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S1. Stochastic intracellular reaction systems, the chemical master equation (CME), and the associated stochastic47

filtering problem48

In this work, we focus on an intracellular reaction system that has r reactions:49

ν1,jS1 + · · ·+ νn,jSn → ν′
1,jS1 + · · ·+ ν′

n,jSn j = 1, . . . , r, (1)50

where S1, . . . , Sn are n different chemical species, and νi,j and ν′
i,j are the stoichiometric coefficients indicating the number of51

molecules consumed or produced for Si in the j-th reaction. Due to the low molecular counts, an intracellular reaction system52

is inevitably random, and, therefore, its dynamics is usually modeled by a stochastic process called the continuous time Markov53

chain. Following [1], the dynamical equation can be written by54

X(t) =X(0) +
r∑

j=1

ζjRj

(∫ t

0
λj(X(s))ds

)
(2)55

where X(t) is an n-dimensional vector representing the molecular count for each species at time t, the vector ζj equals to56 (
ν′

1,j − ν1,j , . . . , ν′
n,j − νn,j

)⊤ indicating the state change after a firing of the j-th reaction, Rj(t) are independent unit rate57

Poisson processes, and λj(·) are the propensities indicating the rates of these reactions. To avoid negative molecular counts,58

the propensities should satisfy the condition λj(x) = 0 for all x + ζj /∈ Zn
≥0. For rigorousness, we only consider the processes59

that satisfy the condition60

n∑
j=1

E
[
λ2

j (X(t))
]

is uniformly bounded on any time interval [0, T ], (3)61

which means the system state will almost surely not grow to infinity in finite time. What’s more, this condition also implies62

that the random variables {λj(X(t))}t∈[0,T ] are uniformly integrable. Also, for simplicity, we assume that the initial conditions63

for different species are independent, i.e.,64

X1(0), . . . , Xn(0) are independent. (4)65

Alternative to (2), one can also model the intracellular reaction system by the chemical master equation (CME) [1]:66

dp(t, x)
dt

=
r∑

j=1

λj(x− ζj)p(t, x− ζj)−
r∑

j=1

λj(x)p(t, x), ∀x ∈ Z≥0,67

where p(t, x) ≜ P(X(t) = x). Provided with the condition (3), these two dynamical presentations are equivalent [1].68

In the lab, scientists can directly measure fluorescent reporters and use these measurements to infer the dynamical states of69

unobserved species. This is called stochastic filtering for intracellular reaction systems. Mathematically, we can model the70

observations by71

Y (ti) = h(X(ti)) + ΣWi (5)72

where ti are the observation time points, Y (ti) is a vector of observations with each element corresponding to a particular73

light frequency, h(·) is a vector-valued function indicating the ideal relation between the measurement and the system state,74

Wi are vectors of independent standard Gaussian noise, and Σ is a diagonal matrix indicating observation noise intensities.75

When the observations Y (ti) are one dimensional, we denote the 1× 1 matrix Σ as σ. The goal of the stochastic filtering is76

to compute the conditional expectation πti (x) ≜ P
(
X(ti) = x

∣∣Y (ts), 1 ≤ s ≤ i
)
. By Bayes’ rule, the solution of the filtering77

problem satisfies the following recursive formulas [2]78

ρti+1 (x) =
∑

x′∈Zn
≥0

P
(
X(ti+1) = x

∣∣X(ti) = x′)πti (x′) (6)79

πti+1 (x) ∝ L
(
Y (ti+1)

∣∣x) ρti+1 (x) (7)80

where ρti+1 (x) ≜ P
(
X(ti+1) = x

∣∣Y (ts), 1 ≤ s ≤ i
)

and L (y|x) is the density function of P
(
Y (ti+1) ∈ ·

∣∣X(ti+1) = x
)

(usually81

called the likelihood function). We can interpret (6) as the prediction of the state at the next time point ti+1 using the82

observation up to the current time ti, and we interpret (7) as the adjustment of the predication according to the new observations.83

Note that the prediction step (6) is actually solving a CME with πti (·) being the initial probability and ρti+1 (·) being the final84

solution. Consequently, the filtering problem can be seen as a combination of the CME and an adjustment step.85
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S2. Error analysis of the Monte-Carlo method and the particle filter86

One popular method to solve the CME is the Monte-Carlo method, which utilizes stochastic simulations to approximate the87

exact probability. Since the stochastic filtering problem can be seen as a combination of the CME and an adjustment step, one88

can also solve the filtering problem by using Monte Carlo for the CME step. In the literature, this Monte-Carlo method for the89

filtering problem is called the particle filter or the sequential Monte-Carlo method.90

In this section, we perform the error analysis of these Monte-Carlo methods and show that their error tends to grow91

exponentially with the system dimension. Moreover, we also show that both approaches have relatively the same performance92

when solving their associated problems.93

A. Error analysis of the Monte-Carlo method for CMEs. To solve a CME, the Monte-Carlo method first simulates N trajectories94

of the system (2), denoted by x1(t), . . . , xN (t), and then uses the empirical distribution pMC(t, x) ≜
∑N

j=1 1 (x1(t) = x) to95

approximate the exact probability. Here, 1(·) is the indicator function whose value equals to 1 if its argument is true, otherwise96

0. Also, for simplicity, we only use the exact simulation method (e.g., Gillespie method) to generate the trajectories.97

We now analyze the L1 error of the Monte-Carlo method, defined by ∥p̂MC(t, ·)− p(t, ·))∥1 ≜
∑

x∈Zn
≥0
|p̂MC(t, x)− p(t, x)|.98

By the law of the central limit theorem, we have that for each x ∈ Zn
≥0,99

√
N (p̂MC(t, x)− p(t, x)) d→ N (0, Var (1 (x1(t) = x))) , as N →∞.100

Notice that 1 (x1(t) = x) has the Bernoulli distribution, so Var (1 (x1(t) = x)) = p(t, x) (1− p(t, x)) for every x ∈ Zn
≥0. Therefore,101

if the sum
∑

x∈Zn
≥0

√
p(t, x) is convergent, we have that102

lim
N→∞

√
NE

[
∥p̂MC(t, ·)− p(t, ·))∥1

]
= lim

N→∞

√
N
∑

x∈Zn
≥0

E [|p̂MC(t, x)− p(t, x)|] =
√

2
π

∑
x∈Zn

≥0

√
p(t, x)(1− p(t, x). (8)103

Finally, by the relation
√

a− b ≥
√

a−
√

b for any 0 ≤ b ≤ a, we can conclude104

lim
N→∞

√
NE

[
∥p̂MC(t, ·)− p(t, ·))∥1

]
=
√

2
π

 ∑
x∈Zn

≥0

√
p(t, x)

± 1

 , (9)105

which provides upper and lower bounds for the error.106

The formula (9) tells that when the sample size N is large and fixed, the error of the Monte-Carlo method largely depends107

on the value of
∑

x∈Zn
≥0

√
p(t, x). This value tends to scale poorly with the size of the state space containing most of the108

probability mass. Particularly, when the probability mass is uniformly distributed on T states, this quantity equals
√

T , which109

can be very large when T is big. Also, since this state size often grows exponentially with the number of species, this quantity110 ∑
x∈Zn

≥0

√
p(t, x) tends to scale poorly with the system dimension n. When the molecular counts of different chemical species111

are independent, this sum does grow exponentially with n, as its value equals to
∏n

i=1

(∑
xi∈Z≥0

√
pi(t, xi)

)
with pi(t, ·) the112

marginal distribution for the i-th species. In summary, the error of a Monte-Carlo method tends to scale unfavorably with the113

size of state space and system dimension, and, thus, this method usually performs poorly in high-dimensional problems.114

Next, we show that if the state variables are independent and their marginal distributions are estimated separately, then the115

errors in estimating these marginal distributions additively contribute to the error in the joint probability estimate. Again, let116

us denote pi(t, xi) the marginal distribution for the i-th species, and p̂i(t, x) be an estimate of this marginal distribution by117

the Monte-Carlo method. Here, we consider that these marginal distributions are estimated separately, using different sets of118
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samples. Therefore, these estimates are probabilistically independent, and we can get119

∑
x1∈Z≥0

· · ·
∑

xn∈Z≥0

E

[∣∣∣∣∣
n∏

i=1

p̂i(t, xi)−
n∏

i=1

pi(t, xi)

∣∣∣∣∣
]

︸ ︷︷ ︸
Error in estimating the joint distribution

120

≤
∑

x1∈Z≥0

· · ·
∑

xn∈Z≥0

E

[
p̂1(t, x1)

∣∣∣∣∣
n∏

i=2

p̂i(t, xi)−
n∏

i=2

pi(t, xi)

∣∣∣∣∣+
∣∣∣p̂1(t, x1)− p1(t, x1)

∣∣∣ n∏
i=2

pi(t, xi)

]
121

=
∑

x2∈Z≥0

· · ·
∑

xn∈Z≥0

E

[∣∣∣∣∣
n∏

i=2

p̂i(t, xi)−
n∏

i=2

pi(t, xi)

∣∣∣∣∣
]

+
∑

x1∈Z≥0

E
[∣∣∣p̂1(t, x1)− p1(t, x1)

∣∣∣] (by independence)122

. . . . . .123

≤
n∑

i=1

 ∑
xi∈Z≥0

E
[∣∣∣p̂i(t, xi)− pi(t, xi)

∣∣∣]


︸ ︷︷ ︸
Error in estimating each marginal distribution

.124

This result suggests that the error in estimating the joint distribution is no greater than the sum of the errors in estimating125

marginal distributions.126

B. Error analysis of the particle filter. Recall that the filtering problem can be seen as a combination of the CME and the127

adjustment step. Therefore, one idea to solve this problem is using the Monte-Carlo method for the CME step. In the literature,128

this method is called the particle filter, whose detailed algorithm is summarized in Algorithm 1. Specifically, the particle filter129

first generates equally weighted particles (x1(0), . . . xN (0)) from the initial probability so that their empirical distribution130

approximates the initial distribution. Then, in each iteration, the algorithm simulates the particles to solve the CME in the131

prediction step and then correct their weights according to the new observations. Based on the prediction and the correction steps,132

a numerical filter is constructed by the empirical distribution of the particles, i.e., π̂PF
ti+1 (x) =

∑N

j=1 wj(ti+1)1 (xj(ti+1) = x).133

Finally, the algorithm resamples particles to delete non-significant particles.

Algorithm 1 Particle filter (adapted from [3])

1: Generate N particle (x1(0), . . . , xN (0)) from the initial probability, and give them equal weights (wj(0) = 1
N

, j = 1, . . . , N).
▷ Initialization

2: i← 0 and t0 ← 0.
3: while ti is not the final observation time do
4: Simulate every particle from time ti to ti+1 according to (2). ▷ Prediction (see (6))
5: Update weights wj(ti+1) ∝ wj(ti)L(Y (ti+1)|xj(ti+1)). ▷ Adjustment (see (7))
6: Compute the filter π̂PF

ti+1 (x) =
∑N

j=1 wj(ti+1)1 (xj(ti+1) = x) ▷ Compute the filter
7: Resample {wj(ti+1), xj(ti+1)} to obtain equally weighted particles {1/N, xj(ti+1)} ▷ Delete non-significant particles
8: i← i + 1.
9: end while

134

Now, we analyze the error of the particle filter π̂PF
ti

(x). We first look at the L1 error of this filter at the first observation135

time point t1. (Readers who are not interested in the mathematical derivation can directly go to (13).) Given a fixed Y (ti),136

the literature [4, Theorem 1] tells that for any x ∈ Zn, there is the central limit result137

√
N
(
π̂PF

t1 (x)− πt1 (x)
) in distribution−−−−−−−−−→ N

(
0,Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
])

, as N →∞,138

where πt1 (·) is the exact filter at t1, the letter N is the notation for the Gaussian distribution, the term x1(t1) is the value of139

the first particle at time t1 before the resampling step, the term ρt1 (x) is the prediction probability P (X(t1) = x), and 1(·) is140

the indicator function. Based on this formula, we can conclude that141

lim
N→∞

√
N E

[∣∣π̂PF
t1 (x)− πt1 (x)

∣∣ ∣∣∣Y (t1)
]

=
√

2
π

√
Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
]

. (10)142

To further investigate (10), we simplify the variance in this formula as follows. We first term ρY
t1 (y) ≜

∑
x∈Rn L(y|x)ρt1 (x) as143

the density of Y (t1). Using this notation, we can write πt1 (x1(t1)) /ρt1 (x1(t1)) = L
(
Y (t1)

∣∣x1(t1)
)
/ρY

t1 (Y (t1)). Since x1(t1)144
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has the distribution ρt1 , we can easily check that given Y (t1), the random variable πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)] has zero145

conditional mean, and its conditional variance satisfies146

Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
]
≤

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)2

ρt1 (x) + π2
t1 (x)

∑
x′∈Rn

(
L
(
Y (t1)

∣∣x′)
ρY

t1 (Y (t1))

)
πt1 (x′)147

and148

Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
]
≥

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)2

ρt1 (x) (1− πt1 (x))2 .149

Moreover, by applying
√

a + b ≤
√

a +
√

b and L (y|x) ≤ det(
√

2πΣ)−1 (det is the determinant notation) to the above equations,150

we can further obtain151 √
Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
]
≤

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)√
ρt1 (x) + πt1 (x)

√
det(
√

2πΣ)−1

ρY
t1 (Y (t1)) (11)152

and153 √
Var

[
πt1 (x1(t1))
ρt1 (x1(t1)) [1 (x1(t1) = x)− πt1 (x)]

∣∣∣∣Y (t1)
]
≥

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)√
ρt1 (x) (1− πt1 (x))154

=

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)√
ρt1 (x)

1−
√

ρt1 (x)
√

πti (x)

√
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

155

≥

(
L
(
Y (t1)

∣∣x)
ρY

t1 (Y (t1))

)(√
ρt1 (x)− ρt1 (x)

√
det(
√

2πΣ)−1

ρY
t1 (Y (t1))

)
. (12)156

Finally, by plugging (11) and (12) into (10), we can estimate the L1 error of the particle filter by157

lim
N→∞

√
N E

[∥∥π̂PF
t1 − πt1

∥∥
1

]
≜ lim

N→∞

√
N
∑

x∈Zn

E
[∣∣π̂PF

t1 (x)− πt1 (x)
∣∣]158

=
√

2
π

 ∑
x∈Zn

≥0

√
ρt1 (x)

 ± det(
√

2πΣ)−1/2
∫

y∈Rm

√
ρY

t1 (y) dy

 , (13)159

provided that the quantities
∑

x∈Zn
≥0

√
ρt1 (x) and

∫
y∈Rm

√
ρY

t1 (y) dy are convergent. Here, m is the dimension of Y (t1).160

The formula (13) tells that for a large but fixed sample size N , the error of the particle filter at time t1 largely depends161

on the quantities
∑

x∈Zn
≥0

√
ρt1 (x) and det(

√
2πΣ)−1/2 ∫

y∈Rm

√
ρY

t1 (y) dy. Similar to the analysis in the previous subsection,162

these two terms tend to grow exponentially with the system dimension and the observation dimension, respectively. Note that163

the system dimension is usually much larger than the observation dimension, and the observation noise is usually not negligible.164

So, we can conclude that the quantity
∑

x∈Zn
≥0

√
ρt1 (x) dominates in (13), and, therefore, the L1 error of πPF

t1 tend to scale165

exponentially with the system dimension n. Moreover, this also suggests that the particle filter for the filtering problem has166

relatively the same performance as the Monte-Carlo method for solving the CME. Particularly, their performance are the same167

when the observation noise intensity is sufficiently large, i.e., the observation does not provide any information of the system.168

Remark 1. For other observation time points, we conjecture that the same results should also hold true. A theoretical analysis169

can be performed in the same way as we presented above, with the exception that the particles x1(ti), . . . , xN (ti) do not have170

the distribution ρti before the adjustment step. Instead, the particles converges to the distribution ρti in the limit of large171

sample size [4], which definitely complicates the analysis. However, we conjecture that this discrepancy should not affect the172

performance of the particle filer too much, and, therefore, the results obtained for time t1 should also apply to other time points.173

Our numerical studies also support this point (see Fig. 6G–H in the main text). Since this theoretical analysis can be very long,174

we leave it for further work.175
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S3. Rao-Blackwellized CME solver (RB-CME solver): derivation, error analysis, and the optimal lead-follower176

decomposition.177

A. Leader-follower decomposition and the conditional independence among follower subsystems. The Rao-Blackwellized178

CME solver (RB-CME solver) is established based on a decomposition of the system. We first divide the system state X(t)179

into a leader system X̃(t) and a follower subsystem Z(t). Furthermore, we decompose each reaction vector ζj into ζX̃
j and180

ζZ
j , where ζX̃

j indicates the state change of the leader system, and ζZ
j indicates the state change of the follower system. For181

the follower system, we further decompose it into several subsystems, Z1(t), . . . , Zl(t), such that the following topological182

conditions are satisfied.183

C1 Each reaction involves a maximum of one follower subsystem (meaning that at most one follower subsystem can influence184

the reaction’s propensity or have its state altered by the reaction).185

C2 The reactions with the same non-zero ζX̃
j involve a maximum of one follower subsystem (meaning that at most one186

follower subsystem can influence the propensities of these reactions or have its state altered by these reactions).187

For the ease of notations, we rearrange the order of species such that X(t) =
(
X̃(t), Z1(t), . . . , Zl(t)

)
; also, for every state x, we188

write x = (x̃, z1, . . . , zl), where x̃ is the state of the leader system, and zi (i = 1, . . . , l) is the state of the follower system. We189

denote the dimension of the leader system by nX̃ and the dimension of the follower system by nZ . An automated algorithm for190

this leader-follower decomposition is presented in Section S3.D.191

One key ingredient in our new method is computing the conditional distribution of the follower system given the trajectory192

of the leader one, i.e, P
(
Z(t) = z

∣∣X̃(s), 0 ≤ s ≤ t
)
. Mathematically, this conditional probability is not uniquely defined for193

each t > 0; it can be any X̃t-measurable∗ random variable P(z) satisfying194

E [P(z)A] = E [1(Z(t) = z)A] ∀X̃t-measurable random variable A with finite expectation.195

Therefore, P
(
Z(t) = z

∣∣X̃(s), 0 ≤ s ≤ t
)

viewed as a continuous-time process is not uniquely defined either, and some of196

them can be non-cadlag. (“Cadlag" means right continuous and having a left limit). Fortunately, [5, Theorem 2.24] and197

the right continuity of X(t) guarantee that for each z ∈ ZnZ
≥0 , there exists a X̃t-adaptive cadlag process πZ|X̃(t, z) satisfying198

πZ|X̃(t, z) = P
(
Z(t) = z

∣∣X̃(s), 0 ≤ s ≤ t
)

almost surely for every t. Moreover, since the propensities are uniformly integrable199

due to (3), the conditional expectation πZ|X̃ (t, λj) ≜
∑

z′∈ZnZ
≥0

λj

(
X̃(t), z′)πZ|X̃(t, z′) is also cadlag for each j = 1, . . . , r [5,200

Remark 2.27]. In the following, we only consider this cadlag conditional probability πZ|X̃(t, ·) for the follower system. Also,201

when discussing other conditional probability, we are referring to a distribution that is cadlag.202

Before introducing the equation characterizing the conditional probability πZ|X̃(t, ·), we list a few necessary notations.203

Following [6], we term O ≜ {j|ζX̃
j ̸= 0nX̃

} as the leader-level reactions, where 0nX̃
is the nX̃ -dimensional zero vector. Here,204

we use the notation O to indicate that these reactions are ‘observable’ given the trajectory of X̃(·). Similarly, we term205

U ≜ {j|j /∈ O} as the follower-level reactions, where the notation U indicates that these reactions are ‘unobservable’ given the206

trajectory of X̃(t). Note that for these leader-level reactions, some ζX̃
j might have the same value. To consider this issue, we207

term208

• {ξ1, . . . , ξr1} as the set of non-zero and distinct ζX̃
j ,209

• Oξk ≜ {j|ζX̃
j = ξk} (k = 1, . . . , r1) as the set in which non-zero ζX̃

j are identical to ξk,210

• R̃ξk (t) ≜
∑

j∈Oξk

Rj

(∫ t

0 λj

(
X̃(s), Z(s)

)
ds
)

as the total firing number of the reactions in Oξk up to time t,211

• λOξk

(
X̃(s), Z(s)

)
≜
∑

j∈Oξk

λj

(
X̃(s), Z(s)

)
as the rate of the process R̃ξk (t),212

• λO (X̃(s), Z(s)
)
≜
∑

j∈O λj

(
X̃(s), Z(s)

)
.213

Note that processes R̃ξ1 (t), . . . , R̃ξr1
(t) contain the same information as the leader system X̃(t), meaning that we can construct214

the former given the trajectory of the latter and vice versa.215

Then, under the condition (3), the conditional probability πZ|X̃(t, z) (for any z ∈ ZnZ
≥0 ), is almost surely characterized by216

∗
X̃t is the filtration generated by the process X(t).
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[heuristically derived in [6–9] and rigorously verified in [10]]217

πZ|X̃(t, z) = πZ|X̃(0, z) +
∫ t

0

∑
j∈U

λj

(
X̃(s), z − ζZ

j

)
πZ|X̃

(
s, z − ζZ

j

)
−
∑
j∈U

λj

(
X̃(s), z

)
πZ|X̃(s, z)ds (14)218

−
∫ t

0
πZ|X̃(s, z)

λO (X̃(s), z
)
−
∑

z′∈ZnZ
≥0

λO (X̃(s), z′)πZ|X̃(s, z′)

 ds219

+
r1∑

k=1

∫ t

0

∑j∈Oξk

λj

(
X̃(s−), z − ζZ

j

)
πZ|X̃

(
s−, z − ζZ

j

)∑
z′∈ZnZ

≥0
λOξk

(
X̃(s−), z′

)
πZ|X̃(s−, z′)

− πZ|X̃(s−, z)

dR̃ξk (s),220

and221 ∫ t

0

∑
z∈ZnZ

≥0

r∑
j=1

λj(X̃(s), z)πZ|X̃(s, z)ds <∞ almost surely, ∀t ≥ 0. (15)222

Here, we call (14) the filtered CME for Z(t). The integral in the first line of (14) represents the contributions from the223

unobserved reactions. Notably, the terms in this integral are very similar to the terms in the CME. Particularly, when all the224

reactions are unobservable, the subsequent components in (14) will be zero, reducing the filtered CME to the classical CME.225

This fact is logical, as the CME describes the unconditioned distribution of the reaction system in scenarios where no reaction226

or species is observable. The second and third lines of (14) represent the adjustment to the conditional distribution based on227

the exact firing time of the observable reactions. Moreover, (15) indicates that the conditional expectations of the propensities228

are non-explosive. To enhance the understanding of the filtered CME, we present here an example adapted from [6].229

Example 1. Let’s consider a gene-expression system consisting of two species (S1: Protein; S2: mRNA) and three reactions230

S2
k1−→ S1 + S2 Gene translation,231

∅ k2−→ S2 Gene transcription,232

S2
k3−→ ∅ mRNA degradation.233

All the reactions have mass-action kinetics. In this system, we classify the protein (S1) as the leader species and mRNA (S2)234

as the follower species. In other words, we term X̃(t) as the copy number of the Protein and Z(s) as the copy number of the235

mRNA. Then, there is only one non-zero ζX̃
j , which is 1 resulting from the first reaction. We denote this as ξ1. By definition,236

the set of observable reactions associated with ξ1 is Oξ1 = {1}, and the set of unobservable reactions is U = {2, 3}. Moreover,237

we have the jump process R̃ξk (t) = R1

(∫ t

0 k1Z(s)ds
)

, and λOξ1
(
X̃(t), Z(t)

)
= λO (X̃(t), Z(t)

)
= k1Z(t). Then, by (14), the238

conditional distribution of the follower species (mRNA), denoted by πZ|X̃(t, z) ≜ P
(
Z(t) = z|X̃(s), 0 ≤ s ≤ t

)
, satisfies the239

equation240

πZ|X̃(t, z) = πZ|X̃(0, z) +
∫ t

0
k2 πZ|X̃(s, z − 1) + k3(z + 1) πZ|X̃(s, z + 1)− [k2 + K3(z + 1)] πZ|X̃(s, z) ds241

−
∫ t

0
πZ|X̃(s, z)

(
k1z −

∑
z′

k1z′ πZ|X̃(s, z′)

)
ds242

+
∫ t

0

(
k1z πZ|X̃(s−, z)∑

z′ k1z′ πZ|X̃(s−, z′)
− πZ|X̃(s−, z)

)
dR̃ξ1 (s).243

Here, the integral in the first line represents the contribution by the unobservable reactions, and the subsequent terms represent244

the contributions by the observable reactions.245

Now, we show that the follower subsystems Z1(t), . . . , Zl(t) are conditionally independent given the trajectory of the leader246

system, and the filtered CME (14) can be divided into several-lower dimensional, independent equations. We first introduce247

some notations. For each vector ζZ
j (j = 1, . . . , r), we decompose it into ζZ1

j , . . . , ζ
Zl
j , where ζZi

j corresponds to the state change248

of Zi(t) after the firing of the j-th reaction. Also, we denote the dimension of Zi(t) (i = 1, . . . , l) by nZi . For each follower249

subsystem Zi(t), we term Ui ≜
{

j ∈ U|ζZi
j ̸= 0nZi

or λj(x̃, z1, . . . , zl) depends on zi

}
as the follower-level reactions involving250

Zi(t), and we term251

Oi ≜
⋃

k : λOξk (x̃, z1, . . . , zl) depends on zi,

or ζZi
j ̸= 0nZi

for some j ∈ Oξk

Oξk252

as the leader-level reactions that involves Zi(t). According to the conditions C1 and C2, we can easily conclude that253
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Conclusion 1 The sets U1, . . . ,Ul are disjoint, and U =
⋃l

i=1 U . (By C1 and the definition of Ui)254

Conclusion 2 For any i ∈ {1, . . . , l} and k ∈ {1, . . . , r1}, there is either Oξk ⊂ Oi or Oξk ∩ Oi = ∅. (By definition)255

Conclusion 3 The sets O1, . . . ,Ol are disjoint. (By Conclusion 2 and C2)256

Conclusion 4 If j ∈ O/Oi, then ζZi
j = OnZi

. (By definition).257

Then, the conditional independence of the follower subsystems are guaranteed by the following theorem.258

Theorem 1. Assume that condition (3) holds, the follower subsystems Z1(t), . . . , Zl(t) satisfy C1 and C2, and Z1(0), . . . , Zl(0)259

are conditionally independent given X̃(0). Then, for any t > 0, the follower subsystems Z1(t), . . . , Zl(t) are conditionally260

independent given the trajectory of X̃(·) up to time t. Their marginal conditional probability defined by πZi|X̃(t, zi) ≜261

P
(
Zi(t) = zi

∣∣X̃(s), 0 ≤ s ≤ t
)

is almost surely characterized by262

πZi|X̃(t, zi) = πZi|X̃(0, zi) +
∫ t

0

∑
j∈Ui

λj

(
X̃(s), zi − ζZi

j

)
πZi|X̃

(
s, zi − ζZi

j

)
−
∑
j∈Ui

λj

(
X̃(s), zi

)
πZi|X̃(s, zi)ds (16)263

−
∫ t

0
πZi|X̃(s, zi)

λOi
(
X̃(s), zi

)
−

∑
z′

i
∈Z

nZi
≥0

λOi
(
X̃(s), z′

i

)
πZi|X̃(s, z′

i)

 ds264

+
∑

k: Oξk
⊂Oi

∫ t

0

∑j∈Oξk

λj

(
X̃(s−), zi − ζZi

j

)
πZi|X̃

(
s−, zi − ζZi

j

)∑
z′

i
∈Z

nZi
≥0

λOξk

(
X̃(s−), z′

i

)
πZi|X̃(s−, z′

i)
− πZi|X̃(s−, zi)

 dR̃ξk (s),265

and266 ∫ t

0

∑
zi∈Z

nZi
≥0

∑
j∈Ui∪Oi

λj

(
X̃(s), zi

)
πZi|X̃(s, zi)ds <∞ almost surely, ∀t ≥ 0.267

where λj

(
X̃(t), zi

)
(for j ∈ Ui ∪ Oi) is the abbreviation of the propensity λj

(
X̃(t), z1, . . . , zl

)
(which does not depend on268

variables other than X̃(t) and zi due to the definition of Oi and Conclusion 1), λOi
(
X̃(s), z′) ≜∑

j∈Oi
λj

(
X̃(s), Zi(s)

)
, and269

nZi is the dimension of Zi(t).270

Proof. To prove the result, we only need to calculate the conditional probability

πZi|X̃Z/i
(t, zi) ≜ P

(
Zi(t) = zi

∣∣X̃(s), Z1(s), . . . , Zi−1(s), Zi+1(s), . . . , Zl(s) 0 ≤ s ≤ t
)

(for i = 1, . . . , l) and show it is irrelevant to the trajectory of other follower subsystems, i.e., Z1(·), . . . , Zi−1(·), Zi+1(·), . . . , Zl(·).271

Here, we present the proof for the case i = 1; the rest results can be shown in the same way.272

To compute πZi|X̃Z/1
(t, zi), we can view U1 as the unobservable reactions given the trajectory of X̃(·), Z2(·), . . . , Zl(·) and273

the reactions in O ∪l
i=2 Ui as observable reactions given these trajectories. We term274

• Õ = O ∪l
i=2 Ui as the set of ‘observable’ reactions in this case,275

• λÕ/O1 (x̃, z1, . . . , zl) ≜
∑

j∈Õ/O1
λj (x̃, z1, . . . , zl) as the total propensity for the reaction in Õ/O1,276

• {η1, . . . , ηr2} as the set of non-zero and distinct
(

ζX̃
j , ζZ2

j , . . . , ζl
j

)
for j ∈ O ∪l

i=2 Ui,277

• Õηk ≜
{

j ∈ O ∪l
i=2 Ui

∣∣∣ (ζX̃
j , ζZ2

j , . . . , ζl
j

)
= ηk

}
for k = 1, . . . , r2,278

• R̃ηk (t) ≜
∑

j∈Õηk
Rj

(∫ t

0 λj

(
X̃(s), Z1(s), . . . , Zl(s)

)
ds
)

as the total firing number of the reactions in Õηk up to time t,279

• λOηk

(
X̃(s), Z1(s), . . . , Zl(s)

)
≜
∑

j∈Oξk

λj

(
X̃(s), Z1(s), . . . , Zl(s)

)
as the rate of the process R̃ηk (t),280
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Consequently, by (14), we conclude that πZ1|X̃Z/1
(t, z1) is characterized by281

πZ1|X̃Z/1
(t, z1)282

= πZ1|X̃Z/1
(0, z1)283

+
∫ t

0

∑
j∈U1

λj

(
X̃(s), z1 − ζZ1

j , Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1

(
s, z1 − ζZ1

j

)
ds284

−
∫ t

0

∑
j∈U1

λj

(
X̃(s), z1, Z2(s), . . . , Zl(s)

)
πZ1|X̃Z/1

(s, z1)ds285

−
∫ t

0
πZ1|X̃Z/1

(s, z1)

λO1
(
X̃(s), z1, Z2(s), . . . , Zl(s)

)
−

∑
z′

1∈Z
nZ1
≥0

λO1
(
X̃(s), z′

1, Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1
(s, z′

1)

 ds286

−
∫ t

0
πZ1|X̃Z/1

(s, z1)

λÕ/O1
(
X̃(s), z1, Z2(s), . . . , Zl(s)

)
−

∑
z′

1∈Z
nZ1
≥0

λÕ/O1
(
X̃(s), z′

1, Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1
(s, z′

1)

ds287

+
∑

k: Õηk
∩O1 ̸=∅

∫ t

0

∑j∈Õηk
λj

(
X̃(s−), z1 − ζZ1

j , Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1

(
s−, z1 − ζZ1

j

)∑
z′

1∈Z
nZ1
≥0

λÕηk

(
X̃(s−), z′

1, Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1
(s−, z′

1)
− πZ1|X̃Z/1

(s−, z1)

dR̃ηk (s)288

+
∑

k: Õηk
∩O1=∅

∫ t

0

∑j∈Õηk
λj

(
X̃(s−), z1 − ζZ1

j , Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1

(
s−, z1 − ζZ1

j

)∑
z′

1∈Z
nZ1
≥0

λÕηk

(
X̃(s−), z′

1, Z2(s), . . . , Zl(s)
)

πZ1|X̃Z/1
(s−, z′

1)
− πZ1|X̃Z/1

(s−, z1)

dR̃ηk (s),289

which holds almost surely. By the independence condition (4), we can write πZ1|X̃Z/1(0, z1) = πZ1|X̃(0, z1). Moreover, By290

Conclusion 1 and Conclusion 3, the propensities in 3rd to 5th line only depend on the first two arguments. With the same291

reason, the propensities λj (x̃, z1, . . . , zl) (for every j ∈ Õ/O1) depend on z1, and, therefore, the 6th line is zero. Moreover, by292

Conclusion 2, we can conclude that Õηk ∩ O1 ̸= ∅ holds only if Õηk ⊂ O1; consequently, by Conclusion 4 and the definition of293

O1, we can rewrite the 7th line by294

∑
k: Õξk

⊂O1

∫ t

0

∑j∈Õξk

λj

(
X̃(s−), z1 − ζZ1

j )
)

πZ1|X̃Z/1

(
s−, z1 − ζZ1

j

)
∑

z′
1∈Z

nZ1
≥0

λÕξk

(
X̃(s−), z′

1
)

πZ1|X̃Z/1
(s−, z′

1)
− πZ1|X̃Z/1

(s−, z1)

 dR̃ξk (s).295

By Conclusion 1, Conclusion 3, and Conclusion 4, the propensities in the 8th line does not depend on the second argument,296

and the vectors ζZ1
j in this line are always zero. Consequently, the 8th line is zero. Finally, by combining all these results, we297

can rewrite the dynamics of πZ1|X̃Z/1(t, z1) (which satisfies (16)) and find that it is almost surely irrelevant to the trajectory of298

Z2(·), . . . , Zl(·). Moreover, by (3), πZ1|X̃Z/1(t, z1) also satisfies299 ∫ t

0

∑
zi∈Z

nZi
≥0

r∑
j=1

λj

(
X̃(s), Z1(s), . . . , Zi−1(s), zi, Zi+1(s), . . . , Zl(s)

)
πZ1|X̃Z/1(t, z1)ds <∞ almost surely, ∀t ≥ 0300

or equivalently (by (3))301 ∫ t

0

∑
zi∈Z

nZi
≥0

∑
j∈Ui∪Oi

λj

(
X̃(s), zi

)
πZi|X̃(s, zi)ds <∞ almost surely, ∀t ≥ 0.302

Note that the solution of this equation and this inequality is unique, so we can further conclude that πZ1|X̃Z/1(t, z1) is also303

almost surely irrelevant to the trajectory of Z2(·), . . . , Zl(·). This implies that the conditional probability πZ1|X̃(t, z1) ≜304

E
[
πZ1|X̃Z/1(t, z1)

∣∣X̃(s), 0 ≤ s ≤ t
]

equals to πZ1|X̃Z/1(t, z1) almost surely and, therefore, satisfies (16) and the inequality in305

this theorem with i = 1.306

We call (16) the filtered CME for the follower subsystem Zi(t). Also, we can rewrite (16) into a differential form307

dπZi|X̃(t, zi) =f1
(
X̃(t), zi, πZi|X̃(t, ·)

)
dt + f2

(
X̃(t), zi, πZi|X̃(t, ·)

)
dt308

+
r∑

j=1

1
(

X̃(t)− X̃(t−) = ζX̃
j

)
gj

(
X̃(t−), zi, πZi|X̃(t−, ·)

)
(17)309
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where310

f1
(
X̃(t), zi, πZi|X̃(t, ·)

)
=
∑
j∈Ui

λj

(
X̃(s), zi − ζZi

j

)
πZi|X̃

(
s, zi − ζZi

j

)
−
∑
j∈Ui

λj

(
X̃(s), zi

)
πZi|X̃(s, zi),311

f2
(
X̃(t), zi, πZi|X̃(t, ·)

)
= −πZi|X̃(s, zi)

λOi
(
X̃(s), zi

)
−

∑
z′

i
∈Z

nZi
≥0

λOi
(
X̃(s), z′

i

)
πZi|X̃(s, z′

i)

 ,312

and313

gj

(
X̃(t−), zi, πZi|X̃(t−, ·)

)
= 1∣∣∣OζX̃

j

∣∣∣1 (j ∈ Oi)
∑

k: ξk=ζX̃
j

∑j′∈Oξk

λj′
(
X̃(s−), zi − ζZi

j′

)
πZi|X̃

(
s−, zi − ζZi

j′

)∑
z′

i
∈Z

nZi
≥0

λOξk

(
X̃(s−), z′

i

)
πZi|X̃(s−, z′

i)
− πZi|X̃(s−, zi)

314

with
∣∣∣OζX̃

j

∣∣∣ the size of O
ζX̃

j
. In (17), f1 represents the prediction of the conditional distribution based on the dynamical model,315

and the remaining terms correspond to the corrections to the estimates in accordance with the dynamics of the observable316

species.317

B. Derivation of the Rao-Blackwellized CME solver. We note that for any state x = (x̃, z) = (x̃, z1, . . . , zl), the probability318

p(t, x) can be written by319

p(t, x) = E
[
1
(
X̃(t) = x̃

)
πZ|X̃(z)

]
= E

[
1
(
X̃(t) = x̃

) l∏
i=1

πZi|X̃(zi)

]
320

where the first equality follows from the law of total expectation, and the second follows from Theorem 1. Consequently, we321

can use the following algorithm to solve the CME master equation.322

• Generate N simulations of the system (2) and denote their leader-system parts by x̃1(t), . . . , x̃N (t).323

• For each x̃j(t) and each Zi(t), we calculate the conditional probability qi
j(t, zi) ≜ P

(
Zi(t) = zi

∣∣X̃(s) = x̃j(s), 0 ≤ s ≤ t
)

324

using a filtering approach (e.g., the filtered FSP [10])325

• Approximate the exact probability by the quantity p̂RB(t, x) = 1
N

∑N

j=1

[
1 (x̃j(t) = x̃j)

∏l

i=1 qi
j(t, z)

]
.326

We name this algorithm the Rao-Blackwellized CME solver (RB-CME solver).327

In this paper’s examples, we choose the filtered FSP [10] to solve the filtered CMEs. Specifically, this method approaches328

the unnormalized version of the filtered CME, which is linear between two neighboring jump time points. This method329

straightforwardly solves this unnormalized version on a large but finite state space and obtains the filter by normalization. We330

refer readers to the literature [10] for more details.331

C. Error analysis of the RB-CME solver. Now, we analyze the error of the RB-CME solver and show that it is more accurate332

than the Monte-Carlo method given the same sample size N . Here, we assume that the error caused by the filtering approach333

applied to the filtered CME is negligible.334

We focus on the L1 error of the RB-CME solver, defined by ∥p̂RB(t, ·)− p(t, ·))∥1 ≜
∑

x∈Zn
≥0
|p̂RB(t, x)− p(t, x)|. For every335

j ∈ {1, . . . , N}, t > 0, and z = (z1, . . . , zl), we term qj(t, z) =
∏l

i=1 qi
j(t, zi) as the conditional probability of the whole336

follower system given the trajectory x̃j(·) from 0 to t. Notice that {(x̃j(t), qj(t, z))}j=1,...,N are independently sampled from337

the distribution of
(
X̃(t), πZ|X̃(t, z)

)
; therefore, by the law of large numbers, we can conclude338

√
N
(

p̂RB(t, x)− p(t, x)
)

d→ N
(

0, Var
(

1
(
X̃(t) = x̃

)
πZ|X̃(t, z)

))
∀x ∈ Zn

≥0.339

We can rewrite the variance by Var
(

1
(
X̃(t) = x̃

)
πZ|X̃(t, z)

)
= E

[
π2

Z|X̃(t, z)
∣∣X̃(t) = x̃

]
pX̃(t, x̃)− p2(t, x) where x = (x̃, z),340

and pX̃(t, x̃) = P
(
X̃(t) = x̃

)
is the marginal probability of the leader system. Consequently, the error of the RB-CME solver341

can be written by342

lim
N→∞

√
NE

[
∥p̂RB(t, ·)− p(t, ·))∥1

]
=
√

2
π

∑
x∈Zn

≥0

√
E
[
π2

Z|X̃(t, z)
∣∣X̃(t) = x̃

]
pX̃(t, x̃)− p2(t, x). (18)343
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and344

lim
N→∞

√
NE

[
∥p̂RB(t, ·)− p(t, ·))∥1

]
=
√

2
π

 ∑
x∈Zn

≥0

√
E
[
π2

Z|X̃(t, z)
∣∣X̃(t) = x̃

]
pX̃(t, x̃)

± 1

 . (19)345

Notice that πZ|X̃(t, z) ∈ [0, 1], so we can further conclude346

lim
N→∞

√
NE

[
∥p̂RB(t, ·)− p(t, ·))∥1

]
≤
√

2
π

∑
x∈Zn

≥0

√
E
[
πZ|X̃(t, z)

∣∣X̃(t) = x̃
]

pX̃(t, x̃)− p2(t, x)347

(8)= lim
N→∞

√
NE

[
∥p̂MC(t, ·)− p(t, ·))∥1

]
348

which suggests that the RB-CME solver is no worse than the Monte-Carlo method given a large sample size N . In one349

extreme case where πZ|X̃(t, z) only depends on the final state of X̃(·) and is irrelevant to its historical information (i.e.,350

Var
[
πZ|X̃(t, z)

∣∣X̃(t) = x̃
]

= 0), we can get351

lim
N→∞

√
NE

[
∥p̂RB(t, ·)− p(t, ·))∥1

]
=
√

2
π

∑
x∈Zn

≥0

√(
E
[
πZ|X̃(t, z)

∣∣X̃(t) = x̃
])2

pX̃(t, x̃)− p2(t, x)352

=
√

2
π

∑
x̃∈Zn2

≥0

√
pX̃(t, x̃)

(
1− pX̃(t, x̃)

)
.353

where the last line is the error of the Monte-Carlo method in estimating the leader system (adapted from (8)). This formula354

means that in this extreme case, the RB-CME solver is equivalent to the model reduction method that eliminates all the355

follower-level species using stochastic averaging; moreover, the RB-CME solver tends to be far more accurate than the356

Monte-Carlo method in this case, as the leader system usually has a much lower dimension than the whole system by our357

system decomposition algorithm (see the next subsection). This gives a clue that the RB-CME solvers can be far more accurate358

than the Monte-Carlo method in general high-dimensional problems.359

D. Automated algorithm for the leader-follower decomposition. Notice that the decomposition introduced in Section S3.A360

consists of two parts, where the first one decomposes the system into a leader system and a follower system, and the second361

part further divides the follower system into several subsystems. Here, we establish the algorithm according to this two-level362

decomposition strategy.363

We first establish the second-level decomposition, i.e., decomposing the whole follower system into several follower subsystems.364

Notice that this decomposition needs to satisfy C1 and C2, and the maximum size of the follower subsystems should be as365

small as possible so that the filtering method applied to the filtered CME (see the algorithm of the RB-CME solver) is more366

efficient. Following these ideas, we propose Algorithm 2 for this decomposition. Specifically, the algorithm first treats each367

follower-level species as an individual group and then merges them according to the topological conditions C1 and C2. Finally,368

each group left corresponds to a follower subsystem. One can easily check that this bottom-up algorithm provides the most369

sparse follower-subsystem decomposition, meaning that any other second-level decomposition satisfying C1 and C2 can only370

lead to subsystems that are the union of those provided by Algorithm 2. Moreover, this algorithm has a polynomial complexity371

with respect to the system size (the species number n and the number of reactions r). In general, Algorithm 2 can do the372

second-level decomposition efficiently and effectively.373

We now consider the first-level decomposition, which classifies species into the leader and the follower systems. Since every374

species can be either a leader-level species or a follower-level one, we have 2n choices in total. Among them, we hope to375

choose the one that leads to the most accurate RB-CME solver while keeping the solver’s time cost below some threshold.376

As mentioned in the main text, we can interpret this optimal decomposition as the one that maximizes the size of the whole377

follower system while keeping the size of each individual follower subsystem below a given threshold. Following this idea, we378

propose Algorithm 3 for the first-level decomposition. Specifically, we first insert a threshold for the maximum size of follower379

subsystems and provide a truncated state space that contains most probability. After that, we exhaustively search for the380

optimal decomposition among all the candidates, and finally we use the obtained optimal decomposition to construct the381

RB-CME solver. Though Algorithm 3 uses the brute-force method, its computational time is acceptable: for the linear network382

presented in the main text, the algorithm consumes only 3 seconds when nine species are present.383

E. The connection between the RB-CME solver and the time-scale separation approach. The time-scale separation approach384

([11–16]) and our RB-CME solver share many similarities. Both methods use the Monte-Carlo samples to estimate a part385

of the species (the slow species or the leader species) and combine these estimates with conditional distributions (by the386

quasi-stationary assumption or filtered FSP) to estimate the remaining species. In the extreme case when all the leader species387

(in our framework) are slow and the follower species are very fast, the conditional distributions of the follower species are388
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Algorithm 2 Second-level decomposition for the RB-CME solver and RB-PF
1: Input the set of leader-level species and the set of follower-level species. ▷ Input
2: Classify each follower-level species as an individual group. ▷ Initialization
3: for j = 1, . . . , r do
4: Merge the groups that involves in the j-th reaction. (Denote the merged group by Gj) ▷ For C1
5: end for
6: for k = 1, . . . , r1 do ▷ For C2
7: Merge the groups that have species influencing λOξk (x). (Denote the merged group by G̃k)
8: for j = 1, . . . , r do
9: if j ∈ Oξk then

10: Merge G̃k with the groups that have species influenced by the j − th reaction.
11: G̃k ← the group merged in the previous step.
12: end if
13: end for
14: end for
15: if this is the decomposition for the RB-PF then
16: Merge the groups that have the same color fluorescent reporters. ▷ For C3
17: end if
18: Each group is a follower subsystem. ▷ Output

Algorithm 3 Leader-follower decomposition for the RB-CME solver and the RB-PF
1: Input the threshold T for the maximum size of follower subsystems.
2: Input a truncated state space {0, . . . , TS1 − 1} × · · · × {0, . . . , TSn − 1} that contains most probability p(t, x). ▷ Input
3: Largest_size← 0. ▷ Initialization
4: Figure out the 2n choices of the first-level decomposition and give each an index.
5: for j = 1, . . . , 2n do ▷ Search for the optimum
6: Use Algorithm 2 to obtain follower subsystems for the j-th first-level decomposition candidate.
7: l← the number of follower subsystems.
8: Evaluate the size of each follower subsystem: SSi =

∏
i′: species Si′ belongs to the Zi

TSi′ .
9: if SSi ≤ T (for all i ∈ {1, . . . , l}) and

∏l

i=1 SSi > Largest_size then ▷ Check optimality
10: Replace the optimal decomposition with the current one.
11: Largest_size←

∏l

i=1 SSi.
12: end if
13: end for
14: Output the optimal decomposition. ▷ Output

approximately the quasi-stationary distribution, and, therefore, the RB-CME solver provides the same estimate as that of389

the time-scale separation approach. This point has been observed in Section S3.C when analyzing the estimation error of390

the RB-CME solver. Also, in this extreme case, our method is applicable for computing steady-state solutions of CMEs.391

Specifically, the conditional independence of follower subsystems is then established based on the current state of the leader392

system (rather than its historical trajectory), and, therefore, the steady-state CME can be divided into several sub-problems393

for the leader system and follower subsystems, which can be computationally more efficient.394

Despite these similarities, the RB-CME solver and the time-scale separation approach are developed based on different395

motivations. The time-scale separation approach is designed to simplify the analysis and simulation of multi-scale systems. In396

contrast, the RB-CME solver aims to improve the estimation methods for systems whose species are at similar time scales.397

The current system decomposition algorithm is also developed based on the same-time-scale setting. When facing a multi-scale398

system, it is reasonable to first decompose the system based on the time scales and then apply the RB-CME solver to the399

reduced system.400

In scenarios where the species are at similar time scales but exhibit non-negligible fast-slow behaviors, the system401

decomposition algorithm needs to be re-designed accordingly. Intuitively, the dynamics of a fast species (as it contains many402

jumps) have much information about the remaining species. In other words, the conditioned distribution of the slow species,403

given the dynamics of the fast species, can be very narrow. Consequently, if the fast species are classified as the leader species404

and the slow ones as the follower species, the error of the RB-CME solver can be large (see (18)). Therefore, a more effective405

decomposition could be the one classifying the slow species as the leader species and the faster ones as the follower species.406

However, we need to point out that in this case, the optimal decomposition should also consider other factors such as the size407

of the leader system, the stiffness and the size of the filtered CME of each follower subsystem, etc. In general, extending the408

RB-CME solver to (relatively) multi-scale systems is a challenging problem. We leave it for future work.409
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S4. Rao-Blackwellized particle filter (RB-PF): derivation and error analysis.410

A. Modified leader-follower decomposition for the filtering problem. Recall that the filtering problem for intracellular reaction411

systems can be solved by recursively computing (6) and (7), which correspond to prediction and correction, respectively.412

Following this idea, we propose the Rao-Blackwellized particle filter (RB-PF), which uses the RB-CME solver for the prediction413

step (6) and standard techniques for the adjustment step (7). Note that the RB-CME solver is established based on the414

conditional independence among follower subsystems. So, for the RB-PF, this conditional independence needs to be preserved415

in both the prediction and correction steps. This actually means that the follower subsystems are conditionally independent416

given the trajectories of both the leader system and the observation process. To this end, we require the following condition for417

the system decomposition in addition to C1 and C2.418

C3 Each observation channel cannot be affected by more than one follower subsystem. In other words, each entry of h(·) can419

depend on one follower subsystem at most (besides the leader system).420

The theoretical verification is as follows. Let hj(x̃, z1, . . . , zl) be the j-th element of the function h(x). We first term421

Mk ≜ {j|hj(x̃, z1, . . . , zl) depends on zk} as the set of observation channels that measures follower subsystem Zk. By C3, the422

sets M1, . . . ,Ml are disjoint, and the likelihood function can be decomposed by423

L (y|x) = L0(y, x̃)
l∏

k=1

Lk(y, x̃, zk); (20)424

here, L0(y, x̃) is the density function of the probability
∏

j /∈∪l
k=1Mk

P
(
Yj(ti) ∈ ·

∣∣X̃(ti) = x̃
)

which can be interpreted as425

the part of the likelihood irrelevant to the follower subsystems, and Lk(y, x̃, zk) is the density function of the probability426 ∏
j∈Mk

P
(
Y (ti) ∈ ·

∣∣X̃(ti) = x̃, Zk(ti) = zk

)
which can be viewed as the part of the likelihood function relevant to the follower427

subsystem Zk. With these notations, we can prove the following theorem which guarantees the conditional independence result.428

Theorem 2. Under conditions (3) and (4), the follower subsystems Z1(t), . . . , Zl(t) satisfying C1, C2, and C3 are conditionally429

independent given the trajectories of X̃(·) and Y (·) up to time t. Moreover, for every i ∈ {0, 1, 2, . . . } and every t ∈ (ti, ti+1],430

the conditional probability πZk|X̃Y (t, zk) ≜ P
(
Zk(t) = zk

∣∣X̃(s), 0 ≤ s ≤ t, and Y (tj), 0 ≤ j ≤ i
)

is almost surely characterized431

by (16) with the initial condition P
(
Zk(ti) = zk

∣∣X̃(s) 0 ≤ s ≤ ti, and Y (tj), 0 ≤ j ≤ i
)

and432 ∫ t

0

∑
zk∈Z

nZk
≥0

∑
j∈Ui∪Oi

λj

(
X̃(s), zk

)
πZk|X̃Y (t, zk)ds <∞ almost surely, ∀t ≥ 0.433

Proof. We prove the result by mathematical induction. For t = 0, the result holds immediately from Theorem 1. Then, we434

assume that the theorem holds for t ∈ [0, ti] and check whether it holds for t ∈ [ti, ti+1].435

Now, we show that for all t ∈ (ti, ti+1], the process πZk|X̃Y (t, zk) ≜ P
(
Zk(t) = zk

∣∣X̃(s), 0 ≤ s ≤ t, and Y (tj), 0 ≤ j ≤ i
)

436

is almost surely characterized by (16) with the initial condition P
(
Zk(ti) = zk

∣∣X̃(s) 0 ≤ s ≤ ti, and Y (tj), 0 ≤ j ≤ i
)
. Note437

that πZk|X̃Y (t, zk) = E
[
πZk|X̃(t, zk)

∣∣X̃(s), 0 ≤ s ≤ t, and Y (tj), 0 ≤ j ≤ i
]
. By applying this relation to Theorem 1, we can438

show that for all t ∈ [ti, ti+1], the conditional probability πZk|X̃Y (t, zk) almost surely satisfies (16) with the initial condition439

P
(
Zk(ti) = zk

∣∣X̃(s) 0 ≤ s ≤ ti, and Y (tj), 0 ≤ j ≤ i
)
. Also, note that the solution is unique given the inequality in the440

theorem (see Theorem 1).441

By this characterization equation and the conditional independence of Z1(ti), . . . , Zl(ti) given {X̃(s), 0 ≤ s ≤ ti} and442

{Y (tj), 0 ≤ j ≤ i}, we can say that the conditional probability πZk|X̃Y (t, zk) (for every k = 1, . . . , l and t ∈ [ti, ti+1]) is443

almost surely irrelevant to the trajectories of the follower subsystems other than Zk. Therefore, for t ∈ [ti, ti+1], the follower444

subsystems Z1(t), . . . , Zl(t) are conditionally independent given {X̃(s), 0 ≤ s ≤ t} and {Y (tj), 0 ≤ j ≤ i}.445

Finally, we prove that the follower subsystem are still conditionally independent after the collection of the observation at446

time ti+1. By Bayes’ rule and (20), we have447

P
(
Z1(ti+1) = z1, . . . , Zl(ti+1) = zl

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i + 1
)

448

∝
l∏

k=1

Lk

(
Y (ti+1), X̃(ti+1), zk

)
P
(
Zk(ti+1) = zk

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i
)

449

=
l∏

k=1

P
(
Zk(ti+1) = zk

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i + 1
)

450

where the last line follows from the definition of the conditional marginal distribution. This suggests that Z1(ti+1), . . . , Zl(ti+1)451

are conditionally independent given {X̃(s), 0 ≤ s ≤ ti+1} and {Y (tj), j = 1, . . . , i + 1}.452

Combining all the above results, we show the theorem for t ∈ [ti, ti+1]. Moreover, by the principle of mathematical induction,453

we prove the result.454
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Now, we modify the leader-follower decomposition algorithm according to C3. Note that this additional requirement only455

affects the second-level decomposition, which divides the follower system into subsystems, and does not affect the first-level456

decomposition, which classifies species into the leader and follower systems according to an optimization rule. Following this457

idea, we propose a modified second-level decomposition algorithm by adding a step to put fluorescent reporters of the same458

color into the same subsystem (see Line 15–17 Algorithm 2). The first-level decomposition is the same as that for the RB-CME459

solver (see Algorithm 3).460

B. Algorithm of the RB-PF. By Theorem 2, we can rewrite the prediction probability ρti+1 (·) and the filter πti+1 (·) by461

ρti+1 (x̃, z1, . . . , zl) = E

[
1
(
X̃(ti+1) = x̃

) l∏
k=1

πZk|X̃Y (ti+1, zk)

∣∣∣∣∣Y (tj), 0 ≤ j ≤ i

]
(21)462

πti+1 (x̃, z1, . . . , zl) = E

[
1
(
X̃(ti+1) = x̃

) l∏
k=1

π̄Zk|X̃Y (ti+1, zk)

∣∣∣∣∣Y (tj), 0 ≤ j ≤ i + 1

]
(22)463

where πZk|X̃Y (ti+1, zk) ≜ P
(
Zk(ti+1) = zk

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i
)

and464

π̄Zk|X̃Y (ti+1, zk) ≜ P
(
Zk(ti+1) = zk

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i + 1
)

465

∝ Lk

(
Y (ti+1), X̃(ti+1), zk

)
πZk|X̃Y (ti+1, zk). (by Bayes’ rule and (20))466

Theorem 2 also states that the conditional probability πZk|X̃Y (t, zk) (for t ∈ (ti, ti+1]) satisfies the filtered CME (16) with the467

initial probability π̄Zk|X̃Y (ti, zk). Consequently, we can solve the filtering problem by applying the RB-CME solver to the468

prediction probability ρti+1 (·) in (21) (or equivalently (6)).469

Following this idea, we provide the detailed algorithm of the RB-PF in Algorithm 4. Specifically, this algorithm first470

decomposes the system into a leader system and several follower subsystems using Algorithm 3. Then, in each iteration, the471

algorithm computes the prediction probability ρti+1 (·) by the RB-CME solver (see line 6–10). The prediction probability472

is approximated by ρ̂RB
ti+1 (x) =

∑N

j=1 wj(t)1 (x̃j(ti+1) = x̃)
∏l

k=1 q̄k
j (ti+1, zk) where wj(t) is the weight of the j-th particle,473

x̃j(ti+1) is the leader part of the j − th particle (simulated in Line 6–8), and qk
j (ti+1, zk) is the conditional probability of the474

subsystem Zk given x̃j(·) and Y (·) up to time ti+1. Here, ρ̂RB
ti+1 (x) is not explicitly given in the algorithm because it is not475

necessary. After the prediction step, the RB-PF updates the weights for each x̃j(ti+1) according to the adjustment step (7) and476

reevaluates the conditional probability of follower subsystems by including new observations (line 11–12). Finally, Algorithm 4477

computes the filter according to (22) (line 13) and resamples the particles to delete non-significant ones (line 14).478

Algorithm 4 Rao-Blackwellized particle filter (RB-PF)
1: Decompose the systems using Algorithm 3. ▷ System decomposition
2: Generate N samples (x1(0), . . . , xN (0)) from the initial probability and give them equal weights (wj(0) = 1

N
, j = 1, . . . , N).

3: Denote the leader parts of these particles by (x̃1(0), . . . , x̃N (0)). For each x̃j(0), each subsystem Zk, and each zk in a finite
state space, set q̄k

j (0, zk) ≜ P
(

Zk(0) = zk

∣∣∣X̃(0) = x̃k(0)
)

. ▷ Initialization
4: i← 0 and t0 ← 0.
5: while ti is not the final observation time do
6: Construct particles: for each j ∈ {1, . . . , N} and each subsystems Zk, sample a z̃k(ti) from the distribution q̄k

j (ti, ·);
7: then the j-th particle becomes (x̃j(ti), z̃j

1(ti), . . . , z̃j
ℓ (ti))

8: Simulate every particle xj(t) from time ti to ti+1 according to (2) and denote their leader parts by x̃1(·), . . . , x̃N (·).
9: For each x̃j(·) and Zk, use a filtering approach (i.e., the filtered FSP [10]) to solve (16) from time ti to ti+1 with the

initial probability q̄k
j (ti, zk).

10: Denote the solution at ti+1 by qk
j (ti+1, zk) ▷ Prediction ((6) and (21))

11: Update weights wj(ti+1) ∝ wj(ti)L0(Y (ti+1), x̃j(ti+1))
∏l

k=1

(∑
zk

Lk (Y (ti+1), x̃j(ti+1), zk) qk
j (ti+1, zk)

)
.

12: q̄k
j (ti+1, zk) ∝ Lk (Y (ti+1), x̃j(ti+1), zk) qk

j (ti+1, zk). ▷ Adjustment ((7) and (22))
13: Compute the filter π̂RB

ti+1 (x) =
∑N

j=1 wj(ti+1)1 (x̃j(ti+1) = x̃)
∏l

k=1 q̄k
j (ti+1, zk).

14: Resample
{

wj(ti+1),
(
x̃j(ti+1), q̄1

j (ti+1, ·), . . . , q̄l
j(ti+1, ·)

)}
to obtain N equally weighted particles

15: i← i + 1.
16: end while

C. Error analysis of the RB-PF. Now, we analyze the error of the RB-PF. First, we investigate the error at the first observation479

time point t1 and show that its performance (for the filtering problem) is similar to that of the RB-CME solver (for solving the480

CME). Again, we assume that the error of the filtering approach applied to the filtered CME is negligible. Readers who are not481

interested in the detailed derivation can directly go to (24).482
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For the j-th particle, we term qj(t1, z) ≜
∏l

i=1 ql
j(t1, zi) as the conditional distribution of Z(t1) given the trajectory of the483

leader system x̃j(·). Then, we can rewrite the RB-PF filter at t1 by484

π̂RB
t1 (x) =

1
N

∑N

j=1

(
L(Y (t1)|(x̃j (t1),z) )

ρY
t1

(Y (t1))

)
1 (x̃j(t1) = x̃) qj(t1, z)

1
N

∑N

j=1
∑

z′

(
L(Y (t1)|(x̃j (t1),z′) )

ρY
t1

(Y (t1))

)
qj(t1, z′)

=

1
N

∑N

j=1

(
L(Y (t1)|(x̃j (t1),z) )

ρY
t1

(Y (t1))

)
1 (x̃j(t1) = x̃) qj(t1, z)

1
N

∑N

j=1

(
qY

j
(t1,Y (t1))

ρY
t1

(Y (t1))

)
qj(t1, z)

485

where ρY
t1 (y) ≜

∑
x̃

L(y|x)ρt1 (x) is the probability density of Y (t1), and qY
j (t1, y) ≜

∑
z′ L (y|(x̃j(t1), z′)) qj(t1, z′) is the486

estimate of Y (t1)’s probability density by the j-th particle. By applying the delta method to this formula, we have487

√
N
[
π̂RB

t1 (x̃, z)− πt1 (x̃, z)
] d→ N

(
0, Var

(
L (Y (t1) |(x̃1(t1), z) )

ρY
t1 (Y (t1)) 1 (x̃1(t1) = x̃) q1(t1, z)− qY

1 (t1, Y (t1))
ρY

t1 (Y (t1)) πt1 (x̃, z)
∣∣∣∣Y (t1)

))
.488

given Y (t1) and, therefore,489

lim
N→∞

√
NE

[∣∣π̂RB
t1 (x̃, z)− πt1 (x̃, z)

∣∣ ∣∣∣Y (t1)
]

490

=
√

2
π

√
Var

(
L (Y (t1) |(x̃1(t1), z) )

ρY
t1 (Y (t1)) 1 (x̃1(t1) = x̃) q1(t1, z)− qY

1 (t1, Y (t1))
ρY

t1 (Y (t1)) πt1 (x̃, z)
∣∣∣∣Y (t1)

)
. (23)491

Since the particle (x̃1(t1), q1(t1, z)) has the same distribution as
(
X̃(t1), πZ|X̃(t1, z)

)
and is independent of Y (t1), the conditional492

variance in (23) satisfies493

Var
(

L (Y (t1) |(x̃1(t1), z) )
ρY

t1 (Y (t1)) 1 (x̃1(t1) = x̃) q1(t1, z)− qY
1 (t1, Y (t1))
ρY

t1 (Y (t1)) πt1 (x̃, z)
∣∣∣∣Y (t1)

)
494

≤
(

L (Y (t1) |(x̃, z) )
ρY

t1 (Y (t1))

)2

ρX̃
t1 (x̃)E

[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]
+

E
[(

qY
1 (t1, Y (t1))

)2
∣∣∣Y (t1)

]
(
ρY

t1 (Y (t1))
)2 π2

t1 (x̃, z)495

≤
(

L (Y (t1) |(x̃, z) )
ρY

t1 (Y (t1))

)2

ρX̃
t1 (x̃)E

[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]
496

+
E
[∑

z′ L2 (y|(x̃j(t1), z′)) qj(t1, z′)
∣∣Y (t1)

](
ρY

t1 (Y (t1))
)2 π2

t1 (x̃, z) (Jensen’s inequality)497

≤
(

L (Y (t1) |(x̃, z) )
ρY

t1 (Y (t1))

)2

ρX̃
t1 (x̃)E

[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]
+
(

det(
√

2πσ)−1/2

ρY
t1 (Y (t1))

)
π2

t1 (x̃, z)
(
L (y|x) ≤ det(

√
2πσ)−1/2)

498

where ρX̃
t1 (x̃) ≜

∑
z

ρt1 (x̃, z) is the marginal distribution of X̃(t1), and499

Var
(

L (Y (t1) |(x̃1(t1), z) )
ρY

t1 (Y (t1)) 1 (x̃1(t1) = x̃) q1(t1, z)− qY
1 (t1, Y (t1))
ρY

t1 (Y (t1)) πt1 (x̃, z)
∣∣∣∣Y (t1)

)
500

≥ E

[(
L (Y (t1) |(x̃1(t1), z) )

ρY
t1 (Y (t1))

)2

1 (x̃1(t1) = x̃) q2
1(t1, z)− 2× 1 (x̃1(t1) = x̃) L (Y (t1) |(x̃1(t1), z) ) q1(t1, z)

ρY
t1 (Y (t1))

qY
1 (t1, Y (t1))
ρY

t1 (Y (t1)) πt1 (x̃, z)
∣∣∣∣Y (t1)

]
501

≥ E

[(
L (Y (t1) |(x̃1(t1), z) )

ρY
t1 (Y (t1))

)2

1 (x̃1(t1) = x̃) q2
1(t1, z)− 2× 1 (x̃1(t1) = x̃) πt1 (x̃, z)q1(t1, z)

ρt1 (x̃, z)
det(
√

2πσ)−1/2

ρY
t1 (Y (t1)) πt1 (x̃, z)

∣∣∣∣Y (t1)
]

502

=
(

L (Y (t1) |(x̃, z) )
ρY

t1 (Y (t1))

)2

ρX̃
t1 (x̃)E

[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]
− 2
(

det(
√

2πσ)−1/2

ρY
t1 (Y (t1))

)
π2

t1 (x̃, z).503

By applying these results together with the relation
√

a + b ≤
√

a +
√

b to the formula (23), we can estimate the L1 error of504

the RB-PF filter by505

lim
N→∞

√
NE

[∥∥π̂RB
t1 (·)− πt1 (·)

∥∥
1

]
506

≜ lim
N→∞

∑
(x̃,z)∈Zn

≥0

√
N E

[∣∣π̂RB
t1 (x̃, z)− πt1 (x̃, z)

∣∣]507

=
√

2
π

 ∑
x∈Zn

≥0

√
ρX̃

t1 (x̃)E
[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]± 2 det(
√

2πσ)−1/4
∫

y∈Rm

√
ρY

t1 (y) dy

 (24)508
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provided that both terms in the last line are convergent. Here, m is the dimension of Y (t1).509

The formula (24) tells that the error of the RB-PF at time t1 largely depends on the two quantities in the square brackets.510

The first term in this bracket represents the error of the RB-CME solver in estimating the prediction probability ρt1 (·)511

(see (19)), and the second term shows the dispersion of ρY
t1 (·) which tends to grow exponentially with m. Note that the512

observation dimension m is usually very low, and the observation noise is not negligible. So, we can conclude that the term513 ∑
x∈Zn

≥0

√
ρX̃

t1 (x̃)E
[
π2

Z|X̃(t1, z)
∣∣∣X̃(t1) = x̃

]
usually dominates in (24); in other words, the performance of the RB-PF (for the514

filtering problem) is similar to that of the RB-CME solver (for solving CMEs). This result suggests that if one system’s CME515

can be accurately solved by the RB-CME solver, then its filtering problem can also be accurately solved by the RB-PF and516

vice versa. Also, since the RB-CME solver scales favorably with the system dimension (as discussed in the main text), the517

RB-PF should also scale favorably with the system dimension.518

From (13) and the discussion after that, we can observe that this performance consistency also applies to the Monte-Carlo519

method (for solving the CME) and the particle filter (for the filtering problem). Therefore, we conjecture that this consistency520

is a universal property for CME solvers and their associated filters.521

For observation time points other than t1, we conjecture that the same results should also hold. The theoretical analysis522

can be performed in the same way as we presented above, except that the particles
(
x̃j(ti), q1

j (ti, ·), . . . , ql
j(ti, ·)

)
have a slightly523

different distribution from that of
(
X̃(ti), πZ1|X̃Y (ti, ·), . . . , πZl|X̃Y (ti, ·)

)
due to the adjustment step and resampling. A rigorous524

analysis for that requires more sophisticated techniques in [4], which we leave for future work. However, we conjecture that525

this discrepancy should not affect the performance of the RB-PF too much, and, therefore, the results obtained for time t1526

should also apply to other time points. Our numerical studies also support this point (see Fig. 6G–H in the main text). We527

leave the theoretical verification for further work.528
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S5. Rao-Blackwell method for cell-specific parameter identification: derivation and algorithms.529

A. Problem statement. Now, we introduce the mathematics for parameter identification, whose main difference from before is530

the incorporation of parameter uncertainty. We still consider a chemical reaction network (1), which consists of all possible531

reactions in the considered cell. Similar to (2), the dynamical equation can be written by532

X(t) =X(0) +
r∑

j=1

ζjRj

(∫ t

0
λj(Θ, X(s))ds

)
(25)533

where Θ is an r̃-vector of model parameters (e.g., reaction constant and hill coefficients) taking values in a discrete state space534

Θ ⊂ Rr̃
≥0, and the remaining terms have the same meaning as the ones in (2). Compared with (2), the propensity function λj(·)535

in (25) has an additional dependence on model parameters, thereby accounting for parameter uncertainty. Similar to (3), we536

consider a non-explosivity condition:537

n∑
j=1

E
[
λ2

j (Θ, X(t))
]

is uniformly bounded on any time interval [0, T ], (26)538

This condition also implies that the random variables {λj(Θ, X(t))}t∈[0,T ] are uniformly integrable. Moreover, similar to (4),539

we assume that all the parameters and the initial conditions for different species are independent, i.e.,540

all the elements in Θ and X(0) are independent (27)541

We still considered the experiments under fluorescent microscope platforms as in the filtering case, where a cell is measured542

at different time points {t1, . . . , tnf} with measurements Y (ti) satisfying (5). Parameter identification aims to calculate the543

conditional distribution of Θ given all the measurements, i.e., P
(
Θ = · |Y (ts), 1 ≤ s ≤ tnf

)
. By Bayes’ rule, the solution of544

this identification problem can be solved by a series of recursive formulas:545

ρti+1 (θ, x) =
∑

x∈Zn
≥0

P
(
X(ti+1) = x

∣∣Θ = θ, X(ti) = x′)πti (θ, x′) for i = 0, 1, . . . , nf − 1 (28)546

πti+1 (θ, x) ∝ L (Y (ti+1)|x) ρti+1 (θ, x) for i = 0, 1, . . . , nf − 1 (29)547

P
(
Θ = θ |Y (ts), 1 ≤ s ≤ tnf

)
=
∑

x∈Zn
≥0

πtnf
(θ, x) (30)548

where πti (θ, x) ≜ P(Θ = θ, X(ti) = x|Y (ts), 1 ≤ s ≤ i) and ρti+1 (θ, x) ≜ P(Θ = θ, X(ti+1) = x|Y (ts), 1 ≤ s ≤ i).549

B. Connection between parameter identification and stochastic filtering. Essentially, we can view (Θ, X(t)) as a state of550

an expanded chemical reaction network, where Θ represents some additional special chemical species that can take non-551

integer values and remain constant over time. From this viewpoint, the probability distribution of (Θ, X(t)) (denoted by552

p(t, θ, x) ≜ P(Θ = θ, X(t) = x)) follows an augmented CME:553

dp(t, θ, x)
dt

=
r∑

j=1

λj(θ, x− ζj)p(t, θ, x− ζj)−
r∑

j=1

λj(θ, x)p(t, θ, x), ∀θ ∈ Θ, and ∀x ∈ Z≥0.554

Moreover, parameter identification can be viewed as a type of filtering problem that aims to infer the additional hidden states555

Θ. This point is also reflected in the formulas (28) and (29), where (28) solves an augmented CME with the initial condition556

πti (·), and (29) adjusts the prediction ρti+1 (·) according to the new observation Y (ti+1).557

C. Rao-Blackwell method for parameter identification. Due to the similarities between parameter identification and stochastic558

filtering, the RB-PF introduced earlier can be adapted to address parameter identification challenges. The RB-PF consists559

of two fundamental components: 1) leader-follower decomposition and 2) the Rao-Blackwell algorithm for calculating the560

conditional distribution. In the subsequent discussion, we will explore how to modify these components for the use in parameter561

identification context.562

C.1. Modification of the leader-follower decomposition. The RB-PF (introduced earlier) utilizes a hybrid approach to infer different563

components of the system, where the leader part is inferred using particle filtering, and the follower part is inferred with564

the assistance of a filtering approach. In this paper, we particularly choose the filtered FSP [10] as the filtering approach.565

Classical particle filtering is known to be inefficient for inferring static hidden variables (e.g., model parameters) due to566

sample degeneracy, where the efficient sample size for the inference of these static variables drops dramatically over time [17].567

Though several modification methods have been developed to address this issue (such as the resample-move method [18, 19],568

regularized particle filtering [17, 20, 21] and nested particle filtering [22, 23]), they all introduce extra noise into the inference569

algorithm, necessitating fine-tuning to strike a balance between sample degeneracy and the added noise, which can be extremely570

time-consuming [21]. Consequently, we choose to classify all the parameters as part of the follower component of the system to571

circumvent sample degeneracy and avoid additional noise.572
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C4 All the model parameters Θ are classified as follower components of the system.573

Following C4, we can decompose the whole system state (Θ, X(t)) into a leader system X̃(t), and several follower subsystems574

(Θ1, Z1(t)) , . . . , (Θℓ, Zℓ(t)), where the dimension of a particular Θi or Zi(t) (i = 1, . . . , ℓ) can be zero, but the dimensions of575

Θi and Zi(t) cannot be zero simultaneously. We term Θi as the feasible region of Θi. To indicate the contribution of model576

parameters to the propensity function, we redefine Ui ≜
{

j ∈ U|ζZi
j ̸= 0nZi

or λj(θ1, . . . , θℓ, x̃, z1, . . . , zℓ) depends on (θi, zi)
}

,577

which represents follower-level reactions involving (Θi, Zi(t)), and578

Oi ≜
⋃

k : λOξk (θ1, . . . , θℓ, x̃, z1, . . . , zℓ) has dependence on θi or zi,

or ζZi
j ̸= 0nZi

for some j ∈ Oξk

Oξk579

which represents the leader-level reactions that involves (Θi, Zi(t)). All other notations introduced previously are kept580

unchanged.581

Recall that the model parameters can be viewed as static chemical species (see S5.C); therefore, we can get a result similar582

to Theorem 2 based on Conditions C1 — C3. Specifically, if the follower subsystems satisfy these conditions, then they are583

conditionally independent given the trajectory of the leader system and observations, and the dynamics of their conditional584

probability distributions have expressions similar to (16). More details are given in the following theorem.585

Theorem 3 (Adapted from Theorem 2). Under conditions (26) and (27), the follower subsystems (Θ1, Z1(t)) , . . . , (Θℓ, Zℓ(t))
satisfying C1, C2, and C3 are conditionally independent given the trajectory of X̃(·) and Y (·) up to time t. Moreover, for every
k ∈ {0, 1, 2, nf − 1} and every t ∈ (tk̃, tk̃+1], the conditional probability

πΘiZi|X̃Y (t, θi, zi) ≜ P
(
Θi = θi, Zi(t) = zi

∣∣X̃(s), 0 ≤ s ≤ t, and Y (tj), 0 ≤ j ≤ k̃
)

is almost surely characterized by586

πΘiZi|X̃Y (t, θi, zi) (31)587

= P
(
Θi = θi, Zi(ti) = zi

∣∣X̃(s), 0 ≤ s ≤ ti, and Y (tj), 0 ≤ j ≤ i
)

588

+
∫ t

tk̃

∑
j∈Ui

λj

(
θi, X̃(s), zi − ζZi

j

)
πΘiZi|X̃Y

(
s, θi, zi − ζZi

j

)
−
∑
j∈Ui

λj

(
θi, X̃(s), zi

)
πΘiZi|X̃Y (s, θi, zi) ds589

−
∫ t

tk̃

πΘiZi|X̃Y (s, θi, zi)

λOi
(
θi, X̃(s), zi

)
−

∑
(θ′

i
,z′

i
)∈Θi×Z

nZi
≥0

λOi
(
θ′

i, X̃(s), z′
i

)
πΘiZi|X̃Y

(
s, θ′

i, z′
i

) ds590

+
∑

k: Oξk
⊂Oi

∫ t

0

∑j∈Oξk

λj

(
θi, X̃(s−), zi − ζZi

j

)
πΘiZi|X̃Y

(
s−, θi, zi − ζZi

j

)∑
(θ′

i
,z′

i
)∈Θi×Z

nZi
≥0

λOξk

(
θ′

i, X̃(s−), z′
i

)
πΘiZi|X̃Y (s−, θ′

i, z′
i)
− πΘiZi|X̃Y

(
s−, θi, zi

) dR̃ξk (s),591

and592 ∫ t

0

∑
(θ′

i
,z′

i
)∈Θi×Z

nZi
≥0

∑
j∈Ui∪Oi

λj

(
θi, X̃(s), zi,

)
πΘiZi|X̃Y (s, θi, zi)ds <∞ a.s. for all t ∈ [tk̃, tk̃+1].593

Proof. Note that the model parameters can be viewed as static chemical species (see S5.C). Therefore, this theorem is a594

straightforward consequence of Theorem 2.595

This theorem together with Theorem 2 demonstrates that the leader-follower decompositions for stochastic filtering and596

parameter identification bear a considerable resemblance to each other. The leader-follower decomposition for parameter597

identification requires further consideration only of the involvement of parameters in each reaction and the fulfillment of598

condition C4, which stipulates that the parameters should be classified as follower components. From this perspective, we599

modify the two-level decomposition algorithms (Algorithm 2 and Algorithm 3) to obtain new ones for parameter identification600

(see Algorithm 5 and Algorithm 6). Specifically, the second-level decomposition additionally considers the involvement of601

model parameters (see Lines 2, 4, and 7 in Algorithm 5); meanwhile, the first-level decomposition classify only species as602

leader components (see Line 5 in Algorithm 6) and include the size of parameter space when calculating the size of follower603

subsystems (see Line 9 in Algorithm 6).604
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Algorithm 5 Second-level decomposition in the Rao-Blackwell method for parameter identification
1: Input the set of leader-level species and the set of follower-level species. ▷ Input
2: Classify each follower-level species and model parameter as an individual group. ▷ Initialization
3: for j = 1, . . . , r do
4: Merge the groups that are involved in the j-th reaction. (Denote the merged group by Gj) ▷ For C1
5: end for
6: for k = 1, . . . , r1 do ▷ For C2
7: Merge the groups that have species and parameters influencing λOξk (θ, x). (Denote the merged group by G̃k)
8: for j = 1, . . . , r do
9: if j ∈ Oξk then

10: Merge G̃k with the groups that have species influenced by the j − th reaction.
11: G̃k ← the group merged in the previous step.
12: end if
13: end for
14: end for
15: Merge the groups that have the same color fluorescent reporters. ▷ For C3
16: Each group is a follower subsystem. ▷ Output

Algorithm 6 Leader-follower decomposition for parameter identification
1: Input the threshold T for the maximum size of follower subsystems.
2: Input a truncated state space for species {0, . . . , TS1 − 1} × · · · × {0, . . . , TSn − 1} that contains most probability.
3: Input the number of admissible values for each model parameter, represented by Sθ

1, . . . , Sθ
r̃ ▷ Input

4: Largest_size← 0. ▷ Initialization
5: Figure out the 2n choices of the first-level decomposition and give each an index.
6: for j = 1, . . . , 2n do ▷ Search for the optimum
7: Use Algorithm 5 to obtain follower subsystems for the j-th first-level decomposition candidate.
8: l← the number of follower subsystems.
9: Evaluate the size of each follower subsystem: SSi =

(∏
i′: i′−th paremter belogns to Θi

Sθ
i′

)(∏
i′: species Si′ belongs to the Zi

TSi′

)
.

10: if SSi ≤ T (for all i ∈ {1, . . . , l}) and
∏l

i=1 SSi > Largest_size then ▷ Check optimality
11: Replace the optimal decomposition with the current one.
12: Largest_size←

∏l

i=1 SSi.
13: end if
14: end for
15: Output the optimal decomposition. ▷ Output

C.2. Rao-Blackwell algorithm for parameter identification. Now, we present the detailed algorithm applying Rao-Blackwell method to605

parameter identification. Similar to the filtering problem, the key of the algorithm is to represent the prediction and correction606

steps ((28) and (29)) in a Rao-Blackwell format. By Theorem 3, the prediction probability ρti+1 (·) can be re-written by607

ρti+1 (θ1, . . . , θℓ, x̃, z1, . . . , zℓ) = E

[
1
(
X̃(ti+1) = x̃

) ℓ∏
k=1

πΘkZk|X̃Y (ti+1, θk, zk)

∣∣∣∣∣Y (tj), 0 ≤ j ≤ i

]
(32)608

where πΘkZk|X̃Y (ti+1, θk, zk) is given in Theorem 3, and the adjusted probability πti+1 (·) can be rewritten by609

πti+1 (θ1, . . . , θℓ, x̃, z1, . . . , zℓ) = E

[
1
(
X̃(ti+1) = x̃

) l∏
k=1

π̄ΘkZk|X̃Y (ti+1, θk, zk)

∣∣∣∣∣Y (tj), 0 ≤ j ≤ i + 1

]
(33)610

where π̄ΘkZk|X̃Y (ti+1, θk, zk) ≜ P
(
Θk = θk, Zk(ti+1) = zk

∣∣X̃(s), 0 ≤ s ≤ ti+1, and Y (tj), 0 ≤ j ≤ i + 1
)

and satisfies611

π̄ΘkZk|X̃Y (ti+1, θk, zk) ∝ Lk

(
Y (ti+1), X̃(ti+1), zk

)
πΘkZk|X̃Y (ti+1, θk, zk) (by Bayes’ rule and (20)).612

Also, Theorem 3 states that the term πΘkZk|X̃Y (t, θk, zk) (for t ∈ (ti, ti+1)) satisfies (31) with the initial condition π̄ΘkZk|X̃Y (ti, θk, zk).613

With these formulas, we can construct a Rao-Blackwell method for parameter identification (see Algorithm 7). Essentially, this614

algorithm for parameter identification follows the same structure as the RB-PF (refer to Algorithm 4), but it also takes model615

parameters into account. Again, this is not surprising as the model parameters can be viewed as static chemical species, and the616

parameter identification problem with time-course data has a strong resemblance to the stochastic filtering problem (see S5.C).617

618

619

620

621
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Algorithm 7 Rao-Blackwell method for parameter identification (with time-course data)
1: Decompose the systems using Algorithm 6. ▷ System decomposition
2: Sample N species state x1(0), . . . , xN (0) from the initial probability and give them equal weights (wj(0) = 1

N
, j = 1, . . . , N).

3: Denote the leader parts of these samples by (x̃1(0), . . . , x̃N (0)). For each x̃j(0), each subsystem (Θk, Zk), and each pair
(θk, zk), set q̄k

j (0, θk, zk) ≜ P
(

Θk = θk, Zk(0) = zk

∣∣∣X̃(0) = x̃k(0)
)

. ▷ Initialization
4: i← 0 and t0 ← 0.
5: while ti is not the final observation time do
6: Construct particles: for each j ∈ {1, . . . , N} and each subsystems (θk, zk), sample a pair

(
θ̃k, z̃k(ti)

)
from the

7: distribution q̄k
j (ti, ·); then the j-th particle becomes (θ̃1, . . . , θ̃ℓ, x̃j(ti), z̃1(ti), . . . , z̃ℓ(ti))

8: Simulate every particle from time ti to ti+1 according to (25) and denote the leader parts by x̃1(·), . . . , x̃N (·).
9: For each x̃j(·) and each subsystem (Θk, Zk(t)), use the filtered FSP to solve (31) in [ti, ti+1] with the initial

10: condition q̄k
j (ti, θk, zk). Denote the solution at ti+1 by qk

j (ti+1, θk, zk) ▷ Prediction ((6) and (32))
11: Update weights wj(ti+1) ∝ wj(ti)L0(Y (ti+1), x̃j(ti+1))

∏ℓ

k=1

(∑
zk

Lk (Y (ti+1), x̃j(ti+1), zk) qk
j (ti+1, θk, zk)

)
.

12: q̄k
j (ti+1, θk, zk) ∝ Lk (Y (ti+1), x̃j(ti+1), zk) qk

j (ti+1, θk, zk). ▷ Adjustment ((7) and (33))
13: Compute the filter π̂RB

ti+1 (θ, x) =
∑N

j=1 wj(ti+1)1 (x̃j(ti+1) = x̃)
∏ℓ

k=1 q̄k
j (ti+1, θk, zk).

14: Resample
{

wj(ti+1),
(
x̃j(ti+1), q̄1

j (ti+1, ·), . . . , q̄ℓ
j(ti+1, ·)

)}
to obtain N equally weighted particles

15: i = i + 1
16: end while

S6. Modeling of the genetic circuits in cases studies622

A. Modeling of the repressilator. Here, we introduce the details of the repressilator model presented in the main text. First, we623

built the model according to the literature [24]. Specifically, this model consists of three gene expression systems producing cI,624

lacI, and tetR, respectively, and the protein products cyclically repress each other’s expression. The involved chemical reactions625

are listed as followers, where S1, S2, . . . , S6 represents the cI mRNA, cI, lacI mRNA, lacI, tetR mRNA, and tetR, respectively.626

∅

ϕ1
(1+(X6(t))2) +ϕ2

−−−−−−−−−−−→ S1 Transcription S1
k2−→ ∅ Degradation627

S1
k3−→ S1 + S2 Translation S2

k4−→ ∅ Degradation628

∅

ϕ1
(1+(X2(t))2) +ϕ2

−−−−−−−−−−−→ S3 Transcription S3
k6−→ ∅ Degradation629

S3
k7−→ S3 + S4 Translation S4

k8−→ ∅ Degradation630

∅

ϕ1
(1+(X4(t))2) +ϕ2

−−−−−−−−−−−→ S5 Transcription S5
k10−→ ∅ Degradation631

S5
k11−→ S5 + S6 Translation S6

k12−→ ∅ Degradation632

633

In these reactions, the first two lines correspond to the gene expression system of cI, the third and fourth lines correspond to634

the gene expression system of lacI, and the last two lines correspond to the gene expression system of tetR. The values of635

model parameters and the initial conditions are listed in Table S1.

Model parameter Initial condition(
min−1

)
k2 = 0.3 X1(0) = 1
k3 = 2 X2(0) = 50
k4 = 0.07 X3(0) = 0
k6 = 0.3 X4(0) = 0
k7 = 2 X5(0) = 0
k8 = 0.07 X6(0) = 0
k10 = 0.3
k11 = 2
k12 = 0.07
ϕ1 = 0.5
ϕ2 = 0.5 × 10−4

Table S1. Performance of

636
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In this example, we solve the associated CME at time 500, before which a few oscillations have taken place. Through a637

few simulations, we found that most of the probability is contained in the state space where each mRNA has fewer than 20638

copies, and each protein has fewer than 200 copies. (The simulations are not shown in the paper.) Note that this state space639

contains 64 billion states, and storing a probability on this state space requires 476.8 GB (8 bytes for each state). Consequently,640

the FSP is impractical for this problem. To have an accurate approximation of the exact probability, we simulated 3× 109
641

trajectories of the system and viewed the empirical distribution as the exact probability. The whole procedure took 10 GPUs642

(3× 108 simulations for each) about 24 hours! Recall that storing the whole probability is impractical, so we only stored the643

marginal distribution of the mRNAs and the marginal distribution of the proteins. We also applied the RB-CME solver and the644

Monte-Carlo method to this example, and all the results are shown in the main text. The performance of the RB-CME solver645

and Monte-Carlo method is evaluated by the sum of the L1 errors in estimating the marginal distributions of the mRNAs and646

proteins.647

B. Modeling of the genetic toggle switch. Here, we introduce the details of the genetic toggle switch presented in the main text.648

This circuit consists of two gene expression systems whose protein products repress each other’s expression. Following the649

literature [25], we model the genetic toggle switch by the following reactions, where S1 is the activated state of the first gene,650

S2 is the deactivated state of the first gene, S3 is the protein product of the first gene, S4 is the activated state of the second651

gene, S5 is the deactivated state of the second gene, and S6 is the protein product of the second gene.652

S1
k1−→ S1 + S3 (Gene expression) S4

k2−→ S4 + S6 (Gene expression)653

S3 k3−→ ∅ (Degradation ) S6
k4−→ ∅ (Degradation)654

S2
k5−→ S1 (Activation S5

k6−→ S4 (Activation)655

S1
ϕ2 exp(ϕ1X6(t))−−−−−−−−−−→ S2 (Deactivation) S4

ϕ3 exp(ϕ1X3(t))−−−−−−−−−−→ S5 (Deactivation)656

In these reactions, the first column corresponds to the first gene expression system, and the second column corresponds to the657

second gene expression system. The model parameters and initial conditions are presented in Table S2. Moreover, we assume

Model parameter Initial condition(
min−1

)
k1 = 60 X1(0) = 0
k2 = 60 X2(0) = 1
k3 = 0.5 X3(0) = 0
k4 = 0.5 X4(0) = 1
k5 = 0.3 X5(0) = 0
k6 = 0.3 X6(0) = 20
ϕ1 = 0.05
ϕ2 = 0.1
ϕ3 = 0.1

Table S2. Model parameters and initial conditions of the genetic toggle switch

658

that the first protein is fluorescent and measured by a microscope every 20 minutes. Moreover, we assume the observation to659

satisfy660

Y (ti) = X3(ti) + σWi, ∀ti ∈ {20, 40, . . . , 200}, (34)661

where {ti} are the observation time points, σ is the observation noise intensity, and {Wi} is a sequence of independent standard662

Gaussian white noise.663

In this example, our goal is to estimate the hidden dynamical state based on these partial observations. Through a few664

simulations, we found that most of the probability is contained in the state space where each protein has fewer than 200 copies.665

Then, we applied the FSP with this specific state space to the associated filtering problem and viewed its solution as the666

ground truth. Also, we applied both the RB-PF and the PF to the problem and depicted their errors by the distances between667

their solutions and the exact filter. The numerical results are presented in the main text.668
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S7. Modeling and analysis of the transcription system in yeast cells669

A. Reaction network model for this transcription system. The transcription system consists of four species: G0 (inactive gene),670

G1 (active gene), G2 (gene in an advanced active state), and mRNA (messenger RNA). We represent their respective molecular671

counts by XG0 , XG1 , XG2 , and XmRNA. Then, the chemical reactions occurring within this system are modeled as follows.672

G0
k1−→ G1 (Initial activation of the gene) Propensity: k1XG0 (t)673

G1
k2−→ G0 (Deactivation of the gene) Propensity: k2XG1 (t)674

G1
k3−→ G2 (Full activation of the gene) Propensity: k3XG1 (t)675

G2
k4−→ G1 (Partial deactivation of the gene) Propensity: k4XG2 (t)676

∅ −→ mRNA (Transcription) Propensity: kp1 XG1 (t) + (kp1 + kp2)XG2 (t)677

mRNA −→ ∅ (Degradation of mRNAs) Propensity: XmRNA678

Here, the gene transitions among three gene states G0, G1, and G2, and the mRNA are transcribed when the gene is in either679

of the two active states, G1 and G2. At the initial time point, the gene is in the state G0, and the mRNA count equals zero.680

Moreover, the cell is measured under a microscope at different time points {t1, . . . , tnf }, and the measurements satisfy the681

relation682

Y (ti) = XmRNA(ti) + σWi683

where σ is the noise intensity, and {Wi}i=1,...,nf are independent standard Gaussian random variables.684

For the ease of notation, let us denote G0, G1, G2, and mRNA as S1, S2, S3, and S4, respectively. Similarly, we denote685

XG0 , XG1 , XG2 , and XmRNA as X1, X2, X3, and X4.686

B. Ergodicity of the system. Now, we show that the system exhibits ergodicity in some invariant state space when reasonable687

parameters are chosen. Recall that given an invariant space, ergodicity means the occupation time distribution Poc(T, x) ≜688

1
T

∫ T

0 1 (X(t) = x) dt almost surely converges to the stationary distribution on this space as T →∞. The following analysis689

are based on the method in [26].690

First, we consider the case where all the parameters are positive. In this case, we can observe that the system state691

(X1(t), X2(t), X3(t), X4(t)) evolves in an invariant space IS ≜
{

x ∈ Z4
≥0|x1 + x2 + x3 = 1

}
, and the stochastic system is692

irreducible on this state space. Furthermore, by denoting v = (1, 1, 1, 1)⊤, we have that693

6∑
j=1

λj(θ, x) < v, ζj > = kp1 x2 + (kp1 + kp2 )x3 − x4 ≤ (kp1 + kp2 ) + 1− < v, x > ∀x ∈ IS694

6∑
j=1

λj(θ, x) < v, ζj >2 = kp1 x2 + (kp1 + kp2 )x3 + x4 ≤ (kp1 + kp2 )+ < v, x > ∀x ∈ IS.695

Therefore, according to [26, Proposition 4], the system has a unique stationary distribution on IS for any positive parameters,696

and the system also exhibits ergodicity.697

Second, we consider the scenario where the system has only one active gene state, meaning that k1, k2, and kp1 are positive,698

but k3 = 0. In this case, we can also find an invariant measure ISx3=0 ≜
{

x ∈ Z4
≥0|x1 + x2 = 1, x3 = 0

}
, and the stochastic699

system is irreducible on this state space. Moreover, by denoting v = (1, 1, 1, 1)⊤, we have that700

6∑
j=1

λj(θ, x) < v, ζj > = kp1 x2 − x4 ≤ kp1 + 1− < v, x > ∀x ∈ ISx3=0701

6∑
j=1

λj(θ, x) < v, ζj >2 = kp1 x2 + x4 ≤ kp1 + < v, x > ∀x ∈ ISx3=0.702

Consequently, according to [26, Proposition 4], the system is also ergodic when k1, k2, kp1 > 0 but k3 = 0.703

C. More simulation results. In the main text, we presented two simulation examples to illustrate our identification algorithm.704

Here, we present additional simulation results to further demonstrate the effectiveness of our approach. For these simulations,705

we first generated 1000-minute observation trajectories using specific sets of parameters and then applied our method to infer706

these model parameters. These parameters were properly chosen to represent several different scenarios: (1) strong initial gene707

activation (characterized by a large k1), (2) strong second-step gene activation (large k3), (3) strong basal transcription (large708

kp1 ), and (4) strong transcription due to a large kp2 . These simulation examples complement the numerical example in the709

main text well, where all the parameters took medium or relatively small values. All the other settings for these numerical710

examples were kept the same as those in the main text. The numerical results are presented in Figure S1.711
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A Strong initial gene activation (large     )

B Strong second-step gene activation (large     )

C Strong basal transcription rate (large      )Strong basal transcription rate (large      )

D Strong transcription due to a large 

Fig. S1. Performance of the Rao-Blackwell identification algorithm across several numerical examples. The sample size of the algorithm was 10,000. (A) to (D) represent the
inference results in four different scenarios: (A) strong initial gene activation (characterized by a large k1), (B) strong second-step gene activation (large k3), (C) strong basal
transcription (large kp1 ), and (D) strong transcription due to a large kp2 . In these panels, the blue bar plots represent the conditional distribution of the parameters, and the red
dashed line represents the actual value of these parameters. Source data are provided as a Source Data file.

The results in Figure S1 show that in different scenarios, our method can provide sharp estimates of the parameters, with712

most of the maximum a posteriori (MAP) estimates being close to or identical to the actual values. In Figure S1.B, the MAP713

estimates of k2 and k3 are a bit deviated from the actual values. These discrepancies are mainly attributed to the insufficient714

information in the measurements for highly precise estimation, as evidenced by the wide shapes of the conditional distributions.715

Even in this case, our method still successfully provided conditional distributions with much probability mass distributed716

around the actual values. In conclusion, all these results indicate that our identification method is effective across various717

scenarios where actual parameters are chosen differently.718

D. Parameter identification when the measurement noise intensity (σ) is unknown. In many biological experiments, the719

measurement noise intensity (represented by σ) is often difficult to determine. Therefore, many parameter identification720

problems also require inferring the value of the measurement noise intensity along with the other model parameters. In this721

subsection, we demonstrate by several numerical examples that our approach can effectively solve the associated identification722

problem with the presence of σ uncertainty.723

Essentially, in the considered system, we can view σ as an additional model parameter and treat it the same as other724

parameters. From this perspective, our method can be directly applied to this inference problem. To test our method’s725

performance in this context, we used the same settings as those in the numerical experiments presented in the main text.726

Specifically, we assumed that k1, . . . , k4 were within the set {0, 0.05, . . . , 1}, the parameters kp1 and kp2 were within the set727

{1, 2, . . . , 10}, and σ was within the set {0.1, 0.2, . . . , 1}. All these parameters were in units of minute−1 and had uniform728
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prior distributions, with the exception of k3. For k3, half of its initial probability mass was allocated at zero to indicate the729

uncertainty of whether the number of active gene states is one or two, and the rest of the probability was uniformly distributed730

over states 0.05, 0.1, . . . , 1. Also, we truncated the space for the mRNA count to be {0, 1, . . . , 20} and that for each gene to731

be {0, 1}. At the initial time, we set the gene state to G0 and the mRNA count to zero. Moreover, the mRNA count was732

measured every minute.733

In this numerical experiment, we generated several observation trajectories based on different choices of σ values. Our aim734

was to test whether our method can accurately infer the real value of σ along with other parameters. The numerical results are735

shown in Figure S2. In these numerical experiments, we set the sample size in our algorithm to 3,000. Also, we required the736

size of the maximum follower subsystem to be less than 30, 000. Consequently, our algorithm classified G1 and G2 as the leader737

species and assigned the remaining components into four follower subsystems. The follower species forms four conditionally738

independent subgroups. The first consists of G0, k1, and k2, the second contains k3, the third contains k4, and the fourth739

consists of kp1 , kp2 , mRNA, and σ.740

Figure S2.A shows the estimation results when the observation noise intensity σ has a value of 0.1. It shows that the741

proposed algorithm can accurately identify the parameter σ as well as other parameters in this case. Particularly, the algorithm742

very confidently identifies the observation noise intensity σ with almost all the probability mass located at the value of 0.1. For743

the remaining parameters, the MAP (maximum a posteriori) estimates are all close to or equal to the real values. The plots744

(B) – (K) in Figure S2 show the convergence of the σ estimate over time when the real σ value is chosen differently in the745

system. We can observe that under all situations, the estimate of σ converges fast to the real value. When the observation746

noise intensity is small (σ ≤ 0.2), the estimate is almost the same as the real value after 20 minutes. In all the situations, the747

algorithm consistently provides a very confident and accurate estimate for the parameter σ at the final observation time, as748

shown in (B) – (K) of Figure S2. All the above results indicate that our algorithm can accurately estimate the observation749

noise intensity σ as well as other parameters with the presence of σ uncertainty.750

E. RB-PF based on grid refinement. When analyzing the experimental data, we initially selected a very coarse discretization751

scheme for the parameter spaces, especially for the parameters kp1 and kp2 . This can potentially lead to less accurate estimates752

of the model parameters and be a source of the discrepancy between the stationary distributions of the inferred model and the753

actual cell system.754

In this subsection, we introduce an improved RB-PF based on grid refinement. In the inference problem, we initially choose755

a very large region for the parameters to make sure that their actual values are within these regions. However, this choice of756

large regions is not necessary if we have more accurate information about the parameter values. After applying the inference757

algorithm based on the coarse discretization scheme, we gain more precise estimates of the parameters; particularly, we can758

identify regions where the conditional distribution mass is sparse or even nonexistent. Based on such information, we can759

shrink the parameter space, set a finer discretization scheme, and re-apply the inference algorithm. This procedure can be760

repeated many times until a good resolution of the parameter spaces is reached.761

Essentially, this grid refinement procedure reuses data to inform a prior distribution for the next refinement stage.762

Consequently, the inference result obtained in the last stage may not necessarily align with the target of the original inference763

problem, and their difference could be significant. Therefore, the refinement method should be used with care; otherwise, data764

reuse (also known as double-dipping or double-counting) can lead to severe problems [27]. To avoid this issue, this algorithm765

in each refinement stage should be conservative, only discarding the parameter regions containing extremely low posteriors,766

for the following reason. Let us denote Ωi (i = 1, 2, . . . ) as the parameter region used for the i-th stage inference. The first767

stage aims at the original inference problem with no refinement. Then, given the uniform prior distribution on Ωi, the target768

posterior in the i-th stage is proportional to the likelihood, i.e.,769

Pi (θ|Y0:T ) ∝ L(Y0:T |θ)Pprior(θ) ∝ L(Y0:T |θ) ∀θ ∈ Ωi770

where Y0:T denotes the measurements from time zero to T , the notation L(Y0:T |θ) is the likelihood of observing Y0:T with the771

parameter θ, and Pprior(·) is the uniform prior distribution. This formula demonstrates that regardless of the selected region,772

the inference result in each stage provides the correct likelihoods at different parameter points up to a constant proportionality.773

As long as the selected region Ωi contains most of the parameters with large likelihoods, the distribution Pi(θ|Y0:T ) will closely774

approximate the target posterior distribution P1(θ|Y0:T ). This requires the grid refinement procedure to eliminate only the775

regions with negligible likelihoods (i.e., small posterior) in each stage for accurate inference results.776

We applied this grid refinement strategy to the inference problem of cell #78. From the inference result based on the777

coarse grid (Fig. 9A in the main text), we observed that all the conditional probability mass for kp1 and kp2 are within778

the regions of [20, 40] and [40, 80], respectively. Also, the result suggested that k3 was positive, i.e., the system had three779

gene states. Based on these observations, we adjusted the parameter spaces as follows. The parameters k1, k2, and k3 were780

within the set {0, 0.05, . . . , 1}, k4 was within the set {0, 0.1, . . . , 2}, kp1 was within {20, 22, 24, . . . , 40}, and kp2 was within781

{40, 44, 48, . . . , 80}. This refined grid scheme offered an acceptable resolution. Moreover, all the parameters were assumed to782

have uniform distributions on these sets. We again applied our Rao-Blackwell method to this inference problem on the finer783

discretization scheme. The result is shown in Figure S3.784

The inference results obtained under the coarse grid scheme and the refined one are quite consistent. Comparing Figure S3785

and Fig. 9A (in the main text), we can find that the conditional distributions for each parameter (k1, k2, k3, and k4) have the786

same shape and similar peak values in both inference results. Also, in both results, the conditional distributions for kp1 are787
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A EstimationReal ValueInference Results (              )

Observation Noise Intensity Estimation

B C D E F

G H I J K

Fig. S2. Performance of the Rao-Blackwell identification algorithm in the numerical transcription example with σ uncertainty. The sample size of the algorithm was 3,000. (A)
The estimation result when σ has a real value of 0.1. The top left panel shows the dynamics of the mRNA together with the time-course measurements. The other panels show
the estimates of the observation noise intensity and other parameters. These results indicate that our algorithm can accurately identify the observation noise intensity (σ)
simultaneously with other parameters. (B) – (K) The convergence of σ estimates over time in systems with different real σ values. These plots also provide the final-time
estimate of σ in the lower panel. Source data are provided as a Source Data file.
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both concentrated around the value of 30, and the conditional distributions for kp2 are both concentrated around the value of788

70. These consistencies underscores the robustness of our method, demonstrating its good reproducibility whether applied on a789

coarse or a refined grid scheme.790

After the grid refinement, we obtained potentially more accurate estimates of kp1 and kp2 . To test their accuracy, we791

again compared the stationary distributions of the inferred model (with the MAP estimates) and the actual cell system (see792

Figure S3B). They matched closely. This time, the KL divergence between these two distributions is 0.020, one-third less than793

the values obtained when inferring the system under a coarse grid. Additionally, the L1 distance between the distributions794

dropped from 0.19 (under the coarse grid) to 0.11 (under this refined grid). All these results suggest that our identification795

method, based on grid refinement, provided more accurate parameter estimates.796

All these improved results of the grid refinement strategy demonstrate that this strategy should be employed whenever a797

large region of low posterior is observed. Compared with results obtained at a finer scale, the algorithm based on a coarse grid798

cannot provide much detailed information, thereby leading to biased estimates. For instance, the conditional distribution of799

kp1 exhibits a bimodal structure (Figure S3C), which is absent when using a coarse grid (see the results in the main text).800

Moreover, the determination of grid fineness should be based on the ability to capture peaks and valleys within the posterior801

distribution, rather than merely on the ratio between the step size and the parameter interval.802

A

KL divergence = 0.020 

B

C

Refinement of the grid scheme 

refine

refine

Fig. S3. Inference result of cell #78 based on a refined discretization scheme. The sample size of the algorithm was 3,000. (A) Refinement of the grid scheme. For parameters
k1, . . . , k4, the grid schemes are unchanged. The scheme for kp1 is refined to {20, 22, 24, . . . , 40} with a discretization size of 2. The scheme for kp2 is refined to
{40, 44, 48, . . . , 80} with a discretization size of 4. (B) Stationary distributions of the inferred model (using the MAP estimates) and the actual cell system. They have a KL
divergence of 0.020. (C) Parameter estimation result. Source data are provided as a Source Data file.

F. Estimation of the observation noise intensity σ from the experimental data. In this biological experiment, the observation803

noise intensity σ has not been exactly quantified. Here, we intend to estimate this parameter σ, along with others, using the804

RB-PF with the grid-refinement strategy.805

The basic setup of this Bayesian analysis is as follows. First, we view σ as an additional model parameter and treat it the806

same as other parameters. Since the measurement is thought to be quite accurate [28], we assumed that σ was within the narrow807

set {0.2, 0.4, . . . , 2}. For other parameters, we adopt the refined setting in the previous subsection. Specifically, the parameters808

k1, k2, and k3 were within the set {0, 0.05, . . . , 1}, k4 was within the set {0, 0.1, . . . , 2}, kp1 was within {20, 22, 24, . . . , 40}, and809

kp2 was within {40, 44, 48, . . . , 80}. All the parameters were assumed to have uniform prior distributions over their specified810

sets. Moreover, for the system decomposition, we required the size of the maximum follower subsystem to be less than 300,000,811

and we set the sample size in our algorithm to 3,000. Consequently, our algorithm still classified G1 and G2 as the leader812

species and assigned the remaining components into four follower subsystems. The first follower subsystem consists of G0, k1,813

and k2, the second contains k3, the third contains k4, and the fourth consists of kp1 , kp2 , mRNA, and σ.814

The inference results are shown in Figure S4. Our algorithm confidently estimated the parameter σ to be 0.4 (Figure S4B),815

demonstrating a high degree of accuracy in the mRNA measurements. This inference result also indicates that the observation816

noise intensity is even much less than what we assumed previously (i.e., σ = 1). We also compared the stationary distributions817

of the inferred model (with the MAP estimates) and the actual cell system (Figure S4D). These two distributions matched818

closely, with the KL divergence being 0.021, indicating the accuracy of the inference result. In addition, this KL divergence is819

similar to that obtained from the grid-refinement strategy based on assuming σ = 1 (Figure S3B). Furthermore, the inference820

results for parameters other than σ are similar in both settings (see Figure S4C and Figure S3C). This demonstrates that in821

this inference problem, the precise estimation of σ does not lead to a significant improvement in the inference results.822

In conclusion, our method can accurately estimate the observation noise intensity σ in this problem. However, this accurate823

estimation of σ does not significantly impact the inference results for the other parameters.824
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A D

C

Refined grid scheme B

KL divergence = 0.021 

Fig. S4. Inference of the observation noise intensity σ from the experimental data of cell #78. The sample size in our algorithm was 3,000. (A) The grid for parameter inference.
We selected the refined grid obtained from the grid refinement strategy, and we set σ within the set {0.2, 0.4, . . . , 2}. (B) Inference results of σ at the final time and its
estimate over time. (C) Estimation of other parameters. (D) Stationary distributions of the inferred model (using the MAP estimates) and the actual cell system. They have a KL
divergence of 0.021. Source data are provided as a Source Data file.
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S8. Noise decomposition based on ergodicity825

Now, we utilize the stability of the underlying continuous-time Markov chain, i.e. ergodicity, to propose a method for noise826

decomposition from single-cell time-lapse microscopy data. We consider that a microscopic platform can record the dynamics827

of a particular chemical species in individual cells. This dynamics is denoted by {Xθ(t)}t≥0 with θ the system parameters that828

can be different from cell-to-cell due to extrinsic variability. Also, We assume that for each cell the value of θ is constant and829

unchanging with time. Furthermore we assume that for each θ fixed, the dynamics (Xθ(t))t≥0 is ergodic and therefore (see830

[26]) we have831

1
T

∫ T

0
Xθ(t)dt −→ E [X∗

θ |θ] as T →∞ (35)832

1
T

∫ T

0
(Xθ(t))2 dt −→ E

[
(X∗

θ )2 |θ
]

as T →∞ (36)833

where X∗
θ is the copy number of the measured species at the stationary probability distribution (or equivalently at a sufficiently834

large time point).835

The total cell-to-cell variability at the stationary probability distribution is Var(X∗
θ ). The law of total variance stipulates836

that837

Var(X∗
θ ) = Var (E [X∗

θ |θ]) + E [Var(X∗
θ |θ)] (37)838

where the quantity Var(X∗
θ |θ) is the conditional variance defined by839

Var(X∗
θ |θ) = E

[
(X∗

θ )2|θ
]
− E [X∗

θ |θ]2840

and it measures the variation in X∗
θ when the parameter θ is fixed. Hence the only contribution to Var(X∗

θ |θ) comes from841

sources other than θ, and in this setup the only such source is the intrinsic noise introduced by the random timing of reactions.842

Therefore we term the second term E [Var(X∗
θ |θ)] on the r.h.s of (37) as the aggregate/bulk/population-level measure of the843

total intrinsic noise in the system.844

On the other hand, the first term Var (E [X∗
θ |θ]) on the r.h.s of (37) measures all the noise due to the randomness in the845

parameters θ. This is because when we take the conditional expectation E [X∗
θ |θ] we are averaging-out noise from all other846

sources except the parameters θ. Due to this reason we term Var (E [X∗
θ |θ]) as the total extrinsic noise in the system. In847

summary we have the following definition of intrinsic and extrinsic noise848

Total Extrinsic Noise = Var (E [X∗
θ |θ])849

Total Intrinsic Noise = E [Var(X∗
θ |θ)]850

Of course both these terms add up to the full cell-to-cell variability Var(X∗
θ ) due to (37).851

The straightforward computation of intrinsic and extrinsic noise is challenging because the experimental data cannot provide852

a cell population with the same parameters θ for estimating E [X∗
θ |θ] and Var(X∗

θ |θ). Fortunately, ergodicity provides us a853

solution for computing these conditional mean and variance from single-cell time-course data. Specifically, (35) and (36) suggest854

that these conditional mean and variance can be approximated by855

E [X∗
θ |θ] ≈ 1

T

∫ T

0
Xθ(t)dt and Var(X∗

θ |θ) ≈ 1
T

∫ T

0
(Xθ(t))2 dt−

(
1
T

∫ T

0
Xθ(t)dt

)2

856

for large time T . Recall that the dynamics of Xθ(t) is measured in a microscope platform. Therefore, when the measurement857

noise is negligible, the time integrals above can be straightforwardly computed by the measured single-cell time-course data of858

Xθ(t). Finally, the intrinsic noise and extrinsic noise can be evaluated by859

Total Intrinsic Noise ≈ E

(
1
T

∫ T

0
(Xθ(t))2 dt−

(
1
T

∫ T

0
Xθ(t)dt

)2
)

860

Total Extrinsic Noise ≈ Var
[

1
T

∫ T

0
Xθ(t)dt

]
861

for large time T .862

To further validate this noise decomposition method, let us outline a couple of edge cases where one of the two noise863

components is zero. First, let us consider the scenario that the dynamics {Xθ(t)}t≥0 is deterministic, and described by a system864

of ordinary differential equations (ODEs) that depend on the cell-specific parameter θ. In this case, ergodicity is tantamount to865

this ODE system having a globally attracting θ-dependent fixed point Xθ. One can easily check that in this scenario866

lim
T →∞

1
T

∫ T

0
Xθ(t)dt = Xθ and lim

T →∞

1
T

∫ T

0
(Xθ(t))2dt = X

2
θ867
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which shows that the intrinsic noise component would be close to zero (for large T ). This is what we would expect as the868

dynamics is deterministic and hence there is no noise due to the random firing of reactions. Now consider another scenario869

where the parameter is not random, but a deterministic constant θ = θc which is the same for each cell. In this case the870

conditional expectation in (35) becomes an unconditional expectation which computes to a deterministic constant (rather than871

a random variable). Hence its variance is zero which shows that the extrinsic noise component would be close to zero (for large872

T ). Again this is consistent with our expectation because there is no variability in θ.873
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S9. An idea of applying the RB-CME solver for computing the stationary distribution874

In this paper, our RB-CME solver is designed to solve the CME in a finite time interval. Here, we present an idea of applying875

our method to compute the stationary distribution of the CME based on the ergodicity assumption.876

When a system is ergodic, the stationary distribution (Pst(x)) can be approximated by877

Pst(x) ≈ 1
T

∫ T

0
1 (X(t) = x) dt︸ ︷︷ ︸

P̂er(x)

878

for a large T. Following this formula, one can estimate the stationary distribution by the time occupation measure of a879

sufficiently long simulated trajectory [29]. Moreover, when the bias is negligible, the performance of this method can be880

evaluated by the variance of the random variable P̂er(x).881

Similarly, we can also approximate the stationary distribution by882

Pst(x) ≈ 1
T

∫ T

0
E
[
1 (X(t) = x)

∣∣∣X̃(s), 0 ≤ s ≤ t
]

dt︸ ︷︷ ︸
P̂RB(x)

,883

where X̃(t) is the leader system. Then, we can also estimate the stationary distribution by generating a sufficiently long884

trajectory and applying the RB-CME solver to the conditional expectation in the above formula. Again, when the bias is885

negligible, the performance of this method can be evaluated by the variance of P̂RB(x).886

Both methods are developed based on the ergodicity assumption. We next show that the one using the RB-CME solver is887

no less accurate. The key is to compare the variance of P̂er(x) and P̂RB(x). First, it can be easily shown that888

Var
(
P̂er(x)

)
= E

[(
P̂er(x)− P̂RB(x)

)2
]

+ E

[(
P̂RB(x)− 1

T

∫ T

0
P (X(t) = x) dt

)2
]

889

+ 2E
[(

P̂er(x)− P̂RB(x)
)(

P̂RB(x)− 1
T

∫ T

0
P (X(t) = x) dt

)]
890

Note that E
[(

P̂RB(x)− 1
T

∫ T

0 P (X(t) = x) dt
)2
]

is the variance of P̂RB(x), and the last term satisfies891

E
[(

P̂er(x)− P̂RB(x)
)(

P̂RB(x)− 1
T

∫ T

0
P (X(t) = x) dt

)]
892

= E

[
E

[(
P̂er(x)− P̂RB(x)

)(
P̂RB(x)− 1

T

∫ T

0
P (X(t) = x) dt

)∣∣∣∣∣X̃(s), 0 ≤ s ≤ T

]]
893

= E

[
E

[
P̂er(x)− P̂RB(x)

∣∣∣∣∣X̃(s), 0 ≤ s ≤ T

](
P̂RB(x)− 1

T

∫ T

0
P (X(t) = x) dt

)]
894

= E
[

0×
(
P̂RB(x)− 1

T

∫ T

0
P (X(t) = x) dt

)]
895

= 0.896

Therefore, we can conclude that897

Var
(
P̂er(x)

)
≥ Var

(
P̂RB(x)

)
898

which means that the method using RB-CME solver is no less accurate than the other one.899

We leave a systematic exploration of this idea for future work.900
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