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In sections S1, S2 and S3, we illustrate the training
procedure described in the main text in situations of in-
creasing complexity.

S1. LEARNING A LOCAL DYNAMICS WITH
KNOWLEDGE OF ITS LOCALITY

In this section we consider an original dynamics whose
rules are local, and assume that we know that its rules
are local. The learning procedure then amounts to iden-
tifying the correct numerical values for the rates of each
local process. This is a conceptually simple case, but
worth considering because it illustrates the precision with
which rates can be learned, the fact that it is possible
to learn the existence of forbidden processes, and also
demonstrates some of the convenient features of learning
dynamics offline, without propagating new trajectories.

We consider the original dynamics to be the one-
dimensional Fredrickson-Andersen (FA) model with pe-
riodic boundary conditions [39]. The FA model is a lat-
tice model of a supercooled liquid whose dynamical rules
give rise to slow relaxation and complex space-time be-
havior [40, 41]. On each site of a lattice lives a binary
spin that can be down (0) or up (1), intended to model
immobile and mobile regions of a supercooled liquid. The
dynamical rules for the model are nearest-neighbor ones:
spins can only flip if at least one of their nearest neigh-
bors is up; if so, down spins flip up with rate c, and up
spins flip down with rate 1−c. We choose c = 0.3, giving
the rates shown in Table S1. We use the shorthand 001,
101, etc. to denote the 8 possible configuration changes
of a nearest-neighbor dynamics: each triplet indicates the
process in which the central spin changes state. Thus 011
indicates the process 011 → 001, while 000 indicates the
process 000 → 010, etc. The rates for the processes 000
and 010 in the FA model are zero, a feature responsible
for the model’s complex dynamical behavior.

We start by generating a single FA model trajectory
ω of length T = 106, using a model with 15 lattice sites.
This is the trajectory from which we attempt to learn the
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process true rate learned rate

000 0 0

001 0.3 0.302028

010 0 0

011 0.7 0.699833

100 0.3 0.300031

101 0.3 0.301362

110 0.7 0.697800

111 0.7 0.702803

TABLE S1. Comparison of the true FA model rates and
those learned from the trajectory shown in Fig. S1(a).

rates of the model that generated it. A segment of this
trajectory of length T/500 is shown in Fig. S1(a).
To construct the synthetic dynamics we make the as-

sumption that only local processes are allowed, i.e. that
only one spin at a time can flip. We also assume that the
dynamical rules of the model are independent of time.
In this section we further assume that the dynamical
rules are local, and that these rules are translationally
invariant. The synthetic dynamics constrained in this
way contains 8 parameters θ = {θ1, . . . , θi, . . . , θ8} that
correspond to the rates of the 8 processes shown in Ta-
ble S1.
To find the rates that maximize U

(θ)
ω we proceed as

follows. We initialize the rates θi by choosing them to
be random numbers uniformly distributed on (0, 1], and
then apply the following Monte Carlo algorithm. At each
step of the learning procedure we propose new parame-
ters

θi → max
(
0, θi +N (0, σ2)

)
, (S1)

and accept the proposal if the value of U
(θ)
ω increases or

remains the same. This Monte Carlo algorithm is equiv-
alent, for small values of the proposal-size parameter σ,

to noisy clipped gradient ascent on the function U
(θ)
ω ,

described (for θi > 0) by the Langevin equation [42]

dθi
dn

=
σ√
2π

1

|∇U
(θ)
ω |

∂U
(θ)
ω

∂θi
+ ηi(n). (S2)

Here n is the number of steps of the learning algorithm, ∇
is the N -dimensional gradient in the coordinates θ, and η
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FIG. S1. (a) Portion of the FA model trajectory ω from which we attempt to learn the FA model dynamical rules. Space is

vertical, time is horizontal, and 1s and 0s are blue and white, respectively. (b) Log-likelihood U
(θ)
ω divided by trajectory length

T ) with which 5 distinct trained synthetic models realize the trajectory shown in panel (a), as a function of the number of
training steps n. (c) Rates for one of the trained synthetic dynamics as a function of n. Rates are color-coded according to their
values in the original model: blue, green, and red rates have values in the original model of 0.7, 0.3, and 0, respectively. (d) The
large-deviation rate function calculated from forward propagation of 100 distinct trained synthetic models (green) compared
with the rate function of the true FA model (black).

is a Gaussian white noise with zero mean and covariance
⟨ηi(n)ηj(n′)⟩ = σ2δijδ(n− n′)/2. We set σ = 0.05.

We carried out 100 independent learning simulations,
each begun from different random initial rates θi, and
each trained on the single trajectory ω. Each simulation
converged, within about 103 steps, to the same value of

U
(θ)
ω ; we show 5 examples in Fig. S1(b) (colored lines).

This value is equal to U
(θ)
ω evaluated using the true rates

of the FA model (black dashed line), although that infor-
mation was not available to the algorithm during train-
ing. The rates produced by one learning simulation are
shown in Fig. S1(c) and Table S1: the learned rates are
numerically close to those of the FA model.

Notably, the learning process has correctly identified

10−6

10−4

10−2

100

∆

100 102 104 106

K

0 1 2 5 8 10 (1)

t (2)

T (3)

✓i (4)

�✓

T
(5)

J = 0.5 (6)

J = 0.8 (7)

J = 1 (8)

J = 3 (9)

1 ⇥ 106 (10)

2 ⇥ 106 (11)

5 ⇥ 106 (12)

x/L (13)

FIG. S2. A measure of the error between original and learned
rates, Eq. (S3), as a function of the length T of the training
trajectory ω.

that the rates 000 and 010 of the model used to produce
the trajectory of Fig. S1(a) are exactly zero. Observ-
ing that neither transition occurs in a trajectory of finite
length allows us only to bound the rates with which those
processes occur. The learning procedure has done bet-
ter, determining that vanishing rates lead to the largest

attainable value of U
(θ)
ω , and has therefore identified the

existence of forbidden processes in the FA model.

0

0.25

J(a)

0 3 6
a

CMP
learned
exact
intentional error

FIG. S3. As Fig. S1(d), but now the red curve results from
calculations in which the value 10−2 was added to the learned
rates 000 and 010 in order to introduce an intentional er-
ror. The result – substantially different to the exact answer
– shows that comparing the fluctuations of learned and true
dynamics is a discriminating test of the learning process, and
highlights the precision of that process.
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FIG. S4. Comparison of the true FA model dynamics (top) with the forward-propagated dynamics of the synthetic models
produced after n steps of training. Small panels show the 8 learned rates (blue squares) and true rates (green circles).

The non-vanishing rates shown in Fig. S1(c) and Ta-
ble S1 are close to those of the FA model, but not iden-
tical. A natural question to ask is how well the learned
models can approximate the dynamics generated by the
original one. Doing so requires the introduction of order
parameters. A popular order parameter for the FA model
is the activity a = A/T , the number of configuration
changes A per unit time T [43, 44]. Forward-propagated
trajectories of duration T = 106 of the learned models
indeed have the same typical activity as the FA model
trajectory, a0 ≈ 3.2.

However, a more discriminating measure of similarity
is to compare the fluctuations of the learned and original
dynamics. Fluctuations of the activity can be charac-
terized by the dynamical large-deviation rate function
J(a) = limT→∞ −T−1 ln ρT (A), a measure of the log-
arithmic probability ln ρT (A) of observing, for a trajec-
tory of length T , a particular value of A [45, 46]. We used
the VARD method described in Refs. [47, 48] to calcu-
late J(a) for the learned dynamics (we used the neural-
network ansatz described in [47]), with each of the 100
learned models constrained to produce a different value
of a. Values of J(a) calculated in this way are shown
as green circles in Fig. S1(d); they closely approximate
the exact rate function of the FA model (black dashed
line), which we calculated by numerically diagonalizing
the model’s rate matrix [46].

The numerical similarity between J(a) of the original
and learned models indicates that the precision indicated
in Table S1 and in panels (a) and (b) of Fig. S1 is suf-
ficient to produce an essentially exact description of the
behavior of the original model, at least as far as the ac-
tivity is concerned. (In Fig. S3 we show results in which
we have made an intentional error by adding 10−2 to the
learned rates 000 and 010; in that case there is a clear

discrepancy between the learned and true rate functions.)
This comparison also indicates that there is sufficient

information in ω to calculate the likelihood with which
the original dynamics would produce trajectories never
seen in ω. The Conway-Maxwell-Poisson (CMP) function
shown in gray in Fig. S1(d) is an upper bound on J(a)
inferred by sampling trajectories containing only typical
configurations [47, 49], such as those seen in Fig. S1(a).
The large discrepancy between the CMP bound and the
true rate function indicates that rare trajectories of the
FA model are dominated by configurations very different
to those seen in ω, and therefore never observed during
training. Nonetheless, rates inferred from observation
of ω can be used to calculate the probability with which
long trajectories containing these previously unseen, rare
configurations will be observed.
The precision of learning increases with the length of

the trajectory ω. In Fig. S2 we show

∆ ≡ N−1
N∑
i=1

(θi − θ⋆i )
2
, (S3)

the mean-squared difference between the N = 8 rates of
the FA model θ⋆i and the rates θi learned from an FA
model trajectory ω of length T (a single trajectory is
used for each value of T ). The precision of the learning
process increases with T over the range shown.
We end this section by highlighting a notable feature of

the “offline” learning process. During training, no trajec-
tories of the synthetic dynamics are propagated. Given
a synthetic dynamics we propose a change of its param-
eters, calculate the likelihood with which that dynamics
would have generated the original trajectory ω, and ac-

cept the proposal if U
(θ)
ω does not decrease. Some of the

proposals accepted in this way would have been rejected
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had we trained by comparing ω with forward-propagated
trajectories of the synthetic dynamics. In Fig. S4 we
propagate some of the synthetic models produced after
n steps of training (here we consider an FA model of 100
sites). Next to each trajectory we display a panel com-
paring the learned rates (blue squares) and true rates
(green circles). Here, synthetic rates were initially set
to unity. As with the smaller FA model, the training
procedure converges to a good approximation of the true
rates, and again the rates of the forbidden transitions
000 and 010 are correctly identified to be zero. In gen-
eral terms the synthetic trajectories look increasingly like
those of the FA model as n increases, but there are some
notable exceptions. At step n = 80 we encounter an
absorbing state of all 0s. This configuration is not ac-
cessible to the FA model from any configuration with at
least one up spin, and if we were to train by comparison
of trajectories generated by original- and synthetic dy-
namics then this synthetic dynamics would be rejected.
However, such a comparison is never made during offline
training, and after additional training steps the synthetic
dynamics converges to the true dynamics.

S2. LEARNING A LOCAL DYNAMICS
WITHOUT KNOWLEDGE OF ITS LOCALITY

In Section S1 we assumed that ω was generated by a
dynamics whose rules are local and translationally invari-
ant, allowing us to define a synthetic dynamics with few
parameters. If we relax these restrictions then the num-
ber of possible rates increases exponentially with system
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FIG. S5. Training a transformer in Mode 2 to maximize

the log-likelihood U
(θ)
ω with which it would have generated a

trajectory of an FA model with 100 lattice sites. The value of

U
(θ)
ω is maximized if Nθ

W ≥ 5, which is equal to the number of
distinct rates of the original model. The horizontal black line
denotes the exact value. Inset: Evolution of the rates during

training, for the case N
(θ)
W = 5. The horizontal black lines

denote the values of the rates in the original dynamics.

size, and so direct representation of the rates of the syn-
thetic dynamics becomes impractical for large systems.
Instead, we can express a general synthetic dynamics us-
ing a neural network [50], which here we take to be a
transformer.

We now relax the assumptions of locality and trans-
lational invariance in its interaction rules, and so the
transformer must determine which features of the con-
figuration are relevant to each process (here we use the
version of the FA model whose rates are proportional to
the number of nearest neighbors in the up state). We
generate a training trajectory ω of length T = 106 using
a model with N = 100 lattice sites and rate parameter
c = 0.3. For each configuration of the trajectory the
transformer must calculate the rate of flipping each spin,
and therefore has to represent N×2N possible transition
rates.

We first trained a transformer in Mode 1 (making no
restrictions on the number of distinct rate values), and
observed that the transformer has the capacity to repre-
sent the transition rates for this large state space: the
trajectory log-likelihood obtained with the synthetic dy-
namics rapidly converges to that obtained with the orig-
inal dynamics. To gain further insight into the generator
of the observed trajectory we trained a transformer in
Mode 2 on the same trajectory. In Mode 2, the number

of distinct rates is limited to N
(θ)
W , a model hyperparam-

eter. The transformer now must assign each transition

to one of N
(θ)
W classes, and a second neural network de-

termines the rate for each of these classes.

In Fig. S5, we show how the optimized trajectory log-

likelihood depends on the value of N
(θ)
W . As the number

of distinct rates is increased, the trajectory log-likelihood

increases until N
(θ)
W ≥ 5, at which point it remains con-

stant. The small number of rates required to model these
dynamics tells us that the original dynamics is transla-
tionally invariant. We also gain insight into the num-
ber of distinct processes present in the original dynamics
(because multiple processes can have the same transition
rate, this value is a lower bound on the number of distinct
processes). In this case, the value N⋆

W = 5 is equal to
the number of rates in the original dynamics; we compare
the exact and learned rates in the inset of Fig. S5.

While restricting the interactions to each spin’s nearest
neighbors limited the number of rates in Section S1 such
that they can be modeled explicitly, prior knowledge of
the interactions can also be built into our neural-network
framework. For instance, if a maximum interaction range
is assumed, local attention [51] can be used which limits
the attention calculation to a fixed number of neighboring
sites, reducing the computational cost and accelerating
convergence.



5

0 50 100

epochs

−7.5

−5.0

−2.5

U
(θ

)
ω
/
T

(a)

0 50 100

epochs

−8

−4
(b)

(c) (d)

0.25

0.50

A
verag

ed
a
tten

tion
sco

re

FIG. S6. (a) Training a transformer to maximize the log-likelihood with which it would generate a trajectory of a 9-site FA
model. The horizontal black line denotes the value of the path weight associated with the original model. (c) Attention map
averaged over all configurations in the trajectory for the original FA model. (b,d) Same as (a,c), but the model now includes
long-range interactions per Eq. S4. Panels (a) and (b) show that the transformer has learned the original dynamics precisely;
comparison of (c) and (d) shows that the transformer has learned that the two models possess local and nonlocal dynamical
rules, respectively.

S3. LEARNING A NONLOCAL DYNAMICS

The dynamical rules in the lattice active matter model
described in the main text and the FA model described in
the previous section are local, depending only on nearest-
neighbor particles. In this section we demonstrate that
the transformer can likewise learn nonlocal dynamical
rules, where rates depend on the states of distant par-
ticles. We first consider a variant of the FA model by
adding long-range interactions to the rules shown in Ta-
ble S1. The rate for flipping spin i in this model is given
by

Wi =

L/2∑
j=0

(ni+j+1 + ni−j−1)

2j
[c(ni − 1) + (1− c)ni] ,

(S4)
where ni is equal to one if the spin at site i is up and
zero otherwise. We set c = 0.1 and L = 9, and generate
trajectories of length T = 106. To show the transformer’s
ability to capture long-range interactions, we have used a
minimal neural network consisting of just a single trans-
former layer with a single self-attention head. Conse-
quently, all particle interactions must be captured in the
single attention operation used in this network, because
all other operations within the neural network work on
the level of single-particle features (see Methods).

In Fig. S6(a) and (b) we show the result of training
this minimal transformer on a trajectory of the origi-

nal FA model and the nonlocal variant (S4) respectively.
The learned dynamics are accurate for both models, con-
firmed by the fact that trajectory weights converge to
the exact values associated with the original dynamics.
We show the attention map learned by the minimal neu-
ral networks averaged over all particle configurations ob-
served in the trajectory, for both the short-range and
long-range models, in Fig. S6(c) and (d). These atten-
tion maps show that the transformer trained on a trajec-
tory of the model with short-range interactions primarily
considers nearest-neighbor interactions to determine the
rates of spin flips, while the transformer trained on a
model with long-range interactions assigns a larger rela-
tive importance to all particle interactions.
Finally, we consider an original dynamics containing

a large number of distinct rates on account of a global
conditioning applied to the trajectory. We consider the
conditioned dynamics of the (short-ranged) FA model,
whose trajectories are biased towards having atypical val-
ues of the activity. The generator of this model is given
by

W doob
s = L[Ws − θ(s)I]L−1, (S5)

where Ws is obtained by multiplying the off-diagonal el-
ements of the FA-model generator W by e−s, θ(s) is the
largest eigenvalue of Ws, and L is the corresponding left
eigenvector ofWs as a diagonal matrix [52, 53]. Although
the sets of forbidden and allowed transitions are the same
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FIG. S7. Learning the long-ranged dynamics of the conditioned FA model. The dynamical rules of the conditioned generator are
nonlocal and consist of a large number of distinct rates. (a) Trajectory of length T = 2000 generated by a transformer trained
on a trajectory of the conditioned FA model with N = 14 lattice sites, c = 0.3, and s = s⋆ ≈ 0.017. Space is vertical, time is
horizontal, and 1s and 0s are blue and white, respectively. (b) Optimization of a transformer to maximize the log-likelihood
of the training trajectory. The horizontal black line denotes the value of the path weight associated with the original model.
(c) Probability of the lattice containing n spins in state 1 during a trajectory of length T = 106, both for the original (exact
conditioned) dynamics and the transformer dynamics. (d) Histogram of the activity k of 1000 trajectories of length T = 104.
(e–h) As (a–d), but now for s = −0.1.

for both W and W doob
s , the transition rates of W doob

s de-
pend on the entire lattice configuration.

In Fig. S7, we show the result of training a transformer
in Mode 1 on a trajectories of conditioned FA models of
length T = 106 with N = 14 lattice sites. As values
for the conditioning field, we use s = s⋆ ≈ 0.017 for
which the susceptibility χ(s) = θ′′(s) is maximal for this
lattice size, and s = −0.1. Typical trajectories of the
conditioned dynamics for s = −0.1 have larger activity
than typical trajectories of the unconditioned FA model.
Trajectories generated by the trained transformers are
shown in Figs. S7(a) and (e), and are markedly differ-
ent compared to the unconditioned dynamics shown in

Fig. S1(a). The rapid convergence of U
(θ)
ω to its exact

value for both values of s is shown in Figs. S7(b) and (f),
and demonstrates the transformer’s ability to correctly
represent the long-range interactions of the conditioned
FA model. In Figs. S7(c) and (g), we further validate
this statement by measuring the probability of the lat-
tice containing n up-spins over trajectories created with
the original dynamics and by forward-propagating the
transformer dynamics. In Figs. S7(d) and (h), we study
the distribution of the activity for conditioned trajecto-
ries with both dynamics. The agreement with the exact
conditioned dynamics is good.
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