Tuning Parameters for Polygenic Risk Score Methods Using GWAS
Summary Statistics from Training Data

Supplementary Notes

1 Supplementary Methods

1.1 Derivation for the posterior distribution of the allele frequency differences
among independent SNPs
Property 1. If X|Y ~ N,(Y,%), Y~ N, (Yo, %), Then
X ~ Np(Yy, 2+ %0);
Y|X ~ Ny(WYy + (I — W)X, (I —W)E),
where W = (2o + 3) L.

The proof of this property can be found in Chapter 2 of (Bishop and Nasrabadi, [2006)).

In our case, we have the following distributions for z-scores of independent SNPs:

Zm|/8m ~ N(fm 5 1)7
" (2)
f—m ~ (1 =7)8g 4+ 7N(0,02).

Based on Property [1] we can derive the marginal distribution of z,,:

Zm ~ (1= m)N(0,1) + 7N(0,1 + o?). (3)



The posterior probability for 3, = 0 is

1= Ry :=Pr(Bm = 0|zm)

_ (1= m)6(2m) @
(1= M)0(em) + 22 8o/ VI + %)

When f3,,, comes from the normal distribution component, we can derive the posterior distribution of 3,,

using Property (1l In summary, the distribution of f—’”|zm is formulated as

Bm

m

‘Zm (1 - hm)(SO + h'rer()\Zma /\)a (5)

where \ = — is the shrinkage effect factor.

I+1 /
Due to the independence among the pre-selected SNPs, the allele frequency difference of SNP m is equal

to the risk effect size, i.e., §,, = B,,. Hence we have

Sl 2m ~ (1 = B30 + Ay N (A 2mSm, AS2,). (6)

1.2 Joint distribution of z-scores among dependent SNPs

In this section, we will prove the following property for the distribution of z-scores extracted from a GWAS

of a disease:

Property 2. For M SNPs, we use (3 to represent the underlying effects of changing allele frequencies between
two groups. Then we have

2|8 ~ N(RS™'B, R) (7)

where S is a diagonal matriz with the diagonal elements encoding the standard errors of the observed allele
frequency differences fl — fo, and R is the LD matrixz representing the pairwise correlations among SNP

genotypes due to LD.

Proof. For diseases and other binary traits, a commonly used test statistic for binary traits is the frequency

difference test, in which a z-score for SNP A is calculated based on the following formula:

fA1 fao

SA

; (8)

where s4 = \/fAl(zlnlfAl) + fAO(l fAO) is the standard error of fl — fo based on the variance formula of

a binomial distribution. Here we assume the potential allele frequencies among cases and controls under



an assumed condition that the SNP is independent of others are pa; and pag, respectively. We define the
true effect of SNP A as 84 = pa1 — pao- We use fa1 and fag denoting the expectations of observed allele

frequencies among cases and controls, which are the allele frequencies marginalizing over other SNPs. We

have
Jfaifar | faofao \/ 1 1
R R — 4 — 9
A 2n1 + 2710 (21’L1 + 2’I’L0)fAfa7 ( )
where fy = Zofactmifar anq f, = nefeotmifar gre the pooled allele frequencies of allele A/a among all
no+ni a no+ni

samples under expectation. The table on the following page summarizes the notations we shall use here.

1. First, let’s consider Coov(z) under this setting. We will prove the covariance between test statistics of

two SNPs is the same as that between the two genotypes:
Cov(z) = R. (10)

We consider two SNPs, A and B, with alleles denoted as “Aa” and “Bb”, respectively. We use “1” to
denote case and “0” to denote control.
Based on the definition of z-scores, the covariance between z4 and zp reads:

1
(3n + g )WV FaTalB Ty

(Cov(far, fr1)+Cov(fao, fro)—Cov(fai, fro)—Cov(fao, fr1))-

(11)

Cov(za,zp) ~

Here,

L 1
Cou(far, fp1) = —5Cov(nai,np1)

4n%
1 2n1 2n1
= 4—20011(2 a1, Z 1B14)
M i=1 i=1
1 2n1
=12 Z Cov(1 414, 1B14) (12)
M
1 2n1D
= —=52n14B
4n?
_ Dap
2”1 ’

Similarly, Cov(fao, fro) = 242, Cov(fa1, fBo) = 0 and Cov(fao, fB1) = 0.



notation meaning
zZA z-score of SNP A
f A1/ fal Observed allele frequency of A/a in case group
a0 / fao Observed allele frequency of A/a in control group
fa / fa Pooled observed allele frequency of A/a
PA1/Dal Potential allele frequency of A/a in case group
without influence from other SNPs
D40/ Pa0 Potential allele frequency of A/a in control group
without influence from other SNPs
PA/Pa Potential pooled allele frequency of A/a without
influence from other SNPs
far/far Expected allele frequency of A/a in case group
fao/ fao Expected allele frequency of A/a in control group
falta Pooled allele frequency of A/a under expectation
Ta1i/Laus Indicator function that indicates whether the allele
for the i*" sample in case group is A/a
L a0:/Laos Indicator function that indicates whether the allele
for the i*" sample in control group is A/a
ng/my sample size for control/case group
Dap The coefficient of linkage disequilibrium between
SNP A and B
TAB The correlation coefficient between SNP A and B

Supplementary Table 1: The table of notations.




Thus:

B 1 Dap | Das
o ) = S I VaTedohy 2m  2ng )
__Dar__ 1
fafafBfo
=TAB -

This relationship is valid for any pair of SNPs.

2. Then let’s consider F(z) under this setting:
B(z) = RSB, (14)

where S = diag(se(3,)) is a diagonal matrix storing the standard errors of f; — fo .

We consider a so-called “linked SNP” A. First, we suppose A is linked with only one risk SNP B.
Then, we will show the case that s = 2, thus A is linked with two risk SNPs B and C. In the end, we

generalize the result to s risk SNPs, in other words E(z4) can be represented as a linear combination

of Pev Pea  Bes

Sep? Sey? " ) Seq

, where ¢q, o, ..., cs are indices of s risk SNPs.

(a) SNP A is linked with only one risk SNP B.

In this part, we will prove that: E(z4) = TAB%~ Here we assume that the LD structure is
consistent in a population and has nothing to do with whether a person belongs to the case or

control group. Then we have

pA|B1 = P(A|B,case)
B P(A’B,case)P(B|case)
P(B|case)
B P(A|B)P(B|case)
B P(B|case)

= PA|B = PA|BO -



Then,

Afa= far — fao = (PaB1PB1 + Pap1Pv1) — (PA|BOPBO + PAbOPb0)
= paB(PB1 — PBO) + PaAp(Po1 — Pro)
=paB(PB1 — PBO) + Pap((1 —pB1) — (1 = PBO))
= (pA\B - pA\b)(pBl —PBo)

= (p;f - %)(ﬁfn —pBo)

_ PAB(PAb + Dab) — PAb(PAB + PaB) 3

IS B
_ PABPab — PAbPaB 85
fBfo
~ Das
B fobﬂB.

Thus,

E(ZA) = TABBE
SB

(b) SNP A is linked with two independent causal SNPs B and C.

In this part, we will prove that: E(z4) = TAB% + rACf—g.

Afa= fa1 — fao = (PaBc1PBC1 + PA|BeAPBel + PABC1POC1 + DAbe1Pbel)
— (Pa|BCOPBCO + PA|BOPBO + PACOPLCO + D AJbc0Pbco)
= paipc(PBC1 — PBCO) + PA|B(PBel — PBe0)

+ pape(Pver — Poco) + PAjpe(Poer — Poco) -
Consider the first term:

PABC
PBC

PaBc =

__ PABDPC|AB
- fsle
__ baBDPc|A
- fle

__ baBpAC

~ fafsfc

(16)

(18)

(19)



and
Appc = pBci1 — PBCoO

= PB1PC1 — PB0OPCO

= pB1PC1 — PB1PCO + PB1PCO — PBOPCO (20)

= p1Bc + pcoBB

~ fBBc + fchB -

Then,

_ ¢ _ g _ PaBpac PABPAC,
Afa= far— fao Falnfc (fBBc + febBB) + fAfoc( fBBc + feBB)

payPAC _ PAbPAc _
+ Fatofc (foBc — fcBB) + fAfbfc( fvBe — feBB) o

= (pajc — paje)Be + (PajB — Pap) BB

_ Dac Dap
=7k ek,

Ba.

Thus, we have:

Bc

B
E(za) = rap=2 +rac=S
SB Sc

SNP A is linked with s independent risk SNPs: By, Bo, ..., By
To clarify our proof, we use B;(i = 1,2,--- ,s) to denote the major allele of SNP B; and b; is the

minor allele of SNP B;. In the proof below,

D

B1,B2, - ,Bs

means looping through all possible combinations of alleles for SNPs By, Bo, - - - , Bs.
Then, we have:

Afa= Z pA‘Bl:B27"'7BsApB1)B2:"'7Bs ) (23)

B1,B2, - ,Bs
where
PAB,PAB, " "PAB,
PA|B\.BavB. = fomip 7 (24)

M e fB)

S

ApB, By B, = Y H [B,0B,. (25)

i=1 j=1j%#i



Therefore,

S S
DAB\PAB, * " PAB,
Afa= Y, ot SCT] f5)8s
B1,Bz,,Bs 7 A fBifBy o fB, o J=1j#i
s S
PAB,PAB, "' " PAB,
> e (I 7588
B1,By,-,Bs i=17A fBlfBz "'fBS =1y

Z Z pABlpABgf *PAB, /BBi
B;

BI,B2,~ B =1

- Hj:l,?,---,s;j;éipAB DPAB; DAb,
DY Ly

i=1 B, (j=1,2, ,8;j#1) A

_ zs: [j—1.2, sij2i(PAB; +Dab,) (pABi B, — DAb, )
i=1 i e fer

_ Z(P}ABB p;xb )

- Z(pAIBz - pA\bi)ﬂB,.

=1

_ D 4,
B Z 7 . v, Pa..

Thus we have

Ba;
E(za) = > rAB, —
. P SB;
Bj(j=1,2,- ,s855#1) J
(d) For non-risk SNPs, their corresponding 5 are equal to zero. Hence, we have
E(z)=RS™'3.
3. Combining covariance and expectation together, due to the central limit theorem, we have

z~ N(RS '3,R)

and

fi— fo=8"'2~ N(SRS'3,SRS).

That ends the proof of Property

(28)



1.3 Connection between effect size distribution and liability-scale heritability

In PRStuning, we assume the S,,/s,,, the standardized effect of SNP m in terms of changing its allele

frequencies between cases and controls, follows a point-normal mixture model:

Bim 114 (1= )8 + TN(0,02), (31)

Sm

where s, = \/2fm(1 — fim)/Ne, fm is the pooled allele frequencies, and N, is the effective sample size defined
_ 4ngn

by Ne =/ notnr

We consider the following linear model to derive the observed-scale heritability based on the distribution

of the standardized effects:
M

Y:oz—i—ZBmém—&—e, (32)

m=1

where Y is the affection status of the disease and Y = 1 (or 0) indicates the individual is from the case
group (or control group). Here G and G, are the centered and raw genotype of SNP m, respectively. We
use a and Bm to represent the intercept and slope coefficient of G, in the linear model, respectively. As a
residual, we have E(e) = 0. We further denote the types of the two alleles constituting the SNP as A, 1

and Ay, 2, L.e.,, G = A1 + A2 With those notations, we have

In Supplementary Equation , By can be interpreted as the expected change of Y when A,, 1 (or
Ay, 2, we assume they have the same effect on the phenotype) increases one unit without influence from

other SNPs (Agresti, 2012), i.e.,

/Bm = E(Y|Am,1 = 1) - E(Y|Am,1 = O)

- P(Y = 1|'A7”71 = 1) - P(Y = 1|-/4m,1 = O)

P(Api=1Y =1)P(Y =1) P(An1 =0y =1)P(Y =1)
P(An1=1) B P(A,,1=0)
[P(Ap1 =1V =1) = P(Ap1 = 1]Y = 0)]P(Y = 1)P(Y = 0)

P(Am,1 =1)P(Ap1 =0) '

(34)

The last equality holds due to P(A,,1 =1) = P(A,,1 =1Y =1)P(Y =1) + P(A,,,1 = 1|]Y =0)P(Y =0)

and P(Apm1 = 0) = P(Ap1 =0]Y = 1)P(Y = 1) + P(Ap = 0Y = 0)P(Y = 0).



By definitions, we have 8, = P(A,,1 = 1Y =1) — P(A4,,1 = 1Y = 0) and f,, = P(Ay,,1 = 1). Let
v represent the proportion of cases among the individuals selected in the GWAS. With those notations, B

can be represented in the following form based on Supplementary Equation :

. Bu(l—w)
b= F 0= o)

Therefore, the observed-scale heritability is

Var(Xm_; BinGm)

hg - Var(Y)
2% BB fm(1 = fn)
v(l =)

M 5
wll=v) ) 8 () 2

With the prior distribution of the standardized effect Supplementary Equation , we have

2 2 2
E ( p ) =7 (37)
f m(l - f m) N, e
Plugging in this equality into Supplementary Equation 7 the observed-scale heritability is
4v(1 — v)Mno?
hP= 2" 38
o Ne ( )

Note that the case proportion (v) among the GWAS individuals is usually higher than the prevalence (k)
of the disease in the retrospective case-control design. The term v(1 — v) in the observed heritability is for
ascertainment of the increased proportion of the cases. If the GWAS summary statistics are derived from
biobank data, in which the individuals are selected not based on the affection status of the disease, we have
v =K.

Lee et al. derived the relationship between the observed-scale heritability (h2) and the liability-scale
heritability (h?) with the following equality:

k(1—r) k(1—k)
P(@~1(k))? v(l = v)’

h? = h? (39)

where ¢ and ® are the probability density function and cumulative density function of the standard normal

distribution N (0, 1), respectively. Combining this equality and Supplementary Equation , we have

B2 4Mro? k*(1 — k)2
TN g(@ (k)P

(40)
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1.4 Derivation for Gibbs sampling-based SAME algorithm to estimate AUC

among genome-wide SNPs

Recall the joint distribution of z-scores:
z|8 ~ N(RS™'B,R), (41)

where S is a diagonal matrix with diagonal elements encoding the standard errors of observed allele frequency
differences, and R is the LD matrix representing the pairwise correlations of SNP genotypes.

We further assume each element of 3 follows a point-normal distribution:

B, (1 — 7)o +7N(0,02). (42)

Sm
We can rewrite the above distribution by introducing dummy variables y,,, € {0,1} (m = 1,..., M) indicating

whether each SNP has an effect on the disease. The transformed form of the distribution is:

B do if Ym =0
87 ”ym ~ (43)
" N(0,0%) ify,, =1
and 7y, ~ Bernoulli(mw). We denote v = (y1,...,Ya)-

The log-likelihood of the complete data, including z-scores and augmented parameters (3, 7), is expressed

11



as follows:
log P(z,3,~ }7r o?

= log P(2|B) + log P(Bl,0?) + log P(v|)

1 M 1 M ﬁQ
= —§(z—RS_1ﬂ)TR_1(z—RS_1,8 + Z 1 —9m)logdg + = Z*ym [log(o 2)—57”10_2]
m=1 m=1 m
M
+ Z [(1 = ym)log(l —7) 4+ (1 — ) log 7] + Const
m=1
LT g1 1 Tg-1 - 1o o B o
= —;B7ST'RSTIB + 7S z+m§:j1<1—wm)log6(>+5;vm[log<o ) - gl ()
M
+ Z [(1 = vm)log(l —7) + (1 — ) log ] + Const
m=1
1 52 6m’ 5m’ 1 Bm ﬁm”
=Y R Y L Y Y e
m m’#m m;ém S m;émm”gém m’om’
4 Bt Bt S :
mom g N Pt Z(lf'ym)log(;oJr valog 2)7877»1072]
m’/#m m=1 = m

M
+ Z [(1 —m)log(l —7) 4+ (1 — v,,) log 7] + Const,
m=1
where s,,, is the m-th diagonal elements of S and const denotes a constant unrelated with any parameter.
Based on this log-likelihood, we can derive the conditional distribution of 3, given all other parameters:

50 if Ym = 0
6m‘zvﬂ7m7’7m702 ~ ) (45)

N (Smptm, As2,), if v =1

where A=t = 1+ 072 and p,, = Mz — > i sm BBty In the above formula, we denote B_,, as the

Syt
vector of effect sizes of all SNPs except SNP m.

It is not trivial to deduct the conditional distribution of «,, given the values of the other parameters
since the probability density function of Jy is actually inaccessible. To tackle this challenge, we integrate the

Dirac delta function over 3,,, and calculate the following probabilities:

P(zh/m = On@—m) :P(z|ﬂm = Oaﬁ—m)

xexp | —= Z o _ 1 Z Z 5mﬁm” R + Z ﬁmfzm/ (46)

ey
m#m m m;éjm”#] Sm Sm m'#m

=C

12



and

P(zlym = 1,8_,,,0%) = / P18 B )P (Bl = 1,0%)dB

1 ﬁ?n’ 1 ﬂm’ﬁm” ﬁm’ m/’
o</exp _2%;52 —52 Z mlem,/+Z z

m/’ m'#m m’ #£m/ m’#m Sm/

1B Bn e g e | exp{ 1 82 ]dﬁm

25, Sm S Sm V2oro? 2 s2 o2
1 152 o nzm 1 B2
=C /eXp 77577” - ﬂi 5 Rmm’ + B : P Bm dﬁm
V2mo? 282 spm S/ Sm 282,02

m’#m

c 1 (%: - % Zm’;ém f:,, Rmm’)2
=Cy/ ——ex
1102 P 21+072)

Hence, the conditional probability of ,, is:

hm EP(Pym = 1|z7/67m77r30—2)

_ P(’)/m = 1)P(Z|’}/m = laﬁ—jaUZ)
P(’Y’m = O)P<z|’7m = 07ﬂ_m) + P(’Vm = 1)P(Z|'ym = 1’18—m702) (48)

2
m/ﬁexp(%)
—.
(1—7)+ m/%exp(’;’;j)

With this probability, we have

Yol 2, By T, 0% ~ Bernoulli(hyy,). (49)

Back to the log likelihood of the augmented data presented in Supplementary Equation , we can also

derive the conditional distribution of 7 and o~2 given other related parameters as follows:

M M
7r|'y~Beta<va+1,M—Z’ym+1>; (50)

m=1 m=1

1 & 1 &
—92 2
oy~ o (330133 o) )
m=1 m=1
In summary, Supplementary Equations , , and together provide us steps of a stan-

dard Gibbs sampler for sampling parameters 3, v, m and o2 with their joint probability proportional to

P(z,B,7|r, 0?).
For the SAME algorithm (Doucet et all [2002), we need to construct a Gibbs sampler for sampling

{m, 0%} and D artificial replications of nuisance parameters 3(1),v(1),...,3(D),~(D) simultaneously with

13



their joint probability proportional to

D
ap (m,0%,{B(d),v(d)}1]2) « [ P(z. B(d), v (d)|r, %) (52)
d=1

By making simple changes to the above derived standard Gibbs sampler, we can get a new Gibbs sampler
with the joint property Supplementary Equation (52).

First, as the replications of {3,~} are statistically independent conditional upon {r, o2}, i.e,

%), (53)

D
ap({B(d), v ()} s |2 m,0%) = T] p(B(d), 7(d)
d=1

we can still use the identical forms of Supplementary Equations and to sample them.

For {m, 0%}, their conditional density satisfies

D
qD(7T|Z,{,@(d),’)’(d)}dD:170'2) = Hp W‘Z,ﬁ d)v’Y(d)on); (54)

d=1
D
qD(J2|Z7{ﬁ( }d 1,7 H 2|Z (d)vﬂ)' (55)
Since both p(77|z,,6'(d),'y(d), 0?) and p(02|z,ﬁ ),v(d), 7) are members of exponential family according to

z,{B(d),7(d)} i, 0?) and gp (0

Supplementary Equations 7 , sampling from qp (71'
are straightforward as the product of conditional densities given each replicate are also members of expo-

nential family. We have

D M D M
m|{v(d)}i_, ~ Beta (ZZ +D,MD—ZZ%(d)+D> (56)
d= =1

d=1m=1

and

D M D M
o 2[{B(d),v(d)} i~y ~ Gamma ( D Amld D,3 Z > ﬁj(d)va(d)> : (57)

d=1m=1 d:l m=1
1.5 Rationale of alleviating overfitting with a Bayes estimator

In this section, we first provide a theoretical demonstration of how overfitting happens if we simply plug the

summary statistics from the training data into the derived AUC function below:
AUC = ®(A), (58)

where

2 Z WinOm
A= b and 7' = Z w2 s Jm +2 Z Winy Wing By ms Sj.my Sjmo - (59)

VT AT m1<ma
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From the equations, we know that AUC is monotonically increasing with respect to A, and we have A

M
¢ = Y. wmdm, which is directly influenced by the SNP effects on the disease. The distribution of z,, is

m=1

R M
N(01/8m,1). To demonstrate the overfitting of AUC, we compare the expectation of Cirain = D WmSmZm,
m=1

in which d,,, in ( is replaced by its observed value s,,z,, from training data, with the expectation of (.
We consider a simplified scenario in which pre-selected SNPs are independent and P+T is used to derive

the SNP weights, i.e.,

ZmSm, if |zm| >t
Wm = ) (60)

0, otherwise
where t is the threshold used to filter SNPs based on z-scores to construct PRS.

In this scenario, the expectation of ( is

M
EQ) = Y sm0nP(lzm| = )E(zmllzm| > 1)
m=1

f__; Zm¢(zm - 6m/8m)dzm + j;:oo zm(b(zm - 6m/8m)dzm
P(lzm| = t)

I
M=

SmOmP(|zm| > 1)

s
3
Il
—

Il
WE

—t—8m/Sm 5 —t—8m/Sm
SmOm </ umd’(um)dum + - (b(um)dum

m=1 0 Sm J—oo
o 5m 0o
+ Um¢(um)dum + — ¢(um)dum>
t—8m/Sm Sm t—8m/Sm
M
= Z (512nP(|Zm| > t) + Sm(sm((é(t - 6m/5m) - ¢(_t - 6m/8m))) (61)

1

3
I

where U, = Zm — Om/Sm ~ N(0,1), P(|zm| > ¢) =1 — ®(t — 0 /Sm) + P(—t — 6 /Sm), and ¢ and P are
probability density function and cumulative density function of the standard normal distribution N(0,1),

respectively. Since ¢(t — 0 /Sm) — ¢(—t — I /sm) has the same sign with d,,, we have

SO (Dt — S /5m) — D(—t — S /5m)) > 0, (62)

which represents the influence on AUC of selecting only SNPs with large effect sizes.
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In contrast, the expectation of f is

E(étrain)

Therefore, we have

g

anP(|zm| > t)E(Z'r2n||zm| > 1)
1

3
I

=t 2 )
2o (Zm = O /Sm)dzm + [ 20 (Zm — Om/Sm)dzm

NE

1

3
I

M=

—t—8m/Sm 5 —t—8m/Sm
2, / 2, ()i, + 207 (i) i,

—o00 Sm J—co

=1
52 —t—8m/Sm oo
ﬂ/ ¢(u7n)dum+/ ufnﬁb(um)dum

m

+

87271 —o00 t—8m/Sm
6m oo 72n [ee}
+2; e Uy O (U ) A, + % oo ¢(um)dum>
M 5 5
mZ:l 2, (CID(t — b /Sm) — (—t — i)d)(ft — b/ Sm) — 2£¢(7t — b/ Sm)
52, Sm
+ 5 (=t = Gm/sm) + 1= Bt = Sm/sm) + (t = =)t = O/ 5m)
6m 672n
FREO( b5+ 1= B/ 5,) )
M
> (02 P(|zm| = 1) + 80 (St — 6 /5m) — D(—t — 6 /5m))
m=1

+t53n(¢(t - 5m/8m) + ¢(_t - 6m/sm)) + sfnP(|zm\ Z t))

E({irain) = B(Q) = D) (¢35, (8t = Sin/sm) + $(—t = 6 /5m)) + s7u P(|2m] = 1)) = 0.

m=1

(63)

(64)

That inequality explains why overfitting happens if we directly plug the summary statistics from the training

data into the derived AUC function. We further define

Im (t)

t((b(t - 6m/3m) + ¢(_t - 6771/577;)) + P(|Z7n‘ Z t)

t(¢(t - 5m/8m) + ¢(_t - 6m/5m)) + (1 - (I)(t - 5m/3m) + <I)(—t - 6m/5m))

Taking derivative of g,,(t), we get

g;n(t) = t(¢/(t - 5m/5m) - ¢/(_t - 5m/5m)> <0,

(65)

(66)

which indicates the overfitting phenomenon will be more severe when more SNPs are involved in PRS

calculation. Especially, if all pre-selected SNPs are used to construct PRS without filtering (¢t = 0), we have

) M
E(Ctrain) - E(C) = Z 872n'
m=1

16
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M
Recalling A o« > w0y, here we consider how to estimate d,, in terms of minimizing the Bayes risk
m=1

R(Sm), where §,, is an estimator of &,,. The Bayes risk reads

R(Sm) = Eém ((Sm - 5m)2|‘zm| > t)

Y . Z
1 o .
= W /Zmzt (/ ((Sm — 5m) p(5m|zm)d(5m> p(zm)dzm. (68)

—0
The last equality holds by Fubini’s theorem. From the last equality, we can conclude that the posterior
expectation of d,,, namely the Bayes estimator E(d,,|2.,), is the minimizer of the Bayes risk even if SNPs
for constructing PRS are selected based on z-scores/p-values. With the improved estimation accuracy, we

plug the Bayes estimator of §,, into the AUC function in PRStuning to alleviate the overfitting.

1.6 Quality control procedure for UK Biobank data
We used the following quality control criteria to select SNPs and individuals in the UK Biobank data:
e Minor allele frequency control: The SNPs with minor allele frequencies > 5% were selected;
e Genotype-missing rate control for SNPs: The SNPs with genotype-missing rates < 5% were preserved;

e Hardy-Weinberg equilibrium (HWE) control: The SNPs with p-values> 1 x 10~% in the HWE tests

were included;
e Imputation quality control: The SNPs with imputed information score INFO > 0.8 were included;

e Genotype-missing rate control for individuals: The individuals with genotype-missing rate < 1% were

included;

e Population stratification control: The selected individuals reported themselves as white British ances-

try.

e Relatedness control: The selected individuals have no family relationships among them.
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1.7 Extracting phenotypes from UK Biobank

For three diseases, we extracted cases based on ICD-9 codes (FIELD ID: 41271), ICD-10 codes (FIELD ID:
41270), OPCS-4 codes (FIELD ID: 41272), self-reported questionnaire (FIELD ID: 20002) or operation code

(FIELD ID: 20004):

e For coronary artery diseases, we selected cases with ICD-9 codes of 410-412; ICD-10 codes of 121-123,
1241 and 1252; OPCS-4 codes of K40.1-40.4, K41.1-41.4, K45.1-45.5, K49.1-49.2, K49.8-49.9, K50.2,

K75.1-75.4, K75.8-75.9; self-reported questionnaire of code 1075; or operation codes of 1070 and 1095.

e For inflammatory bowel disease, we selected cases with ICD-9 code of 555; ICD-10 code of K50; or

self-reported history of Crohn’s disease, ulcerative colitis, and inflammatory bowel disease.

e For type 2 diabetes, we selected cases with ICD-9 code of K51; ICD-10 code of E11; or self-reported

history of type 2 diabetes (1223).
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Supplementary Tables

Method

T2D

CAD

IBD

BC

P+T (p-value <=1)
P+T (p-value <= 5e—1)
P+T (p-value <= le—1)
P+T (p-value <= 5e—2)
P+T (p-value <= le—2)
P+T (p-value <= 5e—3)
P+T (p-value <= le—3)
P+T (p-value <= 5e—4)
P+T (p-value <= le—4)

P+T (p-value <= 5e—5)

0.521 (0.519)
0.521 (0.520)
0.523 (0.523)
0.524 (0.523)
0.523 (0.524)
0.522 (0.525)
0.523 (0.523)
0.523 (0.522)
0.523 (0.521)

0.521 (0.520)

0.510 (0.515)
0.510 (0.515)
0.511 (0.513)
0.511 (0.515)
0.510 (0.512)
0.510 (0.511)
0.508 (0.506)
0.508 (0.506
0.504 (0.506)

0.504 (0.506)

0.526 (0.518)
0.526 (0.519)
0.530 (0.520)
0.532 (0.526)
0.535 (0.524)
0.534 (0.523)
0.533 (0.520)
0.532 (0.520)
0.531 (0.520)

0.530 (0.526)

0.523 (0.514)
0.523 (0.515)
0.523 (0.515)
0.523 (0.517)
0.521 (0.515)
0.520 (0.514)
0.516 (0.512)
0.515 (0.506)
0.513 (0.506)

0.513 (0.507)

C+T (p-value <=1)
C+T (p-value <= 5e—1)
C+T (p-value <= be—2)
C+T (p-value <= 5e—3)
C+T (p-value <= be—4)
C+T (p-value <= be—b5)
C+T (p-value <= 5e—6)
C+T (p-value <= be—T7)

C+T (p-value <= 5e—8)

0.545 (0.554)
0.545 (0.555)
0.551 (0.552)
0.567 (0.552)
0.583 (0.553)
0.581 (0.562)
0.569 (0.563)
0.554 (0.550)

0.550 (0.550)

0.521 (0.545)
0.521 (0.545)
0.524 (0.545)
0.532 (0.543)
0.541 (0.542)
0.547 (0.540)
0.538 (0.537)
0.530 (0.528)

0.526 (0.526)

0.531 (0.559)
0.531 (0.559)
0.536 (0.563)
0.547 (0.569)
0.563 (0.578)
0.569 (0.581)
0.568 (0.573)
0.564 (0.569)

0.562 (0.567)

0.514 (0.521)
0.515 (0.521)
0.516 (0.522)
0.523 (0.526)
0.535 (0.529)
0.548 (0.540)
0.549 (0.543)
0.544 (0.544)

0.539 (0.539)

LDpred (7 =1)
LDpred (7 = 3e—1)
LDpred (7 = le—1)
LDpred (7 = 3e—2)

LDpred (7 = 1le—2)

0.581 (0.588)
0.586 (0.592)
0.594 (0.598)
0.610 (0.606)

0.535 (0.542)

0.530 (0.581)
0.531 (0.582)
0.535 (0.586)
0.543 (0.592)

0.554 (0.597)
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0.568 (0.610)
0.574 (0.616)
0.586 (0.627)
0.602 (0.643)

0.583 (0.619)

0.530 (0.555)
0.533 (0.558)
0.540 (0.564)
0.552 (0.572)

0.566 (0.580)



LDpred (7 = 3e—3)
LDpred (7 = le—3)
LDpred (7 = 3e—4)
LDpred (7 = le—4)
LDpred (7 = 3e—5)

LDpred (7 = le—5)

0.514 (0.515)
0.510 (0.509)
0.619 (0.602)
0.602 (0.595)
0.589 (0.587)

0.581 (0.581)

0.528 (0.567)
0.508 (0.513)
0.505 (0.503)
0.502 (0.502)
0.500 (0.501)

0.500 (0.501)

0.518 (0.524)
0.508 (0.510)
0.502 (0.508)
0.504 (0.503)
0.500 (0.511)

0.607 (0.629)

0.579 (0.586)
0.587 (0.588)
0.590 (0.587)
0.587 (0.583)
0.583 (0.581)

0.576 (0.573)

LDpred2 (w = 1)
LDpred2 (7 = 3e—1)
LDpred2 (7 = le—1)
LDpred2 (7 = 3e—2)
LDpred2 (7 = le—2)
LDpred2 (7 = 3e—3)
LDpred2 (7 = le—3)
LDpred2 (7 = 3e—4)
LDpred2 (7 = le—4)
LDpred2 (7 = 3e—5)

LDpred2 (7 = le—5)

0.589 (0.588)
0.594 (0.592)
0.603 (0.598)
0.618 (0.607)
0.617 (0.601)
0.614 (0.609)
0.588 (0.569)
0.605 (0.588)
0.603 (0.593)
0.589 (0.585)

0.581 (0.578)

0.536 (0.583)
0.537 (0.585)
0.540 (0.588)
0.548 (0.595)
0.561 (0.602)
0.574 (0.600)
0.553 (0.579)
0.565 (0.580)
0.560 (0.565)
0.520 (0.520)

0.505 (0.509)

0.566 (0.607)
0.571 (0.612)
0.582 (0.623)
0.603 (0.642)
0.618 (0.657)
0.627 (0.660)
0.627 (0.658)
0.624 (0.651)
0.618 (0.641)
0.611 (0.633)

0.606 (0.625)

0.532 (0.563)
0.534 (0.565)
0.540 (0.570)
0.558 (0.584)
0.578 (0.598)
0.594 (0.604)
0.602 (0.603)
0.604 (0.600)
0.603 (0.596)
0.595 (0.590)

0.590 (0.585)

Supplementary Table 2: The predicted AUC by PRStuning and the actual AUC on testing data with PRS
models built from P+T, C+T, LDpred, and LDpred2 using different parameters. The parameters for P+T
and C+T are p-value thresholds for the two-sided Z test statistics in the GWAS summary data. The actual

AUC values on testing data are summarized in parenthesis.
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Disease P+T  C+4+T LDpred LDpred2

T2D 66.5% 60.2%  58.5% 62.9%
CAD  58.6% b51.8% 68.1% 61.4%
IBD 65.2% 58.3%  62.9% 63.6%

BC 65.1% 52.4%  59.8% 66.4%

Supplementary Table 3: Sensitivity of the best-performing parameter chosen by PRStuning for four PRS
methods on four diseases. Sensitivity is calculated using the cutoff selected by Youden’s J statistic with the

PRS model tuned by PRStuning.

Disease P+T C+T LDpred LDpred2

T2D  -0.663 (1.1%) 0.040 (1.5%) 0.231 (24.8%)  0.031 (24.4%)
CAD  -0.543 (6.2%) 0.895 (2.3%) 0.506 (24.9%)  0.115 (23.9%)
IBD  0.374 (0.6%) 0.845 (0.5%) 0.459 (16.7%) -0.632 (13.7%)

BC  -0.587 (2.3%) 0.979 (4.8%) -0.757 (26.4%) -0.718 (23.0%)

Supplementary Table 4: Summary of payc and rdayc when using PUMAS to predict AUCs for four PRS

methods on four diseases. The rdayc are summarized in parenthesis.

Disease PRStuning P+T C+T LDpred LDpred2

T2D 1h 3s 1.4min 7h 10min
CAD 1.3h 3s 1.9min 7h 11min
IBD 1.6h 3s 2.7min 8h 17min

BC 2h 3s 3.4min 8h 16min

Supplementary Table 5: Summary of running time for PRStuning and different PRS construction methods

on real data. The running time is evaluated on an Intel Xeon E5-2680 CPU.
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Method CAD IBD T2D BC
P4T (pvalue <= 1) 1,968 3,710 1,654 4,783
P+T (p-value <=5e—1) 1,024 1,967 1,060 2,456
P+T (p-value <= le—1) 228 500 222 569
P+T (pvalue <=5e—2) 120 313 116 297
P+T (p-value <= le—2) 30 93 32 78
P+T (p-value <= 5e—3) 21 54 17 41
P+T (p-value <= le—3) 6 22 6 11
P+T (p-value <= 5e—4) 5 19 5 7
P+T (p-value <= le—4) 1 16 5 5
P+T (p-value <= 5e—5) 1 13 3 4
C+T (pvalue <=1) 26,859 28,247 27,132 41,839
C4T (pvalue <= 5e—1) 22,879 23,955 23,605 33,890
C+T (pvalue <=5e—2) 9,279 9,807 9,297 12,360
C4T (p-value <= 5e—3) 2,606 2,954 2,348 3,053
C+T (p-value <= 5e—4) 991 771 466 585
C+T (p-value <= 5e—5) 152 271 112 113
C+T (p-value <= 5e—6) 44 136 44 35
C+T (p-value <= 5e—7) 24 88 22 26
C+T (p-value <= 5e—8) 16 67 14 16
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Supplementary Table 6: The number of SNPs selected by P+T and C+T with different p-value thresholds. The
parameters for P4+T and C+T are p-value thresholds for the two-sided Z test statistics in the GWAS summary data.
Different from LDPred utilizing SNPs across the genome to build PRS, P4+T and C+T select sets of independent
SNPs and build PRS based on these sets. Please note that the selection step in C+T is related to the association
strengths of SNPs, resulting in the inflation of observed effects among selected SNPs. Therefore, for C+T, we used

genome-wide SNPs in PRStuning to address the effect inflation issue with Empirical Bayes theory.
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Supplementary Figure 1: AUC boxplots for LDpred2 in simulation experiments with correlated SNPs. Each
box represents 50 replications and is presented as median values and the first and third quartiles. The
upper/lower whisker extends from the hinge to the largest/smallest value at most 1.5 IQR from the hinge.
We changed the proportion of risk SNPs from {1,6e—1,3e—1, le—1,6e—2,3e—2,1le—2} and the sample sizes
of training data from 4,000 to 10,000. The grey, yellow, and red panels represent AUC predicted from
PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively. The mean values of

pavc and rdayc for each sample size are respectively 0.881,0.975,0.984,0.979 and 2.5%, 1.9%, 1.5%, 1.5%.
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Supplementary Figure 2: Boxplots of sensitivity values for simulation experiments with independent SNPs
(P4T) and correlated SNPs (C+T, LDpred, LDpred2). Each box represents 50 replications and is presented
as median values and the first and third quartiles. The upper/lower whisker extends from the hinge to the
largest /smallest value at most 1.5 IQR from the hinge. Sensitivity is calculated using the cutoff selected by

Youden’s J statistic with the PRS model tuned by PRStuning.
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Supplementary Figure 3: AUC boxplots for P+T in the simulation experiments with independent SNPs. The
MAF values of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.

The mean values of payc and rdayc for each sample size are respectively 0.954,0.976,0.989,0.991 and
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Supplementary Figure 4: AUC boxplots for P+T in the simulation experiments with independent SNPs.
The effect sizes of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.

The mean values of payc and rdayc for each sample size are respectively 0.963,0.984,0.986,0.987 and
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Supplementary Figure 5: AUC boxplots for C+T in simulation experiments with correlated SNPs. The allele
frequencies of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.

The mean values of payc and rdayc for each sample size are respectively 0.608,0.849,0.890,0.938 and
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Supplementary Figure 6: AUC boxplots for C+T in simulation experiments with correlated SNPs. The
effect sizes of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.

The mean values of payc and rdayc for each sample size are respectively 0.022,0.122,0.127,0.272 and
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Supplementary Figure 7: AUC boxplots for C+T in simulation experiments with correlated SNPs. The LD
structures of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.

The mean values of payc and rdayc for each sample size are respectively 0.617,0.835,0.922,0.957 and
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Supplementary Figure 8: AUC boxplots for LDpred in simulation experiments with correlated SNPs. The
allele frequencies of the training and testing data are heterogeneous. Each box represents 50 replications and
is presented as median values and the first and third quartiles. The upper/lower whisker extends from the
hinge to the largest /smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.881,0.954,0.966,0.964, and

3.0%, 2.4%, 2.2%, 1.5%.
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Supplementary Figure 9: AUC boxplots for LDpred in simulation experiments with correlated SNPs. The
effect sizes of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.133,0.056,0.224,0.167 and

2.4%, 2.8%, 3.0%, 3.2%.
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Supplementary Figure 10: AUC boxplots for LDpred in simulation experiments with correlated SNPs. The
LD structures of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.871,0.951,0.974,0.976 and

3.3%,2.4%,1.8%,1.8%.
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Supplementary Figure 11: AUC boxplots for LDpred?2 in simulation experiments with correlated SNPs. The
allele frequencies of the training and testing data are heterogeneous. Each box represents 50 replications and
is presented as median values and the first and third quartiles. The upper/lower whisker extends from the
hinge to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.912,0.970,0.982,0.977 and

2.5%,2.0%,1.8%,1.6%.
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Supplementary Figure 12: AUC boxplots for LDpred?2 in simulation experiments with correlated SNPs. The
effect sizes of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.137,0.181,0.273,0.390 and

2.0%, 2.4%, 2.7%, 2.8%.
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Supplementary Figure 13: AUC boxplots for LDpred?2 in simulation experiments with correlated SNPs. The
LD structures of the training and testing data are heterogeneous. Each box represents 50 replications and is
presented as median values and the first and third quartiles. The upper/lower whisker extends from the hinge
to the largest/smallest value at most 1.5 IQR from the hinge. The grey, yellow, and red panels represent
AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC, respectively.
The mean values of payc and rdayc for each sample size are respectively 0.888,0.960,0.974,0.983 and

2.4%,2.1%, 1.5%, 1.8%.
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Supplementary Figure 14: AUC boxplots for C+T in simulation experiments with correlated SNPs. Each

box represents 50 replications and is presented as median values and the first and third quartiles.

The

upper/lower whisker extends from the hinge to the largest/smallest value at most 1.5 IQR from the hinge.

The blue, grey, yellow, and red panels represent AUC predicted from PRStuning using ground truth LD

matrix, AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC,

respectively.
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Supplementary Figure 15: AUC boxplots for LDpred in simulation experiments with correlated SNPs

box represents 50 replications and is presented as median values and the first and third quartiles.

. Each

The

upper/lower whisker extends from the hinge to the largest/smallest value at most 1.5 IQR from the hinge.

The blue, grey, yellow, and red panels represent AUC predicted from PRStuning using ground truth LD

matrix, AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC,

respectively.
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Supplementary Figure 16: AUC boxplots for LDpred2 in simulation experiments with correlated SNPs.
Each box represents 50 replications and is presented as median values and the first and third quartiles.
The upper/lower whisker extends from the hinge to the largest/smallest value at most 1.5 IQR from the
hinge. The blue, grey, yellow, and red panels represent AUC predicted from PRStuning using ground truth
LD matrix, AUC predicted from PRStuning, AUC calculated from testing data, and the unadjusted AUC,

respectively.
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Supplementary Figure 17: The denominators and numerators of A based on different parameter values in
LDpred. The left panel is the denominators and the right panel is the numerators in A calculation. Although
both denominators and numerators were unimodal functions with respect to parameter values, their ratios

led the A to become bimodal functions.
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