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S1. Stochastic intracellular reaction systems, the chemical master equation (CME), and the associated stochastic
filtering problem

In this work, we focus on an intracellular reaction system that has r reactions:
Vl,jSI+"‘+Vn,an%Vi,.jsl+“'+l/1/%jsn j:17"'ar7 (1)

where Si,..., S, are n different chemical species, and v; ; and v; ; are the stoichiometric coefficients indicating the number of
molecules consumed or produced for S; in the j-th reaction. Due to the low molecular counts, an intracellular reaction system
is inevitably random, and, therefore, its dynamics is usually modeled by a stochastic process called the continuous time Markov
chain. Following [1], the dynamical equation can be written by

X)) =x0)+ Y GR; ( / Aj<X<s>>ds) @)

where X (t) is an n-dimensional vector representing the molecular count for each species at time ¢, the vector (; equals to

(V{J — Vi VUng — z/n,j)T indicating the state change after a firing of the j-th reaction, R,;(¢) are independent unit rate
Poisson processes, and A;(-) are the propensities indicating the rates of these reactions. To avoid negative molecular counts,
the propensities should satisfy the condition \;(x) = 0 for all x 4+ (; ¢ Z%,. For rigorousness, we only consider the processes
that satisfy the condition B

ZE [)\? (X(t))] is uniformly bounded on any time interval [0, 7], (3)
Jj=1

which means the system state will almost surely not grow to infinity in finite time. What’s more, this condition also implies
that the random variables {\;(X(t))}ic[o,1] are uniformly integrable. Also, for simplicity, we assume that the initial conditions
for different species are independent, i.e.,

X1(0),...,X,(0) are independent. (4)

Alternative to (2), one can also model the intracellular reaction system by the chemical master equation (CME) [1]:

PLD) S e~ Gpltr —¢) — 3 M@t ), Va € Lo,
j=1 j=1

where p(t,z) £ P(X(t) = z). Provided with the condition (3), these two dynamical presentations are equivalent [1].

In the lab, scientists can directly measure fluorescent reporters and use these measurements to infer the dynamical states of
unobserved species. This is called stochastic filtering for intracellular reaction systems. Mathematically, we can model the
observations by

Y (t:) = h(X(t;)) + SW; (5)

where t; are the observation time points, Y (¢;) is a vector of observations with each element corresponding to a particular
light frequency, h(-) is a vector-valued function indicating the ideal relation between the measurement and the system state,
W, are vectors of independent standard Gaussian noise, and Y is a diagonal matrix indicating observation noise intensities.
When the observations Y (¢;) are one dimensional, we denote the 1 x 1 matrix ¥ as 0. The goal of the stochastic filtering is
to compute the conditional expectation 7, (x) £ P (X(ti) = m’Y(ts), 1<s< z) By Bayes’ rule, the solution of the filtering
problem satisfies the following recursive formulas [2]

P (@) = D P(X(tisr) = 2| X (t:) = 2) m,(2) (6)

=/ €LY
Tt (.’E) o L (Y(ti-‘rl)}z) Ptiy1 ("E) (7)

where py,, (z) £ P (X(ti_H) = x|Y(ts), 1<s< z) and L (y|z) is the density function of P (Y(ti_H) € -’X(ti.H) = x) (usually
called the likelihood function). We can interpret (6) as the prediction of the state at the next time point ¢;4+1 using the
observation up to the current time ¢;, and we interpret (7) as the adjustment of the predication according to the new observations.
Note that the prediction step (6) is actually solving a CME with 7, (-) being the initial probability and p, , (-) being the final
solution. Consequently, the filtering problem can be seen as a combination of the CME and an adjustment step.
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S2. Error analysis of the Monte-Carlo method and the particle filter

One popular method to solve the CME is the Monte-Carlo method, which utilizes stochastic simulations to approximate the
exact probability. Since the stochastic filtering problem can be seen as a combination of the CME and an adjustment step, one
can also solve the filtering problem by using Monte Carlo for the CME step. In the literature, this Monte-Carlo method for the
filtering problem is called the particle filter or the sequential Monte-Carlo method.

In this section, we perform the error analysis of these Monte-Carlo methods and show that their error tends to grow
exponentially with the system dimension. Moreover, we also show that both approaches have relatively the same performance
when solving their associated problems.

A. Error analysis of the Monte-Carlo method for CMEs. To solve a CME, the Monte-Carlo method first simulates N trajectories
of the system (2), denoted by x1(t),...,xn(t), and then uses the empirical distribution pyc(t, z) £ Z;\;l 1(x1(t) =) to
approximate the exact probability. Here, 1(-) is the indicator function whose value equals to 1 if its argument is true, otherwise
0. Also, for simplicity, we only use the exact simulation method (e.g., Gillespie method) to generate the trajectories.

We now analyze the Ly error of the Monte-Carlo method, defined by ||pmc(t, ) — p(t, )|, £ Y wezn |Pvc(t,x) —p(t, @),
>0

By the law of the central limit theorem, we have that for each x € ZZ,,

\/ﬁ(ﬁMC(tax) —p(t7 CC)) i N(O7 Var (1 (Xl(t) = x))) , as N — oo.

Notice that 1 (x1(t) = x) has the Bernoulli distribution, so Var (1 (x1(t) = x)) = p(t, z) (1 — p(t, x)) for every & € Z%,. Therefore,
if th . /p(t )i t, we have that
if the sum ez, p(t,x) is convergent, we have tha

Jim VNE (e () = p(t, DIy ] = Jim VN Y E(puc(te) - p(t,o)]] = \/Z > Vo -pa). @)

IEZEO IEZ;O

Finally, by the relation va —b > v/a — Vb for any 0 < b < a, we can conclude

;@MWE[mMc(t,-)—p(t,-))ul]—\/z > Volta) | 1], ©)

n
erZO

which provides upper and lower bounds for the error.

The formula (9) tells that when the sample size N is large and fixed, the error of the Monte-Carlo method largely depends
on the value of ZIEZ” \/p(t,z). This value tends to scale poorly with the size of the state space containing most of the
>0

probability mass. Particularly, when the probability mass is uniformly distributed on T states, this quantity equals /T, which

can be very large when T is big. Also, since this state size often grows exponentially with the number of species, this quantity

ZzEZ“' \/p(t, ) tends to scale poorly with the system dimension n. When the molecular counts of different chemical species
>0

are independent, this sum does grow exponentially with n, as its value equals to H?:1 (E pi(t, acz)> with p;(t,-) the

marginal distribution for the i-th species. In summary, the error of a Monte-Carlo method tends to scale unfavorably with the
size of state space and system dimension, and, thus, this method usually performs poorly in high-dimensional problems.

z;€L>0

Next, we show that if the state variables are independent and their marginal distributions are estimated separately, then the
errors in estimating these marginal distributions additively contribute to the error in the joint probability estimate. Again, let
us denote p; (¢, x;) the marginal distribution for the i-th species, and p;(t, z) be an estimate of this marginal distribution by
the Monte-Carlo method. Here, we consider that these marginal distributions are estimated separately, using different sets of
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samples. Therefore, these estimates are probabilistically independent, and we can get

Z Z E[Hﬁi(t,xi)npi(t,m)]

T1€L>0 Tn€ZL>o i=1

Error in estimating the joint distribution

©1€Z>0 Tn€lx>g
— Z Z E[Hﬁi(t,xi)Hpi(t,xi)]+ Z IE[
i=2 i=2 z1€L>0

2€L>0 zn€L>g

ﬁl(twrl) 7p1(tax1)

P1(t, z1) — p1(t, x1)

} (by independence)

< > E|

i=1 x; €EL>q

Pi(t, i) — pi(t, i)

)

Error in estimating each marginal distribution

This result suggests that the error in estimating the joint distribution is no greater than the sum of the errors in estimating
marginal distributions.

B. Error analysis of the particle filter. Recall that the filtering problem can be seen as a combination of the CME and the
adjustment step. Therefore, one idea to solve this problem is using the Monte-Carlo method for the CME step. In the literature,
this method is called the particle filter, whose detailed algorithm is summarized in Algorithm 1. Specifically, the particle filter
first generates equally weighted particles (x1(0),...xn(0)) from the initial probability so that their empirical distribution
approximates the initial distribution. Then, in each iteration, the algorithm simulates the particles to solve the CME in the
prediction step and then correct their weights according to the new observations. Based on the prediction and the correction steps,
a numerical filter is constructed by the empirical distribution of the particles, i.e., frfiil (z) = Zjvzl wj(tix1)1 (x5 (ti+1) = ).
Finally, the algorithm resamples particles to delete non-significant particles.

Algorithm 1 Particle filter (adapted from [3])

1: Generate N particle (x1(0),...,xn(0)) from the initial probability, and give them equal weights (w;(0) = %, j =1,..., N).
> Initialization
2: 1< 0 and tg < 0.

3: while ¢; is not the final observation time do

4: Simulate every particle from time ¢; to ¢;41 according to (2). > Prediction (see (6))
5 Update Weights w (ti+1) X Wy (ti)L(Y(ti+1)|Xj (ti+1)). > Adjustment (see (7))
6 Compute the filter frgil (x) = Z;\;l wj(tix1)1 (x5 (tit1) = x) > Compute the filter
7: Resample {w;(¢i+1),z;(tit+1)} to obtain equally weighted particles {1/N,z;(ti+1)} > Delete non-significant particles
8 1+ i+ 1.

9: end while

Now, we analyze the error of the particle filter 71" (). We first look at the L1 error of this filter at the first observation
time point ¢1. (Readers who are not interested in the mathematical derivation can directly go to (13).) Given a fixed Y (¢;),
the literature [4, Theorem 1] tells that for any = € Z", there is the central limit result

VN (ﬁ'le(ac) - ﬂ'tl(l')) o distribution, nf (O,Var |:7rt1(x1(tl)); [1(x1(t1) = x) — 74, ()] ’Y(t1):|> , as N — oo,

Pty (x1(t1

where 7, (+) is the exact filter at t1, the letter A is the notation for the Gaussian distribution, the term xi(¢1) is the value of
the first particle at time ¢; before the resampling step, the term p;, () is the prediction probability P (X (t1) = ), and 1(-) is
the indicator function. Based on this formula, we can conclude that

A2~ ma @] )] = /2 \/ Var | 20000 1 s 1) = ) 70 )

To further investigate (10), we simplify the variance in this formula as follows. We first term p}, (y) = Y wewn LlT)pey () as
the density of Y'(¢1). Using this notation, we can write ¢, (x1(¢1)) /pe; (x1(t1)) = L (Y(tl)yxl (tl))/pg (Y'(t1)). Since x1(t1)

lim VN E

N — o0 |:

Y(tl)] . (10)
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has the distribution p;,, we can easily check that given Y (¢1), the random variable % [1(x1(t1) = ) — ¢, (z)] has zero
b1

conditional mean, and its conditional variance satisfies

Ty (x1(t1)) _ L(Y(t2)|x) i ) L(Y(t)|2) )
Var { [1(x1(t1) = @) — 74 ()] ‘Y(tl)] < (y Py (%) + 7, (2) Z m Ty, ()

pry (x1(t1)) iyt

m (1) s L@\
W[ml (e ) =) ”tl(wﬂ’Y(h) >< v por (2) (1= 0, (2))°

Moreover, by applying va + b < v/a++vb and L (y|z) < det(v/27%)~! (det is the determinant notation) to the above equations,
we can further obtain

T (a(t1)) 1 (o N L (Y (t1)]x) det(v/27%) 1
\/Var L}tl G (h) [1(x1(t1) = x) — 7¢, ()] ‘Y(tl)} < (py v piy () + ey () 7‘02,1 ¥ ) (11)

L }/(tl) x )/(tl
(el e s [
P 1 pt1 ( ))

o (L (Y (t)]2) 3 — o (), det(V2mE) 12
=\ N TR @) )
Finally, by plugging (11) and (12) into (10), we can estimate the L error of the particle filter by

Jim VR B[ ], & i VY B[

N—o0

frle — Ty (:E)H

TEL™

% S V@ | det(\/%z)—m/ m\/;%dy : (13)

n
IGZZO

provided that the quantities ) ... +/pt () and yerm /pi, (y) dy are convergent. Here, m is the dimension of Y (¢1).
>0

The formula (13) tells that for a large but fixed sample size N, the error of the particle filter at time ¢; largely depends
on the quantities » oty () and det(v27x) /2 erm /p, (y) dy. Similar to the analysis in the previous subsection,

these two terms tend to grow exponentially with the system dimension and the observation dimension, respectively. Note that
the system dimension is usually much larger than the observation dimension, and the observation noise is usually not negligible.
So, we can conclude that the quantity > pt; (r) dominates in (13), and, therefore, the L, error of 7f." tend to scale

n
z€Z>O

ZEZEO
exponentially with the system dimension n. Moreover, this also suggests that the particle filter for the filtering problem has
relatively the same performance as the Monte-Carlo method for solving the CME. Particularly, their performance are the same
when the observation noise intensity is sufficiently large, i.e., the observation does not provide any information of the system.

Remark 1. For other observation time points, we conjecture that the same results should also hold true. A theoretical analysis
can be performed in the same way as we presented above, with the exception that the particles x1(t;),...,xn(t:) do not have
the distribution pg; before the adjustment step. Instead, the particles converges to the distribution p:, in the limit of large
sample size [4], which definitely complicates the analysis. However, we conjecture that this discrepancy should not affect the
performance of the particle filer too much, and, therefore, the results obtained for time t1 should also apply to other time points.
Our numerical studies also support this point (see Fig. 6G—H in the main text). Since this theoretical analysis can be very long,
we leave it for further work.
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S3. Rao-Blackwellized CME solver (RB-CME solver): derivation, error analysis, and the optimal lead-follower
decomposition.

A. Leader-follower decomposition and the conditional independence among follower subsystems. The Rao-Blackwellized
CME solver (RB-CME solver) is established based on a decomposition of the system. We first divide the system state X (t)

into a leader system X (t) and a follower subsystem Z(t). Furthermore, we decompose each reaction vector ¢; into CJX and

CJ-Z , where CJX indicates the state change of the leader system, and CjZ indicates the state change of the follower system. For
the follower system, we further decompose it into several subsystems, Z1(t),..., Zi(t), such that the following topological
conditions are satisfied.

C1 Each reaction involves a maximum of one follower subsystem (meaning that at most one follower subsystem can influence
the reaction’s propensity or have its state altered by the reaction).

C2 The reactions with the same non-zero QJX involve a maximum of one follower subsystem (meaning that at most one
follower subsystem can influence the propensities of these reactions or have its state altered by these reactions).

For the ease of notations, we rearrange the order of species such that X (t) = (X'(t), Zi(t), ..., Zl(t)); also, for every state x, we
write z = (&, 21, ..., 21), where Z is the state of the leader system, and z; (i = 1,...,1) is the state of the follower system. We
denote the dimension of the leader system by n g and the dimension of the follower system by nz. An automated algorithm for
this leader-follower decomposition is presented in Section S3.D.

One key ingredient in our new method is computing the conditional distribution of the follower system given the trajectory
of the leader one, i.e, P (Z (t) = z|X (s), 0<s< t). Mathematically, this conditional probability is not uniquely defined for

each t > 0; it can be any X;-measurable” random variable P(z) satisfying

E[P(2)A] =E[1(Z(t) = 2)A] VX ;-measurable random variable A with finite expectation.

Therefore, P (Z(t) = z’f((s), 0<s< t) viewed as a continuous-time process is not uniquely defined either, and some of
them can be non-cadlag. (“Cadlag" means right continuous and having a left limit). Fortunately, [5, Theorem 2.24] and
the right continuity of X (¢) guarantee that for each z € Zgg, there exists a X;-adaptive cadlag process WZ‘X(L z) satisfying
FZ‘X(t, 2)=P (Z(t) = z|)~((s)7 0<s< t) almost surely for every ¢t. Moreover, since the propensities are uniformly integrable
due to (3), the conditional expectation 7, (t,A;) £ Ez/ezig A\j (f((t), z') T4 % (t, 2') is also cadlag for each j = 1,...,7 [5,
Remark 2.27]. In the following, we only consider this cadlag conditional probability Tz £ (t,+) for the follower system. Also,
when discussing other conditional probability, we are referring to a distribution that is cadlag.

Before introducing the equation characterizing the conditional probability 7, < (t,-), we list a few necessary notations.

Following [6], we term O £ {j|CJX # 0, .} as the leader-level reactions, where 0, is the ng-dimensional zero vector. Here,
we use the notation O to indicate that these reactions are ‘observable’ given the trajectory of X() Similarly, we term
U = {j|j ¢ O} as the follower-level reactions, where the notation U indicates that these reactions are ‘unobservable’ given the

trajectory of X (t). Note that for these leader-level reactions, some CJX might have the same value. To consider this issue, we
term

e {&,...,&, } as the set of non-zero and distinct CJX,

o« O = {]|CJX =&} (k=1,...,r1) as the set in which non-zero CJX are identical to &,

o R (t) 2 ZjGOEk R; (fot Aj (X(S)7 Z(s)) ds) as the total firing number of the reactions in O, up to time ¢,
o 29% (f((s), Z(s)) e ZjEOEk Aj (f((s), Z(s)) as the rate of the process R, (t),

. 20 (R(5),2(5) 2 5,0 A (R(9), 2(5)).
Note that processes Re, (t), ..., RErl (t) contain the same information as the leader system X (t), meaning that we can construct
the former given the trajectory of the latter and vice versa.

Then, under the condition (3), the conditional probability 7z % (t, 2) (for any z € ZZ%), is almost surely characterized by

* X is the filtration generated by the process X (t).

Zhou Fang, Ankit Gupta, Sant Kumar, Mustafa Khammash 7 of 32
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[heuristically derived in [6-9] and rigorously verified in [10]]

WZ‘X(t Z)—ﬂ'Z‘X (0,2) / Z)\ z—CjZ)wZI;( (s,z—{f)—z/\j (X(s),z)ﬂZ‘X(s,z)ds (14)

JEU jeu
t
7/ ﬂ'Z‘X(S,Z) 2\¢ (X’(s),z)f Z 2\¢ (X’(s),z/)Ter;((s,z/) ds
0 z/eZzg

Y e A
X —Tzx\s ,% dR «(8)s
+Z/ zEZ"ZA Er (X(S_)7Z/)TFZ|)~((S_77;/) ‘ ( ) 3 ( )

and

Z Z Aj(X(8),2)mz % (s, 2)ds < oo almost surely, vVt > 0. (15)

zeZnZ Jj=1

Here, we call (14) the filtered CME for Z(t). The integral in the first line of (14) represents the contributions from the
unobserved reactions. Notably, the terms in this integral are very similar to the terms in the CME. Particularly, when all the
reactions are unobservable, the subsequent components in (14) will be zero, reducing the filtered CME to the classical CME.
This fact is logical, as the CME describes the unconditioned distribution of the reaction system in scenarios where no reaction
or species is observable. The second and third lines of (14) represent the adjustment to the conditional distribution based on
the exact firing time of the observable reactions. Moreover, (15) indicates that the conditional expectations of the propensities
are non-explosive. To enhance the understanding of the filtered CME, we present here an example adapted from [6].

Example 1. Let’s consider a gene-expression system consisting of two species (S1: Protein; Sa: mRNA) and three reactions

Ss 1, S1+ 52 Gene translation,
(RN So Gene transcription,
s, 0 mRNA degradation.

All the reactions have mass-action kinetics. In this system, we classify the protein (S1) as the leader species and mRNA (S2)
as the follower species. In other words, we term X(t) as the copy number of the Protein and Z(s) as the copy number of the

mRNA. Then, there is only one non-zero CJX, which is 1 resulting from the first reaction. We denote this as &1. By definition,
the set of observable reactions associated with &1 is O¢, = {1}, and the set of unobservable reactions is U = {2,3}. Moreover,

we have the jump process Re, (t) = Ri (fot klZ(s)ds), and \°& (X(t), Z(t)) =\° (X(t), Z(t)) =ki1Z(t). Then, by (14), the
conditional distribution of the follower species (mRNA), denoted by 74 x(t,2) 2P (Z(t) =2|X(s),0< s < t), satisfies the

equation

t
7"Z|)2(t7 z) = WZ\X(Oa z) +/ ko 772\)"((57 z—1)+ks(z+1) 7"Z|)2(57 z+1) = [k2 + K3(z + 1)] 772\5((57 z) ds
0

t
_/ Tz %(8,2) (/clz— Zklz/ TFZ;((S,Z/)> ds
0 =

t ]{3127TZ|X(877Z) ) B
+ —Tz|X 5772 dR, S).
/0 (sz kiz' 7y 5 (s7,2) z1x( ) €1 (5)

Here, the integral in the first line represents the contribution by the unobservable reactions, and the subsequent terms represent
the contributions by the observable reactions.

Now, we show that the follower subsystems Z1(¢),..., Z;(t) are conditionally independent given the trajectory of the leader
system, and the filtered CME (14) can be divided into several-lower dimensional 1ndependent equations. We first introduce
some notations. For each vector ¢Z 7 (j=1,...,7), we decompose it into ( 5, where § ¢ corresponds to the state change
of Z;(t) after the firing of the j-th reactlon Also we denote the d1mens1on of Zi(t) (1 = 1 .,1) by nz,. For each follower
subsystem Z;(t), we term U; = {j € le\(fi # Ony, or Aj(Z,21,...,2) depends on zz} as the follower—level reactions involving

Z;(t), and we term
0; £ U O,

k: A%k (%, 21,...,2) depends on z;,
or CJZl # On, for some j € O,

as the leader-level reactions that involves Z;(t). According to the conditions C1 and C2, we can easily conclude that
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Conclusion 1 The sets Ui, . ..,U; are disjoint, and U = Ui:l U. (By C1 and the definition of U;)

Conclusion 2 For any ¢ € {1,...,l} and k € {1,...,r1}, there is either O¢, C O; or O¢, N O; = 0. (By definition)
Conclusion 3 The sets O1, ..., O; are disjoint. (By Conclusion 2 and C2)

Conclusion 4 If j € O/O;, then (]Z’ = On,. (By definition).

Then, the conditional independence of the follower subsystems are guaranteed by the following theorem.

Theorem 1. Assume that condition (3) holds, the follower subsystems Z1(t), ..., Zi(t) satisfy C1 and C2, and Z1(0),..., Zi(0)
are conditionally independent given X (0). Then, for any t > 0, the follower subsystems Z1(t),. .., Zi(t) are conditionally
independent given the trajectory of X(-) up to time t. Their marginal conditional probability defined by Wzi\f((tvzi) =

X(s), 0<s< t) is almost surely characterized by

Tz %t 2i) = 74, %(0, 2:) /Z)\ X C )leX(s 2 — (: Z)\ ) 2 7TZ|X(S z;)ds (16)

0 JEU; JEU;

_/Wz,-p"((sazi) A9 (X(s),z,)— Z A (X(s),z{-)ﬂzilx(s,z{-) ds

zgezg?
' Zjeos A (X(S_)’Zi_CJ‘Zi)”ZiIX (S_wZi_CjZi) .
+ Z k 1} SN — _WZi\X(S_vzi) dRe, (s),
v dgeoln \ Ry A7 (K67 2) max(em2)

and

/ Z Z ( Zi)”zip”((s: z;)ds < 0o almost surely, vt > 0.

z162 1 JEU; U0,

where \; (f((t),zz) (for j € U; U O;) is the abbreviation of the propensity A; ()2'( ), zl, ce l) (which does not depend on
variables other than X (t) and z; due to the definition of O; and Conclusion 1), \° (X ( X ) e Z]EO ( (s), Zz-(s)), and
nz, is the dimension of Z;(t).

Proof. To prove the result, we only need to calculate the conditional probability

7TZq‘,|XZ/i(t’Zi) = P (Zl(t) =z

X(SL Zl(S), ey Zifl(s), Zi+1(8), ey ZL(S) 0 S S S t)
(for ¢ = 1,...,1) and show it is irrelevant to the trajectory of other follower subsystems, i.e., Z1(-),..., Zi—1(*), Zit1(*)s ..., Zi(").

Here, we present the proof for the case i = 1; the rest results can be shown in the same way.
To compute T2,1%X2,, (t, 2:), we can view U, as the unobservable reactions given the trajectory of X(-), Z2(), ..., Zi(-) and

the reactions in O Uﬁzz U; as observable reactions given these trajectories. We term

e O=0 Uﬁzg U; as the set of ‘observable’ reactions in this case,

. 2\0/01 (&,21,...,21) = Zje@/ol X (&,21,...,2) as the total propensity for the reaction in O/0x,
e {m,...,nr,} as the set of non-zero and distinct (CJX, CJ.ZZ, ce C;) for j € O UL_, U,

.(;) é{jEOUZ 22/{1

(cf,cfa...,c;) = for k=1,...ms,

IIl>

o Ry, (1) ]eo, (f Aj ( Zi(8),... ,Zl(s)) ds) as the total firing number of the reactions in O, up to time t,
Mk
o A9 (X'(s), Z1(8)y ..., Zl(s)) = Z]’eof Aj (X(s), Z1(8),. .+, Zl(s)) as the rate of the process Ry, (t),
k
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Consequently, by (14), we conclude that 7, | ¢ 7 (t,21) is characterized by
Tz11X2 ), (t,21)

= 7"21\)22/1 (0, 21)

b [N (RO = B0 29 T (53 )
0

JeUy

/ Z Aj zl,Zg(s),...,Zl(s)) Wle)}Z/l(S,Zl)dS

JeUy

7/0%‘)-(2/1(5,21) A9 (X (s), 21, Z2(5), ..., Zu(s)) — Z A1 (X(s),z;,zz(s),...,Zl(s))wzlm/l(s,z;) ds

t A ~ A ~
7/%‘“/1(5,21) XOTO (X (s), 21, Za(s), .., Zu(s)) — Z NOTOU (X (s), 21, Za(5), - Z(8)) Tz, 52, (5, 21) | ds
0

ziEZ;il
n Z / Zje@"k)"(f((si) Zl_CJ‘Zle2(S)>‘~7Zl(S)> ﬂ-Zl\f(Z/l (Siwzl_CjZl) ( _ ) A ( )
= — Tz Xz, \S 21 ny \S
ks Onkﬂol7ﬁ@ 0 Z /eznzl )\Onk (X(S_)7217Z2(s)7 RS Zl(s)) ﬂ—Zl\)_(Z/l (S_,Zi) ! "
+ Z / JGO" A (X(s7), 21 = ¢t Zas )ﬂzl‘XZ/l (s7a-¢") 7 (s7,21) | ARy, (s)
= —TzXz » %1 M \° )
Gy 2O1=0 /eZTLZl )\Onk (X(S ) Zl,Zg( ) ,Zl(s)) ﬂ—Zl\XZ/l( —’21) 1 /1

which holds almost surely. By the independence condition (4), we can write 7z x7,1(0,21) = 77, %(0,21). Moreover, By
Conclusion 1 and Conclusion 3, the propensities in 3rd to 5th line only depend on the first two arguments. With the same
reason, the propensities \; (%, z1, .. .,2) (for every j € O/O;) depend on z1, and, therefore, the 6th line is zero. Moreover, by
Conclusion 2, we can conclude that @nk N O1 # 0 holds only if @nk C Oq; consequently, by Conclusion 4 and the definition of
O1, we can rewrite the 7th line by

Z ZjE@gk Aj (X(S ) A1 <Z )) 7TZ1|XZ/1 (S 1 FL CJZI)

o (e _
ki Og, cOp 70 > 162"21 ATk (X(5 )721) 7rZ1\XZ/1(5 ,21)

~Tz1X2 ), (s7,21) dR&k (s)-

By Conclusion 1, Conclusion 3, and Conclusion 4, the propensities in the 8th line does not depend on the second argument,
and the vectors ( JZ ! in this line are always zero. Consequently, the 8th line is zero. Finally, by combining all these results, we
can rewrite the dynamics of 7 7,1 (¢, 21) (Which satisfies (16)) and find that it is almost surely irrelevant to the trajectory of
Zs(:),- -+, Zi(). Moreover, by (3), 7z, x 7,1 (t; 21) also satisfies

/ Z Zx\ ( (8),---,Zi-1(8), zi, Zix1(8), - - -, Zl(s)>7rZ1|XZ/1(t, z1)ds < oo almost surely, vt >0

n
z7€Z Z7 j=1

or equivalently (by (3))

/ Z Z ( Zi)TrZ”)_((Sv z;)ds < oo almost surely, vt > 0.

n
ZIEZ Z1 JEU;VO;

Note that the solution of this equation and this inequality is unique, so we can further conclude that 7, ¢,/ (¢, 21) is also
almost surely irrelevant to the trajectory of Za(:),...,Zi(-). This implies that the conditional probability 7, % (%, 21) =
E [7TZ1|XZ/1(t, zl)‘f((s), 0<s< t] equals to T4, 7,1 (t, 21) almost surely and, therefore, satisfies (16) and the inequality in
this theorem with ¢ = 1. O

We call (16) the filtered CME for the follower subsystem Z;(t). Also, we can rewrite (16) into a differential form

d7TZ,,-|)“((taZi) =fi (X( )s Ziy g, \X( )) dt + f2 ( (t), 2i, 7, |X( )) di

#31(RO X0 = ) g (X)z0m 17, 0) a7
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where

f1 (X(t) 2i, Mz, % (t Z Aj X CJZI) Tz, X (Sazi j Z Aj Zl Tz, 1x (8, 2i),

JjeU; JEU;
f2 (X(t)azhﬂ—zip?(tv )) = 77rZi|}?(S7zi) )‘Oi (X(S),ZZ) - Z )‘Oi (X(S)vz;) 7TZ1-|X'(372'£) )
z;EZ;i’
and

Zj’eogk N (X(s7),2i — CJZ/’) Tz (57,2 — (JZ,’)
2 ’eZ”Z A (X(s*),z:) Tz, 1x(57, %))

0 (X() 2y 5 (t) = ——1G€0) 3

— Ty x(5,2)
O x %
’ ¢ ki €=C*

with ‘OC %

i
and the remaining terms correspond to the corrections to the estimates in accordance with the dynamics of the observable
species.

the size of OC;}. In (17), f1 represents the prediction of the conditional distribution based on the dynamical model,
J

B. Derivation of the Rao-Blackwellized CME solver. We note that for any state x = (%, 2) = (&, 21, ..., 21), the probability
p(t,x) can be written by

where the first equality follows from the law of total expectation, and the second follows from Theorem 1. Consequently, we
can use the following algorithm to solve the CME master equation.

o Generate N simulations of the system (2) and denote their leader-system parts by X1 (¢), ..., X~ (t).

o For each %;(t) and each Z;(t), we calculate the conditional probability ¢’ (t,z;) = P (Zi (t) =z
using a filtering approach (e.g., the filtered FSP [10])

X(s) =%(s), 0<s<t)

o Approximate the exact probability by the quantity pre(t,z) = + E] L { i(t) = ;) Hi’:l q§ (¢, z)} .

We name this algorithm the Rao-Blackwellized CME solver (RB-CME solver).

In this paper’s examples, we choose the filtered FSP [10] to solve the filtered CMEs. Specifically, this method approaches
the unnormalized version of the filtered CME, which is linear between two neighboring jump time points. This method
straightforwardly solves this unnormalized version on a large but finite state space and obtains the filter by normalization. We
refer readers to the literature [10] for more details.

C. Error analysis of the RB-CME solver. Now, we analyze the error of the RB-CME solver and show that it is more accurate
than the Monte-Carlo method given the same sample size N. Here, we assume that the error caused by the filtering approach
applied to the filtered CME is negligible.

We focus on the Li error of the RB-CME solver, defined by |prs(t,-) — p(t, )|, = ZIGZQO |prB(t, ) — p(t, x)|. For every

je{l,...,N}, t >0, and z = (z1,...,2), we term gq;(t,z) = Hi=1 q;-(t,zi) as the conditional probability of the whole
follower system given the trajectory %;(-) from 0 to t. Notice that {(%;(t),q;(t,2))},-,  y are independently sampled from

,,,,,

the distribution of (X' (), 7z %, z)), therefore, by the law of large numbers, we can conclude
\/N(ﬁRB(t, x) — p(t,x)) 4 N(O,Var(l (X'(t) = 55) Tzt z))) Va € Z3,.

We can rewrite the variance by Var(l (X'(t) = 5:) 7% (t, z)) =E { T (L z)‘f((t) = 5@} p~ (t,2) — p*(t, x) where = = (&, 2),

and p)2 (t,z)=P (X' (t) = i) is the marginal probability of the leader system. Consequently, the error of the RB-CME solver
can be written by

Jim VNE [Iprat, ) - p(t,)],] \f Z\/ <6 X0 =] p5(1,3) - (0 2). (18)

IGZ"
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and

Jim VRE [lpns(e,) — ot L] =4/ 2 | | S0 ﬁ[w@x<t,z>|X<t>=f}p>f(m> 1. (19)

n
IEZZO

Notice that 74 % (¢, 2) € [0, 1], so we can further conclude

Jim VNE [[[prs (t,7) — p(t, )] < \/f S VE a2 X0 = 2] p5(1,2) - p2(t,2)

n
IGZEO

© tim VNE [[pwc(t.) = p(t. )]

which suggests that the RB-CME solver is no worse than the Monte-Carlo method given a large sample size N. In one
extreme case where 7, (¢, 2) only depends on the final state of X(-) and is irrelevant to its historical information (i.e.,

Var [Trzp-((t, z)|X(t) = 5:] = 0), we can get

Jim VVE [lprs (¢, ) — plt, )] —ﬁ S VE[rax |0 = 3]) 05 (1) — (1)

n
IGZZO

_ % 3 \/pf(t,@) (1-pX(t,7)).

zgenl?

where the last line is the error of the Monte-Carlo method in estimating the leader system (adapted from (8)). This formula
means that in this extreme case, the RB-CME solver is equivalent to the model reduction method that eliminates all the
follower-level species using stochastic averaging; moreover, the RB-CME solver tends to be far more accurate than the
Monte-Carlo method in this case, as the leader system usually has a much lower dimension than the whole system by our
system decomposition algorithm (see the next subsection). This gives a clue that the RB-CME solvers can be far more accurate
than the Monte-Carlo method in general high-dimensional problems.

D. Automated algorithm for the leader-follower decomposition. Notice that the decomposition introduced in Section S3.A
consists of two parts, where the first one decomposes the system into a leader system and a follower system, and the second
part further divides the follower system into several subsystems. Here, we establish the algorithm according to this two-level
decomposition strategy.

We first establish the second-level decomposition, i.e., decomposing the whole follower system into several follower subsystems.
Notice that this decomposition needs to satisfy C1 and C2, and the maximum size of the follower subsystems should be as
small as possible so that the filtering method applied to the filtered CME (see the algorithm of the RB-CME solver) is more
efficient. Following these ideas, we propose Algorithm 2 for this decomposition. Specifically, the algorithm first treats each
follower-level species as an individual group and then merges them according to the topological conditions C1 and C2. Finally,
each group left corresponds to a follower subsystem. One can easily check that this bottom-up algorithm provides the most
sparse follower-subsystem decomposition, meaning that any other second-level decomposition satisfying C1 and C2 can only
lead to subsystems that are the union of those provided by Algorithm 2. Moreover, this algorithm has a polynomial complexity
with respect to the system size (the species number n and the number of reactions 7). In general, Algorithm 2 can do the
second-level decomposition efficiently and effectively.

We now consider the first-level decomposition, which classifies species into the leader and the follower systems. Since every
species can be either a leader-level species or a follower-level one, we have 2" choices in total. Among them, we hope to
choose the one that leads to the most accurate RB-CME solver while keeping the solver’s time cost below some threshold.
As mentioned in the main text, we can interpret this optimal decomposition as the one that maximizes the size of the whole
follower system while keeping the size of each individual follower subsystem below a given threshold. Following this idea, we
propose Algorithm 3 for the first-level decomposition. Specifically, we first insert a threshold for the maximum size of follower
subsystems and provide a truncated state space that contains most probability. After that, we exhaustively search for the
optimal decomposition among all the candidates, and finally we use the obtained optimal decomposition to construct the
RB-CME solver. Though Algorithm 3 uses the brute-force method, its computational time is acceptable: for the linear network
presented in the main text, the algorithm consumes only 3 seconds when nine species are present.

E. The connection between the RB-CME solver and the time-scale separation approach. The time-scale separation approach
([11-16]) and our RB-CME solver share many similarities. Both methods use the Monte-Carlo samples to estimate a part
of the species (the slow species or the leader species) and combine these estimates with conditional distributions (by the
quasi-stationary assumption or filtered FSP) to estimate the remaining species. In the extreme case when all the leader species
(in our framework) are slow and the follower species are very fast, the conditional distributions of the follower species are
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Algorithm 2 Second-level decomposition for the RB-CME solver and RB-PF

1: Input the set of leader-level species and the set of follower-level species. > Input
2: Classify each follower-level species as an individual group. > Initialization
3: forj=1,...,r do

4: Merge the groups that involves in the j-th reaction. (Denote the merged group by Gj) > For C1
5: end for

6: fork=1,...,r do > For C2
7: Merge the groups that have species influencing A%¢x (). (Denote the merged group by Gy)

8: for j=1,...,r do

9: if j € O¢, then

10: Merge G, with the groups that have species influenced by the j — th reaction.

11: G, + the group merged in the previous step.

12: end if

13: end for

14: end for

15: if this is the decomposition for the RB-PF then

16: Merge the groups that have the same color fluorescent reporters. > For C3
17: end if

18: Each group is a follower subsystem. > Output

Algorithm 3 Leader-follower decomposition for the RB-CME solver and the RB-PF

1: Input the threshold T for the maximum size of follower subsystems.

2: Input a truncated state space {0,...,TS; — 1} x --- x {0,...,TS,, — 1} that contains most probability p(¢,z). > Input
3: Largest_size « 0. > Initialization
4: Figure out the 2™ choices of the first-level decomposition and give each an index.

5. for j=1,...,2" do > Search for the optimum
6: Use Algorithm 2 to obtain follower subsystems for the j-th first-level decomposition candidate.

7: [ < the number of follower subsystems.

8: Evaluate the size of each follower subsystem: SS; = Hi,: species S, belongs to the Z; TS,/.

9: if 88; < T (for all i € {1,...,1}) and Hf;:1 SS; > Largest_size then > Check optimality
10: Replace the optimal decomposition with the current one.

11: Largest_size < Hi:1 SS;.

12: end if

13: end for

14: Output the optimal decomposition. > Output

approximately the quasi-stationary distribution, and, therefore, the RB-CME solver provides the same estimate as that of
the time-scale separation approach. This point has been observed in Section S3.C when analyzing the estimation error of
the RB-CME solver. Also, in this extreme case, our method is applicable for computing steady-state solutions of CMEs.
Specifically, the conditional independence of follower subsystems is then established based on the current state of the leader
system (rather than its historical trajectory), and, therefore, the steady-state CME can be divided into several sub-problems
for the leader system and follower subsystems, which can be computationally more efficient.

Despite these similarities, the RB-CME solver and the time-scale separation approach are developed based on different
motivations. The time-scale separation approach is designed to simplify the analysis and simulation of multi-scale systems. In
contrast, the RB-CME solver aims to improve the estimation methods for systems whose species are at similar time scales.
The current system decomposition algorithm is also developed based on the same-time-scale setting. When facing a multi-scale
system, it is reasonable to first decompose the system based on the time scales and then apply the RB-CME solver to the
reduced system.

In scenarios where the species are at similar time scales but exhibit non-negligible fast-slow behaviors, the system
decomposition algorithm needs to be re-designed accordingly. Intuitively, the dynamics of a fast species (as it contains many
jumps) have much information about the remaining species. In other words, the conditioned distribution of the slow species,
given the dynamics of the fast species, can be very narrow. Consequently, if the fast species are classified as the leader species
and the slow ones as the follower species, the error of the RB-CME solver can be large (see (18)). Therefore, a more effective
decomposition could be the one classifying the slow species as the leader species and the faster ones as the follower species.
However, we need to point out that in this case, the optimal decomposition should also consider other factors such as the size
of the leader system, the stiffness and the size of the filtered CME of each follower subsystem, etc. In general, extending the
RB-CME solver to (relatively) multi-scale systems is a challenging problem. We leave it for future work.
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S4. Rao-Blackwellized particle filter (RB-PF): derivation and error analysis.

A. Modified leader-follower decomposition for the filtering problem. Recall that the filtering problem for intracellular reaction
systems can be solved by recursively computing (6) and (7), which correspond to prediction and correction, respectively.
Following this idea, we propose the Rao-Blackwellized particle filter (RB-PF), which uses the RB-CME solver for the prediction
step (6) and standard techniques for the adjustment step (7). Note that the RB-CME solver is established based on the
conditional independence among follower subsystems. So, for the RB-PF, this conditional independence needs to be preserved
in both the prediction and correction steps. This actually means that the follower subsystems are conditionally independent
given the trajectories of both the leader system and the observation process. To this end, we require the following condition for
the system decomposition in addition to C1 and C2.

C3 Each observation channel cannot be affected by more than one follower subsystem. In other words, each entry of h(-) can
depend on one follower subsystem at most (besides the leader system).

The theoretical verification is as follows. Let h;(Z,z1,...,2) be the j-th element of the function h(z). We first term
My & {jlh;(#,21,...,2) depends on z;} as the set of observation channels that measures follower subsystem Zi. By C3, the
sets M1, ..., M, are disjoint, and the likelihood function can be decomposed by

l

L(ylz) = Lo(y, # H (20)

here, Lo(y, %) is the density function of the probability Hjezul M, P (Y] (t:) € .|)~((ti) = 5;) which can be interpreted as
k=1 d
the part of the likelihood irrelevant to the follower subsystems, and Lg(y, &, zx) is the density function of the probability

I ea;, P (Y(ti) € |X(tz) =T, Zk(t:) = zk) which can be viewed as the part of the likelihood function relevant to the follower
subsystem Zj. With these notations, we can prove the following theorem which guarantees the conditional independence result.

Theorem 2. Under conditions (3) and (4), the follower subsystems Z1(t), ..., Zi(t) satisfying C1, C2, and C8 are conditionally
independent given the trajectories of X(-) and Y (-) up to time t. Moreover, for every i € {0,1,2,...} and every t € (t;, ti+1],
the conditional probability 75, | v (t, 2k) 2P (Zk (t) = zk‘f((s), 0<s<t andY(t;), 0<j5< z) is almost surely characterized
by (16) with the initial condition P (Zk(ti) = zk|X(s) 0<s<t;, and Y(t;), 0<j5< l) and

/ Z Z ( zk)wzk‘xy (t,zk)ds < oo almost surely, vt > 0.

zkeznzk JEU;V0;
Proof. We prove the result by mathematical induction. For ¢ = 0, the result holds immediately from Theorem 1. Then, we
assume that the theorem holds for ¢ € [0,¢;] and check whether it holds for ¢t € [t;, ti41].

Now, we show that for all ¢ € (t;,ti+1], the process 75 | %y (¢, 2k) 2P (Zk(t) = zk’f((s), 0<s<t and Y(t;), 0<j< z)
is almost surely characterized by (16) with the initial condition P (Z;C (t:) = zk‘f((s) 0<s<t,and Y(t;), 0<j< z) Note
that 7, ¢y (t,26) =E [ﬂzk‘x(m zk)’f((sL 0<s<t and Y(t), 0<j< z] By applying this relation to Theorem 1, we can
show that for all ¢ € [t;, ?;11], the conditional probability 7 | %y (t, zx) almost surely satisfies (16) with the initial condition
P (Zk(ti) = zk|)2(s) 0<s<t,and Y(t;), 0<j< z) Also, note that the solution is unique given the inequality in the
theorem (see Theorem 1).

By this characterization equation and the conditional independence of Zi(t:), ..., Zi(t:;) given {X(s), 0 < s < t;} and
{Y'(t;), 0 <j <}, we can say that the conditional probability 7, |y (f,2x) (for every k = 1,...,l and t € [ti, ti41]) is
almost surely irrelevant to the trajectories of the follower subsystems other than Zj. Therefore, for t € [t;, t;+1], the follower
subsystems Zi(t), ..., Z,(t) are conditionally independent given {X(s), 0 < s <t} and {Y(t;), 0 < j <i}.

Finally, we prove that the follower subsystem are still conditionally independent after the collection of the observation at
time ¢;+1. By Bayes’ rule and (20), we have

P(Zl(ti+1) = Z1,...,Zl(t7;+1) = ZZ|X(S), 0<s < tiya, and Y(t]‘), 0<3<i+ 1)

x HLk (tit1), X (tit1), 2r) P (Zi(ti1) = 2| X (5), 0 < s < tiyr, and Y(t;), 0 < j <)

= HP(Zk(tz+1) = Zk|)2(8), 0 <s< tit1, and Y(t]'), 0 S] < i+ 1)

where the last line follows from the definition of the conditional marginal distribution. This suggests that Z1 (¢i41),- .-, Zi(ti+1)
are conditionally independent given {X(s), 0 < s < t;41} and {Y(t;), j=1,...,i+ 1}.

Combining all the above results, we show the theorem for ¢ € [t;,¢;+1]. Moreover, by the principle of mathematical induction,
we prove the result. O
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Now, we modify the leader-follower decomposition algorithm according to C3. Note that this additional requirement only
affects the second-level decomposition, which divides the follower system into subsystems, and does not affect the first-level
decomposition, which classifies species into the leader and follower systems according to an optimization rule. Following this
idea, we propose a modified second-level decomposition algorithm by adding a step to put fluorescent reporters of the same
color into the same subsystem (see Line 15-17 Algorithm 2). The first-level decomposition is the same as that for the RB-CME
solver (see Algorithm 3).

B. Algorithm of the RB-PF. By Theorem 2, we can rewrite the prediction probability pt,,,(-) and the filter m, , (-) by

l
Prii (& 21,...,21) = E ll (X (tivr) = %) anklxy(tiﬂ,zk) Y(t;), 0<j<i (21)
k=1
l
Tty (T,21,...,21) = E ll (X (tirr) = %) Hﬁzkp?Y(tH-lvzk’) Y(t;), 0<j<i+1 (22)
k=1

where 7, | gy (ti+1, 2k) AP (Zk(ti.H) = zk‘f((s), 0<s<tit1, and Y(¢;), 0<j < z) and

frzk‘xy(ti+17zk) £ P (Zk(ti+1) = Zk‘X(S), 0< s < titr, and Y(tj), 0<3<1+ 1)
o Ly (Y(ti+1),X(ti+1), zk) Tz %y (fiv1, 2k)- (by Bayes’ rule and (20))

Theorem 2 also states that the conditional probability 7, | ¢y (¢, 2i) (for ¢ € (ti,ti41]) satisfies the filtered CME (16) with the
initial probability Tz <y (ti, z). Consequently, we can solve the filtering problem by applying the RB-CME solver to the
prediction probability p, ., (-) in (21) (or equivalently (6)).

Following this idea, we provide the detailed algorithm of the RB-PF in Algorithm 4. Specifically, this algorithm first
decomposes the system into a leader system and several follower subsystems using Algorithm 3. Then, in each iteration, the
algorithm computes the prediction probability p:,,,(-) by the RB-CME solver (see line 6-10). The prediction probability

is approximated by ﬁfﬁl(x) = Z;V:I w; (1)1 (X (tig1) = ) H;:1 a} (ti+1, zi) where w;(t) is the weight of the j-th particle,
X;j(ti+1) is the leader part of the j — th particle (simulated in Line 6-8), and q;-“ (ti+1, 2x) is the conditional probability of the
subsystem Zj given X;(-) and Y(-) up to time ¢;41. Here, ﬁgi (z) is not explicitly given in the algorithm because it is not
necessary. After the prediction step, the RB-PF updates the weights for each X;(¢:4+1) according to the adjustment step (7) and
reevaluates the conditional probability of follower subsystems by including new observations (line 11-12). Finally, Algorithm 4

computes the filter according to (22) (line 13) and resamples the particles to delete non-significant ones (line 14).

Algorithm 4 Rao-Blackwellized particle filter (RB-PF)

1: Decompose the systems using Algorithm 3. > System decomposition
2: Generate N samples (x1(0),...,xn(0)) from the initial probability and give them equal weights (w;(0) = +, j =1,...,N).
3: Denote the leader parts of these particles by (%1(0),...,%~(0)). For each %;(0), each subsystem Z, and each zj in a finite

state space, set G} (0, 2x) = P (Z;€ (0) = zk’X(O) = ik(0)> > Initialization

4: 14+ 0 and 2o < 0.

5. while ¢; is not the final observation time do

6: Construct particles: for each j € {1,..., N} and each subsystems Z, sample a Zx(¢;) from the distribution cj;? (ti,-);

7: then the j-th particle becomes (%;(t;), 2] (t:), - - ., 2 (t:))

8: Simulate every particle x;(¢) from time ¢; to t;4+1 according to (2) and denote their leader parts by X1(-),...,Xn(-).

9: For each %;(-) and Zj, use a filtering approach (i.e., the filtered FSP [10]) to solve (16) from time ¢; to ¢;41 with the
initial probability q;?(ti, 2k).

10 Denote the solution at ti4+1 by qf (tit1, 2x) > Prediction ((6) and (21))

11: Update Weights w (tz‘+1) o Wy (ti)Lo(Y(tiJrl), )~(j (t7;+1)) H;zl (sz L (Y(t¢+1), )~(j (t¢+1), Zk) q;-“ (t¢+1, Zk)) .

12: (i;c (ti+1, Zk) o Ly, (Y(ti+1), X (ti+1), Zk) q}“ (ti+1, Zk) > Adjustment ((7) and (22))

13: Compute the filter frgfl (x) = Z;\;l wj(ti+1)1 (Xj(tit1) = Z) H2:1 ay (tis, zn).-

14: Resample {wj (ti+1), (ij (tig1),qj (tiv1, ), - - ,(ié— (tit1, ))} to obtain N equally weighted particles
15: 141+ 1.

16: end while

C. Error analysis of the RB-PF. Now, we analyze the error of the RB-PF. First, we investigate the error at the first observation
time point ¢; and show that its performance (for the filtering problem) is similar to that of the RB-CME solver (for solving the
CME). Again, we assume that the error of the filtering approach applied to the filtered CME is negligible. Readers who are not
interested in the detailed derivation can directly go to (24).
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where p}, (

For the j-th particle, we term q;(t1,2) £ Hizl qé (t1, 2:) as the conditional distribution of Z(¢1) given the trajectory of the
leader system X;(-). Then, we can rewrite the RB-PF filter at ¢1 by

pz (¢

Y(t) x;(t1),z - - L(Y(t1)|(%;(t1),2 ~ -
W) 1(%(h) =) qi(t,z) &30, (W) 1(%,(t1) = %) q;(t1, )

D

Y ()| (%5 (41),) ) B Ly [ @Y
12 <y(yj<t1)) q;(t1, 2") NZJ':1 W q;(t1, 2)

y) £ 3. L(y|z)ps, (x) is the probability density of Y(t1), and ¢} (t1,y) 2 >, L (yl(%;(t1),2")) ¢;(t1,2’) is the

estimate of Y (¢1)’s probability density by the j-th particle. By applying the delta method to this formula, we have

VN [frf?B(:E, z) — 7, (Z, z)] 4N <O,Var ( L) [Ga(t),2)) 1(xi(t) =) qi(ts, 2) — Mml (@, 2)

pi, (Y (t1)) pi, (Y (t1))

given Y (¢1) and, therefore,

ngn@fE[ (z, z)—ml(:ﬁ,z)”Y(tl)}
(162 (1):2) 1 o o) — e oy DY)
\/>\/ Ptl( ) 1(Zi(t) = &) ai(ts, 2) ¥ Y () 0 (%,2)| Y (t )>~ (23)

Since the particle (X1(¢1), q1 (%1, 2)) has the same distribution as (f((tl), Tz x (t1, z)) and is independent of Y (¢1), the conditional

variance in (23) satisfies

L(Y(t1)](X1(t1), 2
p, (Y (t1))

)@,

w
“(

z(

where ptl

Var (

Y

Y

<(L

E

E

|

By applying these results together with the relation va +b < v/a + Vb to the formula (23), we can estimate the Lq error of
the RB-PF filter by

))1(5(1(151) =7) aqi(tr,2) — @ (0, Y (1))

L

1
i, (
1

/(

Yt
Y (6
L (Y (t1)
pr, (Y (ta

z>>>2
>2

)
Z,2))
)

e, (T, 2)

L (1) Y“”)
E [ (a1 (1, Y(tl)))Z‘ Y(tl)}

(oY (Y (1))

X(t) :5;] n

B

E

1 (

P 7ri1(§37z)

o

z [W;X(tlaz)
T [Trél)-((tl,z) X(t) = i‘}

)
P (B)E

[, L Wl(&(t),2) ik, 2)| Y (1)]

(oF, (Y (t2))

2 i, (2, 2) (Jensen’s inequality)

—(IOYY(‘L(; s )>2 R x| =] + (LS Y o, (L (ola) < det(vBr) /%)
£ 3" pt,(#,2) is the marginal distribution of X (t1), and
L“’ﬁi{%ﬁi’?&ﬁ;&“w» =Dt - Ll 6| )
KL(yS: (Yxltltl ) () = D)@ (t02) -2 % 1 (o (1) — 3 L (0) Ei((;)@;)) a(t1,2) qi z’ft(ls?ya(f;;)”“(f’z) ml)}

LY (t)|(Z,

pt, (Y (ta

lim VNE [
N — oo

)))
)

A o
= lim

16 of 32

P @IE |75 (1, 2)

~ s det(\/%)_l/Q 2 /.~
(1) = x] _2 (M) 2 (&, 2).

ARB(
ROREAOIN

> VNE[|#P(@2) - mu(#,2)|]
(12)627
> \/pf'i(a:)E[ s (01,2)[X(0) = 3] | & 2det(v2ra) /ERmx/ptl (24)
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provided that both terms in the last line are convergent. Here, m is the dimension of Y (¢1).

The formula (24) tells that the error of the RB-PF at time ¢; largely depends on the two quantities in the square brackets.
The first term in this bracket represents the error of the RB-CME solver in estimating the prediction probability p, (-)
(see (19)), and the second term shows the dispersion of p;, (-) which tends to grow exponentially with m. Note that the
observation dimension m is usually very low, and the observation noise is not negligible. So, we can conclude that the term

e, \/ X (B)E [ngl C(t1,2)

filtering problem) is similar to that of the RB-CME solver (for solving CMEs). This result suggests that if one system’s CME
can be accurately solved by the RB-CME solver, then its filtering problem can also be accurately solved by the RB-PF and
vice versa. Also, since the RB-CME solver scales favorably with the system dimension (as discussed in the main text), the
RB-PF should also scale favorably with the system dimension.

From (13) and the discussion after that, we can observe that this performance consistency also applies to the Monte-Carlo
method (for solving the CME) and the particle filter (for the filtering problem). Therefore, we conjecture that this consistency
is a universal property for CME solvers and their associated filters.

For observation time points other than t1, we conjecture that the same results should also hold. The theoretical analysis
can be performed in the same way as we presented above, except that the particles (ij (ti), qj (ti, )., q;v (ts, )) have a slightly

X(th) = fé} usually dominates in (24); in other words, the performance of the RB-PF (for the

different distribution from that of (f((ti)7 Tzxy iy )y T 2y (G, )) due to the adjustment step and resampling. A rigorous
analysis for that requires more sophisticated techniques in [4], which we leave for future work. However, we conjecture that
this discrepancy should not affect the performance of the RB-PF too much, and, therefore, the results obtained for time ¢;
should also apply to other time points. Our numerical studies also support this point (see Fig. 6G-H in the main text). We
leave the theoretical verification for further work.
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S5. Rao-Blackwell method for cell-specific parameter identification: derivation and algorithms.

A. Problem statement. Now, we introduce the mathematics for parameter identification, whose main difference from before is
the incorporation of parameter uncertainty. We still consider a chemical reaction network (1), which consists of all possible
reactions in the considered cell. Similar to (2), the dynamical equation can be written by

X() =X(0)+» GR; ( / Aj<e,X<s>>ds> (25)

where © is an 7-vector of model parameters (e.g., reaction constant and hill coefficients) taking values in a discrete state space
C RY,, and the remaining terms have the same meaning as the ones in (2). Compared with (2), the propensity function \;(-)

in (25) has an additional dependence on model parameters, thereby accounting for parameter uncertainty. Similar to (3), we
consider a non-explosivity condition:

ZIE [A?(@, X(t))] is uniformly bounded on any time interval [0, T, (26)
Jj=1

This condition also implies that the random variables {\;(©, X (t))}+c[o,r] are uniformly integrable. Moreover, similar to (4),
we assume that all the parameters and the initial conditions for different species are independent, i.e.,

all the elements in © and X (0) are independent (27)
We still considered the experiments under fluorescent microscope platforms as in the filtering case, where a cell is measured
at different time points {¢1,...,tn,;} with measurements Y (¢;) satisfying (5). Parameter identification aims to calculate the
conditional distribution of © given all the measurements, i.e., P (6) =Y (ts),1<s < tnf). By Bayes’ rule, the solution of

this identification problem can be solved by a series of recursive formulas:
P (0,0) = Y P (X(tin1) =20 =0, X(t;) = 2) m,(0,2") fori=0,1,...,n5 — 1 (28)

ergo
Ttir (0,2) < L (Y (tig1)|) pe,y1 (0, ) fori=0,1,...,np—1 (29)
P(O=0[V(t),1<s<ty)= Y m,, (0,2) (30)
IGZZO

where 7y, (0,2) £ P(0 = 0, X (t;) = 2|Y (ts),1 < 5 < i) and pr,, (0,2) EP(O = 0, X (tiy1) = z|Y (ts), 1 < s < i).

B. Connection between parameter identification and stochastic filtering. Essentially, we can view (0, X(t)) as a state of
an expanded chemical reaction network, where © represents some additional special chemical species that can take non-
integer values and remain constant over time. From this viewpoint, the probability distribution of (0, X (t)) (denoted by
p(t,0,z) 2 P(© =, X(t) = )) follows an augmented CME:

dp(t,0,x)

-4 - Z)\j(e,m —¢)p(t, 0,z — () — Z)\j(&:c)p(t,ﬁ,w), V0 € , and Vz € Z>o.
j=1 j=1

Moreover, parameter identification can be viewed as a type of filtering problem that aims to infer the additional hidden states
O. This point is also reflected in the formulas (28) and (29), where (28) solves an augmented CME with the initial condition
mt; (+), and (29) adjusts the prediction p;, , (-) according to the new observation Y (tiy1).

i

C. Rao-Blackwell method for parameter identification. Due to the similarities between parameter identification and stochastic
filtering, the RB-PF introduced earlier can be adapted to address parameter identification challenges. The RB-PF consists
of two fundamental components: 1) leader-follower decomposition and 2) the Rao-Blackwell algorithm for calculating the
conditional distribution. In the subsequent discussion, we will explore how to modify these components for the use in parameter
identification context.

C.1. Modification of the leader-follower decomposition. The RB-PF (introduced earlier) utilizes a hybrid approach to infer different
components of the system, where the leader part is inferred using particle filtering, and the follower part is inferred with
the assistance of a filtering approach. In this paper, we particularly choose the filtered FSP [10] as the filtering approach.
Classical particle filtering is known to be inefficient for inferring static hidden variables (e.g., model parameters) due to
sample degeneracy, where the efficient sample size for the inference of these static variables drops dramatically over time [17].
Though several modification methods have been developed to address this issue (such as the resample-move method [18, 19],
regularized particle filtering [17, 20, 21] and nested particle filtering [22, 23]), they all introduce extra noise into the inference
algorithm, necessitating fine-tuning to strike a balance between sample degeneracy and the added noise, which can be extremely
time-consuming [21]. Consequently, we choose to classify all the parameters as part of the follower component of the system to
circumvent sample degeneracy and avoid additional noise.
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C4 All the model parameters © are classified as follower components of the system.

Following C4, we can decompose the whole system state (6, X (¢)) into a leader system X (t), and several follower subsystems
(©1,Z1(t), ..., (O, Ze(t)), where the dimension of a particular ©; or Z;(t) (i =1,...,¢) can be zero, but the dimensions of
O; and Z;(t) cannot be zero simultaneously. We term ; as the feasible region of ©;. To indicate the contribution of model
parameters to the propensity function, we redefine Uf; = {j € U\(f'i #0,, or \j(01,...,00,%,21,...,2) depends on (6;, zi)}7
which represents follower-level reactions involving (0, Z;(t)), and '

U O&k

k: X% (61,...,0¢,%,21,...,2) has dependence on 0; or z;,
z; .
or (;* # On,, for some j € Ok,

lI>

O;

which represents the leader-level reactions that involves (©;, Z;(t)). All other notations introduced previously are kept
unchanged.

Recall that the model parameters can be viewed as static chemical species (see S5.C); therefore, we can get a result similar
to Theorem 2 based on Conditions C1 — C3. Specifically, if the follower subsystems satisfy these conditions, then they are
conditionally independent given the trajectory of the leader system and observations, and the dynamics of their conditional
probability distributions have expressions similar to (16). More details are given in the following theorem.

Theorem 3 (Adapted from Theorem 2). Under conditions (26) and (27), the follower subsystems (©1,Z1()), ..., (O, Ze(2))
satisfying C1, C2, and C3 are conditionally independent given the trajectory of X (-) and Y (-) up to time t. Moreover, for every
k€{0,1,2,ny — 1} and every t € (tz,t5 1], the conditional probability

ﬂ@izi‘)}y(t,ei,zi) é P (61 = Gi,Zi(t) = Z; X(S), 0 S S S t, and Y(t]‘), 0 S ] S ];)

is almost surely characterized by

To,z, %y (L, 0is 2i) (31)
=P (0 =0;, Zi(t:) = 2:|X(s), 0< s <ty, and Y(t;), 0 < j <)
/ i (65, X(s), 20 = ¢) 7o, 2,12y (800,20 — () — Z Aj (66, X (5), 1) mo, 7, 5y (5,0, 2) ds
g jeu; JEU;
t
_/ Te,7;|XY (8,97;,27;) )‘Oi (01,)2(8),22) - Z >‘Oi (QQ,X(S),Z;) Te,2;|XY (5792522) ds
tz .

k i . "Z;
(07,2;)€ 1><ZZO

n Z E]’Eng Ai (Qi’X(si)’zi o CJZL) Te,z;|XY (Si’oi’zi - CJZL)

o <
> ,)\Ek(9<)(s z’.)w g 0,z
k: Og, cO; 70 (0],2])e ixziﬁl i X(57), 2 @iZi\XY( 103 %)

—Te,z;| Xy (S_ﬂeivzi) dﬁi&k(s)v
and

Z Z (QZ,X s), zi,)Tr@iZilgy(s,Gi,zi)ds < oo a.s. forallt € [ty,ty 1]

n
(o’ z)e ,><Z i JEU;UO;

Proof. Note that the model parameters can be viewed as static chemical species (see S5.C). Therefore, this theorem is a
straightforward consequence of Theorem 2. O

This theorem together with Theorem 2 demonstrates that the leader-follower decompositions for stochastic filtering and
parameter identification bear a considerable resemblance to each other. The leader-follower decomposition for parameter
identification requires further consideration only of the involvement of parameters in each reaction and the fulfillment of
condition C4, which stipulates that the parameters should be classified as follower components. From this perspective, we
modify the two-level decomposition algorithms (Algorithm 2 and Algorithm 3) to obtain new ones for parameter identification
(see Algorithm 5 and Algorithm 6). Specifically, the second-level decomposition additionally considers the involvement of
model parameters (see Lines 2, 4, and 7 in Algorithm 5); meanwhile, the first-level decomposition classify only species as
leader components (see Line 5 in Algorithm 6) and include the size of parameter space when calculating the size of follower
subsystems (see Line 9 in Algorithm 6).
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Algorithm 5 Second-level decomposition in the Rao-Blackwell method for parameter identification

e e
S oW

© ® N> Tk wN e

Input the set of leader-level species and the set of follower-level species. > Input
Classify each follower-level species and model parameter as an individual group. > Initialization
for j=1,...,7rdo

Merge the groups that are involved in the j-th reaction. (Denote the merged group by G;) > For C1
end for
for k=1,...,r do > For C2

Merge the groups that have species and parameters influencing A“¢ (0, z). (Denote the merged group by Gx)
for j=1,...,r do
if j € O¢, then
Merge G with the groups that have species influenced by the j — th reaction.
G + the group merged in the previous step.

end if
end for
end for
Merge the groups that have the same color fluorescent reporters. > For C3
Each group is a follower subsystem. > Output

Algorithm 6 Leader-follower decomposition for parameter identification

© 2® DT w N

Input the threshold T for the maximum size of follower subsystems.
Input a truncated state space for species {0,...,TS;1 — 1} x -+ x {0,...,TS,, — 1} that contains most probability.

Input the number of admissible values for each model parameter, represented by s¢,...,s2 > Input
Largest_size < 0. > Initialization
Figure out the 2" choices of the first-level decomposition and give each an index.

for j=1,...,2" do > Search for the optimum

Use Algorithm 5 to obtain follower subsystems for the j-th first-level decomposition candidate.
| + the number of follower subsystems.

1 . P 9 .
Evaluate the size of each follower SUbSyStem' S8i = (Hi/: i/ —th paremter belogns to ©; Si/) (Hi’: species S, belongs to the Z; TSZ,) '

if SS; < T (foralli € {1,...,1}) and Hi’:l SS; > Largest_size then > Check optimality
Replace the optimal decomposition with the current one.
) 1
Largest_size < [],_, SS
end if
end for
Output the optimal decomposition. > Output

C.2. Rao-Blackwell algorithm for parameter identification. Now, we present the detailed algorithm applying Rao-Blackwell method to
parameter identification. Similar to the filtering problem, the key of the algorithm is to represent the prediction and correction
steps ((28) and (29)) in a Rao-Blackwell format. By Theorem 3, the prediction probability p:,,,(:) can be re-written by

L

Privy (01,00, %,21,...,20) =B | 1 (X(tit1) = Hﬂekzmxy(twl»@k,zk) Y(t;), 0<j <3 (32)
k=1

where Tg, 7, |5y (ti+1,0k, 21) is given in Theorem 3, and the adjusted probability ¢, , (-) can be rewritten by

l
1+1(017"'7957i‘7217~"724):]E 1( 1+1 H Te, 7, XY 1+176k7zk) Y(tj)v 0<j<i+l1 (33)

where ﬁ@kzk‘j(y(ti+1,9k72k) £p (@k = Ok, Zi(tiy1) = zk’f((sL 0<s<tit1, and Y(¢t;), 0<j<i+ 1) and satisfies

Also, Theorem 3 states that the term 7g, 5 | ¢y (¢, 0k, 2i) (for t € (£, tiy1)) satisfies (31) with the initial condition 7o, », | ¢y (ti, Ok, 2k)-

ﬁ—@kZMXY(ti""l’ Ok, zk) < Ly (Y(tH_l), X(ti+1), Zk) WQka\XY(ti‘Fl? Ok, 2k) (by Bayes’ rule and (20)).

With these formulas, we can construct a Rao-Blackwell method for parameter identification (see Algorithm 7). Essentially, this
algorithm for parameter identification follows the same structure as the RB-PF (refer to Algorithm 4), but it also takes model
parameters into account. Again, this is not surprising as the model parameters can be viewed as static chemical species, and the
parameter identification problem with time-course data has a strong resemblance to the stochastic filtering problem (see S5.C).
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Algorithm 7 Rao-Blackwell method for parameter identification (with time-course data)

1: Decompose the systems using Algorithm 6.
2: Sample N species state x1(0),. ..,
3: Denote the leader parts of these samples by (x1(0), ...,

(O, 21), set G5 (0, 0k, 1) 2 P (@k — Ok, Z0(0) = 21| X (0) = sck(o))

> System decomposition

xn(0) from the initial probability and give them equal weights (w;(0) = &, j =1,...,
%~ (0)). For each %,(0), each subsystem (O, Z), and each pair

>

N).

Initialization

4: 14— 0 and to < 0.

5. while ¢; is not the final observation time do

6: Construct particles: for each j € {1,..., N} and each subsystems (0, zx), sample a pair (Gk, Zr(t )) from the

7: distribution ¢} (¢;,-); then the j-th partlcle becomes (01,...,00,%;(t:), Z1(t:), . . ., Ze(ts))

8: Simulate every partlcle from time ¢; to t;4+1 according to (25) and denote the leader parts by x1(-),...,Xn(:).

9: For each X;(-) and each subsystem (O, Zx(t)), use the filtered FSP to solve (31) in [t;, t;41] with the initial

10: condition ¥ (¢;, 0k, zx). Denote the solution at t;i41 by qf (tit1, Ok, 2i) > Prediction ((6) and (32))
11: Update weights w;(ti41) oc w (t:) Lo(Y (tis1), %5 (tie1)) [T, (sz Ly (Y(ti+1)a)~(j(ti+1)azk)Q?(ti+1aekyzk))-

12: ay (tis1, 0, 2k) < Li (Y (tiv1), %5 (ti1), 2) af (tiv1, O, 2). > Adjustment ((7) and (33))

13: Compute the filter thREI( x) = Zjv )

14: Resample {w] tiv1), ( (tir1),q; (tlJrl,-)7 ...
15: i=i+1
16: end while

T -
w; (ti1)1 (% (tiv1) = &) [ 152, @5 (tisr, On, 20)-
,qﬁ(tm, ))} to obtain N equally weighted particles

S6. Modeling of the genetic circuits in cases studies

A. Modeling of the repressilator. Here, we introduce the details of the repressilator model presented in the main text. First, we
built the model according to the literature [24]. Specifically, this model consists of three gene expression systems producing cl,
lacl, and tetR, respectively, and the protein products cyclically repress each other’s expression. The involved chemical reactions

are listed as followers, where Si, 5>, ...,

b1

(a2 T2 ko
@ S1 Transcription S1 —= 0
S1 =% 51+ S, Translation So Feay 1}
b1
(1+(X2(1)?) o2 ke
S3 Transcription S —= 0
S5 7y S5 + Sy Translation LN
¢1
— g
1+(X4(8))2
0 % S5 Transcription S5 k1o, 1}
Ss ’% S5 + Sg Translation Se k1 1}

Degradation

Degradation

Degradation

Degradation

Degradation

Degradation

Se represents the cI mRNA| cI, lacT mRNA, lacl, tetR mRNA, and tetR, respectively.

In these reactions, the first two lines correspond to the gene expression system of cl, the third and fourth lines correspond to
the gene expression system of lacl, and the last two lines correspond to the gene expression system of tetR. The values of

model parameters and the initial conditions are listed in Table S1.

Model parameter Initial condition
(min*l)

ko = 0.3 X1(0)=1
kz =2 X5(0) = 50
ks = 0.07 X3(0)=0
ke = 0.3 X4(O) =
kr =2 X5(0)=0
ks = 0.07 X6(0) =0
k10 = 0.3

k‘11 =2

k12 = 0.07

»1 =0.5

¢2 =0.5x10~4

Table S1. Performance of
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In this example, we solve the associated CME at time 500, before which a few oscillations have taken place. Through a
few simulations, we found that most of the probability is contained in the state space where each mRNA has fewer than 20
copies, and each protein has fewer than 200 copies. (The simulations are not shown in the paper.) Note that this state space
contains 64 billion states, and storing a probability on this state space requires 476.8 GB (8 bytes for each state). Consequently,
the FSP is impractical for this problem. To have an accurate approximation of the exact probability, we simulated 3 x 10°
trajectories of the system and viewed the empirical distribution as the exact probability. The whole procedure took 10 GPUs
(3 x 10® simulations for each) about 24 hours! Recall that storing the whole probability is impractical, so we only stored the
marginal distribution of the mRNAs and the marginal distribution of the proteins. We also applied the RB-CME solver and the
Monte-Carlo method to this example, and all the results are shown in the main text. The performance of the RB-CME solver
and Monte-Carlo method is evaluated by the sum of the L; errors in estimating the marginal distributions of the mRNAs and
proteins.

B. Modeling of the genetic toggle switch. Here, we introduce the details of the genetic toggle switch presented in the main text.
This circuit consists of two gene expression systems whose protein products repress each other’s expression. Following the
literature [25], we model the genetic toggle switch by the following reactions, where S; is the activated state of the first gene,
Sy is the deactivated state of the first gene, Ss is the protein product of the first gene, Sy is the activated state of the second
gene, S5 is the deactivated state of the second gene, and Sg is the protein product of the second gene.

Sy 1 8 + Ss (Gene expression) Sy 225 84 + Se (Gene expression)
$3 L3¢ (Degradation ) Se —4 0 (Degradation)

S ﬁ> S1 (Activation S5 ﬁ) Sa (Activation)

S1 M S (Deactivation) Sa M) Ss (Deactivation)

In these reactions, the first column corresponds to the first gene expression system, and the second column corresponds to the
second gene expression system. The model parameters and initial conditions are presented in Table S2. Moreover, we assume

Model parameter Initial condition
(min_l)
k1 =60 X1(0)=0
k2 =60 X2(0)=1
k3 =0.5 X3(0) =
ks =0.5 X4(0)=1
ks =0.3 X5(0)=0
ke = 0.3 X6(0) =20
¢1 =0.05
¢2 =0.1
¢3 = 0.1

Table S2. Model parameters and initial conditions of the genetic toggle switch

that the first protein is fluorescent and measured by a microscope every 20 minutes. Moreover, we assume the observation to
satisfy

Y(tl) = Xg(ti) + oW, Vt; € {20, 40, ..., 200}, (34)

where {t;} are the observation time points, o is the observation noise intensity, and {W;} is a sequence of independent standard
Gaussian white noise.

In this example, our goal is to estimate the hidden dynamical state based on these partial observations. Through a few
simulations, we found that most of the probability is contained in the state space where each protein has fewer than 200 copies.
Then, we applied the FSP with this specific state space to the associated filtering problem and viewed its solution as the
ground truth. Also, we applied both the RB-PF and the PF to the problem and depicted their errors by the distances between
their solutions and the exact filter. The numerical results are presented in the main text.
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S7. Modeling and analysis of the transcription system in yeast cells

A. Reaction network model for this transcription system. The transcription system consists of four species: Go (inactive gene),
G1 (active gene), G2 (gene in an advanced active state), and mRNA (messenger RNA). We represent their respective molecular
counts by Xa,, X, Xa@s, and Xmrna. Then, the chemical reactions occurring within this system are modeled as follows.

Go 25 Gy (Initial activation of the gene) Propensity: ki1 Xq,(t)
G125 Gy (Deactivation of the gene) Propensity: k2Xq, (t)
G1 ﬁ) Go (Full activation of the gene) Propensity: k3Xq, (t)
G2 4 &y (Partial deactivation of the gene) Propensity: ks Xa, (t)
) — mRNA (Transcription) Propensity: kp, Xa, (¢) + (kp, + kp2)Xa, (1)
mRNA — () (Degradation of mRNAs) Propensity: XmrNA

Here, the gene transitions among three gene states Go, GG1, and G2, and the mRNA are transcribed when the gene is in either
of the two active states, G1 and G2. At the initial time point, the gene is in the state Go, and the mRNA count equals zero.

Moreover, the cell is measured under a microscope at different time points {¢1, ..., tnf}7 and the measurements satisfy the
relation

Y (t;) = Xmrna(ti) +oW;

where o is the noise intensity, and {W;}i=1,...,n, are independent standard Gaussian random variables.
For the ease of notation, let us denote Go, G1, G2, and mRNA as Si, S, S3, and Sy, respectively. Similarly, we denote
XGO? XGU XGQ? and Xprna as X1, Xa, X3, and X4.

B. Ergodicity of the system. Now, we show that the system exhibits ergodicity in some invariant state space when reasonable
parameters are chosen. Recall that given an invariant space, ergodicity means the occupation time distribution P (T, z) 2

% f OT 1(X(t) = z) dt almost surely converges to the stationary distribution on this space as T' — co. The following analysis
are based on the method in [26].

First, we consider the case where all the parameters are positive. In this case, we can observe that the system state
(X1(t), X2(t), X3(t), X4(t)) evolves in an invariant space ZS = {m €78 |1 + 22+ 23 = 1}, and the stochastic system is

irreducible on this state space. Furthermore, by denoting v = (1,1, 1, 1)T7 we have that

6

Z)\j(e,l‘) <0,G > = kpxo+ (kpy +kpy)ws — s < (kpy +kpo) +1- <wv,z> Ve € IS
j=1
D N(0,2) < 0,6 > = kpywa+ (hpy + kpa)73 + 21 < (hipy + ko) + < v, 3> vz € IS.

Therefore, according to [26, Proposition 4], the system has a unique stationary distribution on ZS for any positive parameters,
and the system also exhibits ergodicity.

Second, we consider the scenario where the system has only one active gene state, meaning that ki, k2, and kp,, are positive,
but k3 = 0. In this case, we can also find an invariant measure ZS,,—o £ {x S Z§O|x1 +x2=1,23 = 0}, and the stochastic

system is irreducible on this state space. Moreover, by denoting v = (1,1, 1, 1)T, we have that

6

Z)\j(ﬁ,x) <0,(>= kpro—ma < kp, +1-<v,z> Vx € ZS8z5—0
j=1
Zx\j(ﬁ,x) <0, > = kpywotxa < kpi+ <v,x> Vo € ZSz,—0.

Consequently, according to [26, Proposition 4], the system is also ergodic when ki, k2, kp, > 0 but ks = 0.

C. More simulation results. In the main text, we presented two simulation examples to illustrate our identification algorithm.
Here, we present additional simulation results to further demonstrate the effectiveness of our approach. For these simulations,
we first generated 1000-minute observation trajectories using specific sets of parameters and then applied our method to infer
these model parameters. These parameters were properly chosen to represent several different scenarios: (1) strong initial gene
activation (characterized by a large k1), (2) strong second-step gene activation (large k3), (3) strong basal transcription (large
kp,), and (4) strong transcription due to a large kp,. These simulation examples complement the numerical example in the
main text well, where all the parameters took medium or relatively small values. All the other settings for these numerical
examples were kept the same as those in the main text. The numerical results are presented in Figure S1.
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Fig. S1. Performance of the Rao-Blackwell identification algorithm across several numerical examples. The sample size of the algorithm was 10,000. (A) to (D) represent the
inference results in four different scenarios: (A) strong initial gene activation (characterized by a large k1), (B) strong second-step gene activation (large k3), (C) strong basal
transcription (large &, ), and (D) strong transcription due to a large k., . In these panels, the blue bar plots represent the conditional distribution of the parameters, and the red
dashed line represents the actual value of these parameters. Source data are provided as a Source Data file.

The results in Figure S1 show that in different scenarios, our method can provide sharp estimates of the parameters, with
most of the maximum a posteriori (MAP) estimates being close to or identical to the actual values. In Figure S1.B, the MAP
estimates of ks and ks are a bit deviated from the actual values. These discrepancies are mainly attributed to the insufficient
information in the measurements for highly precise estimation, as evidenced by the wide shapes of the conditional distributions.
Even in this case, our method still successfully provided conditional distributions with much probability mass distributed
around the actual values. In conclusion, all these results indicate that our identification method is effective across various
scenarios where actual parameters are chosen differently.

D. Parameter identification when the measurement noise intensity (o) is unknown. In many biological experiments, the
measurement noise intensity (represented by o) is often difficult to determine. Therefore, many parameter identification
problems also require inferring the value of the measurement noise intensity along with the other model parameters. In this
subsection, we demonstrate by several numerical examples that our approach can effectively solve the associated identification
problem with the presence of o uncertainty.

Essentially, in the considered system, we can view ¢ as an additional model parameter and treat it the same as other
parameters. From this perspective, our method can be directly applied to this inference problem. To test our method’s
performance in this context, we used the same settings as those in the numerical experiments presented in the main text.
Specifically, we assumed that ki, ..., ks were within the set {0,0.05,...,1}, the parameters k,, and kp, were within the set
{1,2,...,10}, and o was within the set {0.1,0.2,...,1}. All these parameters were in units of minute ! and had uniform
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prior distributions, with the exception of k3. For k3, half of its initial probability mass was allocated at zero to indicate the
uncertainty of whether the number of active gene states is one or two, and the rest of the probability was uniformly distributed
over states 0.05,0.1,...,1. Also, we truncated the space for the mRNA count to be {0,1,...,20} and that for each gene to
be {0,1}. At the initial time, we set the gene state to Go and the mRNA count to zero. Moreover, the mRNA count was
measured every minute.

In this numerical experiment, we generated several observation trajectories based on different choices of o values. Our aim
was to test whether our method can accurately infer the real value of o along with other parameters. The numerical results are
shown in Figure S2. In these numerical experiments, we set the sample size in our algorithm to 3,000. Also, we required the
size of the maximum follower subsystem to be less than 30,000. Consequently, our algorithm classified G1 and G2 as the leader
species and assigned the remaining components into four follower subsystems. The follower species forms four conditionally
independent subgroups. The first consists of Go, k1, and k2, the second contains k3, the third contains k4, and the fourth
consists of kp,, kp,, mRNA, and o.

Figure S2.A shows the estimation results when the observation noise intensity o has a value of 0.1. It shows that the
proposed algorithm can accurately identify the parameter o as well as other parameters in this case. Particularly, the algorithm
very confidently identifies the observation noise intensity ¢ with almost all the probability mass located at the value of 0.1. For
the remaining parameters, the MAP (maximum a posteriori) estimates are all close to or equal to the real values. The plots
(B) — (K) in Figure S2 show the convergence of the o estimate over time when the real o value is chosen differently in the
system. We can observe that under all situations, the estimate of o converges fast to the real value. When the observation
noise intensity is small (o < 0.2), the estimate is almost the same as the real value after 20 minutes. In all the situations, the
algorithm consistently provides a very confident and accurate estimate for the parameter o at the final observation time, as
shown in (B) — (K) of Figure S2. All the above results indicate that our algorithm can accurately estimate the observation
noise intensity o as well as other parameters with the presence of o uncertainty.

E. RB-PF based on grid refinement. When analyzing the experimental data, we initially selected a very coarse discretization
scheme for the parameter spaces, especially for the parameters k,, and kj,. This can potentially lead to less accurate estimates
of the model parameters and be a source of the discrepancy between the stationary distributions of the inferred model and the
actual cell system.

In this subsection, we introduce an improved RB-PF based on grid refinement. In the inference problem, we initially choose
a very large region for the parameters to make sure that their actual values are within these regions. However, this choice of
large regions is not necessary if we have more accurate information about the parameter values. After applying the inference
algorithm based on the coarse discretization scheme, we gain more precise estimates of the parameters; particularly, we can
identify regions where the conditional distribution mass is sparse or even nonexistent. Based on such information, we can
shrink the parameter space, set a finer discretization scheme, and re-apply the inference algorithm. This procedure can be
repeated many times until a good resolution of the parameter spaces is reached.

Essentially, this grid refinement procedure reuses data to inform a prior distribution for the next refinement stage.
Consequently, the inference result obtained in the last stage may not necessarily align with the target of the original inference
problem, and their difference could be significant. Therefore, the refinement method should be used with care; otherwise, data
reuse (also known as double-dipping or double-counting) can lead to severe problems [27]. To avoid this issue, this algorithm
in each refinement stage should be conservative, only discarding the parameter regions containing extremely low posteriors,
for the following reason. Let us denote €; (i = 1,2,...) as the parameter region used for the i-th stage inference. The first
stage aims at the original inference problem with no refinement. Then, given the uniform prior distribution on €2;, the target
posterior in the i-th stage is proportional to the likelihood, i.e.,

P; (HD/OT) X L(YQ;T|0)Pprior(9) X L(YOT|9) Vo € Ql

where Yo.r denotes the measurements from time zero to T, the notation L(Yo.7|0) is the likelihood of observing Yo.7 with the
parameter 0, and Pprior(+) is the uniform prior distribution. This formula demonstrates that regardless of the selected region,
the inference result in each stage provides the correct likelihoods at different parameter points up to a constant proportionality.
As long as the selected region Q; contains most of the parameters with large likelihoods, the distribution P;(0|Yo.r) will closely
approximate the target posterior distribution P;(6|Yo.r). This requires the grid refinement procedure to eliminate only the
regions with negligible likelihoods (i.e., small posterior) in each stage for accurate inference results.

We applied this grid refinement strategy to the inference problem of cell #78. From the inference result based on the
coarse grid (Fig. 9A in the main text), we observed that all the conditional probability mass for kp, and k,, are within
the regions of [20,40] and [40, 80], respectively. Also, the result suggested that k3 was positive, i.e., the system had three
gene states. Based on these observations, we adjusted the parameter spaces as follows. The parameters ki, k2, and ks were
within the set {0,0.05,...,1}, ks was within the set {0,0.1,...,2}, k,, was within {20,22,24,...,40}, and kp, was within
{40, 44,48, ...,80}. This refined grid scheme offered an acceptable resolution. Moreover, all the parameters were assumed to
have uniform distributions on these sets. We again applied our Rao-Blackwell method to this inference problem on the finer
discretization scheme. The result is shown in Figure S3.

The inference results obtained under the coarse grid scheme and the refined one are quite consistent. Comparing Figure S3
and Fig. 9A (in the main text), we can find that the conditional distributions for each parameter (ki, k2, k3, and k4) have the
same shape and similar peak values in both inference results. Also, in both results, the conditional distributions for k,, are
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Fig. S2. Performance of the Rao-Blackwell identification algorithm in the numerical transcription example with o uncertainty. The sample size of the algorithm was 3,000. (A)
The estimation result when o has a real value of 0.1. The top left panel shows the dynamics of the mRNA together with the time-course measurements. The other panels show
the estimates of the observation noise intensity and other parameters. These results indicate that our algorithm can accurately identify the observation noise intensity (o)
simultaneously with other parameters. (B) — (K) The convergence of o estimates over time in systems with different real o values. These plots also provide the final-time
estimate of o in the lower panel. Source data are provided as a Source Data file.
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both concentrated around the value of 30, and the conditional distributions for k,, are both concentrated around the value of
70. These consistencies underscores the robustness of our method, demonstrating its good reproducibility whether applied on a
coarse or a refined grid scheme.

After the grid refinement, we obtained potentially more accurate estimates of k,, and kp,. To test their accuracy, we
again compared the stationary distributions of the inferred model (with the MAP estimates) and the actual cell system (see
Figure S3B). They matched closely. This time, the KL divergence between these two distributions is 0.020, one-third less than
the values obtained when inferring the system under a coarse grid. Additionally, the L; distance between the distributions
dropped from 0.19 (under the coarse grid) to 0.11 (under this refined grid). All these results suggest that our identification
method, based on grid refinement, provided more accurate parameter estimates.

All these improved results of the grid refinement strategy demonstrate that this strategy should be employed whenever a
large region of low posterior is observed. Compared with results obtained at a finer scale, the algorithm based on a coarse grid
cannot provide much detailed information, thereby leading to biased estimates. For instance, the conditional distribution of
kp, exhibits a bimodal structure (Figure S3C), which is absent when using a coarse grid (see the results in the main text).
Moreover, the determination of grid fineness should be based on the ability to capture peaks and valleys within the posterior
distribution, rather than merely on the ratio between the step size and the parameter interval.
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Fig. S3. Inference result of cell #78 based on a refined discretization scheme. The sample size of the algorithm was 3,000. (A) Refinement of the grid scheme. For parameters
k1,...,ka, the grid schemes are unchanged. The scheme for &, is refined to {20, 22, 24, ..., 40} with a discretization size of 2. The scheme for k,,, is refined to
{40, 44, 48, . .., 80} with a discretization size of 4. (B) Stationary distributions of the inferred model (using the MAP estimates) and the actual cell system. They have a KL
divergence of 0.020. (C) Parameter estimation result. Source data are provided as a Source Data file.

F. Estimation of the observation noise intensity ¢ from the experimental data. In this biological experiment, the observation
noise intensity ¢ has not been exactly quantified. Here, we intend to estimate this parameter o, along with others, using the
RB-PF with the grid-refinement strategy.

The basic setup of this Bayesian analysis is as follows. First, we view o as an additional model parameter and treat it the
same as other parameters. Since the measurement is thought to be quite accurate [28], we assumed that o was within the narrow
set {0.2,0.4,...,2}. For other parameters, we adopt the refined setting in the previous subsection. Specifically, the parameters
k1, k2, and k3 were within the set {0,0.05,...,1}, k4 was within the set {0,0.1,...,2}, kp, was within {20,22,24,...,40}, and
kp, was within {40, 44,48, ...,80}. All the parameters were assumed to have uniform prior distributions over their specified
sets. Moreover, for the system decomposition, we required the size of the maximum follower subsystem to be less than 300,000,
and we set the sample size in our algorithm to 3,000. Consequently, our algorithm still classified G1 and G2 as the leader
species and assigned the remaining components into four follower subsystems. The first follower subsystem consists of Go, k1,
and k2, the second contains ks, the third contains k4, and the fourth consists of kp,, kp,, mRNA, and o.

The inference results are shown in Figure S4. Our algorithm confidently estimated the parameter o to be 0.4 (Figure S4B),
demonstrating a high degree of accuracy in the mRNA measurements. This inference result also indicates that the observation
noise intensity is even much less than what we assumed previously (i.e., ¢ = 1). We also compared the stationary distributions
of the inferred model (with the MAP estimates) and the actual cell system (Figure S4D). These two distributions matched
closely, with the KL divergence being 0.021, indicating the accuracy of the inference result. In addition, this KL divergence is
similar to that obtained from the grid-refinement strategy based on assuming o = 1 (Figure S3B). Furthermore, the inference
results for parameters other than o are similar in both settings (see Figure S4C and Figure S3C). This demonstrates that in
this inference problem, the precise estimation of o does not lead to a significant improvement in the inference results.

In conclusion, our method can accurately estimate the observation noise intensity o in this problem. However, this accurate
estimation of o does not significantly impact the inference results for the other parameters.
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Fig. S4. Inference of the observation noise intensity o from the experimental data of cell #78. The sample size in our algorithm was 3,000. (A) The grid for parameter inference.
We selected the refined grid obtained from the grid refinement strategy, and we set o within the set {0.2,0.4, ..., 2}. (B) Inference results of o at the final time and its
estimate over time. (C) Estimation of other parameters. (D) Stationary distributions of the inferred model (using the MAP estimates) and the actual cell system. They have a KL
divergence of 0.021. Source data are provided as a Source Data file.
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S8. Noise decomposition based on ergodicity

Now, we utilize the stability of the underlying continuous-time Markov chain, i.e. ergodicity, to propose a method for noise
decomposition from single-cell time-lapse microscopy data. We consider that a microscopic platform can record the dynamics
of a particular chemical species in individual cells. This dynamics is denoted by {Xy(t)},., with 6 the system parameters that
can be different from cell-to-cell due to extrinsic variability. Also, We assume that for each cell the value of 6 is constant and
unchanging with time. Furthermore we assume that for each 6 fixed, the dynamics (X¢(¢)):>0 is ergodic and therefore (see
[26]) we have

;/OT Xo(t)dt —s E [X5]6] as T — oo (35)
;/OT (Xo(t)* dt — E[(X5)*10] as T — oo (36)

where X is the copy number of the measured species at the stationary probability distribution (or equivalently at a sufficiently
large time point).

The total cell-to-cell variability at the stationary probability distribution is Var(Xj). The law of total variance stipulates
that

Var(Xy) = Var (E [X;516]) + E [Var(X; |6)] (37)
where the quantity Var(X;|0) is the conditional variance defined by
Var(X;10) = E [(X5)%|6] — E [X;6)*

and it measures the variation in X when the parameter 0 is fixed. Hence the only contribution to Var(X;|0) comes from
sources other than 6, and in this setup the only such source is the intrinsic noise introduced by the random timing of reactions.
Therefore we term the second term E [Var(X;|0)] on the r.h.s of (37) as the aggregate/bulk/population-level measure of the
total intrinsic noise in the system.

On the other hand, the first term Var (E [X;]6]) on the r.h.s of (37) measures all the noise due to the randomness in the
parameters 0. This is because when we take the conditional expectation E [X;|6] we are averaging-out noise from all other
sources except the parameters 6. Due to this reason we term Var (E [X;|0]) as the total extrinsic noise in the system. In
summary we have the following definition of intrinsic and extrinsic noise

Total Extrinsic Noise = Var (E [X;]6])
Total Intrinsic Noise = E [Var(Xj |6)]
Of course both these terms add up to the full cell-to-cell variability Var(Xg) due to (37).
The straightforward computation of intrinsic and extrinsic noise is challenging because the experimental data cannot provide
a cell population with the same parameters 6 for estimating E [X|0] and Var(X;|0). Fortunately, ergodicity provides us a

solution for computing these conditional mean and variance from single-cell time-course data. Specifically, (35) and (36) suggest
that these conditional mean and variance can be approximated by

T
E[Xg|0] =~ /Xe and Var(XﬂG)z%/ (Xo(t)) ( /Xg dt)
0

for large time T'. Recall that the dynamics of Xy(¢) is measured in a microscope platform. Therefore, when the measurement
noise is negligible, the time integrals above can be straightforwardly computed by the measured single-cell time-course data of
Xo(t). Finally, the intrinsic noise and extrinsic noise can be evaluated by

T T
Total Intrinsic Noise ~ E 1 (Xo(t))*dt — 1 Xo(t)dt
T J T J,

T
1
Total Extrinsic Noise ~ Var |:T/ Xo (t)dt:|
0

2

for large time T

To further validate this noise decomposition method, let us outline a couple of edge cases where one of the two noise
components is zero. First, let us consider the scenario that the dynamics {Xg(t)}+>0 is deterministic, and described by a system
of ordinary differential equations (ODEs) that depend on the cell-specific parameter 6. In this case, ergodicity is tantamount to
this ODE system having a globally attracting 6-dependent fixed point Xg. One can easily check that in this scenario

T T
lim ~ [ Xp(t)dt=Xs  and lim ~ / (Xo(t))2dt = X,
T T J,
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which shows that the intrinsic noise component would be close to zero (for large T'). This is what we would expect as the
dynamics is deterministic and hence there is no noise due to the random firing of reactions. Now consider another scenario
where the parameter is not random, but a deterministic constant 6 = 6. which is the same for each cell. In this case the
conditional expectation in (35) becomes an unconditional expectation which computes to a deterministic constant (rather than
a random variable). Hence its variance is zero which shows that the extrinsic noise component would be close to zero (for large
T'). Again this is consistent with our expectation because there is no variability in 6.
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S9. An idea of applying the RB-CME solver for computing the stationary distribution

In this paper, our RB-CME solver is designed to solve the CME in a finite time interval. Here, we present an idea of applying
our method to compute the stationary distribution of the CME based on the ergodicity assumption.
When a system is ergodic, the stationary distribution (Ps:(x)) can be approximated by

P, (x) ~ %/ 1(X(t) = 2) dt
0

Por ()

for a large T. Following this formula, one can estimate the stationary distribution by the time occupation measure of a
sufficiently long simulated trajectory [29]. Moreover, when the bias is negligible, the performance of this method can be
evaluated by the variance of the random variable @er(x).

Similarly, we can also approximate the stationary distribution by

Py (z) ~ 1 /OTIE [1 (X(t) = z) ‘)N((s),O <s< t} dt,

Pri(z)

where X (t) is the leader system. Then, we can also estimate the stationary distribution by generating a sufficiently long
trajectory and applying the RB-CME solver to the conditional expectation in the above formula. Again, when the bias is
negligible, the performance of this method can be evaluated by the variance of Prg(z).

Both methods are developed based on the ergodicity assumption, We next show that the one using the RB-CME solver is
no less accurate. The key is to compare the variance of Pe,(z) and Prg(z). First, it can be easily shown that

Var (@er(x)) —E [(@er(x) _ @RB(J;))Q} +E [(@RB@:) _ % /OT]P (X(8) = 2) dt) T
+2E |:(@er(x) — Prs (m)) (@RB(J;) _ % / e (X(t) = ) dt)]

~ 2 ~
Note that E {(PRB (x) — + fOT P(X(t) =x) dt) } is the variance of Prg(x), and the last term satisfies

E {(ﬁﬂ(m) - ﬁRB(x)) (ﬁRB(x) - % / P(X(t) = ) dtﬂ
—E|E [(ﬁer(x) - ﬁRB(x)) <@RB(x) - %/ P(X(t) = ) dt> |)?(s),o <s<T
X(s),0< s < T] (@RB(:E) - %/O P(X(t) = z) dt)]

—E|0x (@RB(x);/TP(X(t):x)dt)]
—0.

—E|E [@er(x) - @RB(JC)

Therefore, we can conclude that

Var (@er (x)) > Var (@RB(J:))

which means that the method using RB-CME solver is no less accurate than the other one.
We leave a systematic exploration of this idea for future work.
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