+VNNT+1 +5Mr*(2VN+5+5)Nr7I:R+137L71
N; = +vNNp_1 +sMp — (vy + 0+ )Ny,
N+ M (516)
M, =r (1 _ 17}'{ 1) M, + vy Mo +sN; — (V]\/I + 6+ S)Mlv

. N, + M,
M, =r (1 — +) M, +vyMe 1 +vyMei1w +sNy— Quy+d+8)My, z=2,...,R

M, = tup My 1+ vy Myyr SNy — Quy +6+s) My, z=R+1,...,L—1
ML: vy My _q +SNL*(1/M+6+$)ML,



As before, the wild-type profile approaches the unique stable fixed point in the non-negative quadrant, which is either
the trivial or the non-trivial fixed point. We next discuss the dynamics in the source-sink model (L =2, R = 1) and
state the results for the staircase model (any L, R).

In the source-sink model, there is a closed form expression for the wild-type profile.

Theorem 6. The dynamical system with equation (S16) for the source-sink model (L = 2, R = 1) has two fized
points:

o the trivial fized point: N1 = Mj2 =0,

e the non-trivial fized point:

M= g (1 ).

r
-1
M, = 1 _|_éis)_1 (1 ~em(s) dT(s)B(s) ) ’ (s17)
Ny =an(s)M; + by (s) Ny,
M = ap(8)Ny + bar(s) Ma,
with coefficients
sV
an(s) = (6 +vam)(d+vn)+ 520 +vn +var)’
(5 + s+ V]y[)I/N
by (s) = ;
(0 +var)(6 +vn) +5(20 + vn + var)
30 +var) +8(26 +vr)
CN(S):S+6+VN((5+VM)((5+Z/N)+5(2(5+Z/N—‘rVM)’ sis)

_ VMUN
d(s) = <1+ (CSJrl/M)(fSJrVN)JF=9(2‘5+V1\7+V1‘4))7
(var — vN)O(0 + 2s)

Als) = s{(vvvn + (0 +var) (0 +vn) + 520 +vn +va)] —
B(s) = %%\/m <1,

and other follow from N < M symmetry. Importantly, M; = B(s)Ny.

In the main text, we claimed that the diagonal of Fig. 3b corresponds to the population of uniform motility
vy = vy = v. A dynamical system for (N + M); 2 behaves as the basic source-sink model of Theorem 1, leading to

a non-trivial fixed point
N YA A2
2 r(d +v)
v
N1 + N
v+ 6( 1+ 2)7

which is unaffected by switching rate s. In the main text, we also showed that phenotypic switching can modulate
the adaptation regime. This effect is controlled by the dimensionless number A(s). As A(s) contains only the 9, s
rates (besides motilities), the low switching (A > 1, s <« §) and high switching (A < 1, s > ) regimes can be
distinguished and described.

Corollary 2. At low switching (A > 1, s € §), the non-trivial fixed point of the source-sink model (L =2, R =1)
18:

Ny =My =

B 00 +2un)\  sunvm + (0 +vN)(0+vm) ~ 6(0+2vN)
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with the dimensionless coefficients

. é (5(VM — VN)
Als) = svnvap 4 (0 +vn)(0 4+ var) v
(S20)
B(s) = svunvm + (6 +vn) (6 +vm) 4

1) (5(1/1\/[ 71/1\])

In this case, the slower phenotype dominates the faster phenotype (N2 > M) and the system behaves as if only
the slower phenotype was present (N + M), 2 matches Theorem 1 with v = vy ).
At high switching (A < 1, s> ¢), the non-trivial fixed point of the source-sink model (L =2,R=1) is:

Ny = B (200 tvtn)y
2 r(26 + vny + v

K 26(6 + v +vn)
M, = — — R
2 (26 + vn + v
UN + Unp 5 B 26((5+VM +VN)
20 + vy +vp 2 T(2(5+VN—|—Z/M)
vty K 2000 + v +vN)
M2:7— —_
20 +vn +vn 2 r(20 + vn + Vi)

(s21)
Ny =

+...,
+...,
with dimensionless coefficients
6 2 —
As) = & 2 —vw)
$20 +vN +vp
5 Unr — UN

Bs)=1— ——F—+———"—
(5) $20 +vN + vy

(S22)

In this case, both phenotypes are similarly important (N1 ~ M 2) and the system behaves as if only an average
phenotype was present (N + M)1 2 matches Theorem 1 with v = (var +vn)/2).

This result proves the following claim we made in the main text that at low switching (A <« 1, s
population adapts as if only the slower phenotype was present, and that at high switching (A < 1, s >
population adapts as if it had a uniform motility that matches the average motility.

In the main text, we also discussed the deadly motility regime. In contrast to systems with uniform motility, the
deadly motility regime now occupies the (vn,vas, s) space; and instead of critical motility, there is a critical surface
in the (vn,vu, $) space.

Corollary 3. The deadly motility regime for the source-sink model (L = 2, R = 1) is described as a subspace of
(vN, VM, 8) space such that:

D(s) > 1 — 6, (S23)
with

D(s) = s + vn(1 — by(s)) — d(s)B(s). (S24)
D(s) has the following properties:

e D(s) is a strictly increasing smooth function of s € Rt

)
° D(O) = 5+Vli\71\7
)
.D(W):m as s — 00

The deadly motility regime exist whenever the environment is sink-like f = (r — 28)/2 < 0, and
e the slower phenotype is in the deadly motility regime min(vy, var) > ve, and switching s is arbitrary, or

e the average phenotype is in the deadly motility regime (v +var)/2 > v, and switching s is above some critical
value s > s.(Vn,Vnr).
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In particular, the critical surface asymptotes with min(vy,var) = ve at low switching (s < 6) and with (vy +var)/2 =
Ve at high switching (s >4 ).

For completeness, we state the results for the staircase model, which can be used to support the same claims as
those made above for the simpler source-sink model. The asymptotic form of the wild-type profile can be derived.

Theorem 7. In the low motility combination vy, vy < 9, the non-trivial fized point of the staircase model is given

by:
Ea-2)+... ifr=1,...,R—1
y (1 SHep02) K (1= )y —wn) . =R
T E ) (e ) ife=R+1
0+.. fe=R+2,...,L
(S25)
Ea-9)+... ifr=1,...,R—1
(1 SHepnl2) DK (1) oy — )+ =R
No = K (1 _ 9\ (vwtrm UN—VM fr—RL1
4( r) 4 + 5+2s ++... fo +
0+4.. fr=R+2,...,L
In the high motility combination vy, vas > 6§, the non-trivial fized point of the staircase model is given by:
K Lé
Ny=M,=—[1-——=— 526
2 < Rr>+ (526)

In the mized motility combination vy < § < vir, the non-trivial fived point of the staircase model is given by

M, =K (1 _i+s —B(S))> B(s)

T 1+ B(s)
N K (1 &e0-B) s O ifr <R (527)
@ K (1 - 2086 (1+1§(€§§2s+6) +... ifxz>R
with
A(s)z(é—l)6822—'__|_2(;ZS>07 .
B(s) = AT vA 4 V2A2+4 <1 o

Importantly, to lowest order N, /M, = B(s) in the region above the staircase x > R.

A non-perturbative result characterising the behaviour of the staircase model at low and high switching can also
be derived analytically.

Theorem 8. At low switching s < 0§, the overall wild-type profile behaves as if it has a single motility of v =
min(vy,var). At high switching s > §, the overall wild-type profile behaves as if it has a single motility of v =
(vv +var)/2.

In particular, this result affects the deadly motility regime in the (vn,var,s) space. Let f = (rR — SL)/L be the
average wild-type fitness. The wild-type profile is non-trivial iff:
e the environment is source-like f > 0, motility rates vy, vy are arbitrary, and switching rate s is arbitrary,

e the environment is sink-like f < 0 and

— switching is low s < & and the slower phenotype is in the deadly motility regime min(vy,vy) > ve,

— switching is high s > § and the average-motility phenotype is in the deadly motility regime (vn+var)/2 > ve.
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Supplementary Note 6. Density-dependent motility.
1. Model with implicit phenotypic structure.

In the main text, we studied the wild-type profiles of populations with density-dependent motility, where motility
phenotypes were modelled implicitly and the evolving population at a given spatial position x was approximated by
a single motility phenotype. We briefly outline important features of these wild-type profiles. The wild-type profile
can be described with the mean-field equations:

. N
Nl :7‘(1—};) N1 —|—V(N2)N2 —(V(Nl)—i-(S)Nl,
. N,
N,=r (1 — K) Ny 4v(Ny—1)Ny—1 +V(Nyg1)Nep1 —(2v(Ng) +6) Ny, x =2,...,R (S29)
N, = V(Ng 1)Npg—1 +(Npy1)Noy1 —(2v(Ny) +0)Nyyz =R+1,...,L—1
NL = I/(NLfl)NLfl 7(Z/(Nm) + 6)NL.,
where
145 if N <S8,
N) = S30
vIN) {VH it N> S. (530)
Since the forcing of this dynamical system is discontinuous whenever N, = S, the fixed-point analysis is more

complicated and we only mention two important features of this system.

First, multiple stable fixed points can exist. For example, consider a situation when a low-density motility phenotype
has motility above the critical motility vz > v, and the high-density motility phenotype is slower vy < vp. If the
system is initially started from a low density, the low-density motility phenotype cannot survive and a deadly motility
regime occurs as in Fig. 4c (attraction to the trivial fixed-point). However, if the system is initially started from a
high density, the high-density motility phenotype can survive and no deadly motility regime would have occured in
Fig. 4c (attraction to a non-trivial fixed-point).

Second, the surfaces of discontinuous forcing (N, = S for some ) might attract the trajectories. This result often
happens in the slow-to-fast switching case, see Fig. 4b at low threshold S. In this case, the bulk of the high-density
population is driven very close to density N, = S.

2. Model with explicit phenotypic structure.

Density-dependent motility can also be modelled explicitly at each position x, but explicit density-dependent
motility leads to qualitatively similar conclusions. Here, we explain such modelling and why one obtains similar
results from models with implicit and explicit phenotypic structure. To introduce the explicit model, we consider
the same setup as in the model for stochastic motility switching (Fig. 3a) where two phenotypes of different motility
vy 2 are introduced and switched at rate s. To introduce density-dependent motility, we modify the switching rates
s between the motility phenotypes P (Supplementary Fig. 8a) In particular, at a given spatial position x with N,
cells, phenotype 1 switches into phenotype 2 at a rate

sB/(1+p8) if N, <S5,
= S31
12 {s/(l +8)  iN,>S, (831)
and phenotype 2 switches into phenotype 1 at a rate
s/(1+ ) if N, < S,
= S32
21 {sﬁ/(l +8) N, >S5 (832)

The total switching rate s;_0 + so_1 = 2s is kept constant and the phenotypes switch S-times more likely in the
direction 1 — 2 than 2 — 1 at low density (N, < S), while they switch S-times more likely in the direction 2 — 1 than
1 — 2 at high density (N, > S). To identify phenotype 1 with the low-density phenotype (v1 = v1) and phenotype
2 with the high-density phenotype (v2 = vg), we restrict to 8 < 1.
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To start the analysis of this model, we notice a few limiting cases. If the total switching is low (s < J), phenotypic
switching is rare and the model is expected to behave similarly to the model for stochastic switching with low rate
s, reasoned from the same arguments as in Supplementary Note 5. Therefore, to explore switching, we restrict to
situations when the switching rate is high (s > 4). Moreover, if no phenotype is preferred (§ = 1), the model is
equivalent to the model of stochastic switching. Therefore, to explore density-dependence, we restrict to § < 1. In
summary, we expect density-dependent switching to be important only if s > ¢ and 8 < 1. The implicit model of
density-dependent switching corresponds to s — co and 8 — 0. Therefore, the implicit model is expected to exhibit
the same dynamics as the explicit model for density-dependent switching.

Indeed, the evolutionary dynamics is governed by the same effective motility in both models. The effective motility
corresponds to the low-density motility v at high switching threshold S > K(1 — §/r) and to the high-density
motility vy at low switching threshold S < K (1 — d/r) (Supplementary Fig. 8d,e). Moreover, the wild-type profiles
are very similar and differ only in predicted phenotypic proportions at individual spatial positions (Supplementary
Fig. 8f). While explicit density-dependent motility is more realistic, we note, however, that the implicit model is
faster to simulate, and, therefore, it is presented in the main text.

Supplementary Note 7. Linking theory and experiments.

To explain the link between our theory and experiments, we introduce the concept of visiting number, which
is a non-dimensional number that captures the drug variability experienced by an average cell during its lifetime.
Specifically, the visiting number V is defined as the number of regions that differ in drug concentrations (on MIC
scale, MIC = minimal inhibitory concentration) and that are visited by an average cell during its life-time. In the
staircase model, the probability that a cell moves between k such regions in its lifetime is

B 2v k Te 404 py + iy
Pr=\ v retotpurtm) \wtretotpy+m)’
where . = r(1 — N, /K) is the effective division rate. This is a geometric probability distribution with a known mean
that corresponds to the visiting number V. On average, a cells visits

_ 2v
SOt re gt

v
v o=

)
compartments that differ in the level of MIC (where we used the fact that the effective division rate r, = r(1— N, /K)
approximately balances the death rate ¢ at equilibrium). Consequently, it can be noticed that the low motility regime
corresponds to v < ¢ (i.e., V < 1) and the high motility regime to v > § (i.e., V > 1). While v and § are difficult to
measure in practice, the visiting number V' can be estimated as,

V= T

where v is the characteristic cell speed, t is the doubling time in the absence of antibiotics and [ is the length-
scale over which drug concentrations vary on MIC scales. This expression follows from the fact that an average cell
explores the length scale of vt during its life span, while it visits vt/ regions of length scale I. To link our models with
experimental works explicitly, we estimate the visiting numbers in experimentsS21522 and predict their motility regime
(Supplementary Table 1). To clarify, the length scale I is taken directly from Baym et al.5?! and Zhang et al.,5%2
while the speed v and doubling time ¢ was not measured in these works. However, Baym et al.5?' and Zhang et al.5??
used E. coli K-12, which is known to swim at 10um/s52%524 and its doubling time is estimated at 40min.5?® Next,
we look for qualitative features of the reported evolutionary dynamics and compared them to our model, namely Fig.
1d. Notably, we find that there is an agreement between the value of the visiting number (V' 2 1) and the qualitative
features of the associated motility regime predicted by our model (Fig. 1d, Supplementary Table 1).

Supplementary Note 8. Survival Probability.

This Supplementary Note explains how to compute the survival probability ¢ of the first mutant in the overlap
region, i.e., the probability that this mutant divides before its death. To start, we define the probability ¢, that a
mutant divides before its death, given that the mutant starts in spatial compartment x. Mutants in compartment x
can change their genotype (rate p1y + pp), die (rate d;), move left (rates vz, 5 1), move right (vg ) or divide (rate 7).
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Supplementary Table 1 | Experimental examples of different adaptation regimes explored in our work.

experiment v t 1 \% adaptation|qualitative evidence for the regime
regime

MEGA-plateS?! 10pm /s523524 | 40min®?>526 | 13cm 0.1846 low adaptation dynamics located at
motility  |the front, coexistence of resistance
regime strains

microenvironments>22 10/110(1/5823524 40min®?>52 | 200um 120 high resistant mutants invade the entire
motility |environment and replace the wild-
regime type

Therefore, the total rate at which the mutant experiences one of the processes is p, = 15+ +0z +vr 21 +VRz +7z-
To find q,,, we condition on the first process to obtain that

VE,x— VR,x Tx
4z = ILav>1 Lzl Qz—1 + ]11<L i Qo1+ —. (833)
P P P

x x x

This is a system of linear algebraic equations for g, that can be solved numerically, e.g., by Gaussian elimination
method. The survival probability of the mutant that started in the overlap region is ¢ = qr+1.

This survival probability must be accounted for in the computation of the evolutionary time T2, whenever ¢ < 1.
If the first mutant in the overlap region dies before dividing, a new mutant must arrive into the overlap region. This
process takes additional evolutionary time T£ . Moreover, the probability that k& mutants arrive into the overlap
region before one of them successfully divides is (1 — ¢)*~!q. Finally, the expected time, till a mutant that divides
before death is produced in the overlap region, is

oo

> (1 - qF qR(TE,) = BT, /q. (S34)
k=1

Supplementary Note 9. Proofs.

Theorem 1. System with equation (4) admits exzactly two fized points
e trivial fixed point: Ny = N1 =0,

e non-trivial fized point:

NlK(l 5(5+21/))’
14
Ny = u—i—éNl'

Ezactly one of these fized points is stable and corresponds to a stable wild-type profile, with non-negative cell numbers
Ny >0. Let f = (r—205)/2 be the average wild-type fitness. The stable wild-type profile corresponds to the non-trivial

fixed point iff
e the environment is source-like f > 0 and cell motility v is arbitrary, or

e the environment is sink-like f < 0 and cell motility is constrained to v € [0,v.], where the critical motility is

o(r —9)

P . 2
20 —r >0 (52)

Ve =

Proof. The two fixed points can be found by setting N; = Ny = 0. The stability of these fixed points can be checked
by considering the signs of trace and determinant of the Jacobian matrix:

r—2rN;/K—-0—v v
J = . (S35)

v —6—v
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For example, the trivial fixed point has tr J = r — 2§ — 2v and det J = —§(r — 8) + (26 —r). If f > 0, orif f <0
and v < v, then det J < 0 and the trivial fixed point is a saddle node. Otherwise, det J > 0, tr J < 0 and the trivial
fixed point is stable. Similar analysis applies to the non-trivial fixed point. O

Theorem 2. Let N, be any fized point of the dynamical system with equation (S6) that lies in the strictly positive
quadrant N, > 0. Note that N, coincides with the non-trivial fived point N, if it is stable. This wild-type profile N,
of resistance R satisfies:

1. N, is a decreasing function of x.

2. In any compartment above the staircase, the effective wild-type birth rate r(1 — N, /K) is bigger than the death
rate 0.

3. N, is concave above the staircase, i.e., on [1, R+ 1].
4. N, is convex below the staircase, i.e., on [R, L].

5. The curvature of the wild-type population profile at position x is proportional to wild-type fitness r(1 —
Ny /K)Ny1,<r — 6N, at this position and inversely proportional to motility.

6. The mutant fitness r(1 — Ny /K)Ngly<py1 — 0Ny is a positive, convex and increasing function on [1, R + 1],
and a constant —0 function on [R+ 2, L]. In particular, mutant fitness is mazimised in the overlap region and
matches the wild-type fitness characterised above in compartments x < R.

7. In any compartment N, < K(1 —46/r).
8. r >4 is a necessary condition for the existence of this non-trivial fixed point in the strictly positive quadrant.

Proof. Part 1 and 2: Rewrite the fixed point equation for the dynamical system with equation (S6) as

A
Ny — Npyq :]\f{r<l—]:;)—5]+Nx1—Nz7 r=2,...,R

N, — Nap1 :—6]:":+Nx,1—NI7 r=R+1,....,L—1
Np_1— Ng :@.

Firstly, assume that Ny < Ny. The first equation implies that r(1—N; /K)—§ < 0. As N3 < Ny, alsor(1-Ny/K)—4§ <
r(1 — N1/K) —§ < 0. Then, the second equation implies that No < N3. Inductively, the first L — 1 equations imply
that

N < SNy SNppy < < Np»

However, the last equations then implies that Ny, < 0, contradicting our restriction to N, > 0. Therefore, N1 > Ns.

The first equation implies that (1 — N;/K) —6 > 0. As Ny > Ny, r(1 = N3/K) — 6 > r(1 — N;/K) — 3 > 0. The

second equation implies that No — N3 > 0. Inductively, the first L — 1 equations imply the conclusion of part 1 that
Ny >--->N, >Nz+1 >---> Np.

Notice that along the way, part 2 has also been proven.
Part 3: Notice that above the staircase,

Part 5: Write the fixed point equation in the form:
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= [r(1-2) o]

N,
1/[N30+1—|—N301—2]\@]:[1‘(1—K)—(S]Ngg7 r=2,...,R
V[Ngt1 + Nyoq — 2N, ] = —0N,, r=R+1,...,L

—V(NL_1 - NL) = —(SNL.

Part 6: The mutant fitness is given by the difference between the effective birth-rate (resulting from competition
with wild-type) and death rate. Therefore, on [1, R + 1], this mutant fitness is

Ny

Therefore, it is increasing (by part 1), positive (by part 2) and convex (by part 3). On [R + 2, L], mutants cannot
divide and their fitness is —4.

Part 7: Follows directly from part 2.

Part 8: If r < 4, part 6 implies that N, < 0. O

Theorem 3. In the low motility regime v < §, the non-trivial fized point is given by:

K(1-9+0((%)")  fa=1... k-1

v K (1— %) +o((g)22) ifz=R .
K5(1-2)+0((8)") #a=R+1
0+0((%)?) ife=R+2...,L

In the high motility regime v > ¢, the non-trivial fized point is given by:

NmzK(l—f]L%>+bwi+O<(i)2>, (S8)

where the coefficients b, satisfy

_OK (o5 o0 2 2 2L _r
b1_6rR<3L BLPR+3LE* + (R—L)(R ~1) (% =5 ) |
SLN z(z—1) Ly .
= Kll-— ) ——2(1—-—= =2,... 1
bw b1+ < TR) 2 ( R>7fo ) 7R+ ) (Sg)
(1 ) (D R
T

Proof. For the low motility regime, assume that N, = a, + ¥b, + ... Then, at O(1) of equation (56), we recover the
equilibrium of local birth/death dynamics:

Ay
r(l—?)ax:&zx, zr=12,...,R
0=6da,, x=R+1,....L

implying that a, = K(1 — ¢/r) when < R, and a, = 0 otherwise. At O(v/d), we recover the first order corrections
to balance this local dynamics with curvature of the population curve:

r 2a

6<11)b1+a2 =b; +a;

r 2a,

g 1—-——= b];+a.'l)+1 +az—1 =by +2a,, =2,...,R

+ayy1 +ay—1=by+2a,, xz=R+1,...,L—-1
+ar_1 =br +ar.
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Using the previous formulae for a, this can be solved for b,. The result follows.

For the high motility regime, assume that N, = a, + %bx + (g)Q ¢y +... Then, at O((g)_l), we only get the spatial
diffusion with neglected local birth-death processes:

a]p = as
Qg1+ Qz1 =0z, x=2,...,L—1
aj—1 =ay,.

This result implies that a, = a for some constant a. Also notice that this system is under-determined and constant
a must be fixed from the equations at the next order. At O(1), the first order correction to curvature due to local
birth/death processes is:

r a
5(1_?>a+b2 :b1+a
r a
5(1—?)a+bm+1 by =2, 4a, z=2.. ..R
+bx+1 +b$_1:2bx+a, I:R+1,,L—1
+br_1 =br +a.
Summing the equations yields
r a
L(1-%)e=1L
Ra( K)4T
and thus
oL
=K(l1—-—|.
= (1-75)

With this choice of a, the system of equations for b, takes a form of under-determined system of difference equations.
By solving this system, b,’s can can be expressed in terms of by as in equation (S9). In order to fix by, the equations
for ¢, at order O(2) need to be found:

T 2a

p— 1_7 =

5( K)bl+02 b1+

"2, ¢ tep1 = by +2 =2,...,R
5 K x Cr41 Cx—1 = Ug Cg, T = 42y...,

+cpr1 FCpo1=by+2¢c,, x=R+1,...,L—-1

+cr_1 =bp +cr.

Summation cancels the ¢, coefficients and gives a single equation for b,:

r 2a
6(1_K> (b1 +--+br)=b1 4 +br.

Using the relationships for b,:
b+ +br = Rby +%(R271)(R7L),
and
bi+ -+ by = Lby + %L(%L? — R?43LR),

the coefficient by is obtained as in equation (S9). O

Corollary 1. Let f = (rR—0L)/L be the average wild-type fitness. Then, the stable wild-type profile is non-vanishing
iff

e the environment is source-like f > 0 and motility v is arbitrary, or
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e the environment is sink-like f < 0 and motility is constrained to v € [0,v.], where to first order

obr,

K(R-1)

(S10)

Ve =

Proof. Notice that a stable wild-type profile N, is expected to be decreasing in by Theorem 2. Hence, a non-trivial
fixed point stays within the positive quadrant and remains stable iff N;, > 0. To the lowest order, this condition is
equivalent to f > 0. If f > 0, the wild-type profile exists for any v. If f < 0, the first order approximation dictates
that Ny > 0 iff v < v, with v, given by equation (S10). At v = v,, the non-trivial wild-type fixed point collides with
the trivial wild-type fixed point and exchanges stability through a transcritical bifurcation. O

Theorem 4. Fiz a resistance state R and define aeyo = 1/ET£O. Then,

AR < Qeyo < MfZNwa

x

In particular, when critical motility v. exists, the adaptation rate ar decreases to 0 faster than piy Y., Ny asv — v, .
Moreover, no adaptation can occur if the wild-type population is extinct.

Proof. To find the upper bound on dey,, we need to find the lower bound on the waiting time 7%  till the stable
wild-type population produces a mutant in the overlap region (mutants migrating from other compartments count

as well). This waiting time T2 is bounded below by the waiting time till a mutant is produced anywhere T, i.e.,

TE > T,. In each spatial compartment x, only the most resistant wild-type cells can mutate. Call their number N/.

Then, the waiting time T, till the compartment x produces a mutant is ~ Exp(uyN,). The waiting times T, are
independent and T, = min, T,,. Therefore, T,, ~ Exp(uy Y, N.). Finally,

1
]ET£ >FEl, = ————.
¢ >, Ny
Thus,
1
Qevo = ETE_ < ,ufZNg/g < ,ufZN = pgN.
Result follows. O

Theorem 6. The dynamical system with equation (S16) for the source-sink model (L = 2, R = 1) has two fized
points:

o the trivial fized point: N1o = Mo =0,

e the non-trivial fized point:

K _en(s) —d(s)B(s)
%= ( ).
___ K eu(s) —d(s)B(s)~}
M= g (1 a— ) ! (S17)

Ny = G,N(S)Ml + bN(S)Nh
My = aM(s)N1 + bM(S)MQ,
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with coefficients
SUM
o+ VM)(5 + Z/N) + 8(25 +vn + I/[\/[)7
(0 +s+vm)vn
(0 +vam)(d+vn)+ 520 +vn +var)’
0(0 +var) + 5(20 +var)
(6 +var)(d+vn) +5(20 +vn +var)’
VMVN
dls) = (1 + (6 +vam)(d+vn)+8(20 + vy + Z/M)> ’
(var — vn)O(0 + 25)

an(s) = (

bN(S) =

en(s)=s+d+vn

(S18)

A= oo ¥ G+ man G+ o) 5@ o T o]
B(s) = “AEYEEL

and other follow from N <> M symmetry. Importantly, M; = B(s)N.

Proof. Notice that the system with equation (S16) is symmetric under M <+ N. Now, express My, N5 in terms of Ny,
M using the equations Ny = 0 and My = 0:

Ny = an(s)Mi + by (s)N1,
My = apn(s)N1 + bar(s) My,

with the coefficients

a (S) o SUM
M S+ +un) + 526 + vy + o)
bN(S) _ (5+S+VM)Z/N

(0 +var)(0+vn) +5(20 +vn +var)’

and ap(s), bas(s) follow by N < M. This changes the the equations Ny = 0 and M; = 0 into
0=r(1—(Ny+ M;)/K)Ny —cn(s)Ny + d(s) My,
0=7r(1—(Ny+ M)/K)My — cpr(s)My + d(s) Ny,

with coefficients

(6 +var) + s(28 + var)
(6 +vp)(0+uvn)+5(20 + vy +rva)’

en(s)=s+d+vn(1—bn(s) =s+0+vN

B B VMVUN
d(s) = s +vyan(s) =s <1 + (0 +va1)(0 +vn) + (20 + vy + VM)) 7

and ¢y (s) follows by N <» M. Multiplying the first equation by M, the second equation by Ny and subtracting, we
obtain

(ear(s) — en(s))MiNy = d(s) (N} — M7).

Therefore, either N1 = 0 or Ny # 0. In the first case, we obtain the trivial fixed point by following back through the
equations. In the latter case,

Ny My epm(s) —cen(s)

MM dm )
with
Als) = (var — vn)8(0 + 25) >
sl(vvva + (0 +var)(0 + vn) 4+ 5(20 + vy + var)]
Therefore,

M —A+ VA2 +4
Fl:%EB(S)Sl.
1
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Finally, this result can be used to derive:

M= s (- ) dBe)

We also note that the symmetry N <+ M is preserved as

_ ___ K cu(s) — d(s)B(s)""
M1 = B(S)Nl = 1+B(5)71 (1 - ) .

O

Corollary 3. The deadly motility regime for the source-sink model (L = 2, R = 1) is described as a subspace of
(v, var, 8) space such that:

D(s) >r -3, (S23)
with
D(s) = 5+ v (1 - bn(s)) — d(s)B(s). (524)
D(s) has the following properties:

e D(s) is a strictly increasing smooth function of s € RT

[
° D(O) = 5+V11/VN
.D(M)Zm as s — 00

The deadly motility regime exist whenever the environment is sink-like f = (r — 28)/2 < 0, and
e the slower phenotype is in the deadly motility regime min(vy,var) > ve, and switching s is arbitrary, or

e the average phenotype is in the deadly motility regime (v +var)/2 > v, and switching s is above some critical
value s > s.(Vn,Vnr).

In particular, the critical surface asymptotes with min(vy,var) = v. at low switching (s < §) and with (vy +var)/2 =
Ve at high switching (s> 0).

Proof. From Theorem 6, the deadly motility regime is implicitly described 0 > r — en(s) + d(s)B(s). Using cy(s) =
s+0+wvn(1—0bn(s), we get the condition in terms of D(s). Notice that by (s), d(s) and B(s) are all smooth strictly
decreasing functions of s € R*, hence D(s) is smooth strictly increasing. The limits follow using the formulae in the
Theorem 6. Now, fix vy, vas and vary s.

First, we are in the deadly motility regime irrespective of switching s if D(0) > r — §. Notice that this condition is
equivalent to vy > v, = %g:f), where we recognise the critical motility v, in Theorem 1.

Second, we can reach the deadly motility regime for sufficiently high switching rates s > s., where s, is the unique
critical switching s. > 0 given by D(s.) = r — 0. Such a critical switching rate exists precisely when D(o0) > r — 4.

This happens precisely when W > v, = 52(2:‘:). O

Theorem 7. In the low motility combination vy, vy < 0, the non-trivial fized point of the staircase model is given

by:
Ea-2)+... ifr=1,...,R—-1
. g(y-ﬁkgﬂﬂﬁ)—g@fg)@M—ww+“. ifz=R
T (e ) fo=R+1
0+.. ifr=R+2,...,L
(S25)
Ea-9)+... ifr=1,...,R-1
N %(1—7‘”(”’1”1)/2)—%(l—g)(yN—uM)%-... ifr=R
’ %(172)(%+”§;;§4>++... ifr=R+1
0+.. ifr=R+2,...,L
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In the high motility combination vy, var > 6§, the non-trivial fized point of the staircase model is given by:

K L6
Ney=M,=—(1—— 2
== (1- 5 )+ (526)

In the mized motility combination vy <K § < var, the non-trivial fived point of the staircase model is given by

Mw:K<1—6+S(1_B(S))) Bls) | .

T 1+ B(s)
S — S - 827
v K 1- U8 ) ot ifx <R (527)
r 0+s(1—B(s)) sB(s) .
K(1- = BTy T ife >R
with
L 5%+ 20
Als) = (2 1) 2% o,
R s2 4 0s ($28)
_ JAZ
B(s) = w < 1.

2

Importantly, to lowest order N, /M, = B(s) in the region above the staircase x > R.

Proof. Low motility combination. Assume that vy, vy, are two independent small parameters, N, = a, +vnbya+
vairbyre -, and My, = ¢ + vyrdpyge + Undng - - .. As before, expand in dimensional powers of O(lei,, uf\/f) to simplify

the algebra.
At O(1), the equations describe the local compartmental equilibrium:

T(l_%;ﬂawscm =(@+s)ag, x=1,....R

r(l—aw;%>cw+saw =0+s)cg,z=1,...,R

+sc;, =(0+s)as, x=R+1,...,L
+sa; =(0+s)eg, v=R+1,...,L

Subtracting the first two and the latter two equations, we can see that

(az — cz) {r(l%;—%)%(ﬂ =0 ,z=1,...,R

(az —cz)(2s+6)=0 ,z=R+1,...,L

For = > R, this implies that a, = ¢,, and in turn that a, = 0 = ¢,. For x < R, one of the brackets must vanish. If the
latter bracket was to vanishes, then the original equations imply that a, + ¢, = 0. This is impossible as a,,c, > 0.
Therefore, the first bracket vanishes, a, = ¢, and the original equations imply that

K 5
=== (1-2).

For further use, call this constant A = % (1 — g) To summarise,

K
Ar = Cy :(1—i),x:1,...,R

Qy = Cg =0, z=R+1,...,L.



At O(vn), the equations give the first order corrections to curvature as

—_
|

.—
|

—
\

<
AA/:\A
|

QU
8 8
| |

2
8
I

S
Z
8

\

N—— — N~

=8 =E =R [

A

?de- +Sde

A Z

?bN:r_ +SbN:1:

A Z

?dNa:_ —A +5dNa:

A Z

?bNx_ +sbnz =

+ A +sdyng =

+sbng
+Sde
+sbns

= ((5 + S)wa,
= ((5 + S)de,

= ((5 + S)bNm,

=R
r=R
i=R+1
r=R+1

xr=R+2,...,L
xr=R+2,...,L
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Using the subtraction as before, it can be seen that by, = dy, = 0 unless x = R or R+ 1. By solving the appropriate

system of linear equations for x = R, R + 1, we also see that

pon o AL 1
NE= 2<r—5+25>
A 1 1
dNR2<T—523>
bNR+1—A(1+ L )
2\6 O6+2s
domag 2 A(1__1
=5 (5 573)

At O(vypr), the equations are the same up to swapping M with N, and b with d.
High motility combination. To simplify the algebra, assume a large single parameter v such that vy, vy ~ O(v),
denote the orders v* as O(k) and expand N, = a, +b,/v+ ..., and M, = c, +d,/v...

At O(—1), the equations describe the motility equilibrium by

a1 = ag,
Ggq41+ap—1 =20, x=1,...,L—1

ar—-1=4ar,

C1 = Cg,

Cm+1+cx—1:263:7 .CCZI,...,

CL—1 =¢CL,

which imply that a, = a and ¢, = ¢ for some a, ¢ constants.
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At O(0), the equations describe the first order correction to curvature due to local compartmental effects by

r(l—a+c>a + by + sc =(5—|—s)a+y—Nb1,
K v v
r(l—a+c)a+wbw1 +V—Nbx+1+sc :(5+s)a+2V—Nb$, r=2,...,R
K v v v
% 4 dse =0 +s)a+28b,, w=R+1,....L—1
v v v
v v
+ —NbL,l +sc =(0+s)a+ —Nbb
v v
r(l—a+c>c +V—Md2+sa :(5+5)6+V—Md1,
K v v
r<1a+c>c+’/MdI_1 y MG v sa =0+ s)e+ 224, r=2,...,R
K v v v
My Mg vsa =@ +s)e+2d,, w=R+1,...,L—1
v v v
v v
+ TMdL_l +sa =(0+s)c+ TMdL,

Summing the first and later four equations, we get
Rr (1 - (H_C) a+ Lsc = L(J+ s)a,

K
Rr( - a[—;c) ¢+ Lsa = L(0+ s)c,

Multiplying the first equation by ¢ and the latter by a, and subtracting, we get Ls(c? — a?) = 0. Therefore, ¢ = a.

Then, we get
a=c=- )

Mixed motility combination. Assume that there is a small v such that vy ~ O(v) and vj; ~ O(1/v). Then,
Ny=a,+bv+...,and M, =c, +d,v....
At O(—1), the equations for high motility equilibrium are:

€1 = C2,
Cog1+Com1=2¢,, x=1,...,L—1
Cr,—1 = Cf,.

This result implies that there is a constant ¢ such that ¢, = c.
At O(0), the local dynamics of the slow population involves the faster population:

7‘(1—%;6)% +sc  =(0+9)ag, rz=1,...,R
+s¢c =0+ s)ay, r=R+1,...,L
r (1 — al; C> c +vprvds + saq = (0 + s)c+ vyvds,
a, + ¢
r (1 - > c+vpvde—1  Hvmvderr + say = (d + s)c+ 2upyrvd,, r=2,...,R
+vyvde—1  Fvyvdeyr + Sag =(0+s)c+2vpyvd,, z=R+1,...,L—1
+vyvdr 1 +sar, = (0+s)c+vyvdy,

Notice that the first equation can be thought of as a quadratic equation for a, when c is thought of as a parameter:

0= flas) = —%ai + [(1 - %) — (6 + s)} az + sc.
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Since —r/K < 0 and f(0) = sc > 0, the parabola has exactly one root with a, > 0. Therefore, a, = a when z < R.
The second equation similarly gives that a, = b when x > R.
By summing the other equations, we get the system for variables a, b, c:

r <1 a;;c) a+ sc = (6 + s)a, (S36)
+ sc = (6 + s)b, (S37)
Rr (1 — a}—;c) ¢+ s(Ra+ (L — R)b) =L(d+ s)c. (S38)

Firstly, eliminate b from the equation (S38) to get

s2

6+ s

Rr (1a;0)c+35a+(LR) c=L{+s)c (S39)

Multiplying equation (S39) by a and subtracting it from the equation (S36) multiplied by Rc, we can obtain

c L 5% + 26

c
which defines a dimensionless number A(s) > 0. The equation for ¢/a can be solved by requiring that ¢/a > 0:

_ 2
. “AtvATHe ”2‘4+4 = B(s) < 1, (S41)

where B(s) is the proportion of high motility phenotype to low motility phenotype above the staircase. Combining
equations (S36) and (S41), it is straightforward to find the solution

a_K(1_5+s(1B(s))> 1

a

T 1+ B(s)’
B _d+s(1-B(s) sB(s)
b—K(l ; ) (1+B()(s10) (842)
B B d+s(1—B(s)) B(s)
C_K(l r >1+B(5)'
O

Theorem 8. At low switching s < §, the overall wild-type profile behaves as if it has a single motility of v
min(vy,var). At high switching s > §, the overall wild-type profile behaves as if it has a single motility of v =
(vn +var)/2. _

In particular, this result affects the deadly motility regime in the (vn,var,s) space. Let f = (rR —0L)/L be the
average wild-type fitness. The wild-type profile is non-trivial iff:

e the environment is source-like f > 0, motility rates vy, var are arbitrary, and switching rate s is arbitrary,
e the environment is sink-like f < 0 and
— switching is low s < ¢ and the slower phenotype is in the deadly motility regime min(vy,var) > ve,
— switching is high s > § and the average-motility phenotype is in the deadly motility regime (vn+var)/2 > ve.

Proof. As for the source-sink model, the deadly motility regime corresponds to region in the (vn,var, ) space. Now,
we will fix the motility rates vy, vy and vary s. )

At high switching (s > §), the dominant dynamics N, ~ (M, — N,) (and N, <> M,,) pushes the dynamics close to
the surface N, = M,,. On this surface, we can define coordinates N = N, + M, and derive the dynamics

. N/
N{=r ( - Kl) Np o oN+ IV ),
VN +Vnm

. N/
N;T( KI>N; —dN, + (N;_1+N;+172N;),xz?,...,R
VN"'VM(

N! = —6N. + N, _ +N, . —2N,),z=R+1,...,L—1

N, NG+ LTI (NG - Ny,



24

Therefore, the overall population N/, behaves as a population with average motility. In particular, the overall popu-
lation is in the deadly motility regime at high switching (s > ¢) iff the average-motility population is.

For low switching, we prove the stability of the non-trivial fixed point at s = 0. This fixed point is given by M, =0
and N,, which coincides with the non-trivial fixed point of the staircase model for a single phenotype of motility
v = vy, i.e., for the system with equation (S6). The corresponding Jacobian can be derived from equation (S16) and
has the form

J1 *
J = :
0 JQ(I/M)
where
r(1—-2N,/K)—vn —9 VN 0
J VN T(1—2N2/K)—2Z/N—5 VN
b 0 n r(1—2N3/K) — 2u5 — 6 ...
and
r(lle/K)fqué Unr 0
Unr ’I‘(]. — NQ/K) — 21/]\4 ) 128
JQ(I/M):
0 UM r(1—N3/K)—2up =96 ...

We prove the stability of the non-trivial fixed point if we show that the eigenvalues of J have negative real part. Notice
that the set of eigenvalues of J is the union of the sets of eigenvalues of J; and Jo(var). Therefore, it suffices to show
that the eigenvalues of J; and Jo(vpr) are negative. The eigenvalues of J; must be negative since J; is the Jacobian
corresponding to the non-trivial fixed point of the staircase model for a single phenotype with motility vy, which is
stable from previous analysis. The proof that the eigenvalues of Jy(vps) are negative for vy > vy is identical to the
proof Hastings,%?7 which consists of two steps. First, one shows that the largest eigenvalue of Jy(vy) is 0 because
(N1,...,Np) is the eigenvector and only the largest eigenvalue can have an eigenvector with positive entries. Second,
one shows that this eigenvalue increases as vy, increases from vy. To sum up, the overall population is dominated by
the slower population N, at low switching (s < ).

The result for the existence of the deadly motility regime follows, as the system behaves as a single phenotype of
single motility which interpolates between the slower motility min(vy, var) (at low switching s < ¢) and the average
motility (vy + var)/2 (at high switching s > §). O

Supplementary Note 10. Figure Notes.

This Supplementary Note provides the parameter values used for producing all our figures as well as other specific
guidance for reproducing our results fully. Unless stated otherwise, we follow previous work>” and use as lattice size
L = 8, carrying capacity K = 10°, mutation rates py = 1077h~! and pp = 107*h~!, division rate r = 1A~ and
death rate § = 0.1h~! (resp. § = 0.3h™!) for source-like (resp. sink-like) environments.

Specifically, in Fig. 1, the death rate is 6 = 0.1. Panel b was created from a simulation of the staircase model
with v = 1072h~! for low motility and v = 1A' for high motility. Panel d was created from the same simulations.
Moreover, the black curve describing the total population numbers was plotted by finding the non-trivial fixed point
of the mean-field theory in equation (S6) via the Newton-Raphson method.

In Fig. 2, the motility rate v is varied in logarithmic steps between 107>~ ~! and 10h~!, and the appropriate death
rate § = 0.1h7!, 0.3h~! is chosen for the source-like and sink-like environments, respectively. The dots of panel
b correspond to simulations while the lines correspond to the analytical techniques. Panel ¢ was produced by the
analytical techniques. Panel d was plotted by finding the non-trivial fixed point of the mean-field theory in equation
(S6) via the Newton-Raphson method.

In Fig. 3, the death rate is § = 0.3h~!. In panel b, the switching rates s are s = 0h~! (low switching s < §)
and s = 51 (high switching s > §), motility rates v o are varied in logarithmic steps between 107h~! and 10h~1
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and the resulting heatmap plots of the adaptation rate are constructed for resistance state R = 5 (Fig. 1b) from
simulations, where R is the genotype of highest resistance before the adaptation jump R — R + 1. In panel c, the
switching rates s are s = 1073h ™! (low switching s < §) and s = 5h~! (high switching s > §), motility combinations
are represented by (v1,15) = (1072h~1,1074h~1) (low motility), (v1,v2) = (3.16h~1,107*A~1) (mixed motility) and
(v1,v2) = (3.16h~1,1h71) (high motility). Wild-type profiles are plotted for resistance state R = 4 from simulations.
Black curves describe the total number of cells in each phenotype and were plotted by finding the non-trivial fixed
point of the mean-field theory with equation (S43) via the Newton-Raphson method,

N, + M,
K
N, + M,
K

0= —sNy+sM,+r (1 - ) Nolycr — 6Ny + v(Ny_1 — No)Ly g 4+ v(Nag1 — Np)lper,

(S43)

0= +sN,—sM,+r <1 ) Mxﬂng —0M, + V(Mac—l - Mw)ﬂ1<w + V(Mm+1 - Mm)ﬂw<L

In panel b of Fig. 4, the death rate is 6 = 0.3h~! and switching thresholds S are S = 9.5 x 10* (high threshold
S>> K(1—-4/r)) and S =100 (low threshold S <« K(1 — ¢/r)). Motility rates vy g are varied in logarithmic steps
between 107°h~! and 10h~! and the resulting heatmap plots of the adaptation rate are constructed for resistance
state R = 2 from simulations. In panel c, the death rate is § = 0.1h~! and switching thresholds S are S = 9.5 x 10*
(high threshold S > K(1 — §/r)) and S = 10*® (low threshold S < K(1 — §/r)). This choice is different from the
one used in panel b but allows for better visualisation of the wild-type profiles when the scale of cell numbers is
kept linear as in previous figures. The mixed motility combination is represented by (vr,vg) = (3.14h=1, 1074~ 1)
(fast-to-slow) and (vr,vg) = (107*h=1,3.14h~1) (slow-to-fast). The wild-type profiles (including the black curves)
are plotted for resistance state R = 1 from simulations. The Newton-Raphson method is not reliable in this case
because the step-function used for density-dependent motility is not smooth.

In Fig. 5, we consider L = 2 and R = 1. K = 10° and » = 1h~! are chosen as usual and mutation rates do
not to be chosen as they do not affect the dynamics on ecological time-scales. In panel b, the phase portraits are
plotted with matplotlibS?® for the choice of the death rate § = 0.25h~" and the motility rates v = 0h~!, 0.1~ 1,
100h~" (source-like environment), resp. for the death rate § = 0.75h~! and the motility rates v = 0h~%, 0.1h~%, 5h1
(sink-like environment). In panel ¢, the bifurcation diagrams are plotted using the solution for the non-trivial fixed
point in (S1). The source-like environment is represented by § = 0.25h~! and the sink-like environment is represented
by § = 0.75h7 1.

In Supplementary Fig. 1, the motility rate v is varied in logarithmic steps between 107°h~! and 10~h~!, and the
appropriate death rate § = 0.1h~!, 0.3h~! is chosen for the source-like and sink-like environments, respectively. The
dots of panel b correspond to simulations while the lines correspond to the analytical techniques.

In Supplementary Fig. 2, the death rate § = 0.1h~%, 0.3h~! is chosen for source-like and sink-like environment,
respectively. Motility rate v is varied in logarithmic steps between 107°h~! and 10~ ! and resistance cost c is varied in
logarithmic steps between 107*°h~1 and 107%°h~!. The resulting heatmap plots of adaptation rate are constructed
for resistance state R = 3 from simulations.

In Supplementary Fig. 3, the death rate 6 = 0.12~1, 0.3h~! is chosen for source-like and sink-like environment,
respectively. Motility rate v is varied in logarithmic steps between 107°A~! and 10~h~! and mutation rate x ¢ is varied
in logarithmic steps between 10~"hA~! and 1073~ ~!. The resulting heatmap plots of adaptation rate are constructed
for resistance state R = 4 from simulations.

In Supplementary Fig. 4, the death rate 6 = 0.12~!, 0.3h~! is chosen for source-like and sink-like environment,
respectively. Motility rate v is varied in logarithmic steps between 107°h~" and 102! and competition strength « is
varied in linear steps between 0 and 1. The resulting heatmap plots of adaptation rate are constructed for resistance
state R = 5 from simulations.

In Supplementary Fig. 5, the death rate is § = 0.1h~!. Motility rate v is varied in logarithmic steps between
107°h~! and 10~h~! and the multiplicative increase in death rate o is varied linearly between 1 and 9. The resulting
heatmap plots of the adaptation rate are constructed for resistance state R = 5 from simulations.

In Supplementary Fig. 6, the death rate is § = 0.1h~!. Motility rate v is varied in logarithmic steps between
10~°h~! and 10h~! and the chemotactic probability to move up the antibiotic gradient p is varied linearly between
0.1 and 0.9. The resulting heatmap plots of the adaptation rate are constructed for resistance state R = 5 from
simulations.

In panel a of Supplementary Fig. 7 the switching rate is varied in logarithmic steps between 10~°h~1 and 10h~!.
The mixed motility combination is chosen as (v1,v2) = (1072,10) and the appropriate death rate § = 0.1h~!, 0.3h~1
is chosen for the source-like and sink-like environment, respectively. The dots of panel b correspond to simulations
while the lines are obtained by analytical techniques for a population of homogeneous motility min(vy,vs) at low
switching and (v; + v2)/2 at high switching. In panel b, the death rate is § = 0.1A~! and the switching rate is varied
s = 0h~!, 0.001A~', 0.01A~Y, 0.1A71, 1h~L. Motility rates V1,2 are varied in logarithmic steps between 10°p~ 1
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and 10h~! and the resulting heatmap plots of the adaptation rate are constructed for resistance state R = 5 from
simulations. In panel c, the death rate is § = 0.3h~! and the switching rate is varied s = 0.1h~', 0.4h~!, 0.67h1,
0.9h~1, 1h~', 10h~1. Motility rates vy o are varied in logarithmic steps between v = 107°h~! and v = 10h~1.
The survival probability is computed as follows. We run the Newton-Raphson method to search for a fixed point of
equation (S43) in the non-negative quadrant N,, M, > 0. If the search returns the trivial (resp. non-trivial) fixed
point, we set the survival probability to 0 (resp. 1).

Supplementary Fig. 8b reproduces the data of Fig. 4b. The data is reproduced to facilitate comparisons between
the implicit and explicit models. In panels ¢, d and e of Supplementary Fig. 8, the switching thresholds S are
S = 9.5 x 10* (high threshold S > K(1 —4/r)) and S = 100 (low threshold S < K (1 — &/r)). Motility rates vy g
are varied in logarithmic steps between 107°h~! and 10~h~! and the resulting heatmap plots of the adaptation rate
are constructed for resistance state R = 2 from simulations. Furthermore, in panel c, the death rate is § = 0.1h~!. In
panel d, the death rate is 6 = 0.3h ™!, the switching rate is s = 1 and the switching preference is 3 = 1073. In panel e,
the death rate is § = 0.3h ™!, the switching rate is s = 1 and the switching preference is 3 = 1073. In panel f, the death
rate is 6 = 0.3~ !, the switching threshold is S = 5 x 10*, the switching rate is s = 10, and the switching preference is
B = 1073. For slow-to-fast switching, the motility rates are v;, = 1072h~!, vy = 10°°h~1. For fast-to-slow switching,
the motility rates are vy, = 10°5h~1, vy = 1073k, Snapshots are taken at time ¢ = 1000h.

In Supplementary Fig. 9, the death rate § = 0.1h~!, 0.3h~! is chosen for the source-like and sink-like environment,
respectively. Motility rate v is varied in logarithmic steps between 107°h~! and 10h~! and the horizontal gene transfer
rate h is in logarithmic steps between 10~7h~! and 1073h~!. The resulting heatmap plots of the adaptation rate are
constructed for resistance state R = 4 from simulations.
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Supplementary Figure 1 | Alternative definition of adaptation rate. (a) Adaptation rate between consecutive founder
states (i.e., a first mutant appears in the overlap region). Same terminology as in Fig. 2a. The adaptation rate is defined as
the rate at which consecutive founder states appear. This definition is adapted from Hermsen et al.57 and used throughout
our work. (b) Adaptation rate between consecutive winner states (i.e., mutants outgrow wild-type in the overlap region). The
adaptation rate is defined as the rate at which consecutive winner states appear. (c¢) Adaptation rate as a function of motility
rate. Same description as in Fig. 2b, but the definition of adaptation rate used rests on winner states. These results show that
our conclusions hold for both definitions of adaptation rate. Parameters: L =8, K = 10°, r = 1/h, § = 0.1/h (left), § = 0.3/h
(right), uy = 107*/h, py = 1077 /h.
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Supplementary Figure 2 | Effect of resistance costs. Resistance cost ¢ is modelled as a reduction in the division rate
of genotypes g at position x by a factor of (1 — ¢)?”" as in Hermsen et al..5" The heatmap of adaptation rate on the (v,c)
plane explains how resistance cost ¢ changes the relationship between motility rate v and adaptation rate ar. Generically,
resistance cost does not affect the relationship between adaptation rate and motility: in the low motility regime, motility
increases bacterial adaptation, but the inverse occurs in the high motility regime. Only when the motility rate is very low
v < 0 and resistance cost is very high ¢ > 1/r/d, the adaptation rate is decreased by ¢, as proved in Hermsen et al..5" However,
such resistance costs are considered high.5® Even if the motility is low as v = 10728 (i-e., 99% of bacteria do not migrate during
their lifetime), the resistance cost is important only if ¢ > 0.1.%8 Moreover, resistance cost cannot influence the deadly motility
regime (grey) as in this regime the susceptible wild-type goes extinct. A detailed description of this model can be found in
Supplementary Note 4. Parameters: L =8, K = 10°, 7 = 1/h, § = 0.1/h (left), § = 0.3/h (right), up = 107*/h, us = 10~7/h.
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Supplementary Figure 3 | Effect of mutation rate. Here, the forward (resistance-conferring) mutation rate py is varied.
The heatmap of adaptation rate on the (v, py) plane explains how the mutation rate py changes the relationship between
motility rate v and adaptation rate ag. Mutation rate below p; < 107* does not affect the relationship between adaptation
rate and motility: adaptation rate increases at low motility, decreases at high motility, and no adaptation occurs at deadly
motility (grey). This mutation rate threshold corresponds to the probability of uy/d = 1073 resistance mutations per cell
division, which is very high compared to experimental estimates of 107¢ and 1079 resistance mutations per cell division.59 51!
A detailed description of this model can be found in Supplementary Note 4. Parameters: L =8, K = 10%, r = 1/h, § = 0.1/h
(left), 6 = 0.3/h (right), up = 107*/h, uy = 1077 /h.
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Supplementary Figure 4 | Differential competition between growing and non-growing cells. In the main text,
growing and non-growing cells contribute to the carrying capacity in the same way, even though non-growing cells can be weaker
competitors. To understand the effect of such differential competition, we now consider that non-growing cells contribute to
the carrying capacity at a reduced rate o € [0,1] compared to growing cells (« = 0 corresponds to no contribution, a@ = 1
corresponds to the same contribution as in the original model). Therefore, the division rate of growing cells (¢ > z) is
max(0,7(1 — (NJ + aN;)/K), where NJ is the number of growing cells above the staircase (g > x) and N is the number of
non-growing cells below the staircase (g < z) in a given spatial compartment x. The heatmap of adaptation rate on the (v, «)
plane explains how the reduction in competitive strength of non-growing cells a changes the relationship between motility rate
v and adaptation rate ar. Importantly, there is no significant change in the relationship between adaptation rate and motility:
adaptation rate increases at low motility, decreases at high motility, and no adaptation occurs at deadly motility (grey). A
detailed description of this model can be found in Supplementary Note 4. Parameters: L =8, K = 10°, r = 1/h, 6 = 0.1/h
(left), § = 0.3/h (right), up = 107*/h, uy = 107" /h.
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Supplementary Figure 5 | Effect of bactericidal antibiotics. Bactericidal antibiotics are considered by increasing the
death rate of susceptible genotypes g < = (under the staircase) o-times. The heatmap of adaptation rate on the (v,o) plane
explains how o changes the relationship between motility v and adaptation rate ar. In the low motility regime v < §, the
adaptation rate increases with motility v and is unaffected by o. In the high motility regime v > 4, the adaptation rate
decreases with motility . Moreover, even if the environment is source-like for o = 1, the high motility regime can transition
into the deadly motility regime (grey) provided the bactericidal effect is strong enough o > 1. A detailed description of this
model can be found in Supplementary Note 4. Parameters: L =8, K = 10°, r = 1/h, § = 0.1/h, up = 107*/h, uy = 1077 /h.
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Supplementary Figure 6 | Effect of chemotaxis. Motility bias in the chemical gradient (chemotaxis) is considered by
varying the probability p that a cell moves up or down the antibiotic gradient. In our original model, cell motility is assumed
random, p = 0.5. Cell movement is biased up the antibiotic gradient if p > 0.5 (positive chemotaxis), and down the gradient
p < 0.5 (negative chemotaxis). The heatmap of adaptation rate on the (v, o) plane explains how p changes the relationship
between motility v and adaptation rate ar. In the low motility regime v < §, the adaptation rate increases with motility v and
is unaffected by chemotaxis p. In high motility regime v > ¢, positive chemotaxis p > 0.5 converts the high motility regime into
the deadly motility regime (grey) even when the environment is source-like at p = 0.5. Negative chemotaxis p < 0.5 prevents
the deadly motility regime and slows down the adaptation in the high motility regime, compared to unbiased motion p = 0.5.
A detailed description of this model can be found in Supplementary Note 4. Parameters: L =8, K = 10°, r = 1/h, § = 0.1/h,
wo =107/, u = 107" /h.
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Supplementary Figure 7 | Further effects of switching between motility phenotypes stochastically. (a) Switching
rate s modifies the adaptation rate ar and the adaptation regime in the mixed motility combination 11 € § < r2. Dots
correspond to simulations, while the asymptotic lines are derived with analytical techniques. At low switching (s < §), the
population adapts as if a single slower phenotype is present, whose adaptation rate is independent of the resistance state R (grey
dashed line). At high switching (s < §), the population behaves as if a single phenotype of average motility is present, whose
adaptation rate depends on the number of compartments R where wild-type can divide (coloured dashed lines). Moreover, if
the environment is sink-like and the average motility is above the critical motility, there is a critical switching rate s. which
limits bacterial survival. (b) Adaptation rate heatmap on the (v1,v2) plane for different switching rates s. This is the same
plot as in Fig. 3b but for a source-like environment instead of a sink-like environment. The (v1,12) plane can be partitioned
into different combinations of adaptation regimes and its diagonal corresponds to a population of a single motility. Bacteria
adapt as if all cells had the same effective motility, which corresponds to the intersection of the level sets (white dashed lines)
with the diagonal. At low switching rate s, the effective motility matches the slower motility phenotype present min(vq,v2).
At high switching rate s, the effective motility matches the average motility (v1 + v2)/2. Unlike for the sink-like environment,
there is no deadly motility regime for any motility 11,2 and switching s in the source-like environment. (¢) Deadly motility
regime and critical surface. In sink-like environments, there is an abrupt change in survival probability from 1 to 0 when the
population is sufficiently well-mixed. The deadly motility regime corresponds to the space with zero survival probability (red)
and is bounded by a critical surface (white). The critical surface asymptotes with min(v1,v2) = v, at low switching (s < §)
and with (v1 + v2)/2 = v, at high switching (s > ¢). Find a detailed description of this model in Supplementary Note 5.
Paramete;s: L =8 K =10°r=1/h, 6§ = 0.1/h (source-like environment), § = 0.3/h (sink-like environment), u, = 107*/h,
wy=10""/h.
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Supplementary Figure 8 | Further effects of density-dependent motility. (a) Explicit model. In the main text, we
model motility phenotypes implicitly (implicit model). Alternatively, motility phenotypes can be modelled explicitly at each
spatial position z (explicit model). In this case, motility phenotypes are represented by a new dimension in the staircase model
and are switched at a large rate (s > ¢) with a bias towards low-density (resp. high-density) phenotype at low (resp. high)
density (characterised by S < 1), where low/high density is determined by comparing the density of cells N, at a spatial
position z to the switching threshold S. (b-e) Adaptation rates in source-like and sink-like environments of the implicit and
explicit model. Adaptation rate is depicted as a heatmap on the (vr,vm) plane for different switching thresholds S, where
v, u are the low-density/high-density motility rates. The (vr,vm) plane can be partitioned into different combinations of
adaptation regimes and its diagonal corresponds to a population of a single motility. The diagonal separates slow-to-fast and
fast-to-slow switching combinations, which differ in relative motility at low-to-high density. Bacteria generically adapt as if
all cells had the same effective motility, which corresponds to the intersection of the level sets (white dashed lines) with the
diagonal. This effective motility generically matches the low-density (resp. high-density) motility at high (resp. low) threshold
S. Exceptions to this rule for sink-like environments are explained in Fig. 4b (identical to panel b here), and we note that, in
this case, the critical motility is slightly increased in the explicit model (panel d). In a source-like environment (panel c), the
only exception to the rule of effective motility occurs at low S in the mixed motility combination of the fast-to-slow switching
case in the implicit model (panel c), where all cells in the overlap region switch to fast phenotype and are unlikely to start
a growing mutant colony there. Moreover, the rule of effective motility does not have exceptions in the explicit model (panel
e). (f) Wild-type profiles in the implicit and explicit model. The wild-type profiles are similar and differ only in predicted
phenotypic proportions. The mutant fitness (red bars) is also similar in the implicit and explicit models, which further explains
why these models exhibit the same adaptation dynamics. Find a detailed description of this model in Supplementary Note 6.
Paramete;s: L=8, K =10%r=1/h, § = 0.1/h (source-like environment), § = 0.3/h (sink-like environment), pp = 107*/h,
wr=10""/h.
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Supplementary Figure 9 | Effect of horizontal gene transfer (HGT). The heatmap of adaptation rate on the (v, h)
plane explains how the HGT rate h changes the relationship between motility ¥ and adaptation rate agr. HGT is modelled
by allowing cells of less resistant genotypes g to acquire resistance from N, o more resistant cells of genotype g’ > g located
at the same position x at a rate h X N, ,o. When HGT rate is low, the relationship between adaptation rate and motility
is not affected: in the low motility regime, bacterial adaptation increases with motility but it decreases with motility in the
high motility regime. When HGT rate is high, the adaptation rate is significantly increased and changes in motility do not
play a significant role. However, the required HGT threshold h ~ 10~ corresponds to hK/§ ~ 1 horizontal gene transfers
per generation. Such HGT rates are considered very high, compared to the upper bound of 10™* transfers per generation
known from the literature.5'® Moreover, HGT cannot influence the deadly motility regime (grey) as the donors of resistance
genes do not have enough time to form before the wild-type goes extinct. A detailed description of this model can be found in
Supplementary Note 4. Parameters: L =8, K = 10°, 7 = 1/h, § = 0.1/h (left), § = 0.3/h (right), up = 107*/h, us = 10~7/h.
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