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Supplementary Note 1. The development of optical caustics.
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Fig. S1. Roadmap of the development of optical caustics. Reprinted with permission from refs.?,
Taylor & Francis; permission from ref.?, Elsevier; permission from refs.®!3, Springer Nature; and
permission from ref.'?, CC BY 4.0.




Supplementary Note 2. Derivation of constructing caustics into a spatial focal curve.
We start by employing the angular spectrum method to analyze the propagation of an optical wave

along the paraxial z direction'®,

_ - . ki +k;
E(x,y,2) =exp(ike) [ | F(k,.k,)exp| i| kx+k,y— 7 || e, (1)

where (x,y) is an arbitrary position vector in the plane z; (k,,k,) is corresponding Fourier

transform pair in the frequency domain; k=2z/A4 is the wavenumber with 1 being the optical

wavelength. F(k k)= A(k k,)exp [i(D(kx k })] is the initial spectrum distribution with  A(k,.k,)

and ®(k,,k,) being the amplitude and the phase term, respectively. Based on the method of

stationary phase, the significant contribution of the integral arises from critical points of the first
kind'-, which satisfy

Wk, k) L,
a—kxyszkr(kx,ky)+x—7’z=0 (2)

oV¥(k, k) k,
Tyzq)k" (kx,ky)-i-y—fz =0

)
with the total phase of the wave component
k} +k;

Wk k) = Ok, K, )+t k p ===z 3)

The subscripts k, and k, imply the partial derivatives of the corresponding functions. Our task is

to determine the phase ®(k,,k,) in such a way that the caustics of the beams in the transverse

plane forms a point-like focus and enables the creation of a spatial focal curve. The parametric
functions X(z) and Y(z) govern the trajectory of the beams with the propagation distance z

acting as a parameter. Thus, we can rewrite Eq. (2) as

©, (k,.k,) =k—XZ—X(Z)
: k
h @
O, (k,.k,)= ?VZ—Y(Z)

There may be many solutions to this system of equations for a particular Z, and we assume that
they form a continuous locus in the frequency domain, denoted as C(Z) . At this point, we should

note that, if any wavevector (k ,k,) ofitslocus C(Z) is mapped to the distance Z, then a two-
variable function Z(k,,k,) can be obtained. Moreover, it is crucial to take into account that for
®(k,,k,) tobetwice continuously differentiable, its mixed second-order partial derivatives should

be equal, i.e., ®,, =®,, . Therefore, we can deduce the relationship as follows:



o N N LT 5
Zk‘(7_ (Z)j_ZkA e 2 |, (5)

where the subscripts &, and k, refer to the partial derivatives of the corresponding functions; the

prime denotes differentiation with respect to Z. For a certain distance Z, the functions X'(2)
and Y'(Z) are fixed. Thus,

Z.dk, +2, dk, =0. (6)
By combining with Eq. (5), we obtain that
(k, —kX"(2),k, — kY'(2))-(dk,,dk,) = 0. (7)

It is clearly seen that the locus C(Z) is a circle with its center at (kX'(Z),kY'(Z)) , meaning that the
wavevectors of the light rays that form a caustic point constitute a circle in the Fourier plane. This
also aligns with the physical interpretation of the wavevector of the zero-order Bessel beams: the

wavevectors (k, cos@,k, sing) with k =.k’>+k’=Cons. and ¢ being the azimuth angle

centered at coordinate origin (0,0) constitute the caustic points at arbitrary propagation distance.
From this perspective, the movement of the circle's center serves as the fundamental physical

mechanism behind the curved propagation trajectory.
Now, the locus C(Z) can be expressed explicitly as

(k=KX +(k, kYD)’ = (2), ®
or equivalently,
k, =kX'(2)+ B(Z)cosp, k, =kY'(Z)+ B(Z)sing, ©)

where f(Z) is the radius. Besides, it is necessary to meet the condition that the distance of the

center's movement should not more than the variation in the circle's radius, i.e.,
BE) = B, £nk[ X" +Y"(2) ez, (10)
where the constant |n| >1. Thus far, taking the partial derivative of Eq. (2) with respect to £ _(or

k,), we arrive at:

o¥(z) Kz, 2/ 2 PG
=——(X"*(E)+Y"*(2)- : 11
ok 5 (X(2) (2) e ) (11)
At the same time, considering the equation that
o¥(2) _ 2 d‘PEz)’ (12)
ok ©odz

X

we can derive the total phase as

kel (@Y (@Y (BOY
qj(z)_zj{( ) %) -5 Hd“’g' (9

Here, we set the initial value to zero, since a constant phase difference does not affect the intensity




distribution. Therefore, the phase distribution ®(k_,k,) can be written as

2 2
y

@(kx,ky):%jzﬂdx@j {dw;)] _[ﬂ(f)} }df—kxX(Z)—kyY(Z)Jrk*;(k'

ol de dé k =0

where parameter function Z(k k) is determined by Eq. (8). It is worth mentioning that

0 < B(2) £k, which limits maximum propagation distance of the focal curve.



Supplementary Note 3. Detailed phase information in Fourier space.
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Fig. S2. Phase distributions together with their magnified images and histograms for three
cases in the main text.



Supplementary Note 4. Detailed theoretical anaylsis of caustics.

From the perspective of catastrophe theory!”!°, the potential function of the light field, as described
by Eq. (1), can be expressed as follows:

k} +k;

V=0, k) +kx+ky+kz- z, (15)

The gradient mapping of this potential defines the rays, given by

k
a—V:CD,(A (kx,ky)+x—7)‘Z:0

x , 16
Y o kk )y o0 1o
ok, T

That implies that, if the point (k& ,k.) is selected to satisfy Eq. (16), the normal to the wavefront
at (x,y,z) aligns with the direction (k% ,k.). The conditions governing the rays establish a

mapping between the K-space (k,,k,,k.), called state space, and the observation space (x,y,z),

known as control space. For a specific point in state space, one can always find the corresponding
point in control space (indicating the ray's direction). However, if given a point in control space,
there could be multiple corresponding points in the state space or even none (indicating multiple
rays in that specific direction or none at all).

Although a typical point (x,y,z) may correspond to the rays, it does not signify a caustic. To
pinpoint a caustic, we must vary (x,y,z) until we reach the envelope of the ray family, which
defines the caustic. This process involves ensuring that the potential remains stationary beyond the
first order.

Hence, it is necessary to differentiate the ray conditions given by Eq. (16) and determine a set

of displacements, denoted as dk, ,dk,, for which dx =dy =0 . These can deduce that:

2 2
0 de\,+a—vdk, =0
ok okok,

2 2 '
OV 4k + SV ak =0
okok, ok’

(17)

The requirement for a solution to exist is that the determinant of coefficients must be zero:

*v. V| [pe 2 do

ok>  okok,| |0k’ k  ok.ok,
V. FV| | Fo POz

okok, ok} | |okok, ok? k

=0. (18)

Therefore, the caustic, which represents a singularity in the gradient maps, serves as the envelope

for a collection of rays.



Supplementary Note 5. Propagation dynamics of caustic points with a parabolic trajectory.
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Fig. S3. Propagation dynamics of caustic points with trajectory X(z)=0 ,
Y(z)=2x10"z*/ A4 . a Simulation results of transverse intensity profiles at propagation distance
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Supplementary Note 6. Design and optimization of 3D-printed metasurfaces.
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Fig. S4. Design and optimization of 3D-printed metasurfaces for comprehensive and
independent control of amplitude and phase responses in transmitted light. a, b Numerical
analysis of the amplitude (a) and initial phase retardation (b) of cross polarization transmitted from
a nanofin with different heights (H) and lengths (L). Vertical black lines in the plots indicate the
selection of nanofins for amplitude modulation. ¢ Experimental verifications of eight-level
amplitude modulation using selected nanofins ( W =400 nm and L =800 nm ) with different
heights at a wavelength of 532 nm. d Schematic illustrations of 64-level complex-amplitude
modulation based on selected nanofins with eight different heights, each associated with eight
distinct in-plane rotation angles.



Supplementary Note 7. SEM images of nanofins with different heights.
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Fig. S5. SEM images of nanofins with heights varying from 3.0 pm to 5.0 pm. All nanofins have
uniform transverse dimensions (W =400 nm and L =800 nm ).



Supplementary Note 8. The effect of rounded surfaces of a nanofin on the optical performance.
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Fig. S6. Simulation analysis of the effect of rounded surfaces of a nanofin on the optical
performance. a Schematic of a nanofin with rounded surfaces. b, ¢ Simulation results of normalized

amplitude and initial phase for nanofins with sharp and rounded edges.



Supplementary Note 9. The derivation of higher-order diffractions.

Fig. S7. Cross-sectional schematic of the modeled metasurface.

Figure S7 shows the considered meta-atom, with a nanofin on a glass substrate with refractive index
n, =1.5. The period of the nanofin P =1250 nm . The light wave (4 =532 nm ) travels from the
glass medium to the air with refractive index n, =1. The incident angle is «a, and the refraction

angle is f. The higher-order diffraction takes place at points of constructive interference, where

the criterion is that the difference in optical path length along the two paths equals an integer number

of the vacuum wavelength. This condition is expressed as: mA = P(n,sin f—n,sina) with m

being the diffraction order. In our case, the incident angle can be regarded as « =0. Thus, only
diffraction orders m=0, *1, and +2 occur. The angle of emergence for the first-order

diffraction is |/3,|~25.2°, and for the second-order diffraction is |f3,|~ 58.3°.



Supplementary Note 10. Derivation of the compensation phase.
Let's begin by seeking the compensation phase for the non-diffracting beam propagating along a
straight line parallel to the z-axis. We can initiate the derivation from Whittaker's integral?’,

v(r)=[" A@)explid(p) +ik,r-u(p)ldy, (19)

where r=(x,y) is the transverse position vector; u(@)=(cos@,sing)is a unit vector; A(@) is
the amplitude; ®(¢) is the phase distributions. The caustics can be calculated from the first and
second derivatives of the phase of the integral in Eq. (19) with respect to ¢ with the help of the

relationship r =(r-u)u+(r-u’)u’, which is expressed as

1
r.(p)= k—[®"(¢)u(¢) —D'(p)u'(p)]- (20)
1
By considering the derivative of both sides of the equation, a parametrization of the caustic may be
found:
1
r'(p)= k—[CD'”((/)) —0'(p)u(p). 21
1
When the caustic is a point located at r,(¢) =(x,,»,), then r,'(¢)=0,i.e.,
D"'(p) - D'(p) = 0. (22)
The general solution of this equation is:
D(p)= 4, cosp+ A, sinp+ 4, (23)

A, has no physical significance and can be omitted. Thus, Eq. (20) can be rewritten as:

r(p) = ,}(—Al ). (24)

€

The phase ®(¢) is finally represented as
O(p) =~k 1. (p) u(p). (25)

Now, we consider sculpturing the caustic in the form of a desired high-intensity path r,(z)

by using the point caustic we have achieved above. The angular spectrum for such beam is given by
F(p) = A(p) expli®(9)]

= I;A(r) exp [i¢(r)—ikirp (T)~u(¢)]d7, (26)

where [ is the overall length of the path; ¢(r) is a compensation phase, which is critical to the
beam shaping but is yet unknown. By applying the method of stationary phase, the important
contribution to Eq. (26) is critical points of the first kind,
a_, o
dr dr
This establishes a connection between ray optics and caustics. Specifically, for each 7 , there exist

(p)=0. @7

certain important rays for the superposition, with wavevectors denoted as &, u(¢) . Intuitively, these
rays should follow the predetermined curve to construct the entire caustic shape. Thus, the unit
vector is expressed as

~ dr,(r)/dr

p) = W (28)

The compensation phase can be calculated as



dr,(s)
ds

#(0) =, +k [, ‘ds, (29)

where ¢, is an arbitrary constant term. For simplicity, we set ¢, =0.

On the other hand, the beam’s transverse field is given by
! T
w(r) = [ A@exp[ig0)][" exp[ik,(r, —r,())-u(p) |dpdr

_ IO’ A@)exp[ig(0)]J, k, |r, —r,(0)dz,

where J,(-) is Oth-order Bessel functions. It can be seen very clearly that the electric field in the

(30)

initial plane is a superposition of Oth-order Bessel functions centered at r,(z) = [m(7),n(r)]" with
7 Dbeing the length along this path. To ensure the intensity is approximately uniform along the path,
we can simply choose A(r)=1/ |rp’(r)| =1. The essence of the problem lies in determining an
appropriate value of ¢(z) that leads to the field intensity having "maximum" along the path and

dr, (s)

ds

"minimum" in regions distant from it. #(z) =k, IO

‘ds that we have deduced above is a proper

solution to this question.
Now, let's consider the scenario where the beam propagates along a straight line that is not
parallel to the z-axis. The propagation trajectory is parametrized as (ax,by,z) with a and b being

arbitrary constant. By using the Eq. (9), the angular spectrum for such beam is given by
F(p) = A()exp[i®(9)]
= [ (@) exp[ig(2) - ik, 1, (2) -u(p) |dr (1)
= jo' A(r)exp|ig(r) —i[(ak + B(Z) cos p)m(z) + (bk + B(Z)sin p)n(7)] |dz,
where ¢(r) represents the compensation phase to be determined. The electric field at plane z can

be calculated using the method of angular spectrum, written as
- kI +k:
v (x,y,2) =exp(ike)[ [ F(k,k,)exp| i kx+k,y —T*z dk,dk, . (32)
Next, we can deduce to

a’k’> +b’k> + B (%)
2k

w(x,y,2) =exp Hk— ]z+i(akx+bky)}

(33)

1
jo J, ( ﬁ(f)\/(x —az—m(7)) +(y—bz—n(r))’ )exp [i¢(r) —i[akm(z) + bkn(7)] |dz.
From the equation, it is evident that the electric field is a superposition of Oth-order Bessel functions
Jy() centered at (az+m(r),bz+n(r)). By analogy with the previous example, the compensation

phase can be obtained as follows:

dr, (s)
ds

#(0)=BE)|

‘ ds + akm(7) + bkn(7). (34)

Going even further, we extend the propagation trajectory to arbitrary spatial curve (X(z),Y(z),z),



where functions X(z) and Y(z) respectively govern the trajectory of the beams in x and y
directions with the propagation distance z acting as a parameter. The angular spectrum of the beam
is represented as

Fk, k)= j(j exp[ig(z,5) + i, 7.k, k) dz, (35)

where
k(@Y (@Y (BOY | e ;s P ki vk
q>p(r,kx,ky)_2j{[ i j+[ i j ( p ”dg KX E)+m@)] =k [Y(2)+ n(@)]+ =~
(36)

corresponds to the phase that we have derived above, which allows the trajectory of the light beam
to be a curve; ¢(7,2)=¢,(r,2)+¢,(Z) represents the compensation phase to be determined, which
now need be specifically expressed as a function of the length 7 and the propagation distance Z .
By substituting Eq. (35) and Eq. (36) into Eq. (32), and considering the relationship expressed in
Eq. (9), we can obtain the light field,

exp{i[(z.2)—kX'(E)m(z) —kY'()n(z)]} dz

X))+ Y () + B2 ()
2k

v(xy.0) =[] ﬁ(f)exp{i[k2+¢z(f)+‘l‘(2)+ (E=2)+kX'(2)(x=X(2) +kY'(Z) (v = Y(é))}}di

[B'(2)+kX""(2)cos o+ kY"'(Z)sin p|exp {iﬁ'[(x - X(Z)-m(r)- X'(E)z—2))cosp+(y—Y(2)—n(r)-Y'(£)(z—£))sin (p}} de
(37
It can be observed clearly (regarding the integration with respect to ¢ ): the beam is composed of

the superposition of J,() , J,(Jcosep , J,()sing , with its central position at
(X(@)+m(t)+ X'(2)(z—2),Y(2)+n(r)+Y'(£)(z—Z)) . At this point, there are two differences

compared to the previous cases.
(1) The optical field is no longer the superposition of only zero-order Bessel beams, but a
combination of zero-order and first-order Bessel beams.

(2) The actual superimposed components have a slight deviation from the preset center

(X(2)+m(7),Y(z) +n()) . The offset is (X'(2)(z-2)—-(X(2)-X(3)).Y'(E)Nz-5)-(Y(2)-Y(2))).

The first issue can be resolved by setting |n| >1 in Eq. (10). In this case, the light beam can be

approximated as a superposition of zero-order Bessel beams. (In fact, first-order Bessel beams can
also achieve similar superposition effects.) The second issue can be corrected by finding a suitable

®,(2) . According to the stationary phase approximation, the Z that predominantly contributes to

the superposition is determined by the following equation:

%{¢2(2)+‘P(2)+k X (§)+k2}]: &)+ () (E—z)+kX’(x—X(2))+kY’(y—Y(Z))} (38)
—4/(5)+ EXEX' @)+ kzy'k(f)y”(z) BOFO) 5 _ +RX(3) (x - X (3))+ kY"(3) (y =Y (5)) = 0.

By adopting the least squares method, we are supposed to minimize the sum of the squared residuals
between z and Z,when x=f(z)+m(r) and y=g(z)+n(zr).It can be calculated as,



A=14,"(3)+2k (X”(E) [[m@dr+ )| n(r)dz')giﬁz’(f)
0 0 (39)
@Y [, m* @de+ (@) [ n(@)dz+ RXEY ()], mon(r)de.

This is a quadratic function with respect to ¢,'(Z), and it reaches its minimum value when:
! 1
2k(X”(Z) [\ m@yr+ 1), n(r)dz')

5 (40)
- "%fi [X"(Z)m(z) +Y"(Z)n(r)]d7.

$,'(2)=~

By integration, we can obtain:

$,(2) = —;I;[X'(Z)m(z') +Y'(Z)n(r)]dr a

=k [X'(z)m(r) + Y’(z)n(r)].
After the corrections, we can state that the beam now consists of a superposition of zero-order Bessel
functions, and distributes along the desire path. Comparing with the previous example, we can
derive that

dr, (s)
ds

$()=po| ds + X'(2)km(z) + Y'(2)kn(7). (42)

Therefore, the total compensation phase is given by:

r,(s)
ds

=D +G'(Dk[r,(7) -1, ()]

#2)=BG)|, ‘

ds+ X'(E)k| m(z) - m(z) |+ Y'E)k| n(r)—n(r)
wox@ufne mO @@
Here, G'(2)=[X'(2),Y'(2)] is the derivative of the function describing the propagation trajectory;
rp(r)=[m(r),n(2')]r represents the transverse path of the caustics; and rp(r)z[m(r),M]T

signifies the center of the path. In a special case when X(z)=az and Y(z)=bz, Eq. (43) would
accordingly reduce to Eq. (34), differing only by a constant, which has no practical effect on the
compensation phase and can be ignored.



Supplementary Note 11. Complex-amplitude information in real space at the initial plane.

1.0
!

0.9

y 0.8

0.7

0.6

0.5

0.4

0.3

100A 02

Fig. S8. Complex-amplitude information in real space at the initial plane. The first column

[}
o
2
=
£

<

Phase

corresponds to the case of Fig. 3 in the main text, and the second column corresponds to the scenario

in Fig. 4 of the main text.



Supplementary Note 12. The energy flow of the caustic structured light.

The energy flow density vector, also known as the Poynting vector, refers to the amount of energy
per unit time flowing through a unit cross section perpendicular to the direction of light propagation
2122 In the paraxial regime, the time average of the energy flow density vector is given by,

2 A

i * *
i+——(EV E'—E'V E), 44
i Vs E) (44)

1
S=8.+8, :2—|E
Uyl

where 177, =+/y, /&, 1s the impedance of free space; z is the unit vector in the z direction; S,

and S, denote the longitudinal and transverse components, respectively. Among them,

S, =S.+S,, (45)
with
S, =— (EEE* —E*iEJ (46)
4n,k\ Ox ox
and
s - g9 _plp| (47)
g 4n,k oy Oy

We set 77, =377Q, and calculate relative value of the components of the energy flow up light
propagation. Figure S9 shows the energy flow distribution of deltoid-shaped caustic beams
corresponding to the case illustrated in Fig. 3 in the main text. In this case, we present the energy
flow components at propagation distance z=0.5z,, . The white arrowheads in the first column
denote the magnitude and direction of the transverse energy flow. It can be seen that the energy flow
rotates around the deltoid shape. The longitudinal component of the energy flow is always positive,
and is much larger than the transverse component (about two orders of magnitude). Therefore, the
energy flow rotates and moves in the y direction during forward propagation.

Similarly, the energy flow distribution of the morphed caustic beams corresponding to the case

illustrated in Fig. 4 of the main text is shown in Fig. S10. Rows 1, 2, and 3 display the transverse
z=0.6z and

max 2 max 2

and longitudinal components of the energy flow density vector at z=0.3z,
z=0.9z

for easier observation. In three distinct regions, the transverse energy flow rotates around the shapes

respectively. Note that we have shifted the intensity profiles to the middle of the figures

max ?

of deltoid, astriod, and hypocycloid-5, respectively.
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Fig. S9. The energy flow density vector at z=0.5z _ for the case illustrated in Fig. 3 of the
main text. The white arrowheads in the first column denote the distribution of the transverse energy

flow.
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Fig. S10. The energy flow density vector for the case illustrated in Fig. 4 of the main text. Rows
z=0.6z

respectively. The white arrowheads in the first column denote the distribution of

1, 2, and 3 display the energy flow distributions at propagation distance z =0.3z
and z=0.9z

the transverse energy flow.

max 2 max
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Supplementary Note 13. The effect of fabrication errors on the caustic beams.
The fabrication error is mainly caused by the machine error, which is a randomly distributed error.
Here, we demonstrate the effects of this fabrication error on the caustic structured light. We define

the random distribution functions Random(amplitude) and Random(phase) to respectively

characterize the amplitude and phase fabrication errors, and use the random factors a and b to
respectively measure the random oscillation degree of the amplitude and phase. Thus, the random

amplitudeis 4

random

= ax Random (amplitude) and the random phase is v, . = bx Random(phase).

The total amplitude is 4 =4,+4 with A4, being the initial amplitude, and the total

adjusted random

phase IS V0 =Wo + Wrmaom With y, being the initial phase. We present two different random

factors of deltoid-shaped caustic beams in Fig. S11. It can be found that the larger the random factor,
the blurrier the beams and the worse the accuracy.

7=0.15Z,,.

ONET |1

Fig. S11. The effect of fabrication errors with different degrees on the deltoid-shaped caustic
beams.



Supplementary Note 14. Demonstration about the importance of the compensation phase.
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Fig. S12. Complex-amplitude distributions in Fourier space and corresponding real space
transverse intensities when different compensation phases are introduced for the case depicted
in Fig. 3 of the main text. Rows 1 and 2 depict the amplitude and phase distributions, while row 3
shows the transverse intensity at a specific propagation distance z=z /2.
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Fig. S13. Complex-amplitude distributions in Fourier space and corresponding transverse
intensities in real space when different compensation phases are introduced for the case
illustrated in Fig. 4 of the main text. Rows 1 and 2 present the amplitude and phase distributions,
while rows 3, 4, and 5 display the transverse intensities at propagation distance z=z__ /6,

z=z, /2,and z=5z_ /6.



Supplementary Note 15. Z-shaped caustic beams with a parabolic trajectory.

.
c
[

£
=
x
]

Fig. S14. Simulation and experimental results of Z-shaped caustic beams with a parabolic
trajectory.



Supplementary Note 16. Geometric-shaped and letter-shaped caustics.
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Fig. S15. The measured intensity profiles of desired caustic fields in x-y plane at wavelengths
of 490 nm (blue), 532 nm (green), 590 nm (yellow) and 633 nm (red). a Geometric-shaped
caustics: deltoid, astroid, and hypocycloid with 5 cusps. b Letter-shaped caustics: Z, J, and U.
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Supplementary Note 17. The propagation-invariant and self-healing features of caustic beams.
To demonstrate the propagation-invariant feature of the caustic beams, we need to quantify the
similarity of the transverse intensity distributions /,(x,y) at the reference plane with transverse
intensity distributions /_(x,y) atany longitudinal position z. An effective approach is to calculate

the normalized cross-correlation function of the intensity distribution patterns?3:

Z([O(x,y)—70)~(Iz(x—m,y—n)—fz)
y(m,n) = —== — —. (48)
Z(IO(X,J/)—]O) Z(lz(x_may_n)_lz)

x,y

I, and I are the average values of I, and I, respectively. (m,n) is the offset when the two

intensity matrices are not aligned. If these two matrices are aligned and equal in size, we can set
m=n=0.Thus, Eq. (48) is simplified to

;(zo(x,y>—z,).(zz(x,y)—2) covlo 1) o)

V= = —
Z(]O(x,y)—]_o) Z([:(x,y)_lz) 0,,0;.

ij

where cov() is the covariance between [/, and [ ; o is the standard deviation.

Here, we calculate z-dependent normalized cross-correlation for four cases of caustic
structured light (deltoid, astroid, hypocycloid-5, and line segment) with a parabolic trajectory, as
shown in Fig. S16. The trajectory equation and maximum propagation distance are the same as in
Fig. 2 of the main text. The reference plane is chosen as the middle position. Our analysis reveals
that within the specified range of propagation distances, the intensity cross-correlation coefficients
of the caustic beams predominantly exceed 50%. Further calculations yield average cross-
correlation coefficients of these caustic beams with various shapes: 73.8% for deltoid, 63.1% for
astroid, 56.0% for hypocycloid-5, and 65.6% for line segment. It is found that all correlation
coefficients are greater than 50%, indicating a relatively strong correlation between the fields, and
the caustic beam is resistant to diffractive effects.

The field distribution of beams may be perturbed by obstacles or turbulence. Self-healing refers
to the process of reconstructing the original structure after such disturbances. Here, we show the
self-healing property of the caustic structured light by placing an obstacle in its propagation path.
Figure S17 shows the simulation results of blocking a rectangular area (indicated by the white square
box in the first column) in the plane z=0.5z,,  of the caustic structured light. One corner of the
caustic pattern is obscured. During the propagation process, the caustic structure damaged by a

partial obstruction gradually recovers. At the distance of z=0.58z__, four types of structures are

almost completely repaired. In order to describe the degree of self-healing of the beams detailly, we
calculated the normalized cross-correlation coefficients between the deltoid-shaped caustic beams
blocked by square obstacles with sides L =401, 604,and 804, respectively, and the unblocked
beams at different propagation distances, together with the intensity distributions at 0.5z, and
0.85z,, ,

quantitative calculation, we can find that the normalized correlation coefficient appears a slight

as shown in Fig. S18. The white square box indicates the obstructed area. From the

oscillation in the early stage, but when the propagation distance is far enough, it becomes higher
and higher and finally tends to a stable value. This suggests that the influence of the obstacle is
getting weaker and the lateral light intensity distribution is getting more similar. Moreover, the larger
the obstacle size, the smaller the correlation coefficient, the slower the self-healing process, and the



longer the recovery distance required. These presented results demonstrate that the caustic beams
possess self-healing properties. In the aspect of optical caustics, self-healing after such distortions
can be attributed to a reconstruction by rays with a higher inclination that passes the obstacles and
contributes to the light field sufficiently far behind the perturbation.

Normalized cross-correlation Normalized cross-correlation
1 1
a b
0.8 0.8
0.6 0.6
7/ 0.4 7/ 0.4
0.2 0.2
0 0.5 g 0.5
ZIzmax zlzmax
Normalized cross-correlation Normalized cross-correlation
1 1
c d
0.8 - 0.8
0.6 0.6
4 4
0.4 0.4
0.2 0.2
. 0.5 . 0.5
ZIZmax zIzmax

Fig. S16. Normalized cross-correlations as a demonstration of the invariance of deltoid, astroid,
hypocycloid-5, and line segment caustics to obstructions.
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Fig. S17. The self-healing of the caustic structured light upon propagation. The blocked area is

indicated by the white square box in the first column.

1.00
c
£ 098"
©
®
5 0.96-
Q
o 0.94-
o
(8]
- 092
[+]
N
T 0.90-
£
5
= 088

— L=280A

0.5 0.6 0.7 0.8 0.9 1
ZIZmax

2=0.57,,,

Fig. S18. The normalized cross-correlation coefficients between deltoid-shaped caustic beams

blocked by obstacles with different sizes and those not affected by obstacles upon propagation.

The blocked area is indicated by the white square box.



Supplementary Note 18. Intensity profiles under the condition of equal radii of Fourier rings.
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Fig. S19. Simulation results of Intensity profiles sculpted under the condition of equal radii of
Fourier rings: deltoid (a), hypocycloid-6 (b), line (c), Chinese character for “two” (d).



Supplementary Note 19. Morphed caustics with a linear trajectory.

Arbitrary caustic engineering is achieved through the combined modulation in both longitudinal and
transverse planes. If the propagation trajectory is preset as a straight line, the centers of the circles
on the Fourier plane will remain fixed, and changing the information on different circles will lead
to multiple interference. To circumvent this problem, we first design a curved propagation trajectory,
which will cause the movement of the circle centers. Then, we distribute the Fourier information of
different caustic patterns across various circles and compensate for the lateral displacement caused
by the curved trajectory on the corresponding x-y plane, that is, an additional linear displacement
for each caustic shape. In this way, we can realize the morphed caustic patterns along a linear
trajectory. For illustration, we present the simulation results of caustic beams with shapes varying
from deltoid to astroid, and then to hypocycloid with 5 cusps, along a linear trajectory, as shown in
Fig. S20.

Fig. S20. Propagation dynamics of caustic beams with shapes varying from deltoid to astroid,

and then to hypocycloid with 5 cusps, along a linear trajectory.



Supplementary Note 20. Derivation of the amplitude and phase of output from a meta-atom.
We utilize the Jones matrix to describe the amplitude and phase responses of a meta-atom. To begin,
it is assumed that the incident light, coming from SiO, substrate side, carries left-handed circular

polarization (LCP) |L):
=11 (50)
AR’

The state of light as a function of propagation distance z through the meta-atom can be written as:

ly(2)) =T(-OM ()T (O)|L). (51
with
14, (2)e”® 0 50
M (z) —{ 0 4 (z)e"‘”“(”} (52)

and a rotation matrix at an angle of @

r(0) = {

cosé —sin&}. 53)

sind cosé

Here, A /(z), A/(z), and ¢,(z), ¢,(z) denote the amplitude and phase coefficients for the
polarization along the long axis and short axis of the nanofin, respectively.

The Jones matrix of the meta-atom can be simplified to:

0, (2)+9,(2)
e’ : 4, (Z)e[% 1+ eiiw) +4, (Z)e"'% (1- e—izg)
e ' ' ' 20y | 54
|W(Z)> 2\/5 lAa (Z)e’% (1 _eﬂZH) + lAF (Z)e—z(pA (1 + e—129) ( )
with
, 2000 “

¢ 2
The right-handed circular polarization (RCP) component of the light after a propagation distance
H (the height of the meta-atom) is selected by the polarization filter, which can be represented as

the inner product of |R) and |y(H)):
S = (RIp (D) =3[ 4,(HD ™ = 4,11 Je . (56)

Here, we define that ¢ :%Ag(z)ei“’“(m and ¢, :% A, (z)e”"" are the S-parameters for the

polarization along the long axis and short axis, respectively. Therefore, the amplitude and initial

phase are determined as follows:

A

out

=t, -1, (57)

and
@, =arctan(t, —¢). (58)
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