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1 The analytic approximation for the death-Birth process

Here we present a full description of the analytic approach under the death-Birth update rule.

*To whom correspondence should be addressed. Email: oana.carja@gmail.com or ocarja@andrew.cmu.edu.

10

16

17

22



20

21

22

23

24

25

26

27

28

29

30

31

At every time step, let 77 and T); denote the probabilities that node n changes its allelic type towards
or away from the mutant type. Let x,, denote the frequency of the mutant at this node n (z,, = 1 means a
mutant occupies node n and x,, = 0 means the node is occupied by the wild-type allele), A/(n) denote the

set of nodes connected to n and degree d,, denote the size of N'(n). We can write

1-— m n) Tm
T = In (1+s) 2meN ()
N dn +s ZmeN(n) Tm
1 0
T — Ty ZmEN(n)( - .’L‘m)

" W dn + s Zme./\f(n) Tm .

The (1 — z,)/N term in T,5 corresponds to the probability that node n is both a wild-type and is also
selected to die. The rest of the terms in T correspond to the probability that a neighboring mutant node
is selected to replace node n and can be written as the fraction of the mutant neighbor fitness over the total
fitness of neighbors of node n. This makes T, and T, difficult to work with. Using a power series expansion

we can write

! L_ s Z Ty + 520 (2?). (2)

=g 2
Qo 45 mentm @ G B L

This will later make the calculations easier.

The approach we take here is to use the node degree distribution, and only keep track of the mutant
frequencies x; at all N; nodes of the same degree d;. Let D = {dj,ds,...,d;,...} represent the set of all
possible node degrees. We denote the frequency of nodes of degree d; in the population by p;. To model
node degree mixing, we use p;; to denote the probability that a node of degree d; is connected to a node of

degree d;. The probability that the mutant frequency increases by 1/N; in nodes of degree d;, Ti+, is given
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Ti+:(1+s)2[6(di,dn)1;\7xi< > :cm><dz ; Yt + 570 ))]

neG meN (n) mGN(n)
1 —ux;
SEDEDY [ (i, (Z x) ( o DICICE s“’ow))]
neG jeD di i jeD
2
1 .
=(1+s) v - > 8(diydn) Y enjay + Nd2 Z 8(di, dy, (Z enjzj> + 520(z®)
' neG jeD neG jeD
1-
=(1+s) N d Z eijr; +s0(x?) + s°0(z?)
jeD
1-—
=(1+s) N d Z Npipijdizj + sO(z?) + s2O(z?)
=(14s)(1—x) Zpipijxj + 50(x?) 4+ s20(x%), (3)
jeb

while the probability that the mutant frequency decreases by 1/N;, T, , is given by

T =u szpm )+ s0(2?) + s20(z?). (4)
jeD
Here, 6(d;, dy,) is the Kronecker delta function, the set G represents all the nodes in the graph, e,; denotes
the number of edges that connect node n to nodes of degree d; and e;; denotes the number of edges that
connect nodes of degree d; to nodes of degree d;.
The probability of fixation of allele a can then be approximated using the diffusion approximation. We
will first need to calculate the first and second moment of the change in frequency of the mutant allele at all

nodes of degree d;, at every time step:

_ 1 _
Bldw] = (I =T, Ay = (T = T77) = O(a), (5)
, 1 ,
E[(Awi)’] = (T + T, )(Ax)* = NTplg(Tf +1;7) = O(x), (6)
E[AQTZAQ?J} = O7 (7)
E[Az,|E[Az)) = (T}~ T7)(T} — T;)(Axi)? = ﬁw ~TOTf ~T7) = 0. (8)
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This allows us to write the mean change in mutant frequency at every time step as

w= 288 - L ), ©)

It is worth noting that in many diffusion models the variance can be approximated as the second moment
and the covariance is omitted since the product of the first moments is often on the order of s. This is not
the case in our model, since here the first moment is on the order of s® therefore the product of the first
moments does not go away by assuming sufficiently small s.

The variance in mutant frequency change can be written as

E[(Az;)?] — (E[Az))? 1

= = TF T, —(T;" —1,)? 10
o At szz[ [3 (3 ( (3 7 ) ]’ ( )
while the covariance can be written as
7E[A£L’Z]E[A£L'j] 1 + _ + —
= = — TT T )WT"—=T:). 11
Oij At szpg ( 7 [ )( g i ) ( )

We write the Kolmogorov backward equation

oP 1 0%pP oP
=3 2 g T 2 i
D €D

K2

i,j€
1 9 O°P 1 9P OP
= "oy 255 0n, +ZO(¢)<2N&U% tom | (12)
i#] €D
and solve for zero
! 2y O°P 1 9°P OP\ _
AN ) g, +i;30($) <2Nax$ N (13)

Given the initial mutant frequencies Z, P(Z) gives an approximation for the fixation probability of the mutant
allele a. It is difficult to find a closed form solution for P(Z), since coefficients in the PDE in equation (13) are
polynomials of x. Due to the similarity between the Kolmogorov backward equation here and the Kolmogorov
backward equation for the finite island model (Tachida and lizuka, [1991), we can use singular perturbation
methods to approximate the solution (Gavrilets and Gibson) 2002). This method tries to find the solution
to the PDE of interest near singular points, where the function changes value rapidly. This usually occurs
in the region of space where the PDE coeflicients vanish and therefore where the first derivatives are large

in magnitude.
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For our PDE, the singular points occur at & = 0 and Z = 1. For s > 0, we solve the PDE at # = 0, while
for s < 0, we solve for Z = 1. Intuitively, the fixation probability for any mutant with selective advantage s
should be unity in the deterministic infinite population case.

In finite populations however, fixation is controlled by both the force of selection and the force of drift.
The force of drift is proportional to 1/N and can cause even beneficial mutants to become extinct. As mutant
frequency increases in the population, past establishment, the force of selection starts to dominate the force
of drift and the fixation probability starts approaching one rapidly. For deleterious mutations, the fixation
probability should be small unless the number of mutants is close to population size N; therefore, for s < 0,
P decreases to 0 when Z moves away from 1.

For s > 0, we introduce new variables y;, such that ey; = z;, where € = % We can write

P OPdy, 19P

= == 14
and
P _ 0 (0Pdy\ _ O°P dyidy; 0P O _ 1 &P (15)
Ox;0z; Oz \ Oy;dx; | Oy;0yj do; dr; = Oy; Ox;0x; €2 Jy; 0y,
We can substitute and into and write
1 1 5 o, 0P 1 _,0%P _,0P
—= @) @ —€ T — =0. 16

For large population sizes, ¢ = 1/N becomes vanishingly small, therefore in the equation above, we can

ignore higher order terms of e. Therefore we can approximate (16) by

10%°P 9P
ieD 2 Oy; y;
We exand equation (17) and write
1 0? 1 9
ijZGDpipij (21)?((1 + 8)y; + yi)@ + 171((1 +8)y; — yi)ayi> P= (18)

It is important to note that the Kolmogorov backward equations for the death-Birth model we consider
here and the Death-birth voter model (the update process where a node is first picked for death with
probability inversely proportional to fitness, and a random neighbor is then selected to replace it) are identical

after singular perturbation. The Kolmogorov backward equations for the Birth-death model considered here
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and the birth-Death model also share the same equations. This implies that the dB and Db should have
identical fixation probabilities for the same network. Indeed, the two processes lead to similar evolutionary
dynamics (Chen et al.| [2013).

The solution to the differential equation in (18) has the form
P=cy+c exp{ prjAjyj}. (19)
J

We can substitute this solution back into the Kolmogorov backward equation (18) and solve for the unknown

exponents:
1 2 1 2
E 5(1 + 8) A pipijy; + §Aipipijyi — (L + 8)Aipipijy; + Aipipijyi

1 1
= Z <2(1 +5)ASpipsiyi + iAgpipz’jyi — (L +s)A;pjpjiyi + Aipz'pijyi> =0. (20)
ijeD

We end up with the following system of quadratic equations to solve:

Z ((1 + 5)ASpipji + Alpipi; — 2(1+ 5)A;p;pji + 2Aipipij) =0 Vi (21)
j€D
This is a system of |D| (the number of unique degrees in the graph) elliptic equations in |D|-dimensional
space and the solution to this system corresponds to the set of points in space where all these surfaces
intersect. There is a trivial intersection point at the origin. This solution, however, causes P to be undefined
S0 it is not the solution we are interested in. Assuming there is a non-trivial real solution to this system, we
can use geometric intuition to estimate where the solution is. We do this by summing all the equations in

the system to get the following equation

> ((1 + 5)ASppji + Afpipi; — 2(1 + 5)Ajpspji + 2Az'pipij>
ijeD

= Z ((1 + 5)Alpipij + A7pipi; — 2(1 4 5) Aipipij + 2Aipipij)
i,jED

> ((1 +5)A7pi + ATpi — 2(1 + 5) Aipi + 2Aipi)

ieD

-y [(2 + 5)A2p; — 25 A;pi| = 0. (22)
€D
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In elliptic form,

2 2
So(nst) = (e) e

This equation provides valuable information on the dynamics of the system. This ellipsoid contains all
solutions to the system since it is constructed from a linear combination of these ellipsoids. It is centered at
5/(24s)1, with axial lengths proportional to s/(2+s). In the neutral case where s = 0, this ellipsoid collapses
into a point at the origin. Since all solutions of the elliptic system coincide with this point, the system has
exactly one real solution at the origin. When s increases from 0, the distance between the solution at the
origin and all other real solutions grows proportional to the axial lengths, which themselves are proportional
to s/(2 + s). We will use these intuitions later to derive simpler forms of the solutions of the entire system.

Next, we use regular perturbation to study the system. We can write the solutions of the system as
A; = Ai’() + SAZ'J + 0(82) (24)
Substitute this and the following
A} = ATg + sAi oA + O(s%) (25)

into the elliptic system and we have
Z |:(1 + S)(A?70+8Aj7014j71 — 2Aj_’0 — 25Aj,1)pjpj1',
jeD

+ (A?,O + SAi,OAi,l + 2Ai70 + 25Ai,1)pipij} = 0(82) (26)
In the order of s°, we can derive 4; ¢ using

Z [(A?,o —2A;0)p;pji + (A7 + 24 0)pipis | = 0. (27)
jeD
This is exactly the elliptic system corresponding to the neutral case where s = 0. We know from the argument
above that this system only has one real solution at the origin.

For the order of s', we can derive 4;; using

> ( —24;1p;pji + 2Ai,1pipij) =0. (28)
jeD



104 Using the fact that the number of edges going from nodes of degree d; to nodes of degree d; is equal to
15 the number of edges going from nodes of degree d; to nodes of degree d; (the handshaking lemma), we can

106  Write

Pipijd; = pjpjid;. (29)

107 We rewrite the above as

Z ijji( — A1+ Ai,l%) = 0. (30)
jED v

1w0s It follows that points on the line A;; = Ad; satisfy this equation. Substituting in (24), we now have an

109 approximation of the solution of the elliptic system

1o This agrees with the fact that the real solutions of the elliptic system grow proportional to s/(2 + s) (from

C @),

112 We still have to find A. Since we know the solution to the system must also satisfy equation , the

1

13 value of A that approximates the solution of the system is

> {(2 +s)pi A2dF — 2spiAdi} -0
i€D

— (2+s)A? Zpidf —2sA Zpidi =0
i€D ieD

= (2+5)A%(d?) —25A(d) =0

= (24 5)A(d*) = 25(d)
2s  (d)
2+ 5 (d?) (32)

ﬁA:

11s  Here (d*) represents the k-th moment of the degree distribution. We substitute this back into and can

us  thus find the constants that satisfy the boundary conditions that P(# = 0) = 0 and P(Z = 1) = 1.
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We can therefore write the approximation for the fixation probability as

P(Z) = [1—exp{ —N2iss<<j2>>2pidixi}] [1—exp{ —N2iss<<j2>>2pidi}]
i€D ieD
s s 2117
= [1—exp{—N213<§%ZP¢dixi}] [1—6Xp{—NZiSEZZ>}] . (33)

i€D

Assuming the probability that the mutant was introduced uniformly into the network, the fixation probability

LT 25 (d)? 2 @?\]
P(x—N>—[1—exp{—2+s<d2>}][1—exp{—N2+s<d2>}] . (34)

To summarize, the fixation probability for the death-Birth process on a network is given by

is

1 _efast/(lJrs/Q) <d>2

|~ o—cunNe/(iF5/2) where agp = @ (35)

Pip =

For the special case of uncorrelated networks, our approximation coincides with the fixation probability of
the Death-birth voter model (Antal et al., [2006]). As mentioned before, this is expected, as the Kolmogorov
backward equations after singular perturbation are identical for the Death-birth and the death-Birth update
rules. Our result however apply across network families, not just for the special case of uncorrelated networks.

In Supplementary Figure S4 we show how well approximates the fixation probability obtained
from solving numerically. In our derivation of the approximation, we ignored the O(s?) portion of the
roots of . The error that accumulates is on the order of Ns?, therefore as long as s << N~'/2 the
approximation should hold. The approximate solution to the KBE remains accurate with few exceptions.
In evolving populations, we are often interested in cases where there exists an interplay between drift and
selection. This requires both forces to have similar magnitudes. This implies s ~ %, which implies Ns? ~

% << 1 in large populations.
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2 The analytic approximation for the Birth-death process

We now discuss the probability of fixation of a new mutant under the Birth-death process. Following similar
steps as the previous section, we start by writing down the probabilities T, and T, that a node n switches

allelic type towards or away from the mutant state. We can write

ZmEN(n) xmdﬁll(l - xn)
N + SZmEN(n) T,

L Ymen (I~ T )y T,

no N A5 e Tm

TH=(1+5s)

The denominator in 7, is the total fitness of the population. Since it is shared across all T's we will represent
it as Nw, where w is the mean fitness of the population. The z,, term in 7} divided by the denominator
corresponds to the probability that the focal node n has a mutant neighbor node selected to reproduce for
the Birth step. The rest of the terms in T,/ constitute the probability that node n is the node selected at
the death step. This probability of death is one over the degree of node m, an arbitrary neighbor of n. It
might seem that this is as complicated as the transition probabilities for the dB update rule, and we should
simplify using the power series. However, we do not need to do that here since the denominator can be
multiplied out.

Similarly to the case of the death-Birth process, we use the degree mean field approximation. The

probability that the mutant frequency increases by 1/N; for nodes of degree d;, T}, is given by

Ti+(1N—:US)Zl (di, d, < Z Tomnd 1931))

neG meN (n)
(1+5) 5 l (
= dza dn Z 6]7L'r] - xz)
Nw neG jeD
(1+5) _
= Nuw Zejifjdjl(l_mi)
jeD
(1 + )
= N Zijpﬂd zid; Y1 — )
jeED
(1+s)
= ijpjixj(l - z;), (37)
jeD

10
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and the probability that the mutant frequency decreases by 1/N; for nodes of degree d; , T, is

jED

Here, e, denotes the number of edges that connect nodes of degree d; to n and ej; denotes the number of
edges that connect nodes of degree d; to nodes of degree d;.
To write out the diffusion equation, we first need to compute the first and second moment of the change

in frequency of the mutant allele at all nodes of degree d;, at every time step:

_ 1 - _
BlAw] = (T ~ T7)Aw, = 5 (IF ~ T7) = w™'O(a) (30)
2 _ 1 -\ — ,,,—1
Bl(Aai)] = (17 + T7) (A0 = 555 (1 4 T7) = w0(a) (40)
— — 2 1 — -\ _ ,,,—1 2
BlAwBlAw) = (17 =TI = T7)(An) = 5 (17 =TI = 17) =w 062, (42

The mean change in mutant frequency at every time step can then be written as

- E[ALCZ] - ]. 4 _

The variance can be written as

_ Bl(aw)’) = (Blaw)? _ 1 . i
i = = = 5[l - T - (T -T2 (4

The covariance can be written as

At a sz'pj

(T;F =TT —1T7). (45)

Oij = i i j j

We can now write the Kolmogorov backward equation. Instead of substituting and writing all the

coefficients in the equation, we are going to denote the the terms by their lowest degree of z

oP 1 opP
P I ”a axj Z‘“
i,5€D i€
1 o) PP - 1 0°P 0P
=—— — S ), 1
2N i#jw Of= 83@ 0 JrZZD Oz 2N 0z? + Ox; (46)

11
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We are interested in the stationary solution where

1 0?P 1 0P 0P

- O(z? @) ———+— ] =0 47

2N £~ (2 )axiaxj +Z (w)<2N ox? + 0x; (47)
i#£] 1€D g

Note that we multiplied by the mean fitness w on both sides to remove it from the PDE. By solving for

P(Z), we have an approximation for the fixation probability given the initial mutant frequencies Z. Similarly

as above, we apply singular perturbation to solve this system.

For s > 0, we introduce new variables y;, such that ey; = x;, where € = % Substitute 1j and 1D into

and write
1

1 C1gy2,2y O°P 1 ,0°P 0P _
5 ;6 O(ey )8y¢8yj —1—;0(61;) 5€ 927 +e€ oz, =0. (48)

Ignoring vanishingly small higher-order terms of €, we write out terms of order €°

> 0(y) (;gyﬁ; + g:_) =0. (49)

i€D

Equation (49) can be expanded and written as

2
S v (1«1 s+ ) oy + (1 s)y - y»(.fy) P=0 (50)

2
ijeD D3 Y; Di

The solution to this differential equation has the form
P =cy+crexp { — ijAjyj}. (51)
J

We can substitute this solution into the Kolmogorov backward equation (50) and solve for the unknown

exponents:
§ : 1 1 42 1 42 1 A A
2( 8) iPjPjiY; 9 i PiPjiYi ( 8) iPjPjiY;j iPjPjiYi

1 1
= Z <2(1 + S)A?pipijyi + iAfpjpjiyi — (1 + s)Ajpipijyi + AinPjiiUi) = 0. (52)

12
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We end up with the following system of quadratic equations to solve
Z ((1 + 8)ASpipi; + ATpipsi — 2(1 4 ) Ajpipi; + 2Aipjpji> =0 Vi (53)
Jje€D

Assuming there is a non-trivial real solution to this system, similarly as above, for the death-birth process,
we can use geometric intuition to estimate where the solution is. We do so by summing all the equations in

system to get the following equation

Z ((1 + 5)ASpipi; + ATpipsi — 2(1 4 ) Ajpipi; + 2Aipjpji)

i,jE€ED
= Z ((1 + 8)A2pipji + A2pjpji — 2(1 + s)Aipjpji + 2Aipjpji>
ijeD
=57 (1 +9)A2 + A2 —2(1 + )4, +24) Y pipys
€D jep
_Z ( [(2+5) A2—25A Zpﬂm)
€D jeD (54)

In elliptic form, we can write

S
(42

Like in the case of the death-Birth process, this equation provides valuable information on the dynamics of

> j;)pjpjz‘] = (2+5> S pipjie (55)

i€D jeD

the system of ellipsoids. This ellipsoid contains all solutions to the system, since it is constructed from linear
combinations of these ellipsoids. It is centered at s/(2 + s)T with axial lengths proportional to s/(2 + ).
In the neutral case where s = 0, this ellipsoid collapses into a single point at the origin. Since all solutions
of the elliptic system satisfy the equations, the system has exactly one real solution at the origin. As the
strength of selection s increases, the distance between the solution at the origin and all other real solutions
grows proportional to the axial lengths, which themselves are proportional to s/(2 + s).

Next, we use regular perturbation to study the elliptic system. We can write the solution of the system

as

Ai = Ai,O + SAi,l + 0(82) (56)

13
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Substitute (56) and the following

A = A7)+ sAipAin + O(s%) (57)

into the system and we can write
Z [(1 + S)(A?,O'i_SAj,OAj,l — 2Aj70 — 23Aj,1)pjpji
jeb

+ (AZZ,O + SAiv()Ai,l + 2Ai70 + 28A171)p1p”i| = 0(82) (58)
In the order of s°, we can derive 4; ¢ using

> {(A?,o —24;0)pipij + (Ao + 24, 0)pjpsi| = 0. (59)
jeD
This is exactly the elliptic system corresponding to the neutral case where s = 0. We know that this system
only has one real solution at the origin.

For the order of s', we can derive A; 1 using

Z ( —24;1pipij + 2Ai,1pjpji) =0. (60)
jeD
Using the handshaking lemma, (see (29))), we can rewrite the above as
d;
Z ijjz‘( — Aj»ldi + Ai,l) =0. (61)

jED v

It follows that points on the line A; = Ad; satisfy this equation. We now have an approximation of the
solution of the system

A; = sAd; + O(s%). (62)

This agrees with the fact that real solutions grow proportional to s/(2 + s). Since we know the solution to
the system must satisfy , we can find the intersection of with and the error from this point to

the real intersection is of O(s?).

14
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The value A that approximates the solution of the system is

Z ([(2 + s)AQd;2 - 28Ad271] Z pjpji> =0

i€D jeb
— (2 + S)A2 Z pjpjidZQ — 2s5A Z pjpjid;1 =0
4,J€D i,j€ED
= 2+)A Y ppud; =25 Y pipjid;
1,j€D i,jE€ED
9 —1
S _ _
©,j€D i,j€D

Substituting this back into to find the constants that satisfy the boundary condition p(Z = 6) =0

and p(Z = T) =1, we get the approximation for the fixation probability as

1— exp{ _NA zierid;lxi}
1—exp{ = NAY,cpmid '}
1 —exp { _NA Zieridjlxi}
1- exp{ - NA(d*)} ‘

P(7) =

(64)

Assuming that the mutant was introduced in a random node of the network, the fixation probability can be

P(ff) ) 1—exp{—A<d*1>} | )

1- exp{ — NA(d*1>}

written as

To summarize, the fixation probability for the Birth-death process on a network is given by

1— efaBds/(1+s/2)

—1
Ppa= o, Ne/se Where apg = <<d1> > pipﬁdz'l> ( > Pjpjidi2> - (66)

i,j€D ©,jeD

Here, apq is the network quantity that governs the evolutionary dynamics on graphs under the Birth-death
update rule.

In Supplementary Figure S5 we show how well approximates the fixation probability obtained
from solving numerically. In our derivation of the approximation, we ignored the O(s?) portion of the
roots of . The error that accumulates is on the order of Ns?, therefore, as long as s << N~/2 the
approximation should hold. The numerical solution starts to deviate from the approximate solution as s

increases for apgg < 1.

15



s 3 The change in amplification due to rewiring

26 Here we expand on the derivation of equation (10) in the main text. We write the numerator and denominator

207 1IN :
p1 = Z pipjid; !,
ijeD
pe =Y pipjid;” (67)

i,jED

208 and we consider the change in the numerator and denominator under one rewiring step:

Aus — . 1 1 ‘ 1 1 . 1 1 L 1 1
o= —p szdl dz Pi ijdj dj P Npldz dj Pi ijdj d1
1 1 2

- N& N& * N,
1 2didy — d2 - 2
TN L

1 (d; —dj)?

=N @ <

200 and

11 11 11 11
P Npid; & P Npgd; & P Npds & P Npyd 02
1 1 1 1

T N&  NE T N&d; T Nl

1 d2d; + dyd? — d3 — &3

Apg = —

N B
_ 1d(d; —di) + dj(di — d;)
N o
1 (df — d3)(d; — d)
N d3d?
1 (di +dj)(d; — dj)2
TN BL <0

16
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Since the change is on the order of %, we can approximate the change by

A&:iﬂll—’_A#l—&
po  p2tApy o

1 A
= (M1+AM1)<— /;2> RS
2 Ha 2

_ Aul _ MlA,tQ
M2 I

= l% &A,Ul — Apz
Ko\ H1

i (m—(di—dm (di+dj><di—dj>2>

NG\ & B
o (di—dy)? pe | di+d;
=v2 22 |7t

N[LQ di dj M1 dzd]

_ o (di —d;)? 1.1

4 The approximation for detour graphs under weak selection

Here we present the derivation of equation (12) in the main text. We obtain an alternate approximate
solution to the Kolmogorov backward equation by using regular perturbation. This is because the previous
derivation underestimates probabilities of fixation on detour graphs, since they have very few edges that
connect nodes of different degrees.

We expand the solution to in terms of s
P="Py+sP + 5P+ ... (68)

Substitute into equation and obtain the following

1 0?2 1 0
g Pipji | 7o [(1+s)zj+ai—(24s)r2j] 5 (Pot+sPi+... ) +—[(1+s)xj—x;—swxj] m— (Po+sPi+...) | =0.
ieD,j 2Np; Ox; Pi oz,
i€D,jED 7 ?
(69)

Under weak selection, the terms in the equation above independent of s can be written as
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2 1
i aPO) = 0. (70)

1
Y. pivii (z(%‘ + @ = 2w5) o+ — (25 — @) 5—
iehieD 2Np; Ox; Di ox;
219 This equation is identical to the Kolmogorov backward equation under neutrality. The solution is known

220 and is given by

1 Di%;
Py=—— . 71
=y 2 @
221 Next, we collect the terms of the first order term of s and write
1 0’P 1 P,
iPji| === —22j) = + —(v; —x75) =—+
z'eDZj:erjp] <2szg( J i) 022 pi( J J)axi
o?pP 1 P
= (. ) b (s — ) —— | =
2Np? (@) + 7 = 2wi2;) ox? + Di (5 = i) Ox; 0
1
= > pipi <d*1>d‘(xj — i)+
i€D,jeD v
0°P; 1 oP,
W(I’j + oz — 2$ixj)87x? + E(xj — xz)a—gﬁZ =0. (72)
222 The solution has the form
b = Zpiijijl'i(l - zj)
ij
= ZplAlxl — Zpiijijxi-ij Where Al = ijAij. (73)
i ij J

222 and we need to solve for the unknowns A; and A;;. We know the solution to (72) has to have this form
22« because the neutrality solution P, already satisfies the boundary conditions P(0) = 0 and P(1) = 1, so

225 P;(0) =0 and P;(1) = 0 are required. The partial derivatives are given by

opP;
axi

0?P,
8$il‘j

=piA; — 2p; ijAij and
J

226 Substitute in (72) and we have

Ay
Z PjiPji (in - ﬂfixj) - W(./L'j +x; — 2:cixj)

1
ieD,jeD (d=1)d;

=0. (75)

+ (25 — x4 (Ai > prAiai — piAii$i>
K
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227 In order for the equation to be satisfied all the coefficients must sum to zero. Therefore, the conditions for

228 the linear terms, zs, are

Ay 1 A
Z [_ DjPji (N + Ai> + DiPij <<d1>d - ﬁ + Aj) =0. (76)
jebD J
220 For the quadratic terms, xix;s, we re-index to collect the like quadratic terms
.’EiCCj A“
i€D,jED v k
.TZ'.’L‘]‘ Aii
E Z Pipii| — W + QW%‘%‘ -2 ZpkAikmjxk + 2 ZpkAikxixk =0
i€D,jeD ¢ k k
TiT4 Ay
L ()
i€D,jeD '
— 92 ZpkpjpjiAikxjxk +2 ZpkpjpjiAikxixkl =0
k k
TiT4 Ay
2 ()
i€D,jeD ‘
— 2 pipipikAriTiz; + 2 ijpkpkiAijxixj] =0. (77)
k k

230 For the coefficients of the quadratic terms to sum to zero, the following set of equations must be satisfied

Pjpji ( IR + 2N> — 2 pipipikAri +2 Y pipkpriAij
' k k
1 2@ 9 R PRI , A =0
+pzpzj - <d71>dj + N - ijpzpzk kj + szpkpkj ij — Y-
k k (78)
231 Equations , , and form a system of linear equations in which we solve for all the A terms.

232 Next, we show that equation is actually redundant given and . To do so, we sum by j
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233 and apply and write

1 A“ 1 Ajj
;p]pjl <<cl_1>ch -2 N ) + ;pzpq ((d‘l>dj - 2N)

+2)  pipipinAri + 2> pipiDinAr; =2 Y pibkDriAij + 2 pipkPriAij
ik ik kj j

1 A 1 A
_— E | ———— 9% § | —— _9Z70)
; p]pjl<<d1>di N) + : DiPij <<d1>dj N )

+2 Zplp]pgkAlm +2 szpzkAk =2 ZplpkpkgAU +2 Zpkpkz i
Jk kj

1 Ay 1 Ajj
- ;pﬂ)gz ((d‘l>dz -2 N ) + ;pzpzj ((d‘l>dj — 2N>

+2 szpjp]kAkz +2 szpzkAk: =2 szpjpjkAzk: +2 Zpkpk:z %
ik kj

— ijpji <<d11>dl - Zz) + szpm ( - 21‘;{;) + QszpzkAk = szkpkz i
J

F (79)

23¢  Lastly, we set this equal to two times equations ,

zj:pjpji <<d_11>d - ) + szpw ( - 2?‘{; ) +2 szpmAk -2 Zpkpkz

K2

Ay 1 Al
_22[ ijJz( +A>+pipij<<d_1>d—]\¢+z4j>
J

JjED

= me( - ) + szpw ( ) + 2szpzk14k - 2Zpkpm
1
=2 Z [ — pipjiAi + pipij <<dl>d + Aj)
jED J

= me( ) + szpw< dj) szpm< ]>
= me() me( ) (80)

=0

25 This last equation is true by the handshaking lemma (see ) This proves that is redundant given

236 and and therefore we need only solve a much smaller set of equations.
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237 To conclude, we can approximate the fixation probability using

1 Dii
P(SL') ~ <d_1> E d. + s E plpJAle(]' _xj)v
i i

i€D

28 where A;; is found by solving .
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Figure S1: Comparison with previous analytical methods. The dots represent represent ensemble av-
erages across 108 replicate Monte Carlo simulations, while the lines represent our analytical approximations.
Previous approximation made using analytical results for weak selection from McAvoy and Allen| (2021).
Panel A corresponds to the death-Birth update rule, while Panel B shows results for thre Birth-death
process. We use preferential attachment PA graphs, graph size N = 100 and Ns = 5.
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Figure S2: Comparison with previous analytical methods. The dots represent represent ensemble av-
erages across 10° replicate Monte Carlo simulations, while the lines represent our analytical approximations.
Previous approximation made using analytical results for weak selection from McAvoy and Allen| (2021).
Panel A: We show results for the death-Birth process on preferential attachment graphs with mean degree
equal to 5.88 and variance in degree is 4.75. Graph size N = 100. Ns ranges from 0.001 to 10. Panel B:
We show results for the Birth-death process on preferential attachment graphs with mean degree equal to
5.88 and variance in degree is 266.3. Graph size N = 100. Ns ranges from 0.001 to 10.
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Figure S3: Visualizing the space of network statistics explored. We use principle component analysis
on six graph characteristics (mean, variance, third moment, modularity, average clustering, and assortativ-
ity). Each graph family clusters together and we use novel network generation algorithms to explores the
spaces in between generation algorithms that are family-specific. The black line represents a trajectory in
PCA space of the rewiring from PA to RGG. The trajectory starts at PA and passes through PLC and
RGG(uniform) to RGG(normal).
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Figure S4: Analytical approximation of the solution to the diffusion equation for the death-Birth
process. The lines are the approximation of fixation probabilities using . The dots are approximations
using the numerical solutions of . Each dot represents a distinct graph. There are 5703 graphs presented.
Graph size N = 1000. The various colors represent different network families. Panel A s = 0.01, Ns = 10;
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Panel B s = 0.05, Ns = 50; and Panel C s = 0.1, Ns = 100.
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Figure S5: Analytical approximation of the solution to the diffusion equation for the Birth-death
process. The lines are the approximation of fixation probabilities using . The dots are approximations
using the numerical solutions of . Each dot represents a distinct graph. There are 5703 graphs presented.
Graph size N = 1000. The various colors represent different network families. Panel A s = 0.01, Ns = 10;
Panel B s =0.05, Ns = 50; and Panel C s = 0.1, Ns = 100.
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Figure S6: Robustness of cutoff distance for the bone marrow networks. Similar to Figure 6 in
main text. Here we build the stem cell geometric random graphs and the color dots use cut-off distances
of 10 and 20. Grey dots are results from other cut-off ratios for comparison. Here, s = 0.01 and Ns varies
with population size. Results from at least 1 million simulations. Panel A: Birth-death update with cut-off
distance 10. Panel B: death-Birth update with cut-off distance 10. Panel C: Birth-death update with
cut-off distance 20. Panel D: death-Birth update with cut-off distance 20.
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Figure S7: The effect of varying the selection coefficient in the bone marrow networks. Similar
to Figure 6 in main text. Here we build the stem cell geometric random graphs and the color dots use cut-off
distances of 15. Results from at least 1 million simulations. Panel A: Birth-death update with s = 0.05.
Panel B: death-Birth update with update with s = 0.05. Panel C: Birth-death update with update with
s = 0.1. Panel D: death-Birth update with update with s = 0.1.
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