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Supplementary Note 1: Contribution of the normal Hall effect and intraband
transition related to the real-space Berry phase to the optical Hall conductivity.

We evaluate the contribution of the normal Hall effect to the optical Hall
conductivity spectra, which is not considered in deducing the topological Hall
conductivity spectra. In the Drude model, oi,( ) from the normal Hall effect is expressed
as
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where 7 is the carrier density, m is the effective mass, 7is the scattering time, and @, =

eB/m" is the cyclotron frequency. Supplementary Figure 6 shows the /(@) spectra

calculated from Eq. (S1) at 0.49 T with using n = 7.8 X 102! cm?>, m* = 7.4m, (me:
electron mass), and %= 15 meV. These parameters are determined from transport

properties' and the Drude response observed in the optical conductivity (Supplementary
Fig. 5). The calculated optical Hall conductivity shows a resonance structure below 20
meV. We found that, above 40 meV, the magnitude of the resonance is negligibly small
as compared to the observed oi,'(w) and o,M(w) (Supplementary Fig. 6). In addition,
even below 20 meV, &y,'(w) and 0,,™(w) are dominant for the optical Hall response,
consistent with the fact that the magnitude of the d.c. topological and anomalous Hall
conductivities is much larger than that of the d.c. normal Hall conductivity. Therefore, we
omit the contribution from the normal Hall effect in the analysis of optical spectra.

In addition, the real-space Berry phase results in the real-space emergent
magnetic field, which induces the electron’s traverse motion and topological Hall effect.

Since this picture is analogous to the normal Hall effect induced by the Lorentz force, the



topological optical Hall conductivity related to the real-space Berry phase can be
described by the Drude model under the emergent magnetic field Bey. Accordingly, this

intraband contribution oz," "'"( @) is expressed as,
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where 7 is the carrier density, m" is the effective mass, 7 is the scattering time, and .4 =
eBey/m’ is the cyclotron frequency. Here, we put B.y=23.5 T. To see this spectral response,
we assume that the difference between i,y (@ = 0 meV) and &, " (@ = 40 meV) comes
entirely from the intraband contribution. Supplementary Figure 7 shows the resultant o, "
i ) spectrum at 0.49 T. We find that the intraband contribution is steeply enhanced
below the present energy window (~ 40 meV) and dominates the oy, (@) response below

30 meV.

Supplementary Note 2: The effect of extrapolation of the magneto-optical spectra
below 40 meV.

In the present Kramers-Kronig analysis, we assume the @-linear function for the
low-energy extrapolation, which is verified in the metallic sample as discussed in the
following. In the low-energy region, for example, below 30 or 40 meV, gu(w) is

dominated by the Drude response and shows the 1/&? divergence. Therefore, the Kerr

Oxy (w)
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rotation and ellipticity, which are given by — and inversely proportional to

square root of &.(®), should be roughly proportional to @, if we assume the Hall angle
ow(w)/ o w) 1s constant. We also test several other extrapolation functions described by

o® o2, ©? and »? as shown in Supplementary Fig. 10a. The resultant Re oxy(w)

3



spectra tend to depend on the assumed functions at the lowest energy, but the spectral
characteristics in the discussed energy range above 0.04 eV are robustly unchanged.
Meanwhile, the Im oxy(w) spectra are hardly affected by the interpolation (Supplementary

Fig. 10b). Thus, the choice of the interpolation functions does not affect the conclusions

and discussions in the main text.



\—\—w—\—

/f
/‘\ \t\\\\ "‘\g\‘/\ t\\\\ ’
/ ,’\ /f/:
\\‘/\ \t\\\ f “‘

\_‘_\_\_\_\_V—

Supplementary Figure 1| Spin structures for IC-1 and IC-2 phases. a, A schematic
illustration of the putative spin structure for the IC-1 phase (meron-antimeron structure)>>.

b, A schematic illustration of the spin structure in the IC-2 phase (fan-like structure)®>.
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Supplementary Figure 2| Temperature dependence of magneto-optical Kerr effect.

| L 05L |

Temperature dependence of magneto-optical Kerr (a) rotation angle and (b) ellipticity for
H || c at 0.49 T. The data are shifted by vertical offsets of 0.5 mrad. The black dotted
curves denote the conventional M-linear MOKE ™ and 7«™; the shaded areas represent

the topological components ¢ and 7.
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Supplementary Figure 3| Topological component of the magneto-optical Kerr
ellipticity. a, Magnetic-field dependence of the Kerr ellipticity 7« at 0.2 eV (red) and at
0.65 eV (blue) at 8.4 K, and of the magnetization M (green curve) at 8 K. The dashed
vertical lines represent the phase boundaries of the SkL phase. b, Topological component
of the Kerr ellipticity 7x" at 0.24 T (IC-1 phase, green curve), at 0.49 T (SkL phase, red
curve), and at 2.0 T (IC-2 phase, blue curve). The dotted curve represents the conventional
M-induced component in the SkL phase (0.49 T), 7(0.49 T). Here, 7x" and 7™ are
defined in the same manner as &' and &M: ni(w) = Nk(w) — ¥ (w) = nNk(w) —

M(poHint)

M(25T) nk(w, 2.5 T). ¢, Magnetic-field dependence of nk'(uoHint) normalized by

mM(0.49 T). As mkM(0.49 T) traverses zero around 0.7 eV, 0.8 eV, and 1.15 eV,

1k (toHing)/ 7x™(0.49 T) around these energies tend to diverge in the whole magnetic-



field region. The corresponding data are covered by the transparent gray bars. d,
Magnetic-field dependence of 7x™(oHint)/ 7x™(0.49 T) for 0.2 eV (red), 0.65 eV (blue),
and 1.3 eV (purple). In ¢ and d, the dotted horizontal lines represent the phase boundaries

of the SKL phase.
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Supplementary Figure 4 MOKE spectra over a wide energy range. a,b, Magnetic-
field dependence of magneto-optical Kerr (a) rotation angle &k and (b) ellipticity 7k for

H| cat84Kfrom0.1to2.1eV.
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Supplementary Figure 5| Optical conductivity and dielectric constant obtained from
the reflectivity spectra at 8.4 K. a, Reflectivity spectrum at 0 T. b-d, Magnetic-field
dependence of (b) reflectivity, (¢) real part of optical conductivity Re ox, and (d) diagonal
component of dielectric constant &.. Optical conductivity and dielectric constant were
deduced from a Kramers-Kronig transformation of the reflectivity spectra. Within the
present experiment, no discernible spectral change is observed by the application of a

magnetic field.
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Supplementary Figure 6| Contribution from normal Hall effect. We calculated the
optical Hall conductivity spectra ox,( @) representing the normal Hall effect using Eq. (S1)
at 0.49 T (blue curves). As compared to the experimental o, () (red curves) and o:,(w)
(black curves), the contribution from the normal Hall effect (Drude response) can be

neglected above 40 meV.
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Supplementary Figure 7| The calculated intraband contribution. Topological optical
Hall conductivity spectra arising from the real-space Berry phase (green curves). The blue
square at zero energy represents the observed d.c. value of the ox,!. For comparison, the
experimental ox,"(®) (red curves) and o,M(w) (black curves) dominated by the interband

transition are also shown.
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Supplementary Figure 8| Kramers-Kronig analysis of magneto-optical spectra at 8.4

K, for several magnetic fields. The light red and light blue markers indicate the

independently measured Kerr rotation angle 6 and ellipticity 7k, respectively. The red

solid curves show the extrapolated ¢k after smoothing, and the blue solid curves show 7k

deduced by a Kramers-Kronig transformation of the extrapolated Kerr rotation angle

spectra 6.
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Supplementary Figure 9| Optical Hall conductivity spectra at 8.4 K for several
magnetic fields. The light red and blue markers indicate the real and imaginary part of
the optical Hall conductivity spectra, calculated from the independently measured 6 and
71k, respectively. The red and blue solid curves respectively show the real and imaginary
part of the optical Hall conductivity spectra, calculated with 7k spectra deduced from the
Kramers-Kronig analysis of 6. The red and blue squares at zero energy represent the d.c.

Hall conductivities acquired from transport measurement.
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Supplementary Figure 10| The test of extrapolation functions for Kramers-Kronig
analysis. a, The Kerr rotation angle 6 with several extrapolations below 40 meV. The
red, orange, green, blue, and purple curves show the extrapolations described by ~ ',
0", o, ®* and o3, respectively. The light red markers represent the experimental 6k,
and the black curve represents €k above 40 meV fitted by using polynomial functions. b,
The real (upper panel) and imaginary (lower panel) parts of ox/(®) deduced for each

extrapolation function.

15



Supplementary References

1. Hirschberger, M. et al. Topological Nernst effect of the two-dimensional skyrmion
lattice. Phys. Rev. Lett. 125, 076602 (2020).

2. Kurumaji, T. et al. Skyrmion lattice with a giant topological Hall effect in a frustrated
triangular-lattice magnet. Science 365, 914-918 (2019).

3. Hirschberger, M. et al. High-field depinned phase and planar Hall effect in the

skyrmion host Gd>PdSis. Phys. Rev. B 101, 220401 (2020).

16



