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1 Notations used in the paper38

Please refer to Supplementary Table 1 for the notations and associated meanings used in the paper.39

2 Related works40

2.1 Stochastic traffic flow models41

Traffic flow models play an important role in traffic state estimation, prediction, and traffic control.42

Although data-driven methods have received much attention in recent years1,2, model-based meth-43

ods are more reliable and interpretable, especially with missing data or incomplete observations.44

Commonly available traffic data cannot provide a complete observation of the overall traffic state:45

detector-based data and vehicle trajectory data are limited by detection availability (installation)46

and penetration rate, respectively. In this case, it is important to incorporate traffic flow models47

as the prior knowledge for data assimilation3. Other than traffic state estimation, traffic flow mod-48

els are also critical for model-based traffic control and optimization where the traffic state can be49

predicted under different traffic signal parameters4,5.50

Traffic flow models have different scales from microscopic to macroscopic. These scales have51

different applications with the trade-off being between model accuracy and computational efficiency.52

This paper focuses on a macroscopic traffic flow model for signalized intersections where each road53

segment or movement is the basic element. A movement is defined as a certain moving direction54

through the signalized intersection (e.g., through, left turn). First-order models like the Lighthill-55

Whitham-Richards (LWR) model6,7 are the most commonly used traffic flow models for urban traffic56

networks and are significantly influenced by intersections. Many different versions and formulations57

have been proposed based on the LWR model, including the cell and link transmission models8,9,58

variational formulation10,11, and Hamilton-Jacobi based formulations12.59

In addition to LWR-based models, there are other traffic flow models that can be used to60

model urban traffic networks with signalized intersections. Compared with LWR models, which are61

usually referred to as physical or spatial queue models, point-queue models have simpler traffic state62

representations and dynamics because they ignore vehicle lengths. For example, Aboudolas et al.563

proposed the store-and-forward model as well as different traffic signal optimization formulations64

based on it. Due to its simplicity, it is also used by most pressure-based control methods for65

the theoretical derivation of network stability13–15. Queueing models are another family of point-66

queue models which are more often used to study steady-state traffic performance16–21. Besides67

the point-queue model, Wu and Liu22 proposed a shockwave profile model by tracking the different68

shockwaves of each movement.69
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Supplementary Table 1: Notations used in the paper.

Notation Meaning Unit

∆t Time interval sec
∆u Unit traffic flow per time interval veh
(t, n) Newellian coordinates (free-flow arrival time, unit traffic flow) (∆t, ∆u)
(t′, s′) Normal time-space coordinates (sec, meter)
h Jam space headway per unit traffic flow meter/∆u
vf Free-flow speed meter/sec
h0 Jam space headway meter/veh/lane
z Number of lanes 1
qm Saturation flow rate veh/lane/hour

(ak, xk, bk) Arrival time, stop location, and departure time for trajectory k (∆t,∆u,∆t)
X(t) Number of stopped vehicles at time t (point queue) ∆u
Xn(t) Location of the last stopped vehicles at time t (spatial queue) ∆u
Ψt,tr(·) Mapping function between point and spatial queue at time t N/A

tr The end of the most recent red light ∆t
A(t) Arrival at time t {0, 1} ·∆u
B(t) Departure at time t {0, 1} ·∆u
a(t) Probability that there is an arrival at time t [0, 1]
b(t) Probability that there is a departure at time t [0, 1]

x(t, n) Probability that the point queue X(t) is n at time t [0, 1]
S(t) Traffic signal state at time t {0, 1}

ρn(t, n) Probability that a unit traffic flow travels from (t, n+ 1) to (t, n) [0, 1]
ρt(t, n) Probability that a unit traffic flow travels from (t, n) to (t, n+ 1) [0, 1]

ϕ Penetration rate %
aobs(t), bobs(t) Observed number of arrival/departure at time t veh
asc(t), bsc(t) Scaled arrival/departure at time t 1

â(t), b̂(t) Estimated arrival and departure probability [0, 1]
Nc Number of cycles that are used to aggregate vehicle trajectories 1
d̄obs Average control delay from observed vehicle trajectories sec
nobs Number of observed vehicle trajectories veh

d̂(ϕ) Model-estimated control delay given penetration rate ϕ sec

s ∈ S Signal timing parameters and the corresponding feasible set N/A
I(s) Performance index of the system given a signal timing plan N/A
D(s) Total delay of the system given a signal timing plan sec
L(s) Total number of stops of the system given a signal timing plan sec
oj Offset of the intersection j sec
∆oj Relative offset between the intersection j and j + 1 sec

Most of these traffic flow models, besides the queuing models, are deterministic. However, in70

the real world, both traffic demand and driving behavior are stochastic. Compared with determin-71

istic traffic flow models, stochastic traffic flow models are more realistic and can be easily used for72

stochastic traffic state estimation with incomplete or flawed observations. Therefore, researchers73

have spent much effort developing different stochastic traffic flow models. For example, Sumalee74

et al.23 and Flötteröd and Osorio19 proposed the stochastic version of the cell and link transmis-75

sion model, respectively. Jabari and Liu24 proposed a stochastic traffic flow model in which the76
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randomness originated from the drivers’ gap choice. Jabari and Liu25 also derived the Gaussian ap-77

proximation of the model and utilized it for traffic state estimation using loop detector data. While78

most of these models were established based on Eulerian coordinates, Zheng et al.26 proposed a79

stochastic traffic flow model based on Lagrangian coordinates.80

Although different stochastic traffic flow models have been proposed, they can hardly be used81

for traffic state estimation based on vehicle trajectory data with a certain penetration rate. In82

this case, most of the uncertainty in the system comes from unknown traffic demand instead of83

stochastic driving behavior24–26. Besides, LWR models like the cell transmission model already84

have a high dimension by splitting the roadway into cells. It becomes much more complicated85

when it is extended to a stochastic setting. This limits its applicability for other uses. Queueing86

models mainly consider stochastic demand as the origin of the uncertainty. However, as point-87

queue models, queueing models ignore the length of the vehicle and cannot directly model the88

spatial propagation or distribution of the vehicles, especially when there is over-saturation or a89

residual queue for certain traffic cycles.90

2.2 Traffic state estimation with vehicle trajectory data91

Readers can refer to27 and28 for a more complete review of traffic state estimation with vehicle92

trajectory data. Existing methods can be roughly divided into shockwave-based methods and sta-93

tistical estimation methods. In shockwave-based methods, the basic idea is to detect the shockwave94

in the time-space diagram and use shockwave theory6,7,29 to estimate the traffic state30–32. One95

of the typical works is from Cheng et al.30, which used a classification method to detect the fea-96

tured points when the observed trajectories change their motions to construct the shockwave in the97

time-space diagram and used the shockwave to estimate the cycle-by-cycle queue length. Instead98

of directly constructing the shockwave by using the featured points from the observed trajectory,99

Ban et al.31 and Hao et al.32 used travel time to construct the shockwaves and estimate the queue100

lengths and the signal timing plan.101

In stochastic estimation based on the stop locations of the connected vehicles, the observed102

stopped connected vehicles at certain snapshots are the input for different statistical estimation103

methods (maximum likelihood estimation or Bayesian estimation) which estimate the unknown104

parameters or states33–39. These methods are derived based on different assumptions such as the105

Poisson35 or general arrival38 processes and independent38 or correlated39 queue length distribution.106

The intuition of these studies is similar even though different assumptions are adopted. Compared107

with deterministic estimation methods31,40,41, stochastic estimation methods can better utilize prior108

information and also provide stochastic estimation results including estimation uncertainty. How-109

ever, most of the existing stochastic estimation methods only look into the stop location patterns110

at certain snapshots33,37–39,42. They did not perform estimation based on a stochastic traffic flow111

model and hence cannot be used for traffic state prediction.112

2.3 Traffic signal control and optimization113

There are many survey papers on traffic signal control and optimization27,43,44. Besides, readers114

can also refer to the traffic signal manual45 for a more comprehensive introduction.115

According to the responsiveness and complexity, traffic signal control systems can be divided into116

three categories: 1) fixed-time; 2) vehicle-actuated; and 3) adaptive control. Fixed-time control is117

usually used by intersections without any detection capability. For these intersections, traffic signal118

timing parameters are pre-determined and optimized by using offline historical data. Many offline119

tools, such as SYNCHRO46, TRANSYT-7F47, and PASSERTM V48, can be used to generate120
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the offline signal timing parameters. However, the main limitation of fixed-time control is that121

it cannot respond to the time-varying traffic demand. Vehicle-actuated control overcomes this122

problem by applying a more responsive rule-based strategy using the data from detectors45. The123

vehicle-actuated control keeps the same phase if the headway between vehicles is less than a certain124

threshold, subjecting to the minimum and maximum green at the same time.125

Compared with vehicle-actuated control which is a rule-based control with fixed parameters,126

adaptive traffic signal control is usually built based on certain traffic models and parameter selection127

(optimization) programs. Therefore, it is more flexible and complicated. The most commonly used128

adaptive signal control systems in the world include SCOOT49 and SCATS50. Besides, there are129

also other adaptive traffic signal control systems such as OPAC and RHODES51,52. However, such130

adaptive signal control systems are not commonly deployed due to the computational complexity131

and hardware installation requirements53.132

During the past decades, traffic signal control and optimization have continued to draw atten-133

tion from researchers. Different methods have been used for both fixed-time and real-time traffic134

signal optimization, including rule-based methods, model-based optimal control methods, and RL135

methods, etc. The vehicle-actuated control, as aforementioned, is a rule-based control method136

with given pre-determined parameters. Except for the rule-based methods, optimization-based137

methods are also frequently used to determine traffic signal parameters or states. Rolling-horizon138

optimization (i.e., receding-horizon optimization, model predictive control) has been widely used139

to formulate the real-time traffic signal control problem4,54,55, which minimizes the total delay of140

the system while subjecting to the traffic flow model and traffic signal constraints.141

Reinforcement Learning (RL) has become a popular approach for traffic signal control, as ev-142

idenced by several studies43,56–60. RL can directly learn an end-to-end control policy from the143

observation by interacting with the simulation environment iteratively. Most of the existing litera-144

ture using RL for traffic signal control focuses on the design of the input state space and reward43145

while utilizing different RL techniques such as the multi-agent algorithms59. Despite the abundance146

of research utilizing RL for traffic signal optimization, there remains a significant gap between re-147

search and implementation in the real world. One of the main concerns is the reliability of RL-based148

approaches. RL controllers trained offline in a simulation environment may not perform well in149

real-world scenarios due to the limited fidelity of the simulation. On the other hand, training RL150

controllers directly in the real world raises additional challenges, particularly in managing the risks151

associated with exploration during the learning process.152

The development of connected and automated vehicles (CAV) brings new challenges and oppor-153

tunities for traffic signal control and optimization. Both automated vehicles (AV) and connected154

vehicles (CV) could serve as mobile sensors, which provide data such as vehicle trajectories and155

their observations (for AVs with detection ability) that can be used to optimize the traffic signal156

operation61. Moreover, AVs have the potential to serve as moving regulators to further improve157

the stability of the traffic flows62–64. Readers can refer to survey papers27,44 for a more compre-158

hensive review. Although many studies have proposed different signal control methods with CAV159

and demonstrated promising results in the simulation environment, they can hardly be used in the160

field since the current market penetration rates for both CV and AV are much less than what is161

assumed in these research studies.162
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Supplementary Figure 1: Point-queue representation of vehicle trajectories with a residual queue
at the end of the cycle. (a) Xn

c (t) denotes the spatial queue length of cycle c at time t. There will
be a residual queue at the end of the cycle if the queue is not fully discharged during the green
light. Y (t) refers to the internal flow that leaves the queue of the previous cycle and joins the latest
cycle. (b) Point queue length Xc(t) and Xc−1(t) that correspond to the vehicle trajectories. X(t)
denotes the total point queue length.

3 Probabilistic time-space (PTS) diagram with residual queue163

3.1 Discrete queueing model with residual queue164

Methods in the main paper demonstrated how the discrete queueing model can be mapped to165

the probabilistic time-space diagram without considering any residual queue or over-saturation.166

To make the model more generic so that it can deal with these cases, we need to keep track of167

the queue within each individual cycle. Supplementary Figure 1 illustrates how to decompose the168

overall queue into queues for each individual cycle. A cycle c starts with a red light at time tc169

and the queue length starts to increase. Let Xc(t) and Xn
c (t) denote the point and spatial queue170

lengths of cycle c, respectively. For each cycle, the spatial and point queue lengths have the following171

mapping relationship:172

Xn
c (t) = Ψc,t(Xc(t)), where Ψc,t(n) =

{
n+ (t− trc)

+, n > 0
0 n = 0

. (S1)

where Ψc,t(·) is the mapping function that projects the point queue Xc(t) to the spatial queue173

Xn
c (t). The mapping function Ψc,t(·) is the same as Equation (8), but we use a slightly different174

notation: Here we use the subscript c to specify the index of the cycle and different cycles have175
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different red light end times trc. Let X(t) represent the overall point queue length at time t. We176

have:177

X(t) = Xc(t) +Xc−1(t), (S2)

By using X(t) as the overall queue length, it is easy to verify that the discrete queueing model given178

by Equation (5-7) in the main paper still holds. However, we are no longer able to get the spatial179

queue information from the overall queue length. The overall queue X(t) needs to be decomposed180

into the different cycles so that the spatial queue can be derived according to Equation (S1). As181

shown in Supplementary Figure 1a, the queue length Xn
c (t) is essentially the downstream of the182

residual queue Xn
c−1(t) from the previous cycle and the internal flow Y (t) denotes vehicles that183

depart the residual queue and join the new queue.184

Let Tc be the set of time steps of c-th cycle, then for each cycle c and t ∈ Tc, the discrete185

queueing model can be written as:186

Xc−1(t) = Xc−1(t− 1) +A(t)− Y (t) = X ′
c−1(t)− Y (t) (S3)

187

Xc(t) = Xc(t− 1) + Y (t)−B(t) = X ′
c(t)−B(t) (S4)

where Y (t) and B(t) are determined by:188

P(B(t) = 1) = b(t) = P(X ′
c(t) ≥ 1) · S(t); (S5)

189

P(Y (t) = 1) ≡ y(t) = P(X ′
c−1(t) ≥ 1) · 1. (S6)

The internal flow given by Equation (S6) can be considered to be controlled by a constant green light190

since the vehicles in the residual queue Xc−1(t) are not blocked and will join the new queue Xc(t)191

continuously. Supplementary Figure 2 shows the probabilistic graphical model by decomposing192

the queue length into different cycles (residual queue and queue of the current cycle). The left-193

hand-side figure shows the time steps within the cycle c while the right-hand-side figure shows the194

transition between different cycles. Note that we need to assume that the queue length will only195

extend to the following cycle. See Assumption 1 for more details and discussions.196

Assumption 1 The queue length of a cycle does not extend to the cycle after the following cycle.197

This assumption holds when the traffic volume is slightly larger than capacity for some of the198

cycles, which is true in most real-world cases. One simple counterexample of this assumption is199

a highly congested movement where some vehicles need to wait for more than 2 cycles to pass200

the intersection. The same method proposed in this paper can be used but it will lead to a more201

complicated formulation, and hence we do not spend effort repeating the same procedure here.202

By adding Equation (S3) and Equation (S4), we have:203

Xc(t) +Xc−1(t)︸ ︷︷ ︸
X(t)

= Xc(t− 1) +Xc−1(t− 1)︸ ︷︷ ︸
X(t−1)

+A(t)−B(t) (S7)

This is the same as Equation (5) in the main paper, which means the overall queue length X(t)204

has the same transition but here it is decomposed into different cycles.205

Let x(t, kr, k) represent the joint distribution of the residual queue Xc−1 = kr and queue of the
current cycle Xc = k. The transition of Equation (S3-S6) can be written as:

x′(t, kr + 1, k) = x(t− 1, kr, k) · a(t) + x(t− 1, kr + 1, k) · (1− a(t)) (S8a)

x′′(t, kr − 1, k) = x′(t, kr, k + 1), kr ≥ 1 (S8b)

x(t, kr, k) = x′′(t, kr, k + 1) · S(t) + x′′(t, kr, k) · (1− S(t)), k ≥ 1 (S8c)

x(t, kr, 0) = x′′(t, kr, 1) · S(t) + x′′(t, kr, 0) (S8d)
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Supplementary Figure 2: Probabilistic graphical model with the residual queue. (a) Probabilistic
graphical model within a cycle. For each time step, the new arrival will first join the residual queue
from the previous cycle (if any), and then it goes to the queue of the current cycle through the
internal flow Y (t). (b) Probabilistic graphical model between cycles.

We also have the internal flow y(t) and departure b(t) determined by:206

y(t) =
∞∑

kr=1

∞∑
k=0

x′(t, kr, k) (S9)

207

b(t) =

∞∑
kr=0

∞∑
k=1

x′′(t, kr, k) · S(t) (S10)

3.2 PTS diagram with residual queue208

This subsection shows how to project the discrete queueing model to the corresponding PTS dia-209

gram when considering residual queues. As shown in Supplementary Figure 3, for each cycle c and210

time step t ∈ Tc = {tc, tc + 1, . . . , tc + Tc}, there are five different parts: 1) arrivals to the residual211

queue, 2) residual queue stop state, 3) internal flows from the residual queues to the new queues,212

4) stop state of the queue of the current cycle, and 5) departures. The probability of each part is213

given below.214

The arrival to the residual queue is similar to Equation (11) in the main paper. ∀t ∈ Tc, we215

have:216

ρn (t,Ψc−1,t(n)) = P(A(t) = 1) · P (Xc−1(t) < n)) = a(t) ·
n−1∑
kr=0

∞∑
k=0

x(t, kr, k) (S11)

The residual queue stop state is similar to Equation (8) in the main paper. ∀t ∈ Tc, we have:217

ρt (t,Ψc−1,t(n)) = P(Xc−1(t) ≥ n) =

∞∑
kr=n

∞∑
k=0

x(t, kr, k). (S12)
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Supplementary Figure 3: Probabilistic time-space (PTS) diagram with a residual queue. When
there is a residual queue at the end of the cycle, the line segments in the PTS diagram will have
five different cases labeled by different colors.

The internal arrival to the new queue is given by (∀t ∈ Tc):218

ρn (t,Ψc,t(n)) = P
(
X ′

c−1(t) ≥ 1 & Xc(t) < n
)
=

∞∑
k=1

n−1∑
k=0

x′(t, kr, k) (S13)

Equation (S13) shows the probability that an internal flow departs from the residual queue and219

arrives at the new queue at location Xc(t) = n. It happens whenever the residual queue X ′
c−1(t) is220

not empty and the new queue Xc(t) is less than n at the same time.221

New queues:222

ρt (t,Ψc,t(n)) = P(Xc(t) ≥ n) =
∞∑

kr=0

∞∑
k=n

x(t, kr, k) (S14)

Final departures:223

ρn (t, 0 : Ψc,t(−1)) = P(B(t) = 1) = b(t). (S15)

4 Additional details of the queueing model224

4.1 Effective green time225

Due to the perception-reaction time (PRT) and vehicle acceleration after the green light starts,226

effective green time is known to be slightly different from the display green time. Similarly, after227

the green time ends, there is still a certain probability that some vehicles clear the intersection228

during the yellow time. Supplementary Figure 4 shows how the effective green time can be derived229

based on the raw signal phase and timing (SPaT) information. For this specific movement, the green230

time and yellow time are G and Y , respectively. Let µg be the average PRT while µy = G + Y/2231

is halfway through the yellow time. Here we will show two different methods to get effective green232

time under different uses.233
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Supplementary Figure 4: Effective green time. The x-axis plots the signal light indication given by
the traffic signal. The binary effective green time S(t), used for the PTS diagram, is shown by the
blue line and is parameterized by the average PRT µg and the halfway point of the yellow time µy.
The effective green time S′(t), calculated according to a cumulative Gaussian to model the green
start-up time and vehicle behavior during the yellow light interval, is shown by the purple dashed
curve. The discrete approximation S∗(t) of S′(t) is displayed with the green line.

The generation of the PTS diagram requires a deterministic binary traffic signal state. There-234

fore, a rectangular effective green time S(t) will be used in this case which is determined by:235

S(t) =

{
1 t ∈ [µg, µy]
0 otherwise

. (S16)

If we only care about the point-queue representation (arrival/departure profile, delay, etc.) of236

the movement without requiring the PTS diagram, the traffic signal state can also be a decimal237

number. We can use a cumulative Gaussian to model the green start-up time and the yellow light238

interval as shown by the purple curve S′(t) as shown in Supplementary Figure 4. Let Φµ,σ2(x)239

be the cumulative density function (cdf) of a Gaussian distribution with mean µ and variance σ2,240

S′(t) is determined by:241

S′(t) =

{
Φµg ,σ2(t) t ≤ G

1− Φµy ,σ2(t) t > G
. (S17)

The variance σ2 is chosen as 1. Since the time is discrete with interval ∆t, let S∗(t) be the discrete242

approximation of S′(t):243

S∗(t) =
1

∆t

∫ t+∆t

τ=t
S′(t)dτ (S18)

Supplementary Figure 5 demonstrates some real world examples of S(t) and S∗(t) and how the244

predicted departures for both methods compare to the observations. The x-axis plots the signal245

light indication given by the traffic signal while the dashed green lines indicate the calculated signal246

states for each method. The model is able to match the observed departures fairly well with both247

methods, but S∗(t) is a little more detailed, particularly during the green start-up time.248

4.2 Permissive movements249

This subsection will introduce how we approximate the effective green time or traffic states of250

permissive movements that must yield to other protected movements. Two examples are shown in251

10



Supplementary Figure 5: Predicted vs. observed departures using S∗(t) and S(t). (a) Effective
green time with discrete approximation of Gaussian distribution S∗

i (t). The observed departure
probability is shown by the shaded blue histogram. The predicted departure probability is illus-
trated by the dashed blue line. The dashed green line represents S∗

i (t) and the shaded green area
represents capacity. The estimated penetration rate, observed true delay, and predicted delay are
reported in the tan box. (b) Binary effective green time Si(t). The dotted dashed green line repre-
sents Si(t). The estimated penetration rate, observed true delay, and predicted delay are reported
in the tan box.

Supplementary Figures 6 and 7. In the first case (Figure 6), the left-turn and through movement252

from the opposing direction share the same green duration and the left-turn movement i needs to253

yield the opposing protected through movement p. In the second case (Figure 7), the right-turn254

movement i can turn right during the red time while yielding to the protected through movement255

p. We will only show the details of the first case. The intuition is to use a gap acceptance model256

to get the left-over capacity for the permissive movements after subtracting the through movement257

utilization.258

As shown in Supplementary Figure 6, let S∗
i p(t) and Bp(t) represent the effective traffic signal259

states and the departure profile of the protected movement accordingly. The departure profile260

essentially represents the utilization of the traffic signal state of the movement. Define the Bc
p(t)261

as the left-over capacity, we have:262

Bc
p(t) =

{
S∗
p(t)−Bp(t) t ≤ G

1−Bp(t) G < t ≤ G+ Y
. (S19)

We use 1−Bp(t) to calculate the left-over capacity for the yellow time since left-turn vehicles can263

usually clear the intersection during the entire yellow time. Instead of directly using the left-over264
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capacity as the traffic state for the permissive movement, a gap acceptance model is further applied265

since vehicles in the permissive movement might require the protected movement to be empty for266

a few consecutive time steps. Let ζ be the number of time steps of the gap acceptance model. The267

effective traffic signal state of the permissive movement is eventually determined by:268

S∗
i (t) =

t∏
τ=t+1−ζ

Bc
p(τ). (S20)

We can apply the gap acceptance model to get the traffic signal states for right turn on reds in269

Supplementary Figure 7.270

Supplementary Figure 6: Illustration of permissive left turn movement modeling. (a) Departure
profile for the protected through movement p (blue shaded area). The effective signal state S∗

p(t)
is drawn in purple. (b) Effective signal state S∗

i (t) for the left turning movement i (drawn in blue).
The leftover capacity from the protected movement is plotted in light blue.

The real-world example in Supplementary Figure 8 illustrates how this method can accurately271

capture the observed departure profiles and the measured delays. The intersection analyzed in this272

figure is controlled by two phases, one for each street. As a result, the left-turn movement and the273

oncoming protected through movement share the same SPaT info and left turning vehicles must274

wait for a reasonable gap in the protected movement departures before proceeding through the275

intersection. When considering the protected movement, the predicted departure profile resembles276

the observed departure profile because it doesn’t immediately allow vehicles to clear the intersection.277

One limitation of this model is that it will usually predict zero departures in the early stages of278

the green time because the model will predict maximum protected departures when the queue is279

first released (there is no leftover capacity when the light first turns green). Left turn departures280

could happen earlier in the green time during some random cycles where the conflicting movement’s281

queue is small, but this is a rare occurrence and does not impact the model’s ability to capture the282

average traffic state of the movement.283
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Supplementary Figure 7: Illustration of right turn on red modeling. (a) Departure profile for the
protected through movement p (blue shaded area). The effective signal state S∗

p(t) is drawn in
purple. (b) Effective signal state S∗

i (t) for the left turning movement i (drawn in blue). The
leftover capacity from the protected movement is plotted in light blue.

4.3 Approximation of a network of movements284

We also use single-queue decomposition approximation to model a general network consisting of285

multiple movements. For a movement within a traffic network as shown in Supplementary Figure286

9, the arrival can be decomposed into the external arrival coming from external demand and the287

internal arrival from upstream movements. The arrival is determined by:288

P (Ai(t) = 1) =
∑

k∈Mu
i

(
P(Bk(t− Tki) = 1) · rki

∆uk
∆ui

)
+ P(Ei(t) = 1) (S21)

where Mu
i is the set of upstream movements of movement i, rki is the turning ratio, Tki is the289

free-flow travel time from movement k to movement i; Ei(t) is the exogenous arrival. ∆ui is the290

unit flow of movement i which is defined in the main paper as the saturation flow within the time291

interval ∆t. The arrival given by Equation (S21) is also assumed to follow a Bernoulli distribution292

and arrivals at different time steps are also independent. Based on this assumption, the whole293

network is then decomposed into a set of movements; the stationary distribution of each movement294

queue length can be calculated according to the network topology from upstream to downstream.295

Note that the arrival coming from the upstream is actually correlated and will be dependent296

on all the previous states20,65. Therefore, the actual stationary distribution of a network is hard297

to obtain, and the proposed method is a single-queue decomposition approximation. Besides, the298

upstream platoon might also disperse when vehicles travel along the link66 and the downstream299

vehicles might also block the upstream vehicles18. In this paper, we use the simplest approximation300

without considering these complicated scenarios.301
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Supplementary Figure 8: Permissive left turn movement example: Quarton Road and Cranbrook
RD WBL movement - PM TOD. (a) Protected movement predicted departure (dashed yellow line).
The protected movement effective signal state S∗

p(t) is drawn by the dashed purple line. (b) Leftover
capacity (shaded light blue area) and resulting S∗

i (t) (dotted dashed green line) for movement of
interest. The observed departure is plotted in blue. The predicted departure is drawn with a dashed
blue line. The estimated penetration rate, observed true delay, and predicted delay are reported in
the tan box.

5 Pre-determined and calibrated parameters302

5.1 Saturation flow rate estimation303

The saturation flow rate qmi for each movement i ∈ M in the traffic network can be estimated304

from the vehicle trajectory data. For each trajectory k, the departure time after the green start305

tk and queue distance qk are illustrated by Supplementary Figure 10a. By assuming that the jam306

space headway is h0, there will be qk/h0 vehicles in the queue, and this means that it takes time307

tk to allow qk/h0 vehicles to clear the intersection. The saturation flow rate can then be estimated308

according to the following equation:309

qmi =
∆n

∆t
=

∆q
h0

∆t
=

∆q

∆t
· 1

h0
(S22)

where ∆n is the number of vehicles clearing the intersection within the time interval ∆t. The first310

equality is the definition of the saturation flow rate. ∆q/∆t is the slope of the q − t scatter as311
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Supplementary Figure 9: Arrival of the coordinate movement. (a) Illustration of the arrival of a
coordinated movement. The arrival might come from both the external arrival (uncoordinated)
and coordinated arrival from the upstream intersection. (b) The downstream arrival (red bars) can
be obtained by shifting and scaling the upstream vehicle departure (blue bars).

shown in Supplementary Figure 10b. This means that the saturation flow rate can be estimated312

through a linear regression over the q − t scatters for all the collected trajectories. For a set of313

observations Oi =
{
tki , q

k
i ,∀k

}
of movement i, we first eliminate trajectories that departed during314

the “start-up loss time”. The RANSAC regression67 is then used to further remove the outliers315

and get an accurate q − t slope.316

Supplementary Figure 10: Saturation flow rate estimation. (a) Queue distance and departure time.
A hypothetical trajectory k with queue distance qk and departure time tk is drawn in blue. (b)
q − k scatters. The hypothetical linear regression line (slope of ∆q/∆t) is plotted in blue. Inliers
and outliers are plotted in green and red, respectively.

Supplementary Figure 11 illustrates an example of the saturation flow rate estimation where the317

estimated queue discharge rate is 3.54 m/s. Inlier points that are included in the final regression318

estimate are shown in green, while the outliers are shown in yellow. Around 92% of the total319

observed points were considered in the estimation. The R2 value of 0.93 is a measure of linear320

regression accuracy. According to Equation (S22) and using an assumed jam space headway of 7321

meters per vehicle, the estimated saturation flow rate of this movement will be 1, 820 vphpl (vehicle322
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per hour per lane).323

Supplementary Figure 11: Saturation flow rate estimation example: Maple Road and Adams Road
WB movement - PM TOD. The RANSAC regression line is drawn in blue. The inlier and outlier
scatters of the queue lengths and departure times are plotted in green and yellow, respectively. The
percentage of inliers, R2 of the regression line, and the slop ∆q/∆t are reported in the tan box.

5.2 Other parameters324

Free-flow speed The free-flow speed of each movement is determined by the average free-flow325

speed extracted from each individual vehicle trajectory of the movement68.326

Turning ratios Since the trajectory data includes path information, the turning ratio can be327

estimated from the observed trajectories. For example, let movement j be the downstream of328

movement i, nobs
i is the total number of observed trajectories of movement i while nobs

ij is the total329

number of observed trajectories that travels to movement j from movement i, then the turning330

ratio rij is estimated as:331

r̂ij =
nobs
ij

nobs
i

. (S23)

Jam space headway Jam space headway refers to the space headway when vehicles stop at332

the signalized intersections. It is usually a constant determined by the vehicle length and the333

space between stopped vehicles (front bumper to front bumper). In practice, an average jam space334

headway of 7 meters per vehicle is usually used. In this paper, we manually adjust the jam space335

headway of each movement in the main paper Figure 4 slightly to improve the reconstructed PTS336

diagram.337

Equivalent lane number One implicit assumption of the proposed model is that queues of338

different movements are separate and do not influence each other. However, this is not the case339
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when vehicles of different movements share the same lane. For example, it is very common that the340

right-turn movement and through movement share the same lane. In this case, we would still need341

to assume that queues of different movements are separate and do not interfere with each other.342

In this paper, we use the “equivalent lane number” as an approximation. For example, if there is343

a case that the through movement and the right-turn movement share a single lane and the traffic344

volume ratio is 3 : 1 (through : right-turn), then we will assign 0.75 lanes to the through movement345

and 0.25 lanes to the right-turn movements. However, this is just an approximation since different346

queues are still separate and the blocking between them cannot be modeled.347

6 Calculation of the stationary queue length distribution348

The following algorithm is consistent with the main paper which does not consider the residual349

queue mentioned in Supplementary Section 3. Equation (S25-S27) needs to be modified according350

to Equation (S8) if there is a residual queue at the end of the cycle.351
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Algorithm 1: Calculation of the stationary queue length distribution of a single movement

Input

• Arrival profile a = [a(1), a(2), . . . , a(T )].

• Traffic signal state s = [s(1), s(2), . . . , s(T )].

• Stopping criteria ϵ = 1e− 6.

Initiation:

• Queue length distribution X0 ∈ RT×N of iteration 0 where x0(t, k) is the probability that
queue length at time step t is k. To start with, the queue is empty at t = 0:
x0(0, 0) = 1, xo(0, k) = 0, k ≥ 1;

• Departure profile b0 = [b0(1), . . . , b0(T )] at iteration 0 and b(t)0 = 0, ∀t ∈ {1, . . . , T}.

while for iteration i = 0, 1, 2, ... do
Initiate the queue length distribution at the start of the cycle:

xi+1(0, k) = xi(T, k), ∀n (S24)

for time in cycle t = 1, 2, ..., T do
Update the queue length distribution after new arrival:

xi+1(t, k + 1)′ = xi+1(t− 1, k) · a(t) + xi+1(t− 1, k + 1) · (1− a(t)), ∀k (S25)

Update the queue length distribution after new departure:

xi+1(t, k) = xi+1(t, k + 1)′ · s(t) + xi+1(t, k)′ · (1− s(t)), ∀k ≥ 1 (S26a)

xi+1(t, 0) = xi+1(t, 1)′ · s(t) + xi+1(t, 0)′ (S26b)

Get the departure probability b(t):

bi+1(t) =

(
N∑
k=1

xi+1(t, k)′

)
· si(t) (S27)

if ∥Xi+1 −Xi∥F ≥ ϵ then
Set b = bi+1, X = Xi+1 and terminate the iteration.

Return: departure probability b and queue length distribution X.

352

7 Traffic signal optimization algorithms353

7.1 Traffic signal timing parameters and optimization354

Supplementary Figure 12 shows the main parameters of the fixed-time traffic signals, including the355

time of day (TOD) plans, cycle, splits, and offsets of each TOD. Let s represent the traffic signal356

parameters:357

s =
{
τ = [τ1, τ2, . . . , τK−1], {sk = (Ck, gk,ok)}

}
, (S28)
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Supplementary Figure 12: Traffic signal timing parameters (fixed-time). The signal timing plan is
split into different times of day (TODs). Within a certain time of day (TOD), the main parameters
for intersections include the cycle length and green split. The offset determines the coordination of
multiple intersections in a corridor.

where τ is the TOD splits and τk is the boundary between TOD k and k + 1, K is the number of358

TODs; sk refers to the signal timing plan of TOD k, including the common cycle Ck, green splits359

for each movement gk, and offset for each intersection ok. Then the all-day performance index is360

composed of all TOD intervals:361

I(s) =

K∑
k=1

Ik(s) =

K∑
k=1

[
Dk(sk) + αLk(sk)

]
(S29)

where the performance index of each TOD k is composed of the total estimated delay Dk(·) and362

the total estimated number of stops Lk(·). Given the calibrated traffic demand, both the total363

estimated delay and stops are determined by the traffic signal parameters Sk. The traffic signal364

optimization problem can be formulated as:365

s∗ = argmin
s

I(s) (S30)

which finds the optimal traffic signal parameters that minimize the overall delay and stops.366

7.2 Iterative gradient-based optimization for isolated intersections367

The gradient of the overall performance to the traffic signal parameters can be written as:368

∇I(s) =
K−1∑
k=1

∂I(s)

∂τk
dτk +

K∑
k=1

[
∂Ik(Sk)

∂gk
dgk +

∂Ik(Sk)

∂Ck
dCk +

∂Ik(Sk)

∂ok
dok

]
(S31)
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Without having the closed analytical form, the partial derivative is estimated by numerical method.369

Taking the cycle length Ck of the kth TOD as an example, the partial derivative is given by:370

Ik(·)
∂Ck

=
Îk(·, C +∆C)− Ik(·, C)

∆C
(S32)

Equation (S32) has a clear physical meaning which quantifies how the system performance index371

changes by adding unit cycle length. Such gradient information can be used as an indication to372

the traffic signal diagnosis. The sign of the gradient indicates the direction that could improve373

the system performance while the magnitude of the gradient quantifies the potential benefits. As374

shown in Equation (S31-S32), the total derivative of the system performance can be decomposed375

into different terms with regard to different traffic signal parameters where their gradients are376

estimated separately. These gradients with clear physical meanings lead to different well-tagged377

diagnostic results including the green time imbalances, suboptimal cycle lengths, and inaccurate378

TOD splits.379

Based on the diagnostic results given by these gradients, the traffic signal optimization is essen-380

tially a gradient-descent algorithm in the long run. For each iteration, roughly 2-3 weeks, new data381

is collected, and new gradients are estimated from the calibrated queueing model. The new signal382

timing plan will be based on the original timing plan and moves along the derivative direction for a383

certain step size. Note that it is not necessary to update all the traffic signal parameters each time,384

only those with large gradients. This is a simple yet practical and effective algorithm, especially385

for the update of the green split, cycle length, and TOD splits. They do not require major changes386

in most cases. The traffic patterns might also change over time and hence it is probably better to387

make minor adjustments each iteration while keeping the overall update process in the long term.388

7.3 Coordinate-descent offset optimization389

Offsets of intersections do not have much influence on the intersection capacity but could lead to390

better coordination among intersections. Therefore, unlike other traffic parameters which usually391

do not need to change much, major changes can be applied to the offsets. If we look into a specific392

TOD, the offset optimization problem can be formulated as:393

∆o∗ = argmin
∆o=[∆o1,...,∆oN−1]

I(∆o1,∆o2, . . . ,∆oN−1) (S33)

where I(·) is the performance index (PI) of the calibrated traffic flow model which is determined394

by the relative offset vector ∆o = [∆o1, . . . ,∆oN−1]. ∆oj is the relative offset between intersection395

j and j + 1 as shown in the main paper Figure 4e. Given the relative offsets ∆o, the offset oj of396

intersection j can be determined as:397

oj =

(
j−1∑
i=1

∆oi

)
mod T (S34)

where T is the cycle length. The optimization problem given by Equation (S33) can be solved398

by a coordinate-descent algorithm. For each iteration i, relative offsets are optimized sequentially399

according to:400

∆oij = argmin
∆oj

I(∆oi1, . . . ,∆oij−1,∆oj ,∆oi−1
j+1, . . . ,∆oi−1

N−1), ∀j = {1, 2, . . . , N − 1} (S35)

which can be solved through a line search program. This iterative program will stop when the401

improvement in the last iteration is less than a certain threshold.402
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Supplementary Table 2: Performance evaluation of selected signalized intersections.

Intersection
Avg. Control
Delay (sec)

Avg. Number
of Stops

Split-Failure
Ratio (%)

Level of
Service

AM (Morning Peak from 07:00 to 10:00)

Adams Rd./Derby Rd. 16.46 0.490 2.80% B
Adams Rd./Buckingham Rd. 10.86 0.405 1.20% B
Adams Rd./E Maple Rd. 24.39 0.643 4.64% C
Adams Rd. Bowers Rd. 10.28 0.340 1.48% B
Adams Rd./E Lincoln St. 11.31 0.266 1.15% B

Old Woodward Ave./Oakland Ave. 18.94 0.520 0.86% B
Old Woodward Ave./Hamilton Rd. 9.56 0.182 0.88% A
Old Woodward Ave./W Maple Rd. 14.36 0.314 1.08% B
Old Woodward Ave./E Merrill St. 12.93 0.391 2.03% B
Old Woodward Ave./E Brown St. 19.43 0.525 1.48% B

Quarton Rd./Cranbrook Rd. 12.65 0.373 0.69% B
E Lincoln St./Pierce St. 12.23 0.413 1.01% B

MD (Mid-Day Period from 10:00 to 15:00)

Adams Rd./Derby Rd. 16.42 0.465 2.65% B
Adams Rd./Buckingham Rd. 9.23 0.305 1.31% A
Adams Rd./E Maple Rd. 34.04 0.857 7.92% C
Adams Rd. Bowers Rd. 10.56 0.313 2.18% B
Adams Rd./E Lincoln St. 23.14 0.561 5.71% C

Old Woodward Ave./Oakland Ave. 22.63 0.554 2.52% C
Old Woodward Ave./Hamilton Rd. 10.11 0.240 1.04% B
Old Woodward Ave./W Maple Rd. 21.06 0.475 4.70% C
Old Woodward Ave./E Merrill St. 21.76 0.594 4.27% C
Old Woodward Ave./E Brown St. 20.87 0.575 2.38% C

Quarton Rd./Cranbrook Rd. 11.04 0.393 0.41% B
E Lincoln St./Pierce St. 11.77 0.426 1.04% B

PM (Evening Peak from 15:00 to 18:00)

Adams Rd./Derby Rd. 10.03 0.387 0.42% B
Adams Rd./Buckingham Rd. 8.43 0.356 0.33% A
Adams Rd./E Maple Rd. 23.17 0.626 2.85% C
Adams Rd. Bowers Rd. 12.43 0.385 2.46% B
Adams Rd./E Lincoln St. 13.26 0.310 1.72% B

Old Woodward Ave./Oakland Ave. 22.82 0.576 3.45% C
Old Woodward Ave./Hamilton Rd. 13.15 0.343 2.73% B
Old Woodward Ave./W Maple Rd. 21.83 0.499 4.67% C
Old Woodward Ave./E Merrill St. 18.83 0.555 3.96% B
Old Woodward Ave./E Brown St. 21.78 0.599 3.33% C

Quarton Rd./Cranbrook Rd. 13.00 0.389 0.91% B
E Lincoln St./Pierce St. 13.15 0.460 1.24% B
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8 Performance evaluation of selected intersections403

Supplementary Table 2 shows the performance evaluation of those intersections that were imple-404

mented with new signal timing plans. It is generated based on three consecutive weeks’ (only405

weekdays from Monday to Friday) data from 03/07/2022 to 03/25/2022 before the field implemen-406

tation. For each intersection at each specific TOD period, the reported traffic performance metrics407

include the average control delay, average number of stops, split-failure ratio, and level of service408

(LOS). Average control delay and average number of stops are also used as the evaluation metrics409

by the before-and-after study in the main paper.410

A vehicle trajectory is regarded as a split failure if it stops more than once before passing the411

intersection and the control delay is larger than a cycle. The split-failure ratio refers to the pro-412

portion of the split-failure trajectories to the total number of trajectories. A split-failure trajectory413

indicates that the green time is insufficient for a cycle and there is a residual queue at the end of414

the green time. Therefore, the split-failure ratio directly quantifies the risk of an intersection being415

over-saturated for some cycles. As shown in the table, Adams Rd. & E Maple Rd. has the largest416

split-failure ratio of up to around 8% during the mid-day period.417

Traffic performance evaluation directly shows the traffic performance metrics that are calcu-418

lated based on observed vehicle trajectory data. It can provide useful information such as where the419

congestion comes from, which intersection is the most congested intersection, and whether the inter-420

section has a high risk of being over-saturated, etc. However, performance evaluation itself does not421

directly lead to true optimality gaps that can be improved by the re-timing of traffic signals. Com-422

pared with previous works that mainly focus on performance evaluation68,69, this paper investigates423

more in-depth traffic modeling, state estimation, and traffic signal diagnosis/optimization.424

Supplementary Table 2 is an intersection-level performance evaluation. The movement-level425

performance evaluation is also available.426

9 Field implementation at isolated intersections427

New signal timing plans were implemented at two intersections. The TOD boundary changes and428

their respective cycle lengths are shown in Supplementary Figure 13. All the parameter changes are429

reported in Supplementary Table 3 and Supplementary Table 4. The results for selected analysis430

periods are reported in Supplementary Table 5. At Quarton Rd. & Cranbrook Rd, a 4-second431

increase in the major split resulted in a 9.13% decrease in the PI during the AM TOD. The432

intersection also benefited from changing the PM TOD start time from 3:00 PM to 2:00 PM433

(results shown by the PM* analysis period). The increased cycle length during this hour resulted434

in a 21.45% reduction in the number of stops. The EVE TOD also experienced reductions in delay435

and the number of stops.436

Lincoln Rd. & Pierce St. also experienced improvements in the PI for certain analysis periods.437

The boundary start change for the PM TOD resulted in a 9.83% reduction in the PI. However, a438

close look at Table 1a shows that the only parameters that changed during this time period were439

the green splits. The large improvement for this specific hour may indicate that new TODs may440

need to be formed as this hour improved much more compared to the MD and PM TODs that441

experienced the same change.442
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Supplementary Figure 13: TOD changes for isolated intersections. (a) Quarton Road and Cran-
brook Road. Boundaries are drawn with dashed lines and cycle lengths are drawn with solid lines.
Boundaries and cycle lengths that were kept, discarded, and added are drawn in black, grey, and
red, respectively. (b) Lincoln Road and Pierce Street.

Supplementary Table 3: Quarton Rd. & Cranbrook Rd. Parameter Changes

TOD
Cycle

Original
Cycle
New

Major Split
Original

Split
New Major

Minor Cycle
Original

Split
New Minor

MN 80 80 54 56 26 24
AM 120 120 90 94 30 26
MD 80 80 54 56 26 24
PM 120 120 90 94 30 26
EVE 80 80 54 56 26 24

Supplementary Table 4: Lincoln Rd. & Pierce St. Parameter Changes

TOD
Cycle

Original
Cycle
New

Major Split
Original

Split
New Major

Minor Cycle
Original

Split
New Minor

MN 80 60 55 38 25 22
AM 80 80 55 55 25 25
MD 80 80 55 58 25 22
PM 80 80 55 58 25 22
EVE 80 60 55 38 25 22
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