
Supplemental Information for
“Elasticity-Controlled Jamming Criticality in Soft Composite Solids”

Yiqiu Zhao,1, ∗ Haitao Hu,1 Yulu Huang,1 Hanqing Liu,2 Caishan

Yan,1 Chang Xu,1 Rui Zhang,1 Yifan Wang,3 and Qin Xu1, †

1Department of Physics, The Hong Kong University of Science and Technology, Hong Kong SAR, China
2Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA

3School of Mechanical and Aerospace Engineering,
Nanyang Technological University, 639798, Singapore

(Dated: January 15, 2024)

CONTENTS

I. Supplementary Methods 1
A. Microsphere inclusions 1

1. Material properties 1
2. Shear-jamming density ϕm of dense

suspensions 1
3. Jamming strain for suspensions with

ϕ > ϕm 3
4. Frictionless jamming density ϕ0 4

B. PDMS matrix 5
C. Multi-Axial Shear Test 6

1. Measuring protocol 6
2. Volume conservation 7

II. Supplementary References 10

I. SUPPLEMENTARY METHODS

A. Microsphere inclusions

1. Material properties

The polystyrene (PS) particles (XMO-50, Dongguan
Xinmiao New Material Co.) have a size distribu-
tion consistent with a log-normal distribution f(r) =

1√
2πσr

exp(− 1
2 (

ln(r/r0)
σ )2), where r0 = 12 µm and σ = 0.6

(Supplementary Fig. 1(a)). The mean radius of the PS
particles is ⟨r⟩ = exp(ln r0 + σ2/2) = 14.4 µm. We mea-
sured the distribution by counting 17,825 particles im-
aged with an optical microscope. The mass density of
the PS particles was measured as ρ = 1.047± 0.002 g/ml
using the sedimentations method. Additionally, the size
distribution of the glass spheres (G4649, Sigma-Aldrich
Inc.) also coincides with the log-normal distribution with
r0 = 20 µm and σ = 0.5 (Supplementary Fig. 1(a)), re-
sulting in a mean radius of ⟨r⟩ = 22.7 µm. The mass
density of the glass particles was 2.33 g/mL.

The particle shear modulus (Gp) was measured using
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a high-precision nanoindenter (Hysitron TI-980, Bruker).
The particles were compressed between a flat-ended di-
amond probe (TI-0145, Bruker) and a flat glass sub-
strate. The representative plots of the indentation force
(F ) against the indentation displacement (δ) are shown
in Supplementary Fig. 1(b). For measuring the PS parti-
cles, the deformations of both the diamond probe and the
glass substrate were negligible. We fitted the indentation
curves using the following Hertzian model

F =
4

3
E∗

pR
1
2 (

δ

2
)

3
2 , (1)

where R is the particle radius and E∗
p is the only fit-

ting parameter. From independent measurements on 5
particles with radii ranging from 10 to 15 µm, we ob-
tained E∗

p = 4.9 ± 0.6 GPa. Using the relationships

E∗
p = Ep/(1− ν2p), where Ep and νp are the Young mod-

ulus and the Poisson ratio of the particles, respectively,
and Gp = Ep/2(1 + νp), we have

Gp =
1− ν

2
E∗

p. (2)

Given that the Poisson ratio of PS was around 0.35 at
room temperature [1, 2], we obtained Gp = 1.6±0.2 GPa
for the PS particles.
For measuring the glass particles, we assumed that

the glass substrate had the same elastic modulus as the
particles and neglected the deformations of the diamond
probe. Therefore, the Hertzian contact model becomes

F =
4

3
E∗

pR
1
2 (

δ

1 + 2
2
3

)
3
2 . (3)

By averaging the results of 12 particles with radii rang-
ing from 5 to 20 µm, we obtained E∗

p = 40 ± 13 GPa.
Considering that the Poisson ratio of the Sigma-Aldrich
glass beads is 0.21, we obtained Gp = 15.8± 5.1 GPa.

2. Shear-jamming density ϕm of dense suspensions

PS-PDMS suspensions — The steady-state rheology of
the PS-PDMS suspensions was measured using a rheome-
ter (MCR 302, Anton Paar) equipped with a parallel
plate geometry. Both the top and bottom plates are made
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Supplementary Fig. 1. Size distribution and shear modulus of the polystyrene (PS) and glass microspheres. (a)
Probability distribution of the particle radius for the PS and glass microsphere particles. The solid blue and magenta curves

are log-normal functions f(r) = 1√
2πσr

exp(− 1
2
( ln(r/r0)

σ
)2), where for the PS particles r0 = 12 µm and σ = 0.6, and for the

glass particles r0 = 20 µm and σ = 0.5. The inset panel shows a microscope image of a layer of dry PS powder in a Petri
dish, demonstrating their spherical shape. The yellow scale bar represents 500 µm. (b) Two representative force–displacement
curves measured from nano-indentation experiments for a glass particle and a PS particle. Each curve represents data measured
during a compression–decompression cycle. The magenta and light blue curves are the best fits using Supplementary Eq. 1 and
Supplementary Eq. 3, respectively. An offset of δ was used in the fit due to the uncertainty of the zero-point. The experimental
setup is sketched in the inset.

of flat glasses. The top shear plate (PP43/GL, Anton
Paar) has a radius of 21.5 mm, and the gap distance
was fixed to 1.5 mm. Prior to rheological measurements,
the suspensions were pre-sheared at a fixed shear stress
τ = 80 Pa for 1 hour, followed by a gradual decrease of
shear stress until τ = 0.1 Pa. Next, the flow curves were
measured in the stress-controlled approach by decreasing
τ from 80 Pa to 0.16 Pa. Figure 2(a) shows the flow
curves with varying particle volume fractions (ϕ), with
the plot of ϕ = 0 representing the Newtonian flow curve
of the base PDMS. Above τ = 80 Pa, the capillary pres-
sure at the liquid-air interface was not enough to confine
the suspensions. The dashed lines indicate a plateau rel-
ative viscosity (ηplateau/ηs) for different ϕ. Theses values
of ηplateau/ηs were reported in both the main text and
Supplementary Fig. 2(d). The results of ηplateau(ϕ)/ηs
in Supplementary Fig. 2(d) were fitted to the Krieger–
Dougherty relation with ϕJ = 0.594 ± 0.003, consistent
with ϕm in Eq. 7 of the main text.

We interpret the shear thinning observed for ϕ = 0.53
and 0.55 below τ = 1 Pa as a transient rheological re-
sponse of dense PS-PDMS suspensions. To demonstrate
this, Supplementary Fig. 3 presents the flow curves of PS-
PDMS suspensions having ϕ = 0.55 characterized under
different measuring rates. By defining tw as the measur-
ing duration at each τ , we observed a gradual transition
of flow curves towards Newtonian-like behaviors as tw in-
creased from 100 s to 2 hours. Since the uncrosslinked

PDMS solvents are made of longer polymer chains, their
relaxation within dense suspensions can be very slow,
particularly under low shear stresses. If the measuring
period was extended significantly, we expected that the
relative viscosity η/ηs below τ = 1 Pa would align with
that within the plateau regime, 1 Pa < τ < 10 Pa. Thus,
the plateau viscosities ηplateau(ϕ) were used to determine
the shear-jamming volume fraction ϕJ in Supplementary
Fig. 2(d).

PS-water/glycerol suspensions — We also characterized
the steady-state rheology of PS particles dispersing in a
density-matched aqueous glycerol [3]. The solvent viscos-
ity is ηs = 1.75 mPa·s. The samples were sufficiently pre-
sheared before each measurement. Figure 2(b) shows the
flow curves for different ϕ. Each curve was obtained by
averaging three independent measurements. Figure 2(e)
shows the maximum relative viscosity ηmax/ηs as a func-
tion of ϕ. The data were fitted to the Krieger–Dougherty
relation with ϕJ = 0.599± 0.001. The PS-water/glycerol
suspensions exhibited classical shear thickening behav-
iors. Considering the shear thickening mechanism in the
suspension rheology [4], we interpret ϕJ = 0.599 as the
minimum particle volume fraction needed to observe fric-
tional shear jamming in PS-water/glycerol suspensions.
As this ϕJ is consistent with that obtained from PS-
PDMS suspensions, we expect that the shear-jamming of
the PS particles in PDMS is also governed by frictional
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Supplementary Fig. 2. Steady-state rheology to measure the frictional jamming point of dense suspensions.
(a–c) The flow curves of steadily sheared PS particles dispersing in the PDMS silicone base fluid (a), in the density-matched 20
wt% glycerol aqueous solution (b), and of glass beads dispersing in the PDMS silicone base fluid (c). In panel (a), the regime
between 1 Pa and 10 Pa, where the flow curves display a plateau, is highlighted in light green. The dashed horizontal lines
for each volume fraction represent the plateau relative viscosities. (d–f) The plateau relative viscosities (d) and the maximum
relative viscosities (e–f) of the flow curves shown in (a–c), respectively, are presented. The solid gray curves in (d–f) represent
the best fits using the Krieger–Dougherty relation, (1− ϕ/ϕJ)

−2, with the fitted ϕJ shown in the legend.
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Supplementary Fig. 3. Flow curves of the PS-PDMS
suspension (ϕ = 0.55) characterized with different
measuring rates. For each shear stress τ , the relative viscos-
ity η/ηs was determined by averaging the measured viscosity
over a period of tw. The waiting time tw was varied system-
atically from 100 s to 2 hours.

contacts.

Glass-PDMS suspensions — The rheology of glass-

PDMS suspensions was measured using the same pro-
tocol as that for PS-PDMS suspensions. The minimum
applied stress was τ = 0.625 Pa, which corresponds to
the sedimentation stress of a glass bead in a PDMS sol-
vent. The flow curves of glass-PDMS suspensions are
shown in Supplementary Fig. 2(c). Figure 2(f) shows the
maximum relative viscosity ηmax/ηs as a function of ϕ.
The data were fitted to the Krieger–Dougherty relation
with ϕJ = 0.614± 0.008.

3. Jamming strain for suspensions with ϕ > ϕm

Figure 4(a) illustrates the protocol of measuring the
critical jamming strain (ε). Initially, the gap between the
parallel plates was filled with a suspension (ϕ > ϕm), and
the gap size was set to d0 = 1.5 mm (state 1). The top
plate was then lifted to a new position with d1 > d0 (state
2). To fully relax the suspension, an oscillatory shear was
applied with an angular frequency ω = 10 rad/s and a
strain amplitude δγa = 10%. The resulting state (state
3) was considered as the reference state (ε = 0). Next,
the top plate was lowered back to the initial position
d0 = 1.5 mm (state 4). The axial strain ε with respect to
the reference state was calculated as (d1−d0)/d1. In this
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Supplementary Fig. 4. Strain-induced rigidity transition in PS-PDMS suspensions. (a) Schematic of the
experimental protocol to measure shear-jamming transitions in PS-PDMS suspensions. The parallel-plate was initially filled
up with a suspension under a gap size d0 = 1.5 mm (state 1). The top plate was then lifted up to a new position with d1 > d0
(state 2). At this position, the suspension was fully relaxed due to an oscillatory shear with an angular frequency ω = 10 rad/s
and a strain amplitude δγa = 10% for 30 mins (state 3). State 3 was considered as the reference state (ε = 0). Finally, the top
plate was lowered again to the initial position with a gap size d0 (state 4), and the resulting axial strain is ε = (d1 − d0)/d1.
(b) Time evolution of the storage modulus (G′) and loss modulus (G′′) measured in state 4 with d1 = 1.76 mm. An angular
frequency of ω = 0.1 rad/s and a strain amplitude of δγa = 0.01% were applied during the oscillatory tests. The plateau values
of G′ are denoted as the shear modulus of the jammed suspensions (G). (c) Time evolution of the normal stress (σzz) measured
in state 4. (d – e) Normal stress σzz and shear modulus G of a suspension with ϕ = 0.62 as the function of ε (blue circles).
Both σzz and G begin to become nonzero near εJ = 0.05, indicating a shear jamming transition. The gray stars in (e) show the
strain-dependent shear modulus of a PS-PDMS composite sample with ϕ = 0.62 and Gm = 1.28 kPa. (f – g) Normal stress
σzz and shear modulus G of suspensions measured under ε = 0 and ε = 0.2, respectively, for samples with ϕ > ϕJ. The black
arrow shows the shear jamming process for ϕ = 0.62 induced by an axial strain.

compressed state (state 4), we measured the shear modu-
lus of the jammed suspension through an oscillatory shear
with ω = 0.1 rad/s and δγa = 0.01 %. For jammed sus-
pensions, the storage modulus (G′) remained larger than
the loss modulus (G′′) (Supplementary Fig. 4(b)), and
a positive normal stress (σzz) appeared simultaneously
(Supplementary Fig. 4(c)). For instance, we measured
the critical jamming strain for a PS-PDMS suspension
with ϕ = 0.62. As shown in Figs. 4(d) and (e), both
σzz and G begin to become non-zero at ε = 0.05, which
is consistent with the prediction from Eq. 7 in the main
text. This critical strain (ε = 0.05) indicates the onset of
a rigidity transition in the PS-PDMS suspension. Fig-
ure 4(e) also shows the shear modulus (G(ε)) of a cured
PS-PDMS composite with ϕ = 0.62 and Gm = 1.28 kPa
(grey stars), closely matching that of an uncured PS-
PDMS suspension with the same particle volume fraction
(blue circles).

To further demonstrate that the PS-PDMS suspen-
sions were unjammed at ε = 0, Figs. 4(f) and (g) show
that the normal stresses (σzz) and shear moduli (G) of
the suspensions with ϕ = 0.61, 0.62, and 0.63(> ϕJ)

rise from zero to finite values, respectively, as ε increases
from 0 to 0.2. Additionally, Supplementary Fig. 5 demon-
strates that the suspension with ϕ = 0.61 > ϕJ can un-
dergo a jamming transition under a simple shear with
constant shear stresses. The regimes with non-zero shear
rates (γ̇) in Supplementary Fig. 5 suggest that the PS-
PDMS suspensions with ϕ = 0.61 were initially un-
jammed.

4. Frictionless jamming density ϕ0

The frictionless jamming densities (ϕ0) for both poly-
disperse PS and glass particles differ noticeably from the
value of 0.64 for monodisperse spheres [5]. To investigate
this difference, we conducted molecular dynamics (MD)
simulations for frictionless Hertzian spheres using the

Large-scale Atomic/Molecular Massively Parallel Simu-
lator (LAMMPS) program [6]. The particle interaction
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Supplementary Fig. 5. Liquid-to-solid transition of PS-PDMS suspensions (ϕ = 0.61) induced by shear. (a)
Plots of the accumulative shear strain γ against time t under constant shear stresses, τ = 0.5 Pa and 5.0 Pa, respectively. (b)
Plots of shear rate γ̇ against shear strain γ under the two different shear stresses.

was governed by the frictionless Hertzian contact law

Fij =
√
δ

√
RiRj

Ri +Rj
(knδnij −meffγnvn), (4)

where Fij is the force exerted on the ith particle by the
jth particle, Ri and Rj represent the radii of the two
particles, δ is the overlap distance, kn = 3.3×103 N m−1

is a spring constant, γn = 10−5 s−1 is a damping con-
stant, meff = mimj/(mi + mj) is the effective mass of
two particles having masses of mi and mj , and nij is the
unit vector along the line connecting the centers of the
two particles. The mass of the particles in our simula-
tions was set to 6 × 10−13 kg. A global damping force
Fd = −γdv with γd = 10−8 kg s−1 was exerted on each
particle to dissipate the kinetic energy of the system.

We simulated the frictionless jamming transition us-
ing a quasi-static isotropic compression protocol. During
each simulation, an initial packing of 2048 particles was
randomly generated within a cubic box (Supplementary
Fig. 6(a)). The particles have the same size distribu-
tion as that was used in the experiments (Supplementary
Fig. 6(b)). The box size was chosen such that ϕ = 0.616
for the PS particles and 0.610 for the glass particles ini-
tially, where periodic boundary conditions were used in
all three directions.

After the initial generation, the systems were relaxed
by particle interactions and global damping for t = 50µs
with a small time step of dt = 0.0001µs. Ten compression
simulations were performed for both the PS and glass
systems, with identical particle size distributions but
different initial configurations. The simulation box was
compressed in all three directions with a strain rate of
ϵ̇ = 6.25 × 10−2 s−1, varying the box length in ac-
cordance with the equation L(t) = L0(1 − ϵ̇te), where

te = 8× 10−3s. After each compression step, the system
was allowed to fully relax.
The equilibrium pressure and non-rattler contact num-

ber were measured for each step, and both showed a tran-
sition at ϕ0 (Figs. 6(c) and (d)). The non-rattler coor-
dination number is defined as C∗ = M4/N4, where M4

is the total contact number of the N4 particles having
at least four contacts. This coordination number jumps
to the isostatic value of 6 at ϕ0, as expected for the
emergence of rigidity. The result shows that the system
reached a jamming state for the PS particles at a volume
fraction of 0.6896 ± 0.0006 and for the glass beads at a
volume fraction of 0.6766±0.0006. The uncertainty here
corresponds to the incremental step size of the volume
fraction.

B. PDMS matrix

To determine the shear modulus of PDMS matrix
(Gm), we measured the storage modulus using oscilla-
tory shear with an angular frequency ω = 0.1 rad/s and
a strain amplitude δγa = 1%. Figure 7 shows the plot of
Gm against k, and we found that

Gm = A(k − kc)
a, (5)

where A = 2.396 GPa, kc = 0.0055, and a = 2.572.
To fabricate a soft composite with a specific Gm, we pre-
pared the density of crosslinkers based on Supplementary
Eq. 5. Figures 8 shows a representative cross-section im-
age of a PS-PDMS composite with Gm = 1.28 kPa and
ϕ = 0.57. Each sample has a cylindrical shape with an
initial radius Rs = 10 mm and a height H = 10 mm, and
contains approximately ∼ 108 particles.
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Supplementary Fig. 6. Numerical simulation to measure the random close packing ϕ0 for the PS and glass
microspheres. (a) The polystyrene (PS) and glass granular systems were simulated using repulsive Hertzian spheres having
the same size distributions as that used in experiments. Initially, the volume fraction was ϕ = 0.616 for the model PS particles
and is 0.610 for the model glass particles. Each model system contains 2, 048 particles. (b) The size distributions of the
spheres used in the simulations were designed to match that used in the experiments. The two solid curves are copied from
Supplementary Fig. 1(a). (c) Pressure and (d) non-rattler contact number as functions of the volume fraction for both the
model PS and glass granular systems. The error bars indicate the standard deviations from 10 simulations with different particle
configurations. The two vertical dashed lines indicate ϕ0 = 0.6896 and 0.6766 for the PS and glass spheres, respectively.

C. Multi-Axial Shear Test

1. Measuring protocol

The relationship between G and ε was characterized
through a multi-axial shear test. When d decreased, no
torsional stress was applied. For most experiments, the
step size δd was set to 0.2 mm for ε < 0.25 and to 0.5
mm for larger strains. At a fixed gap size d, the top plate
applied an oscillatory shear to the samples. The shear
modulus of composites (G) showed a transient relaxation
until it reached a plateau (Supplementary Fig. 9). We re-
ported the shear moduli measured 20 minutes after each
compression when the system has reached the equilib-
rium.

During the oscillatory tests, the angular position of the
shear plate was set to follow θ(t) = (δγad/Rp) sinωt with
δγa = 0.01 %. The apparent shear strain on the sam-
ple was δγ = (Rs/Rp)δγa, which slightly increased from
0.0047% to 0.0053% as d decreased from 10 mm to 8 mm
due to a small increase in Rs. Figure 10 shows the results
of the PS-PDMS with Gm = 0.35 kPa and ϕ = 0.57 un-
der different axial strains. The dashed lines indicate δγ
and ω at different gap sizes. Considering the difference
between the radius of the shear plate (Rp) and that of
the samples (Rs), we calculated the storage modulus from
the rheometer output G′ = (Rp/Rs)

4G′
rheo. The shear

moduli of dense composites were defined by G′ measured
at ω = 0.1 rad/s. Figure 11 shows that ω = 0.1 rad/s is
sufficiently small to capture the low-frequency plateau of
G′. The third row in Supplementary Fig. 10 shows the
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Supplementary Fig. 7. Matrix shear modulus con-
trolled by the crosslinking density. The shear moduli
of the PDMS gels (G) with different crosslinking densities (k)
are presented. The dashed black curve is the best fit to the
empirical power law Gm = A(k − kc)

a with A = 2.396 GPa,
kc = 0.0055, and a = 2.572.

500 µm

1 cm

Supplementary Fig. 8. Representative PS-PDMS
composite. Inset panel: A PS-PDMS composite sample
with ϕ = 0.57 and Gm = 1.28 kPa. Main panel: A micro-
scope image of the cross section of the sample shown in the
inset panel.

overlay of 10 stress–strain cycles of a PS-PDMS compos-
ite with Gm = 0.35 kPa and ϕ = 0.57 at different gap
sizes. All the curves are stable ellipses, consistent with
the expectation for a viscoelastic material. Therefore, no
evidence of wall slip was found. Due to the strong adhe-
sion between the samples and the shear plate, wall slip
was even avoided without normal stress.

Supplementary Fig. 9. Transient relaxations after
each compression step. Plots of the temporal evolution
of the gap size d (a) and the shear modulus G (b) for a soft
composite with ϕ = 0.57 and Gm = 1.28 kPa. We reported
the equilibrium values measured 20 min after each compres-
sion. The equilibrium values are indicated by the filled circles
in (b).

2. Volume conservation

The volume of the composite remained unchanged un-
der vertical compressions. To confirm this statement,
a Thorlab camera was used to image the samples from
the side. Figures 12(a–d) show four snapshots of a PS-
PDMS composite (ϕ = 0.60 and Gm = 1.28 kPa) un-
der different axial strains. The boundaries detected us-
ing image analysis (yellow curves) show that the sample
diameter varies with the gap size. The points in Sup-
plementary Fig. 12(e) show the mean diameter D as a
function of the sample height H for different ϕ and a
constant Gm = 1.28 kPa. If the volume of a cylinder (V )
is conserved under compression,

D = 2

√
V

πH
. (6)

The black curve in Supplementary Fig. 12(e) plots Sup-
plementary Eq. 6 with V = 3142 mm3, which is the ini-
tial volume of the sample. Since all the data points nicely
fall on the black curve in Supplementary Fig. 12(e), the
volume of composites must be conserved under compres-
sions. Similarly, we have experimentally verified that
the volume of an uncured PS-PDMS suspension remains
conserved under axial strains (see Supplementary Video
1).
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Supplementary Fig. 10. Strain and frequency sweep for a composite sample under different axial strains. The
first row displays the storage modulus G′ (blue circles) and the loss modulus G′′ (black triangles) measured using an oscillatory
shear with a fixed angular frequency of ω = 0.1 rad/s and varying strain amplitudes for a PS-PDMS composite (ϕ = 0.57
and Gm = 0.35 kPa) under different gap sizes. The vertical dashed lines mark the strain amplitude (δγa = 0.01%) used to
determine the composite shear modulus. The second row shows G′ (blue circles) and G′′ (black triangles) measured for the
same composite with different ω using a constant δγ indicated by the vertical dashed lines in the first row. The dashed lines
in the second row represent the angular frequency (ω = 0.1 rad/s) used to determine the composite shear modulus. The third
row displays the overlay of 10 stress-strain cycles using the δγ and ω indicated by the dashed lines in the first two rows. All
the stress-strain loops resemble typical viscoelastic responses and show no sign of wall slip.
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Supplementary Fig. 11. Oscillatory rheology of PS-PDMS composites (ϕ = 0.57) with different matrix stiffnesses (Gm =
0.35 kPa and 0.04 kPa).

Supplementary Fig. 12. Volume-conserving compressions. (a–d) The snapshots of a PS-PDMS composite (ϕ = 0.60
and Gm = 1.28 kPa) subjected to different axial compressions, H = 9.6 mm (a), 8.7 mm (b), 7.9 mm (c), and 5.1 mm (d),
respectively, are shown. The yellow lines are lateral boundaries detected by image analysis. Scale bars: 10 mm. (e) Plots of
the sample diameter D against the sample height H for different ϕ. The error bars indicate the uncertainty in measuring D.
The black line represents the prediction from Supplementary Eq. 6 with V = 3142 mm3.
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