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In this supplementary material, we will show more details to support the discussion in the main
text. In Supplementary Note 1, we discuss the defect CFT correlators on the cylinder S? x R. In
Supplementary Note 2, we present an error analysis of the scaling dimensions of defect primaries.
In Supplementary Note 3, we provide in-depth analysis of the attractive fixed point induced by
the line defect. In Supplementary Note 4, we show the operator product expansion (OPE) related
to the primary €. In Supplementary Note 5 we present the computation of Zamolodchikov norm
regarding to the displacement operator. In Supplementary Note 6, we discuss the physics of defect

CFT in the limit of hy; — o0.

Supplementary Note 1: Bulk to defect correlators

In this section, we present the correlators of primary operators in the dCFT on the cylinder
S? x R by using the state-operator correspondence. As discussed in the main text, by introducing
of a flat p-dimensional defect breaks the global conformal symmetry SO(4,1) into SO(p+1, 1) x
SO(3—p). Making use of state-operator correspondence, the bulk-defect (scalar-scalar) correlator

(01(2)04(0)) = 010 pe mapped to

|:cl|A1 A2| |2A2
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(1104 (2)]|0y) = 0 (1)
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where |1) is the vacuum state of the dCFT.
Next, we apply the Weyl transformation 7 = RInr to map the coordinates (7,6, ¢) in R? to
(7,0, ¢) in S? x R, where R is the radius of S?. Under the Weyl transformation, the operator

transforms as:

6(r,0,0) = 6(7,0,) = A(r,0,9)>6(r,0, ), 2)
where A = R2e% represents the scale factor of this transformation. Substituting this into the

correlator and setting 7 = 0, we get:

. . bo. o
1I\7=4,0,p 2/ — o, p ! 1\7, 7%0 2 _ B T . A A
101(1 = 0,0,9)|05) = (1|A(r,0, 0)*/20:(r,0,¢)|0s)| _, = R~ —212 (3)
| sin O A1 —42

On the hand, we have (1|0 (7 = 0,6, ¢)|O;) = R™*1 for the bulk CFT, so we finally have,

o 0 =00,9)0) _  boo, “
9102 (1|O1(1 = 0,0, ¢)|Or) (sin Q)Al—Az
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Lastly, it is noting that, for the flat line defect (d = 1) breaking the symmetry into SO(2,1) X
SO(2), the defect operator can have a non-trivial SO(2) quantum number L, = m. For such a
defect operator, we have,

_ (1[04 (7 = 0,0,9)|05, L. =m) _ o0,

G AL = — ~ 5
0105 (1]0s (7 = 0,8, 2)|O1) (5in )1 )

where the bulk operator O; is still a Lorentz scalar.

Supplementary Note 2: Error analysis
Scaling dimension

In this section, we provide a detailed analysis of the scaling dimensions of primaries and offer
a way to estimate the error of the obtained numerical data. In general, in this work, we use two
different methods to obtain the scaling dimensions of the defect primaries, which gives consistent
results.

These three methods are described as below.

1. Since the scaling dimension of the displacement operator is expected to be Ay = 2, we
can set the dimension of the displacement operator to Ap = 2 and rescale the energy
spectrum. The obtained results of low-lying defect primaries are shown in the first line

of Supplementary Table I.

2. We assume that the presence of defect does not affect the velocity of spectra, so we let
Vdef = Vpulk- S0 We determine the scaling dimensions A 5 through

A -
Eo— Ej = ?O'Ubulh

where vy, 1S determined by the bulk Ising CFT [1]. That is, after extracting the velocity
Upulk, the scaling dimensions of the dCFT is
Es — B R Es—-FE

i
= A,
Ubulk E, — Ey

Ap =
where A, = 0.518149 is for bulk primary o field. The results obtained in this way are
displayed in the second line of Supplementary Table I. The consistency of methods 1 and
2 is strong evidence of vget = vpuk. Throughout this article, we employ this method to

compute the scaling dimensions.



Supplementary Table I. The scaling dimensions of primaries in sector L, = 0, 1. The first two lines corre-

spond to method 1-2 in size N = 36.

L,=0 L,=1

6 ¢ ¢ | D & ¢
AMetod L(N = 36) | 1.59 305 406 | 2 355 452

AYehd2(N =36) | 1.57 3.02 402|198 3.51 453

The summary of the scaling dimensions obtained by the above two methods is shown in Supple-
mentary Table .

Furthermore, to estimate the scaling dimensions in the thermodynamic limit, we apply a finite-
size extrapolation analysis based on method 2. Generally, we fit the scaling dimensions of pri-

maries (obtained on finite-size V) using the following form (see section C):

b

Ageﬂ”d 2(N)~ A o+ + - + higher order corrections (6)

c
R%&™
where b, ¢ are non-universal parameters, R ~ +/N. The finite-size scaling for several typical
primaries are shown in Supplementary Figure 2. The scaling dimension in the thermodynamic
limit A 5 can be extracted in this way.

At last, the relative error is estimated through the following comparison. The numerical error
of the fitting process in Supplementary Eq. (6) is 5ZO, which is determined by comparing the
different fitting processes using various finite system sizes (five large system sizes are always
included). We also compare different methods to determine the relative errors, e.g. difference
between A, and A¥™ (N = 36), A¥"42(N = 36) as the relative error. Finally, we use the

maximum value of these estimates as the relative error:
00y = Max{6As, |Ap — AY (N = 36)],|Ap — AR (N = 36)[}. (7)

We think this error represents the maximal relative error of the obtained scaling dimensionsin our
numerical calculations.
Finally, the numerical estimation based on the finite-size extrapolation and corresponding error

bars are presented in the Table I in the main text.
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OPE coefficients

In this subsection, we delve into the finite size correction and error estimation of the OPE
coefficients. Generally, the finite size correction arises from the descendants and higher pri-
mary operators. For instance, considering o, the higher contributions involve 0,0, (™o, 8“81,0),
(0,00,0,0,0,0), o', and so on. The corresponding bulk-defect OPE is given by:

A 10) oo
(on?|1)  (sin )P =20

G,o(0) = (1 T 0(1/R4-180—0-518)) C®

Similarly, for the higher correction from d,¢, T},,,, (e, 9,0,€), €, and so on, we have:

/!

c d c 3.830—1.413
(1+§+ R3-1.413 +ﬁ+0(1/R ) |-
)

Regarding the error bar estimation, we perform the finite size extrapolation using the first two

1n*0) = 0pi (1ln*[1) b
(€|n®|1) (sin §)A<=20

Goll) = <

powers to obtain the OPE coefficients b, . We compare various fitting processes by considering
different finite system sizes used in the finite-size extrapolations (the five largest system sizes are
always included). By comparing the extrapolated OPE coefficients obtained by different fitting

processes, we calculate the standard value and corresponding error bar.

Supplementary Note 3: Attractive fixed point

In this section, we aim to demonstrate numerically that the Ising CFT with a line defect pos-
sesses an attractive fixed point under the flow of h,.

Firstly, we ensure that, under the magnetic line defect the low-energy excitation spectrum is
gapless. This can be examined through the scaling analysis, as illustrated in Supplementary Figure
1.

Second, we examine how the scaling dimensions of primaries converge to the same values
for various hy. Finite size corrections arise from irrelevant operators with scaling dimensions
Ap > 1. Among these operators, the lowest two primaries are ngS and ngS’ . Consequently, the
finite size correction to the scaling dimension can be approximated as follows up to the first order
perturbation:

b

AO(N> ~ AO + RAé_l

+ T + higher order corrections. (10)

&
R%&™
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By employing this relation and setting 0= q%, qAb’ , we obtain two consistency equations which give

the scaling dimensions A by A & - For example, we obtain for 14 = 300:
A;~1.63 and Ay ~3.12 (11)

One may wonder how the second-order perturbation influences the extrapolated data. We also try
to do the finite-size extrapolation using the scaling function by involving the leading second order

perturbation

b c

Ap(N) = Ay + + higher order corrections. (12)

Using Supplementary Supplementary Eq. (12), we obtain for h; = 300:
Ay~ 1.62 and Ay = 3.08, (13)

which is almost the same as those obtained in Supplementary Eq. (11). So we conclude that
higher-order corrections do not change the extrapolated scaling dimensions qualitatively.
Subsequently, by applying this approach to various values of A, ranging from 1 to 1000, we
observe that the scaling dimensions of gzg and ngS’ are insensitive to hy. We examine the displace-
ment operator D in the L, = 1 sector. The exact value is Ay = 2, and the numerical results
closely match 2 with very high precision. These findings, the scaling dimensions insensitive to the
defect strength h,, provide compelling evidence for the existence of an attractive fixed point in the

presence of a line defect. All the results are presented in Supplementary Figure 2.
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Supplementary Figure 1. Energy gap scaling. The finite-size scaling of energy gap F, — FEy for the first
10 states in sector (a)L, = 0 and (b)L, = 1. System sizes from N = 8to N = 15 (ED) and N = 16 to
N = 36 (DMRG with D = 5000). Here we set hy = 300.
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Supplementary Figure 2. Finite-size correction of scaling dimensions for the lower primaries: (a) <;A5 (b)
qB' ,(c) D, and (d) (51, are determined using Supplementary Eq. (10). For different values of h4, each primary

converges to the same value, indicating the nature of an attractive fixed point.

Finally, we can further consider the limit of h; — o0, as shown in Sec. F. In this limit, we
demonstrate that the whole spectra is almost the same with the large h,; regime. This indicates that
the attractive fixed point is realized in the large h4 limit.

Supplementary Note 4: Numerical results of correlators of ¢

In the main text, we have shown the correlators and OPE coefficients related to o (Fig. 4 and

related discussion). In this section, we present the correlators and OPE coefficients related to the
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Supplementary Figure 3. Correlators related to ¢ (a-b) The one-point correlator a. and its finite-size
extrapolation. The result is a. ~ 1.31. (c-d) The bulk-defect correlator G, 45(0) with a resulting coefficient
of b, 3= 1.63. The dashed lines correspond to the theoretical correlator in Supplementary Eq. (14) with b_

and A 4 from the N = 36 curves. The system size ranges from N = 8 to N = 36(D = 5000).



bulk operator €. Following the method described in the main text and in Supplementary References

[2], we approximate it using the operator n”(£2). The one-point and bulk-defect OPE are given by:

(1jn”|1) = (1|n"[1) e
) = ~
Ge(6) (€|n®|1) (sin 0)A«
{10y bo
(e|n=]1)  (sinf)P<—2o

+ O(1/R)
(14)

Gp(0) = + O(1/R)

Please note that the operator n” includes an identity component that should be subtracted. Since
A¢ ~ 1.413 > 0, G.(0) should diverge at @ = 0, 7. This behavior is also observed in Supplemen-
tary Figure 3(a). We calculated G(6) and extracted the OPE coefficient using a, = G(7/2). To

perform the finite-size extrapolation, we need to consider the finite-size correction given by:

~ 1 baeé bTHVO 2
Ge(0> ~ W (beo + R + R3_1'413 "‘ O(l/R ) (15)

where the first pole 1/R comes from Oe and the second pole comes from 7),,. After the finite-size
extrapolation, we find a. ~ 1.31.

Next, we consider the bulk-defect OPE. Since the lowest primary in dCFT is A g~ 164> A,
the correlator G4 () is zero at § = 0, 7. We present the result for G ¢ in Supplementary Figure
3(c), and the finite-size correction follows the same analysis as described above, yielding b ; =~

1.63.

Supplementary Note 5: Ward identity regarding to the displacement operator

In dCFT, the displacement operator is related to the stress tensor in the bulk CFT, 9,7, (x , , :c”) =
d(x1)D,(x)). The stress-tensor has a canonical normalization through the Ward-identity, so the
normalization of D is also fixed. Therefore, the two-point correlator of displacement operator will
not be normalized to 1, instead, it is

(Di(x)D,(0)) = €

Dm47

(16)

where the normalization factor C'; is the Zamolodchikov norm [3] or central charge. For this
canonically normalized displacement operator, its bulk-defect OPE coefficients are constrained by

the Ward identity [3]:

™
Aoao = §b0ﬁ7 (17)



where O is a bulk scalar primary operator. b, is a bulk-defect OPE coefficient defined by the
two-point correlator in R3,

(O(x) D(0)) = bobm- (18)

In our fuzzy sphere computation, we can directly use the state of displacement operator to
compute the correlators involving the displacement operator. Specifically, we have state with well
defined SO(2) = U(1) quantum number L,

D L. = +1) ﬁ%j(bl(f — —o0) £ iDy(r = —o0))|1). (19)
The numerical factor 1/,/2C}, is chosen such that (D,L. = 1|D,L. = 1) = (D,L, =
—1|D, L, = —1) = 1. On the cylinder S? x R, we have

- A [ e
1 =0,0,0)|D, L, =1) = —2L 20
< |O(T O, 7()0)‘ ) > mRA<Sin9)A_1 ( )
Therefore, we can extract C', using
2 AoGo(e = 7T/2)
20, = — 21
DT T Gl =1/2) ' D
where,
e ®(1|0(r = 0,0, ﬁ,Lzzl

(1]O(r =0,0,¢)|0) ’
The results are depicted in Supplementary Figure 4(c). For comparison, we calculate the results

by setting O = o and O = ¢, yielding C5, = 0.27(1) for O = o and Cp, = 0.30(8) for O = e.

Supplementary Note 6: In the limit of h; — oo

In this section, we will consider whether the system remains at the dCFT fixed point when the

defect strength h, tends to infinity. First, we consider the defect term
Hy=2mhg[n*(0 =0,0=0)+n*0 =m,¢=0)]

=271 Y [Yio(0 =0, =0) + Yio(0 = 7,0 = 0)] nj,

: (23)
=D [Coni(0=0) + Cy (6 = 1)) &, 07Cm,
where C,,, (0) is
l l
Cons (0) = shar 3 (=)™ 4 Bcoso) (2 +1) [ *° ° (24)
2 _ _
l S s 0 mq mq 0
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Supplementary Figure 4. Correlators between the displacement operator and bulk operator: (a) O = ¢ and
(b) O = e. The dashed lines correspond to the theoretical correlator in Supplementary Eq. (14) with b_p
and A 5 from the N = 36 curves. (c) The extracted Zamolodchikov norm from Supplementary Eq. (21).
The red circles represent the results obtained when O = o, while the yellow triangles correspond to the

results when O = e.

The Legendre polynomial P,(x) have special values P;(1) = 1 and P,(—1) = (—1)!, substituting
into the last equation and using the orthogonal relation of 37 —symbol, we have

(0 = 0) = %hdéml,s Co(0 = 7) = %hdémhs. (25)

Thus, the defect term has a simplified form in orbital space (see also [4])
1 NP N
H,; = §hd (csa Cs+C 0 c,s> ) (26)

In orbital space, the defect term only acts on the m = =+s orbitals. This implies that if the defect
strength hy is sufficiently large, we can fix the spins of the m = 4s orbitals to | in numerical
computations and then optimize the other orbitals. This approach brings two advantages: firstly,
it reduces the number of orbitals, which can enhance computational efficiency; secondly, it avoids
numerical difficulties arising from excessively large h,.

Using the method described in Supple. Mat. Sec. B, we similarly computed the spectra for N
ranging from 8 to 36 at hy; = oo and plotted them in Supplementary Figure 5. We can observe
that the system still exhibits conformal symmetry, indicating it remains at the fixed point of dCFT.
Additionally, we list the scaling dimensions of several lower primary fields in Supplementary Table
II. A comparison with the finite h; = 300 case mentioned in the main text reveals consistency
within the error range. This indicates that the choice of h; = 300 in the main text is sufficiently

large. Combining this observation with the discussion in the main text, we can confidently assert
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Supplementary Figure 5. Conformal tower of defect primaries in hy — oo. Defect primary fields and
their descendants with global symmetry (a) L, = 0 and (b) L, = 1. The grey horizon lines stand for the
theoretical expectation for descendants. Different colored symbols represent the results based on various
system sizes. By increasing system size NV all of the scaling dimensions approach the theoretical values

consistently, supporting an emergent conformal symmetry in the thermodynamic limit.

Supplementary Table II. The scaling dimensions of primary fields under infinite and finite defect strengths,
are determined through the state-operator correspondence on the fuzzy sphere. Please see a detailed analysis

of errors and finite-size extrapolation in Supple. Mat. Sec. B-C.

L,=0 L,=1

¢ & ¢ D 1 N
ha=o00 | 1L.634) 3.1209) 4.04(3) | 2.05(7) 3.58(7) 4.62(8)

hq =300 | 1.63(6) 3.12(10) 4.06(18) | 2.05(7) 3.58(7) 4.64(14)

the existence of an attractive dCFT fixed point at h; = oo for the 3D Ising critical point under the

imposition of the magnetic field line.

* yhe@perimeterinstitute.ca

t zhuwei@westlake.edu.cn
[1] W. Zhu, C. Han, E. Huffman, J. S. Hofmann, and Y.-C. He, Phys. Rev. X 13, 021009 (2023).
[2] L. Hu, Y.-C. He, and W. Zhu, Phys. Rev. Lett. 131, 031601 (2023).

12


mailto:yhe@perimeterinstitute.ca
mailto:zhuwei@westlake.edu.cn
http://dx.doi.org/ 10.1103/PhysRevX.13.021009
http://dx.doi.org/ 10.1103/PhysRevLett.131.031601

[3] M. Billo, V. Gongalves, E. Lauria, and M. Meineri, Journal of High Energy Physics 2016, 91 (2016),
arXiv:1601.02883 [hep-th].
[4] Z.Zhou, D. Gaiotto, Y.-C. He, and Y. Zou, “The g-function and defect changing operators from wave-

function overlap on a fuzzy sphere,” (2024), arXiv:2401.00039 [hep-th].

13


http://dx.doi.org/10.1007/JHEP04(2016)091
http://arxiv.org/abs/1601.02883
http://arxiv.org/abs/2401.00039

	Supplementary Information for ``Solving Conformal Defects in 3D Conformal Field Theory using Fuzzy Sphere Regularization''
	Contents
	Supplementary Note 1: Bulk to defect correlators
	Supplementary Note 2: Error analysis
	Scaling dimension
	OPE coefficients

	Supplementary Note 3: Attractive fixed point
	Supplementary Note 4: Numerical results of correlators of 
	Supplementary Note 5: Ward identity regarding to the displacement operator
	Supplementary Note 6: In the limit of hd
	Supplementary References




