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1 Extended model discussion

A cursory description of the model is given in the Methods section of the main text.
Here we discuss some of the model assumptions in further detail.

1.1 Remarks on vesicle-based transport

Vesicles are transported towards exocytosis sites along polarized actin cables. In bud-
ding yeast, the formation of such actin cables is induced by the formin Bnil which
in turn is recruited by Cdc42-GTP. The collective effect of these processes lead to
directed transport of vesicle-bound proteins (Cdc42, for instance) to membrane sites
of high Cdc42-GTP concentration. Moreover, it was found that Cdc42-GTP activates
the exocyst tethering complex and thus promotes vesicle exocytosis in the polar zone
independent of actin cables [1]. However, the role of vesicle-based Cdc42 transport for
cell polarization remains under debate [2-5].

Vesicle recycling might also indirectly promote Cdc42 polarity. First, it was found
that specific lipids (phosphatidylserine) are transported to the polar zone by vesicles
and that these lipids in turn promote Cdc42 clustering, activation and membrane-
binding [6]. This might result in Cdc42 transport to the polar zone via cytosolic
transport and by trapping Cdc42 (see paragraph Putative recruitment of Cdc2 to
the polar zone below). Second, vesicle recycling has been shown to be important for
septin-ring formation by diluting septins in the center of the polar zone [7]. Because
septins recruit the GAP Bem?2, this effectively transports Bem2 away from the center
of the polar zone. Thus, vesicle recycling might have a stabilizing effect on Cdc42
polarity by reducing Cdc42 deactivation within the polar zone [8].

In our reaction—diffusion model, we incorporate directed transport by vesicle recy-
cling as an effective recruitment process of cytosolic Cdc42-GDP to the membrane.
This may seem counterintuitive at first. On closer inspection, however, it turns out
that both processes share the same key features that are relevant for the Cdc42-
polarization machinery. In fact it has been shown experimentally, that the cytosolic
transport directed by membrane recruitment and vesicle-based transport directed by
formins and the exocyst complex are functionally interchangeable:

e A Bem1-Snc2 fusion chimera, which is permanently membrane bound and trans-
ported on vesicles, rescues bem1A rsr1A mutants [2, 9]. This shows that diffusive
transport of Bem1 to the polar zone due to recruitment by Cdc42 can be replaced
by transport on vesicles along directed actin cables (“vesicle recycling”).

e A Cdc24"BA-Snc2 fusion chimera which does not interact with Beml and is
transported on vesicles completely bypasses the Beml-mediated recruitment
pathway for Cdc24 [10]. In the same study, it is shown that a Cdc24"BA-Clad
fusion chimera that is directly recruited to Cdc42-GTP bypasses Bem1l-mediated
recruitment as well. In their summary, the authors explicitly point out the inter-
changeability of transport pathways: “Thus, the functional deficit of a Cdc24 that
lacks the PB1 domain can be rescued by linkage to a polarized protein, whether
that protein polarizes by diffusion capture (Claj) or vesicle recycling (Snc2).”



Underlying the functional interchangeability of cytosolic transport and vesicle-based
transport in the Cdc42-polarization machinery is that both are directed by Cdc42-
GTP, as illustrated in Fig. 1B,C in the main text. On a coarse-grained level, cy-
toskeletal transport can be described by an advection term which is directed by the
local net polarization, p, of cytoskeletal filaments (actin cables)

vesicles
at ¢ = —VJyesicless  Jvesicles X CP (1)

Importantly, diffusion can also be written in a closely related form, by explicitly writing
out the diffusive flux in terms of the concentration gradient

oM e = —VIayg, Jag = D.Ve (2)

Thus the gradient replaces the local cytoskeletal polarization. In the cell polariza-
tion machinery of budding yeast, the polarization of the cytoskeleton is established
and maintained by a localized concentration of Cdc42-GTP (via formins). Similarly,
protein recruitment to the membrane, which sets up and sustains cytosolic concen-
tration gradients, is downstream of Cdc42-GTP. Therefore, we can assume p « Ve,
such that cytoskeletal transport effectively is described by a diffusion equation. Hence,
in an effective description, vesicle-based transport and cytosolic diffusion directed by
membrane-recruitment are equivalent and can be modeled in the framework of bulk-
surface coupled reaction—diffusion dynamics.

1.2 Extensions beyond previous models

Cdc42-GAP complex. Extending previous models [11, 12], we explicitly incorporate
transient formation of a Cdc42-GAP complex as an intermediate step in the enzymatic
interaction between GAPs and Cdc42 [13]. This is a crucial difference to previous mod-
els that have modeled GAPs in the Ccd42-polarization machinery [7, 14, 15] but have
not accounted for the Cdc42-GAP complexes. The finite dissociation rate of the inter-
mediate complex is the reason for enzyme saturation, a generic property of enzymatic
kinetics. Saturation is strong if the catalysis and dissociation of the substrate-enzyme
(here, Cdc42-GAP) complex is the rate limiting step of the enzyme kinetics, i.e. it is
slow compared to the binding step. Indeed, it has been shown that this is the case
for GAP-catalyzed hydrolysis of human Cdc42 in budding yeast [13]. One potential
experimental test for GAP saturation is to measure the residence time of Cdc42 on
the membrane, e.g. via FRAP on the different regions. Slow dissociation of the Cdc42-
GAP complexes would imply that the residence time in the polar zone is much longer
than elsewhere on the membrane. Unfortunately, it is hard to execute this experiment
in a quantitatively convincing manner because of the size of budding yeast. Typical
FRAP areas comprise a large part of the yeast cell making it difficult to quantitatively
disentangle the polar zone from the rest of the membrane.

In budding yeast, four GAPs for Cdc42 are known: Bem2, Bem3, Rgal, and Rga2
[16]. It has been found that the different GAPs have specific roles in several cellular
functions coordinated by Cdc42 polarization, such as pheromone response [17, 18],
axial budding [19], and the timing of bud emergence [20]. For the purpose of our model,



we disregard their differences and conflate them into a single effective GAP-species.
We account for cycling of GAP proteins between two states: free and Cdc42-bound,
both on the membrane. The fact that a fraction of the GAPs is sequestered in these
complexes plays a key role in the rescue mechanism. Importantly, in our model, the
GAP protein dosage is an explicit parameter and the Bem3 deletion is accounted for
by decreasing the dosage of Bem3. Incorporating more states of the GAPs (e.g. a
cytosolic state, phosphorylation, etc.) and shuttling of GAPs to internal membranes
[18] is not required to explain the rescue pathway for bemIA cells and goes beyond
the scope of the present work.

Finally, let us briefly address the question of the mobility of free GAP proteins.
GAP saturation can facilitate Cdc42 polarization as long as resupply of GAPs in the
incipient polar zone is not faster than accumulation of Cdc42. This resupply could
happen via diffusion of the cytosolic fraction of GAPs. Experiments show that only
about 10% of Bem3 is cytosolic and that Bem3 membrane binding is mediated by a
PH domain which binds directly to phospholipids in the membrane. While Rgal/2
are not known to have a PH domain, they localize to the bud tip and bud neck during
cell polarization and budding [21]. We therefore assume that a significant fraction
of them is bound to the membrane (or cortex) during polarity establishment such
that a fast resupply of free GAPs in the incipient bud-site which would relieve GAP
saturation there is unlikely. Moreover, since GAPs are significantly larger than Cdc42
(ca 10x larger molecular weight), their diffusion will be significantly slower than that
of Cdc42. Thus, even if there is a significant pool of cytosolic GAPs, their diffusion
would be too slow to relieve GAP saturation. These qualitative statements could be
quantified by extending the model to account for GAP attachment and detachment at
the membrane. However, this would be a distraction from the core topic of redundant
functional submodules. We therefore leave such model extensions for future work and
simply assume that the GAPs are membrane bound.

Putative recruitment of Cdc42 to the polar zone. There is some experimental evi-
dence that several downstream effectors of Cdc42-GTP, such as Cla4, Gicl/2, and flip-
pases, may mediate membrane-recruitment of Cdc42-GDP. These recruitment mech-
anisms are likely to drive Cdc42 transport towards the polar zone independently of
vesicle-based transport and independently of Bem1: Cla4 has been found to catalyze
the release of Cdc42-GDP from its GDI (Rdil) [22]. Gicl/2 have been found to sta-
bilize Cdc42-GTP on the membrane, reducing detachment and lateral diffusion away
from the polar zone [23-25]. Flippases downstream of Cdc42 flip specific phospholipids
to the inner membrane leaflet. These phospholipids have been reported to decrease the
detachment of Cdc42 [26]. Moreover, phosphatidylethanolamine, a phospholipid that
promotes Cdc42-extraction from the membrane by Rdil is flipped to the outer leaflet
of the membrane in the polar zone [26]. This effectively reduces Cdc42 detachment in
the polar zone compared to the remaining membrane surface.

While the molecular details and functional relationships remain elusive, several ex-
perimental findings provide indirect evidence for these putative self-recruitment path-
ways of Cdc42. First, an overexpression of Gicl but not of Gic2 was found to partially



rescue bemIA cells [27]. Conversely, it was recently found that overexpression of Gic2
is lethal for bem1A bem3A cells [28]. Second, gicIA gic2A cla4A triple-mutants were
reported to grow very slowly [29]. Moreover, this study showed that gicIA gic2A mu-
tants are highly temperature sensitive (strongly impaired growth at 35°C) and that
overexpression of Clad can suppress the growth defect of gicIA gic2A mutants at
35°C. Finally, also overexpression of Bem1 or of Cdc42 in its WT form, but not in the
GTP-locked state (G12V), were found to suppress the growth defect of gicIA gic2A
mutants at 37°C [27].

A recent study established that the growth defects in gicIA gic2A mutants at
high temperature are in fact due to impaired Cdc42-polarization [24]. Strikingly, in
this study it was also found that gicIA gic2A cells at 37 °C quickly assume a rescue
mutation that restores the wild-type behavior. This mutation reproducibly happens
at a single locus, its exact identity remains unknown though [24].

Together, these experimental findings suggest that Gicl/2 and Clad provide sev-
eral, potentially redundant pathways of effective Cdc42 self-recruitment feedback loops
that become relevant at high temperature to “support” or entirely replace the Bem1-
mediated polarization mechanism. In our model, such feedback loops are accounted
for by the generic self-recruitment term with rate kyp. Studying the details of these
feedback mechanisms remains an open task for experimental and theoretical studies.

GEF membrane binding. Because Cdc24 has its own membrane-binding (PH) do-
main [30], we also incorporate Cdc24 membrane binding independently of Bem1. Com-
pared to Cdc24 in a complex with Beml1, free membrane-bound Cdc24 has an approxi-
mately 50% lower GEF activity towards membrane-bound Cdc42 [31, 32]. We assume
that, in the absence of Bem1, Cdc24 will have linear attachment—detachment kinet-
ics without feedback such that the membrane-bound fraction of Cdc24 will distribute
uniformly.

Let us conclude the model description with several additional remarks:

e A second (Beml-independent) positive feedback loop for the GEF (Cdc24) has
been hypothesized in previous literature [33, 34]. We do not incorporate such a
feedback loop in our model. Moreover, we show in Sec. 5.1 that our model can
provide an explanation for the experimental findings of [33] without the hypoth-
esized second GEF feedback loop. If they are present, such feedback loops would
impart additional redundancy on the Cdc42 polarization machinery and thus add
to the robustness of this machinery against genetic perturbations. Identifying
these feedback loops in experiments and accounting for them in mathematical
models would be an interesting future extension of our work.

e We use the protein dosages for Cdc42, Bem1, Cdc24 and the GAPs reported in
[35] to ensure that the values have been obtained by the same method (termed
“in-StageTip”) and thus are consistent relative to one another. This consistency
is important because the relative ratios of the protein dosages are what matters
for operation of the various Cdc42 polarization mechanisms. In contrast, the
earlier study [12], used values from a range of several distinct, older sources.



Note that there are some significant differences: The dosages of Cdc42 and Bem1
reported in [35] are larger by factors 3 and 6 compared to the values used in [12].

e As the earlier model from [12], our model includes direct recruitment and activa-
tion of Cdc42 from the cytosol to the membrane. Other models (e.g. [36]) don’t
assume this and instead only incorporate activation of Cdc42 on the membrane
by Bem1-GEF complexes. Both types of models are qualitatively identical as
both capture the key effect that Bem1-GEF generates a sink for Cdc42-GDP
and thus leads to directed (cytosolic) diffusion of Cdc42-GDP towards the polar
zone.

e For simplicity, we disregard slow intrinsic nucleotide exchange and intrinsic
hydrolysis of Cdc42 (which both were reported on the order of 1072571, see
[13, 37]). As these processes are slow and do not impart nonlinear feedback,
including these processes does not change our results qualitatively.

e The model does not incorporate the interaction of the Cdc42 polarization ma-
chinery with upstream cues (landmark proteins, pheromone signals) that are
important for timing of polarization, bud-site selection (see e.g. [25, 38—40]), and
shmoo formation [41]. For conceptual cell-polarity models with two components,
it was shown in a recent publication [42] that the ability to exhibit spontaneous
polarization is a necessary requirement for the maintenance of stationary pat-
terns that are induced by a spatial cue. We therefore expect that our results may
also be relevant for the ability of the Cdc42 polarization machinery to exhibit
cue-guided polarization.

2 Linear stability analysis in spherical geometry

We determine the regimes where the protein distribution in the cell polarizes spon-
taneously using linear stability analysis of the bulk-surface coupled reaction—diffusion
equations in spherical geometry (see Fig. S1) as given in the Methods section of the
main text.

2.1 Laterally homogeneous steady states

The starting point of linear stability analysis are steady states that have homogeneous
membrane concentrations Vsm = 0, and where the bulk concentrations at the mem-
brane are homogeneous Vsc|,—r = 0. Because the bulk dynamics are purely diffusive,
this boundary condition implies that the radial bulk profiles of such steady states must
also be homogeneous, that is, € is constant in the entire bulk. The homogeneous steady
states are thus determined by the set of equations

f(m,c) =0, 3)
g(I?l,E) =0, (4)
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Figure S1. Spherical cell geometry with spherical coordinates (7, ¢,6) and an illus-
tration of the bulk-surface coupling due to attachment—detachment dynamics at the
membrane.

together with the total density constraints

Ncdeaz = 47 R?(Cp R/3 + Ma + My + Mag), (5a)
Neaps = 4mR? (g + Mg ), (5b)
Niem1 = 47 R*(cg R/3 + fup, + Mine), (5¢)

Nggr = 47 R*(Cp R/3 + Mg + Mint)- (5d)

We solve this set of algebraic equations numerically (implementation in Mathematica
using the built-in function NSolve[]).

2.2 Linearized dynamics

Linear stability of a steady state is studied by calculating the growth rate of small
perturbations (dm, dc) around the steady state. For sufficiently small perturbations,
the dynamics can be linearized

didc(r, p,0,t) = D.V3ic, (6)
*Dcardc|r=R = fmdm + fc50|T=R7 (7)
Or0m(,0,t) = Dy, V|~ p6m + gmdm + gedel,—g, (8)

where the matrices fcm and gem are the linearized attachment-detachment kinetics
and membrane reactions,

fem =Oemf|emy Bom = Ocm8|em: 9)
evaluated at the steady state (¢, m). In the case of a homogeneous steady state, these
matrix coefficients are constant in space. This allows us to find the spatial eigenmodes
of the linearized dynamics analytically and reduce the set of linear PDEs (6)—(8) to
an algebraic problem that then can be solved numerically.



2.3 Spatial eigenmodes and finding their growth rates

The key idea to solve the linearized dynamics Eqgs. (6)—(8) is to consider elementary
perturbations of the form [12, 43]

oc(r,0,¢,t) = (r,0,¢) e 4¢, (10a)
sm(0, p,t) = ®,,(0,0) e’ 6m, (10Db)

where @, , are the spatial eigenmodes that encode the spatial form of the perturbation
and o is its temporal growth rate. The goal is to find triplets (o, ®., ®,,) that fulfill
Egs. (6)—(8). In principle, a general solution of the linearized dynamics can be con-
structed from a superposition of elementary perturbations. However, we are mostly
interested in the stability of the steady state which is determined by the growth rate
with the largest real part. If it is positive, the steady state is linearly unstable because
the corresponding elementary perturbation will grow exponentially in time.

To solve the linear PDEs (6)—(8), the ansatz Eq. (10) requires that the spatial eigen-
modes @,,,(0, @), .(6, ¢, ) simultaneously diagonalizes all spatial derivative operators
encoding (¢) diffusion in the bulk, (i) diffusion on the membrane, and (éiz) the bulk-
boundary coupling. Because the spherical geometry obeys the rotational symmetries
of the diffusion operators in the bulk and on the surface, we can find such spatial
eigenmodes by a separation of variables

Dc(0,0,7) = p(r) @ (0, ©). (11)
Inserting this ansatz into the diffusive bulk dynamics yields'
op(r) @ (0,9) = Dep(r)VEPm (0, @) + De ™20 [r20,p(r)| P (6, 0).-
Because there are no mixed derivatives, we can rewrite the previous equation as

Or (TQP/(T)) — 2 ng)m (01 90)
p(?”) ‘I)m(ea 30)

where we introduced the separation constant —I(l+1) such that the angular eigenmodes
are the spherical harmonics Y}? that solve

r’c — D,

= —I(l4+1) = const, (12)

rAVEY (0, ) = —1(L+ 1)Y"(0, ¢),

where [ € N and ¢ € [—1,]] C Z are the ‘degree’ and ‘order’ of the spherical harmonic
[44]. Essentially, the degree determines the number of peaks in the function Y}?,
whereas the order ¢ determines where these peaks are located on the sphere. Due
to the system’s rotational symmetry, only the degree [ enters in the linear stability
problem. The mode [ = 0 is uniform, modes with [ = 1 correspond to a polar patterns,
modes with [ = 2 correspond to bi-polar patterns and so on.

1To keep the notation compact, we present the detailed derivation for the case of identical cytosolic
diffusion constants. Generalization to different cytosolic diffusion constants follows the same steps
where each cytosolic component has its own bulk profile p;(r).



For the radial bulk profile p(r), Eq. (12) mandates
0=0, [TQan<T)] - [(U/DC)T2 + l(l + 1)] p(r)z

which, using the rescaled radius # = /o /D, r, is identical to the modified spherical
Bessel equation, which are solved by the modified spherical Bessel functions of the first
kind ¢;(r) [44]. (The spherical Bessel functions of the second kind diverge at » = 0
and are therefore unphysical in the setting considered here.) With the convenient
normalization p(R) = 1, the radial bulk profiles are given by

p(r) =it (Vo/Der) [i (Vo/De R).

Substituting this bulk solution with the ansatz Eq. (10) into the linearized bulk-
surface coupling Eq. (7) and membrane dynamics Eq. (8) yields

7DCF(0-31) +fc .fm (Sé _
< . o - D, e )\ sm) T 0, (13)

moR2

=: M(o,1)

with the bulk-surface coupling coefficient

I'(o,l) :==V0/De ———=

Using the relationship i;(z) = \/7/(22) I;11/2(x), where I (x) denotes the modified
Bessel functions of the first kind, one can further evaluate I' to

Iit3)2 (WR)
T2 (WR) .

In the general case of different cytosolic diffusion constants, D, ; (index i denoting
cytosolic components), the bulk-surface coupling coefficient is a diagonal matrix I’ =
diag({I';}) where D, is replaced the respective component’s bulk diffusivity D, ; in
each I';.

The system of linear equations Eq. (13) has non-trivial solutions (§¢,dm) only when
the determinant of the matrix M(o,1) vanishes. Hence, the growth rates o; of spa-
tial perturbations with the degree [ are determined by the complex solutions of the
solvability condition (characteristic equation)

I'(o,l) = é ++/o/D.

(14)

det M(oy,1) = 0. (15)

The stability of a spatial perturbation is determined by the respective growth rate
o7 with the largest real part. We solve this problem numerically using the iterative
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Figure S2. Example for a dispersion relation in spherical geometry, showing the
growth rate o as a function of the spherical harmonic order I. The density plots above
illustrate the spherical harmonics with [ = 1...4.

Newton method (implementation in Mathematica; code provided in the repository
https://github.com/f-brauns/yeast-polarity-LSA). An example of the result-
ing relation between the spherical harmonic order [ and the dominant growth rate o;
is shown in Fig. S2. We have used this linear stability analysis to identify the parame-
ter regimes that exhibit spontaneous Cdc42 polarization, i.e. where the homogeneous
steady state is laterally unstable (see Sec. 4 below and the stability diagrams in Figs. 2,
4 and 5 in the main text).

3 Numerical simulations

To validate our findings from linear stability analysis and determine the eventual steady
state patterns formed, we performed numerical simulations in COMSOL Multiphysics
5.4 (setup files provided in https://github.com/f-brauns/yeast-polarity-LSA).
This software uses Finite Element Methods (FEM) and has out-of-the-box support for
systems with bulk-surface coupling. Simulation results for the various mutations and
conditions that were studied experimentally are shown in Movies 1-6. The simulations
are initialized with Cdc42, GEF and Beml distributed uniformly in the cytosol, with a
small random perturbation added (5% random noise). The GAP density is initialized
uniformly on the membrane. The parameters used for the numerical simulations are
given in Tables S2 and S4, where the former table contains all parameters that have
been directly determined in experiments and the latter table states the kinetic rates
that were determined by parameter sampling as described in Sec. 4.

In addition, we performed a numerical simulation that emulates the optogenetic
recruitment of Cdc24 to a spot on the membrane in bemIA cells [33]. The optogenetic
recruitment is implemented via a spatially dependent increase of Cdc24-attachment
rate to 1.0pms™! in the shape of a Gaussian pulse with a radius of 1pm starting at
500s and ending at 1000s in the simulation. In agreement with the experiments, we
find that this transient, localized GEF recruitment stimulates Cdc42-polarization and
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that this polarization is maintained after the localized GEF recruitment is switched
off (see Movie 6).

In simulations without the optogenetic cue, the position of the polar zone is random.
For visualization of the simulations in Movies 1-6, the camera position was chosen after
the simulation had finished in such a way that the polar zone appears in approximately
the same position in each video. The different camera positions are apparent from the
axis-orientation indicator in the bottom right corner.

4 Inference of reaction rate parameters

In the main text, we reasoned why the the rescue mechanism generically is operational
only when the GAP to Cdc42 dosage ratio is below a threshold. The quantitative
value of the threshold depends on the parameters in the model, many of which are
not directly constrained by experiments. However, because we know from previous
experiments that polarization is impaired in bem1A but operational in bem1A bem3A
[45], we can put bounds on the critical GAP-Cdc42 ratio from above and below:
Based on the protein dosages reported in [35], cf. Table S2, the critical ratio lies above
(Neaps — Nems)/Ncdeaz =~ 0.18 and below Ngaps/Ncdeaz = 0.25. Based on this
estimate directly from previous experiments, we can make predictions on the effect of
changing the Cdc42 dosage (via a GAL promoter) on different mutant strains, without
the need to specify parameter values for the model.

We still need to show that the experimentally found critical GAP-Cdc42 ratio is
actually exhibited by the mathematical model for physiologically realistic parameter
values. To that end, we fix those parameters that are directly constrained by ex-
perimental measurements, and perform massive random sampling of the remaining
parameters, filtering for those parameter sets that are consistent with our exper-
imental findings on Cdc42 dosage dependence of cell polarity of WT, bemIA and
bem1Abem3A cells, as well as the previous experimental observation that a perma-
nently membrane-bound Cdc42 mutant (Cdc42-1it®) is able to polarize [23, 25]. The
technical details of this parameter sampling procedure are provided in Sampling proce-
dure the subsequent paragraphs below. The Mathemtica code implementing this proce-
dure is available in the supplementary file parameter-filtering.nb in the repository
https://github.com/f-brauns/yeast-polarity-LSA.

Importantly, we find that almost all parameter can be varied over the entire sampled
range (four orders of magnitude) indicating that the model is sloppy [46, 47]. For such
models, the collective behavior can usually not be used to infer (tightly constrain) the
underlying parameters [48]. From the parameter sets identified by the large scale sam-
pling, we picked one representative example to generate the stability diagrams shown
in the main text (Figs. 2 and 5). In addition, we filtered under the extra condition of
permanently membrane-bound, immobilized Cdc42 to demonstrate that a polarization
mechanism based on Bem1-GEF redistribution and local cycling of Cdc42 between ac-
tive and inactive states (Fig. 4H) can coexist in overlapping parameter regimes with
the other two polarization mechanisms (WT and rescue). A representative example
out of the parameter sets obtained with this additional condition was used to generate

12
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Name Unit Description

kp pms~!  Attachment of cytosolic Cdc42-GDP to the membrane.

kD pm?s~!  Effective membrane-recruitment of cytosolic Cdc42-GDP by
membrane-bound Cdc42-GTP.

kq g1 Detachment of inactive Cdc42 from the membrane.

kg pm?s™!  Cdc42-GAP complex formation on the membrane.

kgt s1 Hydrolysis of Cdc42 in the Cdc42-GAP complex and subsequent
dissociation of the complex into membrane-bound free GAP and
Cdc42-GDP.

kB nm?s~!  Recruitment of Bem1 by membrane-bound Cdc42-GTP.

kn g1 Detachment of Bem1 from the membrane.

kpp nm?s~!  Beml-GEF complex formation on the membrane by recruitment
of GEF to Beml.

kbt s1 Dissociation of Bem1-GEF complexes, releasing GEF into the
cytosol.

kbed nm?s~!  Cdc42 nucleotide exchange driven by membrane-bound
Bem1-GEF complexes.

kpp  pm?s™!  Recruitment of Cdc42 from the cytosol by Beml-GEF
complexes.

kg pms~!t  Attachment of GEF from the cytosol.

k¢ s7! Detachment of (free) membrane-bound GEF.

kq nm?s~!  Cdc42 nucleotide exchange driven by (free) membrane-bound

GEF.

Table S1. Reaction rates with descriptions. The parameter values used to exemplify
the results and a detailed discussion how these values were chosen are provided in

Sec. 4.
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the stability diagrams shown in Fig. 5C-E.

Sampling procedure. Each of the 13 reaction rates (see Tab. S1) is sampled over four
orders of magnitude from 1072 to 10! uniformly on a logarithmic scale. To allow for
exact reproduction of the random sampling, the random number generator in Mathe-
matica is seeded with a specified number. For each parameter set, the homogeneous
steady state and its dispersion relation (linear stability) are computed under various
conditions that emulate the mutants that were studied experimentally (see Tab. S3).
The growth rate of the first mode serves as an indicator whether the parameter set ex-
hibits spontaneous polarization under the respective conditions. This is then compared
to the experimental observation (cells polarize or not). To provide some intuition how
much the different experimental findings in different conditions constrain the param-
eters, we perform the filtering in subsequent steps for groups of conditions (separated
by horizontal lines in Table S3).

Step I: “Core” conditions. We start by filtering for parameter sets consistent with
our experiments on WT, bemlA, and bemIA bem3A cells with galactose-induced
Cdc42 (conditions 1-6 in Table S3). Out of 5 x 10° randomly generated parame-
ter sets, 7730 fulfill conditions 1-6, corresponding to a fraction of 0.15%. While this
may seem like a small fraction, one should keep in mind that the sampled parameter
space is 13-dimensional. If the parameters were all equally important and independent,
each of them could be varied across 60% of its full range (four orders of magnitude),
since 0.15% ~ 0.6'3. This illustrates the “curse of dimensionality.” Of course in the
real system, some of the parameters are not independent, and some of them are more
important (stronger constrained) than others.

Step Il: Growth of a single Cdc42-cluster in WT. Under WT conditions, the first
mode (first spherical harmonic) should grow fastest, ensuring formation of a single
Cdc42-cluster (“singularity”). Of the 7730 parameter sets obtained in Step I, 1422
fulfill this condition. Note that there might be specific mechanisms to ensure “singu-
larity” in the real system that are not captured by our model. Candidates for this are
vesicle-based transport [50], which we modeled in an effective, coarse-grained way (see
Sec. 1.1), and negative feedback via the phosphorylation of Cdc24 by Clad [36].

Step IlI: Permanently membrane-bound Cdc42. Experiments using a permanently
membrane-bound Cdc42 mutant (Cdcd2-1it®) showed that recycling of Cdc42 via the
cytosol is not required for Cde42 polarization [23, 25]. We wondered whether our math-
ematical model could reproduce this experimental finding. The permanent membrane-
binding of the Cdc42-rit® mutants is accounted for by setting the Cdc42-detachment
rate kq to zero (see constraint 8 in Table S3). Out of the previously filtered 1422
parameter sets, 358 fulfill this additional condition. In passing, we note that setting
kq to a small but non-zero value does not change this result. In fact, any small kq
will benefit cell polarization by allowing a fraction of Cdc42 to diffuse rapidly in the
cytosol which accelerates accumulation in the polar zone.
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Parameter Value Description / Comments

R 3.5um Cell radius. For the parameter sampling, we
checked that larger cell size, R = 7pnm, alone does
not rescue polarization of bem1A cells.

Ncdca2 8690 Cdc42 dosage (WT) [35].

NBem1 1037 Bem1 dosage (WT) [35].

NGEgr 934 Cdc24 dosage (WT) [35].

Ngaps 2170 Aggregate dosage of all four Cdc42-GAPs. The
individual numbers are 117, 332, 1122, and 599 for
Rgal, Rga2, Bem2, and Bem3, respectively [35].

D, 11pm?s~! Cytosolic diffusion constants [49].

Dy, 0.2pm?s™!  Diffusion of membrane-bound Cdc42-GDP [23].

Dy s Dy 0.0lpm?s~!  Diffusion of the remaining membrane-bound

Diys Doy, s proteins. There is no consensus on the membrane

Doss Dy diffusion rates in the literature. We use a value that
lies in-between the two values 0.03 pm?s—!, and
0.0025 ym? s~! used in previous models [11, 12, 36].

kuta 2 - kg The GEF activity of Bem1-Cdc24 complexes

increased approx. two-fold compared to the GEF
activity of Cdc24 alone [32].

Table S2. Parameters based on literature values (directly determined by experi-
ments). Note that the protein dosages are stated for wild-type (W)T cells. To account
for genetic perturbations (mutations), the values are adapted as specified in Table S3.
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# Polarizes Experimental mutant / condition Modified parameters

1 yes WT —
2 no bem1A Npem1 = 0
3 no bem1A, cell grown to radius 7pm NBem1 =0, R =T7pm
4 yes beml1A bem3A NBem1 = 0,
NGAPS = NX;VATPS - NBemS

5 yes beml1A GAL-Cdcj?2, Npem1 =0,

in 0.1 % Gal (=~ 1.5x Cdc42) Nodeaz = 1.5 x NWL,
6 yes GAL-CDC42 after Nodeaz = 0.2 x NWL,

24 hin 0 % Gal (ca. 20% Cdcd2

remaining)
7 yes WT (Filtering under the condition = —

that the first mode grows fastest

which ensures formation of a single

Cdc42-cluster [12], sometimes

referred to as “singularity” [2].)
8 yes Cdc42-rit® kg=0

9 (yes) Cdc42-psyl™ (This mutant has kq =0,
been found to polarize in the fission Dy, = Dp,, = Dy, =
yeast S. pombe, but was not yet Dy, = Dy =
studied in budding yeast; see text 0.0025 pm?s—!
for details)

Table S3. Conditions for the filtering of randomly sampled parameters based on
experimental findings from this study (1-6, highlighted in bold) and the previous
works [23, 25] for Cdc42-ritC (8) and Cdc42-psyl™ in S. pombe (9). The criterion
for polarization is that the growth rate of the first spherical harmonic is larger than
107%4s71, ie. if Reop > 1074571, A parameter set is classified as not polarizing if
the growth rates of the first mode is negative (which implies that all higher harmonics
also decay because the instability is always a long wavelength instability). Note that
since we do not distinguish between different GAPs in the model, the BEMS3 knockout
amounts to a reduction of the total GAP dosage by the Bem3 dosage: NJWo. —
NBems = 2170 — 599 = 1571. Condition 3 ensures that cell growth alone does not
rescue spontaneous polarization of bemIA cells (the protein dosages are scaled up
proportionally to the cell volume, thus keeping the concentrations constant).
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Figure S3. Scatter plots for all pairwise combinations of reaction rates showing the
parameter sets that fulfill conditions 1-8 in Table S3 obtained by filtering 5 x 10°
randomly generated parameter sets. This parameter set is used in Figs. 2 and 5 and
in the Movies 1-6. The red dot marks the parameter set that is closest to the mean
of these parameter sets. The inset in the top right corner shows a magnification of
the (kig, kgt )-parameter plane. Notably, even the parameter that is constrained the
strongest (kgt, the dissociation rate of Cdc42-GAP complexes) ranges over several
order of magnitude.
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Figure S4. Pairwise scatter plots of the parameter sets that fulfill conditions 1-6 and
9 in Table S3 (out of 5 x 10° randomly generated parameter sets). The red dot marks
the parameter set that is closest to the mean. This parameter set is used in Fig. 4.

To visualize the filtered parameter sets, we show scatter plots for each pair of pa-
rameters (see Fig. S3). This shows how much each parameter is constrained by the
experiments and visually highlights pair-wise correlations in the parameter sets.

In summary, we find that parameter sets consistent with the experimental obser-
vations cover a large range of parameters. Most parameters can vary over the full
four orders of magnitude we sampled. Even the most strongly confined parameters,
k4 (Cdc42-GDP membrane dissociation rate) and kg (hydrolysis rate of Cdc42 in
Cdc42-GAP complexes) each cover more than two orders of magnitude.

Polarization independent of spatial Cdc42 redistribution. The analysis of the Cdc42-
polarization machinery in terms of functional subunits carried out in the main text
revealed that there might be a polarization mechanism that is independent of spa-
tial Cdc42 redistribution (Fig. 4H). Instead, polarization relies on redistribution of
Bem1-GEF complexes and GAP saturation to the polar zone. Cdc42 merely switches
between its active and inactive state, while its total density remains spatially uni-
form. To test where this mechanism is operational, we introduce a new condition (9

18



Name Figs.2and b5 Fig. 4 Unit

kp 0.015 0.0017 pms—!
kip 0.17 1.0 pm3s~!
kq 0.22 0.82 s1
kg 0.053 0.36 pm?s~!
gt 0.35 1.5 51
kig 0.68 2.1 pm3s~!
kp 0.032 0.23 s1
kyr 0.29 0.057 pm3s!
kbt 0.25 0.03 st
kbiD 0.025 0.3 pm3s~!
kg 0.43 0.017 pms—!
kg 0.26 0.046 st
ksq 0.0077 0.052  pm?s7?

Table S4. Parameters (kinetic rates described in Tab. S1) obtained by filtering for
parameter sets that reproduce the experimental findings. The parameter set used for
Figs. 2 and 5 is marked by a red dot in Fig. S3. It was obtained by filtering with
conditions 1-8 (Table S3) that correspond to experiments performed with budding
yeast and this study and [23]. The parameter set used for Fig. 4, marked by a red
dot in Fig. S4, was generated separately to demonstrate that theoretically all three
mechanisms of polarization encoded in the Cdc42-interaction network can coexist in
the same parameter regime. To this end, filtering was performed with conditions 1-6
and 9. The experiment with the membrane-bound, immobile Cdc42 mutant Cdc42-
psyl™  corresponding to condition 9, was so far only performed in fission yeast, not
in budding yeast, justifying the use of a different parameter set that is viable in this
condition too.
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in Table S3). Under this condition, all Cdc42 is membrane bound (no detachment,
kqa = 0) and transport of Cdc42 on the membrane is suppressed by setting the diffusion
constants of both active and inactive membrane-bound Cdc42 to the same small value
(0.0025 pm? s~1, based on an estimate from experiments [51]). Since for equal diffusion
constants the dynamics of Cdcd2’s total density decouples and is purely diffusive, it
remains uniform at all times.

Interestingly, out of the 358 parameter sets obtained in Step III above (fulfilling
conditions 1-8 in Table S3 only 33 exhibit spontaneous polarization with immobile
Cdc42 (condition 9). This suggests that it is unlikely that Cdc42-psyl™ mutants are
able to polarize in budding yeast. However, polarization of Cdc42-psyl™ has been
found in fission yeast [23], which exhibits a bi-polar polarization pattern in WT cells.
We therefore sampled parameters using only conditions 1-6 and 9, i.e. without the
constraint that a single polar cap emerges under WT conditions. The 155 parameter
sets found this way are shown in Fig. S4. This demonstrates that the Cdc42-transport
independent mechanism could, in principle, be operational in the same parameter
regime as the WT and rescue mechanisms. For the phase diagrams shown in Fig. 4 in
the main text, we used the parameter set that is closest to the mean of all parameter
sets fulfilling conditions 1-6 and 9. A simulation showing pattern formation for the
Cdc42-psy1™ mutant conditions is provided in the file params-2_Cdc42-psy1TM.mph.

5 Supplementary Discussion

5.1 Previous experiments explained by our model

Permanently membrane-bound Cdc42 mutants. Our model reproduces experiments
with Cdc42-1it® fusion chimeras that are permanently membrane-bound [23], as we
have shown in Sec. 4. The only means of Cdc42 transport in these mutants is owing
to the slower diffusion of active Cdc42 compared to inactive Cdc42 on the membrane.
The formation of complexes between Cdc42-GTP and Gicl/Gic2 has been suggested
as a molecular mechanism underlying the slow diffusion of Cdc42-GTP [24, 25]. In-
deed, Kang et al. find synthetic lethality of gicIA gic2A, Cdc42-1it® triple mutants
and conclude: “Therefore, polarization of Cdc42-ritC is likely to be mediated by Gics
during the first phase of G1. [...] A possible explanation for the synthetic lethality of
cdc 2-rit® giclA gic2A is that even a slight increase of its mobility (in the absence
of Gicl/2) could be more detrimental to polarization of Cdc42-rit®, which presumably
occurs via lateral diffusion and/or GDI-independent exchanges between membrane and
cytosol.” Our model and theoretical analysis suggest that Cdc42-ritC polarization re-
quires differential diffusion of Cdc42-GTP vs Cdc42-GDP on the membrane to achieve
redistribution of total Cdc42. The Gics provide this differential diffusion as they effec-
tively reduce the diffusivity of Cdc42-GTP compared to Cdc42-GDP. This corroborates
the above explanation by Kang et al. why one of the Gics is required for polarization
of cdc42-rit® mutants.

Another strongly membrane-bound Cdc42 mutant, fused to a trans-membrane do-
main (Cdc42-psylT™), was studied in S. pombe (fission yeast) [52]. Whereas Cdc42-
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rit® binds to the membrane by an amphipathic helix and therefore can diffuse rather
freely on the membrane surface, the transmembrane domain of Cdc42-psyl™ renders
this fusion chimera effectively immobile. Strikingly, it was found that Cdc42-psyl™
exhibits polarization of Cdc42 activity without Cdc42 accumulation [23]. Since the
Cdc42-polarization machinery shares the key components with budding yeast (see [53]
for a review), we hypothesize that this puzzling observation could be explained by
our mathematical model of the Cdc42-polarization machinery. In particular, Sedl
and Scd2 (paralogs of Beml and Cdc24) facilitate the same scaffold-mediated feed-
back loop that operates in WT budding yeast. Our mathematical analysis shows that
the scaffold-mediated feedback loop in conjunction with GAP-saturation can facilitate
polarization independently of Cdc42-redistribution (see Fig. 4H in the main text).
Moreover, our parameter study in Sec. 4 above shows that this mechanism can, in
principle, be operational in the same regime as the WT mechanism. In contrast to the
WT mechanism, our model predicts that polarization with immobile Cdc42 is sensitive
to the GAP-Cdc42 dosage ratio because it relies on GAP-saturation in the polar zone;
see Fig. 4K H in the main text.

Optogenetic GEF recruitment. In a recent set of experiments in budding yeast,
optogenetics was used to transiently recruit Cdc24 to a small membrane patch [33].
Interestingly it was found that in bem1A cells, this optogenetic GEF-localization can
induce stable patterns that are maintained even after the optogenetic “stimulus” is
removed. This suggests that the bemIA cells are in a subcritical regime, where a
sufficiently strong local perturbation (stimulus) can induce self-sustained polarization.
Previous theoretical work has shown that subcriticality is generic in mass-conserving
reaction—diffusion systems and that the regimes of stimulus-induced pattern formation
are always adjacent to regimes of spontaneous pattern formation. [42, 54]. We therefore
expect that the rescue mechanism supports stimulus-induced pattern formation above
the critical GAP:Cdc42 threshold in bemIA cells. Indeed, and in agreement with
the experimental findings reported in [33], numerical simulations of bem1A mutants
emulating the transient optogenetic recruitment of GEF to a small membrane patch,
show that polarization is maintained after the stimulus removed (see Movie 5). In
conclusion, the rescue mechanism can explain the experimentally found, stimulus-
induced polarization of Cdc42, independently of a feedback loop operating on the
GEF.

Globally enhanced GEF activity rescues Bem1l-deletes. Previous experiments have
shown that Beml-mutants that lack the Cdc42-GTP interaction domain but still in-
teract with Cde24 rescue polarization of bemIA cells [28, 55]. It has been hypothesized
that this is because these Beml-mutants relieve Cdc24’s autoinhibition and thereby
globally increase GEF activity. In accordance with this, the Beml-independent res-
cue mechanism predicted by our model can be activated by a global increase of GEF
activity (see Fig. 2B in the main text).

In another set of experiments, Bem1’s ability to localize Cdc24 to the zone of high
Cdc42-GTP concentration was inhibited by fusing Beml to the strongly membrane
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bound Snc2 [10]. Strikingly, this Bem1-Snc2V394:M42A fusion chimera does not rescue
cell polarization. As a reason for this, we hypothesize that the interaction between
Bem1-Snc2V39AM42A and Cdc42 sequesters part of the Cdc42 in the cell and low-
ers the available amount of Cdc42 below the threshold where the Beml-independent
mechanism is operational. In agreement with this hypothesis, recent results show
that sequestration of a fraction of Cdc42 to the membrane by overexpression of the
Ccd42-binding protein Gic2 is lethal for bemIA bem3A cells [28].

5.2 Hypothetical feedback via Rsrl and secondary GEFs

Several proteins from the bud-site selection pathway have been hypothesized to medi-
ate positive feedback loops that may give rise to spontaneous Cdc42-polarization. A
hypothetical interaction of the Rsr1-GEF Bud5 with Cdc42 has been suggested recently
[34] based on the observation that Bud5 relocalizes from the landmark-determined ring
that surrounds the bud-scar to clusters of Cdc42-GTP [56, 57]. This may mediate a
feedback loop between Cdc42 and Rsrl via their respective GEFs Cdc24 and Bud5,
that facilitates spontaneous polarization similarly to the Bem1-Cdc42 mutual recruit-
ment mechanism. A similar hypothetical feedback loop mediated by the Rsrl-GEF
Bud3 has been suggested [8].

Such feedback loops would further contribute to the redundancy of polarization
mechanisms in budding yeast because Rsrl could effectively take on the role of Beml.
However, because proteins suggested to mediate these feedback loops bind to (axial)
landmark proteins that localize to the bud scar, it is likely that the feedback would
be strongly localized in the vicinity of the bud scar. It was previously observed that
Cdc42 polarization in bem1Abem3A cells is not preferentially directed to the vicinity
of the bud scar [45]. This indicates that landmark associated proteins, such as Rsrl,
Bud3, and Bud5 do not play a central role in the rescue mechanism. That these
proteins do not play an essential role in the rescue of bem1A cells is further supported
by the finding that bemIArsriA are viable in some strain backgrounds [55]. Further
experiments will be required in the future to elucidate the interplay between the bud-
site selection pathway and spontaneous polarization of Cdc42.

6 Experiments

6.1 Growth frequency assay (Fig. 3)

In the growth assay shown in Fig. 3 growth rates were determined for various geno-
types/galactose concentration combinations. However, not all combinations exhibit
the same frequency of growth. Table S5 shows how often growth occurred within the
total number of replicates performed.

Error bars in Fig. 3 show the 68% confidence interval for the mean. Large error bars
result from two effects: (i) For Gall-sfGFP-Cdc42 BEM1 BEMS, they originate from
the technical replicate variation, i.e., noise across runs/wells. (ii) For the bem1A at
low galactose concentrations, there is very infrequent growth. For instance, at 0.03%
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* * * *

WT GFP M1 M2
% Gal TG #R #E TG #R #E TG #R #E TG #R #E

0 10 10
0.01 10 10
0.015 10 10
0.02 10 10
0.03 10 10
0.04 10 10
0.05 10 10
0.06 10 10
0.08 10 10
0.10 10 10
0.20 9 10
2.00 8 8
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Table S5. Number of wells where growth is observed for various genotypes and
conditions of the data underlying Fig. 3. TG indicates the number of runs (#R)
that grew across #E experiments.” Strain abbreviations: WT: CDC42, GFP: pgar:-
CDCY2-sfGFPSW, M1: bemIA pgar;-CDC42-sfGFPSW M2: bem1A bem3A paari-
CDCY2-sfGFPSW.

there was growth only in one well. In this case, the variance of only one Student
t likelihood, which depends on the fitting error corrected for overdispersion, is the
main determinant for the width of the credible interval, so this makes this interval
a bit wide. However, the poor fitness of this background will likely still yield large
credible intervals even with a large number of replicates, as its low fitness also makes it
vulnerable for suppressor sweeps of the population. The stochasticity in growth at low
galactose concentrations for bem1A backgrounds is also seen in the other data points
(see Table S6).

6.2 Determination of fitness effects of sfGFP-CDC42 sandwich
fusion

Additional growth rate assays were performed to determine possible growth rate defects
of sfGFP tagging of Cdc42. These were taken in a Biotek Epoch™ 2 Microstrain
Spectrophotometer strain reader, a different type compared to that of the assay of
Fig. 3. All strain backgrounds contained BEM! and BEMS3. This assay compares
the relative performance of a pgar;-Cdcf2-sfGFPSW strain compared to the pgar ;-
CD(C42 strain within this experiment. From Fig. S5, we can see that growth with
and without sfGFP occurs at similar rates. The growth rate deteriorates notably
when reducing induction for the strains with galactose-dependent Cdc42 production.
However, we also witnessed that when fitness is low, there is a realistic risk that
late in the measurements a relatively fast-growing population emerges in our wells.
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Figure S5. Normalized fitness data for different CDC42 variants (indicated by colors)
with suppressor filtering. All backgrounds are with BEM1 and BEMS. Markers indi-
cate the mean of the posterior probability distribution for the fitness and error bars
mark the 95% credible interval. Pie chart marker shows how frequently growth occurs
across replicates (filled circle corresponding to 100%). The number of experiments per
strain/condition pair is given in Supplementary Table S7.
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CcDCY2 paarni-CDCY2 paari-CDCY2-sfGEPSW
% Gal #D TG #R #E #D TG #R #E #D TG #R  #E

0 4 8 8 6 12 0 18 9 9 0 3 4
0.002 0 2 2 1 0 1 2 1 0 1 1 1
0.01 2 10 10 6 10 2 2 6 0 2 2 2
0.02 1 11 11 6 6 6 6 6 0 2 2 2
0.05 1 9 9 5 3 7 7 5 0 1 1 1
0.06 0 8 8 4 3 7 7 5 1 3 3 3
0.08 0 4 4 2 3 1 1 2 - - - -
0.10 2 10 10 6 3 19 19 9 0 8 8 4

Table S6. Number of wells where growth is observed for the CDC42 variants in
the growth assay data with suppressor filtering. All backgrounds are with BEM1 and
BEMS3. The column #D denotes how many wells with growth have been marked as
potentially from suppressors and are thus discarded from the analysis, the remainder
of the growing wells are in the columns named times (TG) growth and runs (#R).
#E denotes the number of experiments that comprise all runs (#R) including those
discarded ones.

We suspect that mutants carrying a suppressor, presumably concerning the galactose
induction system, arise which sweep the population. Therefore, we apply a coarse
filter in an at-tempt to remove these, at least partially. For this purpose, we fit all
optical density (OD) curves with a sigmoidal curve, which allows us to infer to initial
OD. As during incubation colonies are growing to saturation to an OD of around 1,
we expect an initial OD of about 0.01. Consequently, those wells that suggest an
inferred OD at time = 0 that is more than an order of magnitude lower (< 0.001), are
discarded. We confirm that we are not too relaxed with our threshold as on occasion
a WT well is discarded which is unlikely to have been swept by a mutant. Indeed, we
see the galactose-dependent strains have higher rates of suspected suppressor growth
(see Table S6) and we see the bulk of the suppressors are detected when fitness is low
(see also Fig. S5). It is important to note that while this particularly cleans the growth
rate data for low galactose concentrations, this filtering is usually inconsequential for
the question whether sftGFP addition influences fitness (Table S6). Using as our metric
the Bayes factor (posterior odds ratio) that the strain which is observed to grow faster
is actually faster against the opposite statement, we require a value > 10 for strong
evidence [58]. After filtering, there is never strong evidence for significant growth rate
difference between having sfGFP or not.

6.3 Size and viability assays under variable expression of CDC42

To further substantiate that the differences in population growth rates are directly
caused by the ability of cells to polarize, rather than for example pleiotropic changes in
another cell cycle phase, we measured the cell radius using light microscopy (Fig. STA).
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% Gal 0.002 0.01 0.02 0.05 0.06 0.1

Bayes factor without filtering 2 22 7 4 7 4
Bayes factor with filtering 2 2 7 5 3 5

Table S7. Posterior odds ratio (Bayes factor) per medium condition of the prob-
ability that the strain with observed faster growth (between the pgar;-CDC42 and
paaLi-CDCY2-sfGFPSW strains) is actually faster, divided by the probability that the
opposite is true. We distinguish the cases where we aim to filter suppressor growth
away from our data sets and the case where we do not.

0.015

——— BEM1 BEM3 CDC42
BEM1 BEM3 pGAL1-sfGFP-CDC425"W
Abem1 BEM3 pGAL1-sfGFP-CDC425W
Abem1 Abem3 pGAL1-sfGFP-CDC425V

0.01

0.005

Fitness (1/doubling time) [1/min]

0.06 0.08 01 02

% galactose

Figure S6. Non-normalized growth rates of the different mutant strains against
galactose concentration (relates to Fig. 3 in the main text). Markers show the mean of
the posterior probability distribution for the fitness and the error bars indicate the 68%
credible interval; see Methods section in the main text. The number of experiments
per strain/condition pair is given in Supplementary Table S6.
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Figure S7. Morphology and viability for WT and mutant strains with pGALI-
CDC42-sfGFPSW at various induction levels. A Microscopy images show the mor-
phology of dead and alive cells after 24 h at 0% galactose concentration, resulting in
a Cdc42 dosage that approximates zero; scale bar indicates 10 um. B Ratio of dead
cells of the relevant mutants over different galactose concentrations. The data con-
tains information from three independent experiments. C Cell radii of the relevant
mutants over different galactose concentrations. Each point represents the arithmetic
mean of the cell radii per technical replicate (every independent experiment). Error
bars represent the standard deviation of each dataset. D Ratio of multinucleated cells
of the relevant mutants over different galactose concentrations. The data contains
information from one experiment per genotype.
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All microscopy was performed with a Nikon Eclipse Ti-E inverted microscope with an
oil immersion 60X objective with NA 1.40 and refractive index of 1.51. The soft-
ware used for data collection was Nis-Elements Advanced research version 4.51. Data
collection of brightfield microscopy images were acquire over three different galactose
concentrations (0% , 0.06% and 0.1%) after 24h of incubation of the strains: ywkd065,
ywkd069, ywkd070 and yll3a.

It was previously shown that the cell radius correlates linearly with the time it
takes for cells to polarize [45, 59]: cells that take longer to polarize are on average
larger than cells that polarize fast because yeast cells continue to grow during polarity
establishment, allowing us to use the cell radius as a proxy for the polarization time.
Additionally, we verified that, at low Cdc42 dosages, cells cannot polarize at all and
thus die. Consistent with the population growth data, we observed that after 24 hours
at 0% galactose concentration, for every genetic background where Cdc42 is under the
galactose promotor, the vast majority of cells are not able to polarize or polarize very
slowly, because they are either dead (Fig. STA-C) or very large (Fig. S7TA, D). We
also confirm that the average cell radius (and thus the polarization time) and death
rate of cells with Cdc42 under its native promotor are not affected by the galactose
concentration (Fig. S7C, D in red). At 0.06% galactose concentration, bemIA bem3A
cells’ radii (and thus polarization times) are closer to WT cell radii than those of
beml1A cells. This agrees with the population growth data. And at 0.1% galactose
concentration, the average cell radius for live cells for all mutants were approximately
equal to the average WT cell radius (Fig. S7D). Interestingly, after 24 hours at 0%
galactose concentration, WT cells with Cdc42 under the galactose promotor are still
polarizing faster than the bemiA and the bemIAbem3A cells, as indicated by their
smaller average cell radius (Fig. S7D). This observation confirms our above observation
that a very small number of Cdc42 molecules is sufficient for WT cells to polarize and
thus for the WT mechanism to be operational.

6.4 Multinucleated and dead cells

Cells that do not polarize are predicted to have nuclear divisions but no cellular division
and therefore, we hypothesize that cells with polarization defects are more likely to be
multinucleated.

Multinucleated cells. We measured the percentage of multinucleated cells for the
different genetic backgrounds and galactose concentrations using DAPI staining. The
DAPI staining protocol was taken from [60]. Two experiments failed due to two causes:
too little staining for the amount of analysed cells and DAPI stain saturation for taking
a long time (> 30 min) from the staining to the microscope. In the last situation most
of the cells were stained and not only the nuclei. Samples were imaged in a cover slip
right after the DAPI staining. The emission wavelength was 450 nm and the excitation
wavelength was 395 nm. The exposure time was 70ms and the laser power was 1%.
Data analysis was performed with the Cell Counter plugin from ImageJ (v1.53t). Each
cell was labelled to count the total number of cells in each frame. Further, each cell
with two or more nuclei and the dead cells were differently labelled. After DAPI
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staining we do not observe any cells at 0% galactose concentration for the bem1A
and bemIAbem3A cells that were alive before staining (dead cells are permeable and
overstain for DAPI), and thus we also do not observe any multinucleated cells. These
results also suggest that we underestimate the number of dead cells when we use
bright field microscopy as in Fig. S7. The wild-type backgrounds with and without the
galactose promoter show a low percentage of multinucleated cells. As the galactose
concentration goes up the fraction of dead cells for the bemIA and bemiAbem3A
mutants goes down. The number of detected multinucleated cells remains low. We
interpret that our results are consistent with the hypothesis that multinucleated cells
die more rapidly in stationary phase than single nucleated cells and therefor are hard
to detect in this assay.

Cell radii. We used the “oval tool” to encircle every cell and measure its perimeter,
using the “Analyse” — “Measure” tool. From the perimeters p, the cell radii were
computed using the formula r = p/(27).

Dead cells. To identify dead cells, we looked at the following morphological features
[61]: cell shrinkage, swelling of organelles, nuclear fragmentation and plasma membrane
blebbing.
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