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Supplementary Note 1. ERROR GRADIENTS

Let G4 be an MLP. To understand the learning mechanism, we take a sample « with label y,
and go through the entire training procedure, including a forward pass FP and a backward pass
BP. To be convenient, we rewrite 2(?) = x as the inputs, let 2 and z(“~") be the activations
of the first and the last hidden layers, respectively, and let z(") be the outputs. The MLP is a
parameterized model § = zX) = F,(x) withw = (WS W W), where W©® is the
weight matrix of synaptic connections from layer ¢ — 1 to layer ¢, and 1 < ¢ < L. Suppose there
are n, neurons on layer /, W® has the size n, X ny_;. The inputs « are fed into MLP, after a
forward pass from layer 1 down to layer L — 1 and layer L. Each neuron receives a cumulative

input signal from the previous layer, and sends an activated signal to a downstream layer. Let oy

be the activation function of layer /, az@ = wzmTz(Z_l) be the pre-activation value of neuron ¢

on layer ¢, we have zz@ = ag(agf)) with wzm being the ith row of WO, 1 <i<n, The output

activation function o, is generally a softmax function, i.e. zi(L) = exp{aEL)} /22 exp{a§L)}, and

L)

21 is a probability distribution over n, classes, i.e. 172" = 1.

(L) and the ground truth y, we can calculate the prediction error

(

i

With the predictions z
C(z®),y), which is often a cross entropy loss, i.e. C(21) y) = - y;log = D To minimize
C, BP is applied, and the weights w are updated backward, from the output layer up to the first
hidden layer.

Now we derive the gradients for a close examination. First, we get the derivatives of C w.r.t

2D and W1, Because 2" = exp{a!”'}/ > ; exp{agL)}, we get the gradient of the output 2\
(L)

WLt w;;

32,(€L)/8wi(f) = z,(f) (Opi — zl-(L))zJ(-Lfl), (S1)
where 0;; = 1 if k = 4, otherwise d; = 0.

On layer L, we get the derivatives of C w.r.t z(/) and W(F);

oC _ Y

(922@) zi(L),

I 0C oy _ (o) gD (S2)
3w§jL) . az,(f) 8w£f) ’ R .

Then, we examine layer . — 1. The activation function o;_; associates to a pair of neurons

ut*™ on layer . — 1 and u§-L72) on layer L — 2 with a unique connection weight ijL*l). Since

zZ(L) = exp{az(.L)}/ > eXp{ag-L)} and zi(Lfl) = UL,l(a(Lfl)), we get az,iL)/azi(L*l) = z,(f) (w,(cf)—

(3
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> ZJ(L)w](z ) = 4P (W — w7 2®), and 92" /8w(L R ZJ(L*Q)U’L,LZ-. The derivatives of

C are
oc oc 32k _ Ty _, (L) (DT ( (L)
82.(L_1) - Z PR (L a 5 (L-1) — Zyk’(w*z < Wy, ) = Wy (Z - y)a
EZ)C ac 02! k 53
_ 2 _ (DT (L) N (L=2)
8w(.L*1) - aZ-(Lil) aw@,l) = Wy, (Z y)zj O-Lfl,i‘
ij i iJ
On layer ¢, where 1 < ¢ < L — 2, we get (’*)2,&“1)/87:1-( = w,(f;ﬂ)azﬂﬁ and
ac ac 9z aC
N = Wy "Opy1 ks
821() Z 9 (£+1 aZi(z) g aZ}(erl)
(S4)
aC aC azi oc (=)
= = g i
w? 000w a0
according to the relations zl-(éﬂ) = ag+1(af-g+ ) and zf) = ag(ay)).
Let 8O = [9C/02", - ,0C/924)]" € R™, o) = [0, 10y, |7 € R™, 1 <€ < L. We

can write the gradients in a dense form:
Vw(L) — (Z(L) . y)Z(L_l)T,
S — W(L)T(Z(L) — ),

Va1 = (5(L71) ©) szl)z(sz)T, (S5)

80 — W(@rl)T((;(fH) ® 0'2+1)»

Ve = ((5(6) ® O'Z)Z(Z_I)T.
Supplementary Note 2. WEIGHTED DEGREES OF Gp

We examine three hidden layers {¢ — 1,¢,¢/ + 1} of G4 and three neurons on these layers
{j,i,k}. Let w(”l) connects the neuron k on layer ¢ 4 1 to the neuron ¢ on layer ¢, w ) be the

synaptic connection weight between the neuron j on layer ¢ and the neuron ¢ on layer ¢ — 1, and

wj(fn Y connects the neuron j on layer ¢ — 1 and the neuron m on layer ¢ — 2.

Now we have a close look at 9C/ 6wij . According to the chain rule, we have

i %5 Ops = Op11,:W m

ac ac 92" .
®) 0 5 @ i % i = % e IZ
ow i 0z, (‘3wij

The gradient term (5,(f+1) = aC/ 8z,(f“) is a highly coupled function of all accessible synap-

) (©

tic connection weights of w;;” on the forward propagation route from z;’ to the output neu-

rons. To ease the analysis, we simplify it with a numerical value or a synthetic one with no
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synaptic connection weight included. Therefore, the summation term can be viewed as a sim-

ple linear function of all synaptic connection weights w,Ef.H) associated with neuron ¢ on layer /,

(1) 0} = 0N gy 50D

and the associated coefficient is p{w 0,1 4> Which defines the edge

[
welghts from w,(f; Y to w(z on G'g. Similarly, we have the edge weight from w( ) to w(g 2 , 1l.e.,
p{ ” , W } = 1 jél(g)a“ Therefore, we are able to calculate the in-degree and out-
degree of wz(]), which are defined as the sum of the weights of all in-bound connections to wg) and
the sum of the weights of all out-bound connections from wl(f), 1.e.
6in(wz(f) Z 5(“1) Oet1, k (87
5011’6(101(5)) - [ Z Z%_Q)] O-Z 1 ]61(6)0-2 7 (SS)

m

There are several exceptions, including the first hidden (¢ = 1), the last hidden (/ = L — 1) and

the output (¢ = L) layers. For the output layer, we have

L€ N 9C ‘92% D
ow'? (9zk 8w ! '

)

— Yi)- (59)

(L)

Because oy, 18 softmax, no explicit relation regarding w;;” can be built. It implies that no well-

defined in-bound connections to wl(] ) ie., 5in(w§jL)) = (. But, we can build the connections from

( ) to w(L Y Ttis easy to derive
oC oC asz_l) (L-2) (L) (L)
o't - 92D 5, =D =% UL—l,iZ(Zk — Yr)wy;- (S10)
ij i ij k
From the perspective of w('Lfl), we get P{wm ,w(]L 1)} = z](-Lﬂ)U’qu(zl(C ) — y,); from the
perspective of wf]),we have p{ww : jm }— Zm aL 14(2 Z(L) ;). Therefore, we get

Sour(wi])) = [ 2oy (2P — ),

L—1 L—2 L
Sin(wly V) =2Vl N (Y =) =0, (S11)
k
6out(w1(jL_1)) = [227(75—3)}0_1L_27j51(L K ,L 1,

The softmax o, (-) makes the output values sum up to one, i.e., Y, y, = 1, and (5in(wij_1)) = 0.
Now, we examine the first hidden layer Similar to the output layer, there is no well-defined out-

bound connections for w;; ) 50ut( ) = 0. Setting ¢ = 1 in Eq.(S7)), we can get the in-degree of



Sn(w)) =201 [ 00 ah ). (S12)
k

Based on our definition of the weights of G'z, when the number of layers is small, it is trivial
that B¢ = 0. To get a non-trivial B¢, we identify the minimum number of hidden layers in G 4.

First, we examine a G4 with one hidden layer, i.e. L = 2, whose degrees are

Sin(w}) = Gout(w))) = Gin(wl)) = 0,

50ut(wZ(J2) [ (0)}013( (2 ) _ yz) (S13)
Since the degrees sum up to zero, S = 0, regardless of how many hidden neurons in G 4.
If G4 only has two hidden layers, we have the in-degrees
5in(w$ ) = Zj 11[22215 UQIJ (S14)
Gn(w)) = Sn(wl) =0
and the out-degrees
5out( 1(_71 ) =0,
Sout (W) = [0, 200t 0704, (S15)
o (') = [y 2] on (57 = ).

The total degree may be non-zero, but Sz = 0 always holds. Therefore, the minimum number
of hidden layers required for a well-defined (.4 is three, i.e., . > 4. We summarize the in-

degrees
(5m(w1(])) = z Vo' (alM) 25 Q)Jék,

5in<wz(f)) = Zj - Ué,i Z(Sifﬂ ‘72+1,k ’ (S16)
k

and the out-degrees

(Y-
(L—1)> _ [ZZ L—S)} / 5_(L—1)U/ ‘ (S17)



for V1 < ¢ < L — 1. It is easy to derive

517;1 5out = Z Z 5'1n (U}z(f) ) 5out (wz(f) )

i,j l<é<L—1

:Z Z [ZZ%_Q)]Zﬁé_l)gé—l,j[aé,i]z‘sy)[Zél(fﬂ)"zﬂ,k}’ (S18)

1,j 1<l<L—-1 m

= Y T 0 op ] x 1760 @ 07 x 1760 © o, .
1<l<L—-1

Now, we move forward to compute the total degree

1T6in_zz 011 25 U2k +Z Z Zél(fﬂ)aéﬂ,k]’

ij 1<é<L-1 k
= [1Tz( Tx[1Te] x1"6® o e+ Y 172V x [170)) x 176" @ a7,
1<l<L—-1
= ) 1) x 17e)) x 176 0 o).

1<<L—1

(S19)
The definitions of in-degree and out-degree ensure that 17'6;, = 178, must hold. Let’s prove it:

1T5out=Z Z Z ezae 10! UMJFZ (L-2) ; 179 Z(L)_yi)L

i, 1<l<L-1 m

= Y [T x 170 ] x 176V © o] (S20)

1<¢<L-1

== 1T61n.

With the fact that o> = o, for ReLU, according to Eq.(2), we have Bog = 6L dout/ (17 dout)-

Specifically, we have

e L 2[1Tz(é 2)] X 1T[ (=1) 0.2_1] % 1T[5(£) ® a’ﬁ X 1T[5(e+1) ® 0'2+1]
ett — L—1 :

T - (0—2) T o/ T[8(0) / (S21)
o2 172 x 170, ] X 17[6Y © o]

Supplementary Note 3. DERIVATION OF ADJACENCY MATRIX P OF Gp

The right hand side (RHS) of Eq.(3)) is a function of W1, and denoted as F'(W 1),
Here we derive the strength of the impact from WD and other weights W0 =
WO ww WO w2 WE) for building the edge dynamics.  Let W o=
(WED W 0) and F(W) = dW® /dt. We denote W as the current states of W (%),
W*(HD as an equilibrium point, and W* = (W*D W (0). According to the Taylor expan-



sion, we linearize I at W* and have
OF (WD, WH) (WD _ ()
oWy (S22)
8F<W*(€+1) W(—E))
) =0 _w=H
+ D (W W=,
The last term on the RHS can be cancelled out when the realizations of W (=9 take the current

AW Jdt ~ F(W*) +

states of W9, i.e. W9, The gradient is simplified as
QF (WD) 17 (=0)

+ OW (¢+1)

The second term OF (W*ED 11(-0) /oW D) = g2¢ (WD 170 /oW O 9w ¢+1) measures

how much F is affected by a unit perturbation on W (1), therefore can effectively captures the
interaction strengths between W and W+ Usually, W*“+1 are not available before the
update of W+ which follows the update of W), we use the current states of W+ instead.
The system can be viewed as a realization of the general Eq.(T)), with linear f(W®) = F(W*)
and g(W© WD) = P++D) — WD Now, we can immediately have the adjacency matrix

P of G with PGIHD = g2¢(W D w0 /g O ) w1 < ¢ < L.

Supplementary Note 4. PROOF OF THEOREM 1

The second order gradient P = 92C /oW D9 (+1) is proposed to measure the inter-
action strength between W® and WD V1 < ¢ < L. Considering an MLP, and assume
that each activation function o, is ReL.U for ¢ < L, when G4 converges, V%) vanishes, i.e.,
v = (60 © ")zt =0 (Eq in Supplementary Information [Supplementary Note 2)). Tt
indicates that (6 © o"é)izj(.f_l) =0, i.e., either (6 ® o'"); = O or A0 =, V(i, 7). According

J

to Eq.(S21)), the numerator involves the product of terms & ONoY-4 ‘ and 2(=1_which are zeros (a

small constant ¢ is added to the denominator of [ to avoid division by zero), so Bz = 0.

Supplementary Note 5. RUNNING TIME COMPARISON

We compare the running time of the proposed method in comparison to BGRN, LSV, BSV and
CL. The running time is recorded in the Table[ST} The CL method has a pronounced longer running
time compared to other methods. The LSV and BSV method is fastest but generally gives a worse
prediction compared to other methods. Our method can achieve a competitive performance and

have a faster inference rate.



Supplementary Note 6. MEAN-FIELD APPROACH

We summarize the main idea of the mean-field approach developed by Gao et al.[1], and show
how it is obtained[?2, |3]].
We consider a vertex ¢ and the interaction term » . P;;g(x;, z;) in Eq.(I), where P; is the

influence j has on i. Similarly, ¢ influences j with a weight P;;. We define the in-degree 6" =

>, P;j and the out-degree 5{"* = >, Pj;. The interaction term can be rewritten as
>, Pijg(xi, )
E Pijg(zs, 1;) = o =2 . (S24)
91 2 > P

Here the in-degrees 6 captures the idiosyncratic part, and the average g(-, -) captures the network
effect. The mean-field approximation is to replace local averaging with global averaging, which

approximates the network impact on a vertex as nearly homogeneous. Specifically, we can get

Z]- Pig(x;, x;) N Zl’j Pyig(x;, x;) B 17 Pg(z;, )

~ = S25
> Pa o P TP 52
where the vector g(z;, ) has the jth component g(z;, z;). A linear operator
1T Pz ZT (sout
(%) = 17p1 = 17w (520
is defined for a weighted average of the entries in z. The mean-field approximation gives
& = f(x;) + 6" Lp[g(zi, ). (S27)

In the first order linear approximation, we can take the £ p-average inside g. The average of exter-
nal interactions is approximately the interaction with its average, i.e. Lp[g(z;, )| = g(x;, Lp(x))
and

@i = f(x;) + 6"g(w;, Lp(x)), (S28)

where Lp(x) is a global state. Let z,, = Lp(x). Applying £p to both sides of Eq.(S28)) gives
da = Lp[f(2)] + Lp[0™g(x, 24y)]. (S29)

According to the extensive discussion and tests in[[1]], the in-degrees §'* and the interaction with
the external z,, are roughly uncorrelated, so the £ p-average of the product is roughly the product
of L p-averages. Therefore, Lp[6™g(x, 7.y )] & Lp(6™)Lp[g(x, 7.y )]. Using the first order linear

approximation, we take the £ p-average inside f and g

= f(Lp(z)) + Lp(6™)g(Lp(T), Tay)- (830)
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Therefore, we have

j7av - f(xav) + Beﬁg(xava Iav>7 (831)

where B¢ = Lp(8™) is the resilience metric, and its steady-state is the effective network impact

Toff s satisfying Toff = f(fEeff) + 5eﬁg($eﬁ, Ieﬁ) = 0.

Supplementary Note 7. COMPUTATIONAL COST OF THE PROPOSED FRAMWORK

We record the running time in GPU hours for the proposed NCP framework on CIFAR-10
dataset (image resolution is 32 x 32). The computational cost is shown in the Table [S2] The NCP
framework consists of two stages: in the first stage, the new model consisting of pretrained model
and NCP layers with random initialization is fine tuned for 50 epochs. The pretrained model is

unfrozen while NCP layers are frozen.

Supplementary Note 8. COMPARISON USING STANDARD NAS BENCHMARKS
A. LC based predictors as baselines

In addition to examine our method on classic deep learning models such as ResNet and
DenseNet, we also examine the effectiveness of the NCP method on NAS-Bench-201 [4]]. We
randomly sample 108 architectures. The highest test accuracy of the sampled architecture is 89.16
while the lowest test accuracy is 70.09. A three-layer NCP is inserted to pretrained model in the
NAS-Bench-201 search space. We use the CIFAR10 dataset as the training dataset. Each dense
layer has a dimension of 128 and is followed by ReLU activation and batch normalization. We use
the exactly same hyperparameters: the number of epochs is 50 and the dropout rate of the dropout
layer in the NCP layers is 0.4. We use SGD optimizer and a constant learning rate of 0.001 is
used. After training new model with inserted NCP for 50 epochs, we compute the [S.g dynamics
for each epoch. We select [ty, £y + 3] as the prediction window to predict the validation accuracy
at final epoch (i.e. tan. = 50). Bayeisan regression is used for fitting and prediction is done by
extrapolation to the final epoch |SB.¢| = 0. The typical fitting result is shown in Figure Using
the predicted validation accuracy, we compute the correlation bewteen the test accuracy and the

predicted accuracy. The result is shown in Figure [S3]
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B. Training-Free NAS metrics as baselines

In addition to BSV and LSV, we compare our method with the training-free NAS methods. For
the baseline methods, we use the exactly same hyperparameters as reported in the references [S—
/]. Our method shows a higher correlation on NAS-Bench-201 compared to ZiCo and NASWOT.
It is worth mentioning that direct comparison solely on the correlation is unfair since our method
is not training free while those methods are training-free.

Figure [S5|left shows the performance of the proposed method on 108 randomly sampled archi-
tectures in NAS-Bench-201 search space. We further increase the number of randomly sampled
architectures to 2160 and report the performance on different number of architectures. A smaller
set of architectures is the subset of larger sets of architectures. The result is shown in Figure[S7| As

the number of sampled architecture increases, we observe an increase in the ranking correlation.
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FIG. S1: A performance comparison between our [.¢ based approach and the baselines in

ranking the pre-trained models w.r.t their average accuracy over 20 runs.
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FIG. S2: A performance comparison between our [.¢ based approach, BSV and LSV in ranking
the pre-trained models w.r.t their accuracy per run (mean and standard deviation of 20 runs).
BGRN and CL relies on some extra learning curves, which are impractically available in the

scenario of ranking only 17 pre-trained models per run, so the related data is omitted.
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FIG. S3: Training time per epoch versus computing time for S per epoch over all 17 pre-trained
models and five datasets discussed in the main text. Each data point is associated with one
pre-trained model over one dataset. The relative cost of our approach in computing S.¢ with

respect to training more epochs can be measured by ¢ = T} . /T}yaim. On average, itis ¢ ~ 1.3

(slope of the pink line).
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FIG. S4: Bayesian regression between the validation accuracy and |[.q| for the models in the
NAS-Bench-201 search space. Left: typical fitting result for architectures with high accuracy.

Right: typical fitting result for architectures with medium accuracy.
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FIG. S5: Spearman correlation of predictors and test accuracy. Left: our method. Middle: BSV

method. Right: LSV method.
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FIG. S6: Spearman correlation of architectures in the NAS-Bench-201 search space. we use a

subset of architectures with performance reported in NAS-Bench-201.
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FIG. S7: Spearman correlation of the proposed method on randomly sampled architectures in the

NAS-Bench-201 search space.
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TABLE S1: Running time (in seconds) in learning curve prediction, including the predictor

estimation (if necessary, e.g., Ours, CL and BGRN).

Dataset Ours [BGRN| LSV |BSV CL

CIFAR10 0.491| 0.610 [0.059|0.049|3966.128
CIFAR100 0.414| 0.628 |0.051]0.045|5256.478
SVHN 0.506| 0.607 |0.074]0.044|4690.507
Fashion MNIST|0.493| 0.625 |0.057|0.046|4552.194
Birds 0.460| 0.636 [0.071|0.04414734.992

TABLE S2: Running time for the NCP framework: the first step freezes NCP probes and the
pretrained model is trained to converge. The second step computes betas based on the weights at

different epochs. The unit of running time is GPU hour.

Model Fine tuning Beta computation

ResNet18 1.32 1.18
ResNet34 1.82 1.52
ResNet50 2.88 2.20
ResNet101 3.60 3.30
ResNet152  3.96 4.23
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