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Appendix A: Theory

1. Coupled mode theory for optical modes hybridization

Using a pair of optical resonances increases the intracavity photon number for a given input optical power, resulting
in an enhanced optomechanical interaction. Such an optical doublet is implemented here by evanescently coupling
two micro-rings, forming a photonic molecule. Consider two bare optical modes with resonance frequencies ωl and ωr

that correspond to the left and right micro-rings, respectively. The two modes couple with a rate J , which yields the
Hamiltonian [1]

Ĥ = ~ωlâ
†
l âl + ~ωrâ

†
r âr − ~J

(
âlâ
†
r + â†l âr

)
(A1)

and the equations of motion

d

dt
âl(t) =

(
−iωl −

κl

2

)
âl(t) + iJâr(t),

d

dt
âr(t) =

(
−iωr −

κr

2

)
âr(t) + iJâl(t).

(A2)

With Laplace transform, they can be rewritten in frequency domain as(
χ−1

l [s] −iJ
−iJ χ−1

r [s]

)(
âl[s]
âr[s]

)
=

(
âl(0)
âr(0)

)
, (A3)

where χo[s] = (s+ iωo + κo/2)
−1
, o = l, r denote the susceptibilities. Diagonalizing the matrix yields the eigenvalues

λ± =
χ−1

l + χ−1
r

2
± 1

2

√(
χ−1

l − χ
−1
r

)2 − 4J2

= (s+ iω̄ + κ̄/2)± 1

2

√
µ2

4
− δ2 + iµδ − 4J2. (A4)

Here we de�ne the average optical frequency ω̄ = (ωl + ωr) /2, average linewidth κ̄ = (κl + κr) /2, relative detuning of
the micro-rings δ = ωl−ωr, and linewidth di�erence µ = κl−κr. The di�erence in resonance frequency and linewidth
of the two supermodes can be computed as

∆ω =
1√
2

√√√√−µ2

4
+ δ2 + 4J2 +

√[(
2J − µ

2

)2

+ δ2

] [(
2J +

µ

2

)2

+ δ2

]
, (A5)

∆κ =
√

2

√√√√µ2

4
− δ2 − 4J2 +

√[(
2J − µ

2

)2

+ δ2

] [(
2J +

µ

2

)2

+ δ2

]
, (A6)
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where λ+ − λ− = ∆κ/2 + i∆ω. In the strong coupling regime where 2J � µ/2, we simply have ∆ω ≈
√

4J2 + δ2

and ∆κ ≈ µ
√

1− 4J2/(4J2 + δ2). The two supermodes are thus centered at ω̄ with a splitting of ∆ω, resulting in
susceptibilites

χ±[s] =

[
s+ i

(
ω̄ ± ∆ω

2

)
+

1

2

(
κ̄± ∆κ

2

)]−1

. (A7)

Solving for the eigenvectors gives the participation ratios of the bare cavity modes in the supermodes

u± =
2J√

4J2 + |µ∓∆κ/2 + i (δ ∓∆ω) |2
exp (iφ±) ,

v± =
|µ∓∆κ/2 + i (δ ∓∆ω) |√

4J2 + |µ∓∆κ/2 + i (δ ∓∆ω) |2
exp

[
iφ± + i arg

µ∓∆κ/2 + i (δ ∓∆ω)

2iJ

]
,

(A8)

where |u±|2 + |v±|2 = 1 and φ± is a global phase factor. In particular, the supermode â− = u−âl + v−âr has a
resonance frequency ω− = ω̄ −∆ω/2 and linewidth κ− = κ̄ −∆κ/2. It is referred to as the symmetric supermode.
The rationale behind the nomenclature can be seen by considering the limit of zero detuning δ = 0, where we
simply have â− = (âl + âr) /

√
2 with ω− = ω̄ − J and κ− = κ̄. On the other hand, the antisymmetric supermode

â+ = u+âl +v+âr has a resonance frequency ω+ = ω̄+∆ω/2 and linewidth κ+ = κ̄+∆κ/2. When δ = 0, this reduces

to â+ = (âl − âr) /
√

2 with ω+ = ω̄ + J and κ+ = κ̄.

2. Transducer Hamiltonian and input-output relations

In terms of bare micro-ring modes, the transducer Hamiltonian is given by

Ĥ = ~ωmb̂
†b̂+ ~ωlâ

†
l âl + ~ωrâ

†
r âr − ~J

(
â†l âr + â†r âl

)
− ~g0â

†
l âl

(
b̂+ b̂†

)
+ Ĥdrive. (A9)

Note that the piezo-coupled acoustic mode interacts with only one of the micro-rings. To compute quantities directly
related to the experiments, we rewrite the Hamiltonian in terms of the supermodes (Appendix A 1) as

Ĥ = ~ωmb̂
†b̂+ ~ω−â†−â− + ~ω+â

†
+â+ − ~g0

(
|x|2â†−â− + |y|2â†+â+ + xy∗â†+â− + x∗yâ†−â+

)(
b̂+ b̂†

)
+ Ĥdrive (A10)

such that âl = xâ− + yâ+. The driving term is given by

Ĥdrive = i~√κex,−

(
âinâ

†
−e
−iωLt − â†inâ−e

iωLt
)

+ i~√κex,+

(
âinâ

†
+e
−iωLt − â†inâ+e

iωLt
)

+ i~√κex,m

(
ĉinb̂
†eiωmt − ĉ†inb̂e

−iωmt
) (A11)

for input optical and microwave �elds âin and ĉin. By going into the frames rotating at the laser drive frequency ωL,
we obtain

Ĥ = ~ωmb̂
†b̂− ~∆−â

†
−â− − ~∆+â

†
+â+

− ~g0

(
|x|2â†−â− + |y|2â†+â+

)(
b̂+ b̂†

)
− ~g0

(
xy∗â†+â− + x∗yâ†−â+

)(
b̂+ b̂†

)
+ i~√κex,−

(
âinâ

†
− − â

†
inâ−

)
+ i~√κex,+

(
âinâ

†
+ − â

†
inâ+

)
+ i~√κex,m

(
ĉinb̂
†eiωmt − ĉ†inb̂e

−iωmt
)
,

(A12)
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where ∆± = ωL − ω±. Considering small deviations of the supermodes around their steady-state amplitudes α± ≈[√
κex,±/(κ±/2− i∆±)

]√
ṅ±ine

iφ± and letting the input �eld operators denote just the Langevin force, the Hamiltonian

Ĥ = ~ωmb̂
†b̂− ~∆−â

†
−â− − ~∆+â

†
+â+

− ~g0|x|2
(
|α−|2 + α∗−â− + â†−α− + â†−â−

)(
b̂+ b̂†

)
− ~g0|y|2

(
|α+|2 + α∗+â+ + â†+α+ + â†+â+

)(
b̂+ b̂†

)
− ~g0xy

∗
(
α∗+α− + α∗+â− + â†+α− + â†+â−

)(
b̂+ b̂†

)
− ~g0x

∗y
(
α∗−α+ + α∗−â+ + â†−α+ + â†−â+

)(
b̂+ b̂†

)
+ i~√κex,−

(
âinâ

†
− − â

†
inâ−

)
+ i~√κex,+

(
âinâ

†
+ − â

†
inâ+

)
+ i~√κex,m

(
ĉinb̂
†eiωmt − ĉ†inb̂e

−iωmt
)

(A13)

can be further simpli�ed. In the large intracavity photon number limit, the O
(
â2
)
terms are ommited as their

contribution to the system dynamics is hidden by the O (â) terms. The O
(
α2
)
constant terms are removed by

shifting the position origin by the steady-state displacement

xss =
2g0

ωm

(
|x|2|α−|2 + |y|2|α+|2 + xy∗α∗+α− + x∗yα∗−α+

)
xZPF (A14)

using the translation operator T̂x̂(xss) = exp (xssp̂/(i~)), p̂ being the momentum operator associated with x̂ =

xZPF

(
b̂+ b̂†

)
. The resulting e�ective Hamiltonian is then given by

Ĥ = ~ωmb̂
†b̂− ~∆−â

†
−â− − ~∆+â

†
+â+

− ~g0

(
|x|2α∗− + xy∗α∗+

)
â−

(
b̂+ b̂†

)
− ~g0

(
|x|2α− + x∗yα+

)
â†−

(
b̂+ b̂†

)
− ~g0

(
|y|2α∗+ + x∗yα∗−

)
â+

(
b̂+ b̂†

)
− ~g0

(
|y|2α+ + xy∗α−

)
â†+

(
b̂+ b̂†

)
+ i~√κex,−

(
âinâ

†
− − â

†
inâ−

)
+ i~√κex,+

(
âinâ

†
+ − â

†
inâ+

)
+ i~√κex,m

(
ĉinb̂
†eiωmt − ĉ†inb̂e

−iωmt
)
.

(A15)

Finally, by de�ning e�ective optomechanical coupling rates

g− = g0

(
|x|2α− + x∗yα+

)
,

g+ = g0

(
|y|2α+ + xy∗α−

)
,

(A16)

and going into a rotating frame de�ned by the operator

Û = exp

(
1

i~
~∆−â

†
−â−t

)
exp

(
1

i~
~∆+â

†
+â+t

)
exp

(
−1

i~
~ωmb̂

†b̂t

)
, (A17)

we have

Ĥ = − ~
(
g∗−â−e

i∆−t + g−â
†
−e
−i∆−t

)(
b̂e−iωmt + b̂†eiωmt

)
− ~

(
g∗+â+e

i∆+t + g+â
†
+e
−i∆+t

)(
b̂e−iωmt + b̂†eiωmt

)
+ i~√κex,−

(
âinâ

†
−e
−i∆−t − â†inâ−e

i∆−t
)

+ i~√κex,+

(
âinâ

†
+e
−i∆+t − â†inâ+e

i∆+t
)

+ i~√κex,m

(
ĉinb̂
† − ĉ†inb̂

)
(A18)
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in the interaction picture. The time evolution of the bosonic modes can be computed using the Heisenberg-Langevin
equations given by

d

dt
â−(t) =

−κ−
2

â−(t) + ig−

[
b̂(t)e−i(ωm+∆−)t + b̂†(t)ei(ωm−∆−)t

]
+
√
κex,−âin(t)e−i∆−t,

d

dt
â+(t) =

−κ+

2
â+(t) + ig+

[
b̂(t)e−i(ωm+∆+)t + b̂†(t)ei(ωm−∆+)t

]
+
√
κex,+âin(t)e−i∆+t,

d

dt
b̂(t) =

−κm

2
b̂(t) + ig∗−â−(t)ei(ωm+∆−)t + ig−â

†
−(t)ei(ωm−∆−)t

+ ig∗+â+(t)ei(ωm+∆+)t + ig+â
†
+(t)ei(ωm−∆+)t +

√
κex,mĉin(t).

(A19)

We can move to the frequency domain by using the Fourier transform

â[ω] = F (â(t)) [ω] =

∫ ∞
−∞

â(t)eiωtdt (A20)

along with the properties

F
(
d

dt
â(t)

)
[ω] = −iωâ[ω],

F
(
â(t)e−i∆t

)
[ω] = â[ω −∆],

â†[ω] ≡ F
(
â†(t)

)
[ω] = (â[−ω])

†
.

(A21)

We then have

â−[ω] = ig−χ−[ω]
(
b̂[ω − (ωm + ∆−)] + b̂†[ω + (ωm −∆−)]

)
+
√
κex,−χ−[ω]âin[ω −∆−],

â+[ω] = ig+χ+[ω]
(
b̂[ω − (ωm + ∆+)] + b̂†[ω + (ωm −∆+)]

)
+
√
κex,+χ+[ω]âin[ω −∆+],

b̂[ω] = ig∗−χm[ω]â−[ω + (ωm + ∆−)] + ig−χm[ω]â†−[ω + (ωm −∆−)]

+ ig∗+χm[ω]â+[ω + (ωm + ∆+)] + ig+χm[ω]â†+[ω + (ωm −∆+)] +
√
κex,mχm[ω]ĉin[ω],

(A22)

with the susceptibilities χ−[ω] = (−iω + κ−/2)
−1
, χ+[ω] = (−iω + κ+/2)

−1
and χm[ω] = (−iω + κm/2)

−1
. The bath

operators are linked through the input-output relations

âout(t)e
−iωLt = âin(t)e−iωLt −√κex,−â−(t)e−iω−t −√κex,+â+(t)e−iω+t,

ĉout(t)e
−iωmt = −ĉin(t)e−iωmt +

√
κex,mb̂(t)e

−iωmt
(A23)

or

âout[ω] = âin[ω]−√κex,−â−[ω + ∆−]−√κex,+â+[ω + ∆+],

ĉout[ω] = −ĉin[ω] +
√
κex,mb̂[ω]

(A24)

in frequency domain. They satisfy the commutation relations
[
âin[ω], â†in[ω′]

]
= δ[ω − ω′] and

[
ĉin[ω], ĉ†in[ω′]

]
=

δ[ω − ω′].

3. Conversion e�ciency and added noise

a. Anti-Stokes con�guration

For the following analysis, we consider the triply resonant con�guration where ω+−ω− = ωm and the optical pump
is on resonance with one of the optical supermodes. First, we consider the anti-Stokes con�guration where ∆− = 0
and ∆+ = −ωm. From Eq. A24, we have the input-output relation

âout[ω] = âin[ω]−√κex,−â−[ω]−√κex,+â+[ω − ωm]. (A25)
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The equations of motion is given by

â−[ω] = ig−χ−[ω]
(
b̂[ω − ωm] + b̂†[ω + ωm]

)
+
√
κex,−χ−[ω]âin[ω]

≈ √κex,−χ−[ω]âin[ω],

â+[ω] = ig+χ+[ω]
(
b̂[ω] + b̂†[ω + 2ωm]

)
+
√
κex,+χ+[ω]âin[ω + ωm]

≈ ig+χ+[ω]b̂[ω] +
√
κex,+χ+[ω]âin[ω + ωm],

b̂[ω] = ig∗−χm[ω]â−[ω + ωm] + ig−χm[ω]â†−[ω + ωm] + ig∗+χm[ω]â+[ω] + ig+χm[ω]â†+[ω + 2ωm] +
√
κex,mχm[ω]ĉin[ω]

≈ ig∗+χm[ω]â+[ω] +
√
κex,mχm[ω]ĉin[ω].

(A26)
Here we drop the terms that contain susceptibilities and ladder operators with an o�setted frequency dependence (with
the exception of the bath operators), since they necessarily imply an attenuation of at least κ+/ (2ωm) compared to the
dominant terms. This approximation is valid in the resolved-sideband regime κ−, κ+ � ωm. Supplementary Figure 1a
shows the signal �ow graph representing the equations of motion, from which we deduced the transfer functions between
the microwave �eld at ωm and the optical �eld at ωL + ωm using Mason's rule [2]

Sâout[ω+ωm]←ĉin[ω] =Sĉout[ω]←âin[ω+ωm] = S∗
â†out[ω+ωm]←ĉ†in[ω]

= S∗
ĉ†out[ω]←â†in[ω+ωm]

=
−i√κex,+

√
κex,mg+χ+[ω]χm[ω]

1 + |g+|2χ+[ω]χm[ω]
.

(A27)

The optical-optical and microwave-microwave transfer functions can also be derived as

Sâout[ω+ωm]←âin[ω+ωm] = 1− κex,+χ+[ω]

1 + |g+|2χ+[ω]χm[ω]
− κex,−χ−[ω + ωm], (A28)

Sĉout[ω]←ĉin[ω] = −1 +
κex,mχm[ω]

1 + |g+|2χ+[ω]χm[ω]
. (A29)

The other transfer functions (e.g., Sâ†out[ω+ωm]←ĉin[ω]) are expected to be small given the minuscule weight of the

corresponding edges in the signal �ow graph. The photon number �ux at the optical output of the transducer is given
by

â†out[ω + ωm]âout[ω + ωm] ≈
(
S∗âout[ω+ωm]←âin[ω+ωm]â

†
in[ω + ωm] + S∗âout[ω+ωm]←ĉin[ω]ĉ

†
in[ω]

)
(
Sâout[ω+ωm]←âin[ω+ωm]âin[ω + ωm] + Sâout[ω+ωm]←ĉin[ω]ĉin[ω]

)
.

(A30)

To capture the noise properties of the optical output, one has to measure its symmetrized power spectral density

Sâout [ω + ωm] =
1

2

〈{
âout[ω + ωm], â†out[ω + ωm]

}〉
=

1

2
+
〈
â†out[ω + ωm]âout[ω + ωm]

〉
= η+[ω]

(
Sĉin [ω] + S↑added,+[ω]

)
,

(A31)

where Sĉin [ω] = 1
2 +

〈
ĉ†in[ω]ĉin[ω]

〉
is the power spectral density of the microwave photon �ux at the input port. We

de�ne the on-chip photon number transduction e�ciency as

η+[ω] = |Sâout[ω+ωm]←ĉin[ω]|2 = |Sĉout[ω]←âin[ω+ωm]|2

=
κex,+κex,m|g+|2|χ+[ω]|2|χm[ω]|2

|1 + |g+|2χ+[ω]χm[ω]|2
≈ κex,+

κ+

κex,m

κm

4C+

(1 + C+)2

(A32)

and the added noise during up-conversion as

S↑added,+[ω] =
1

2η+[ω]

(
1− η+[ω]− |Sâout[ω+ωm]←âin[ω+ωm]|2

)
+
|Sâout[ω+ωm]←âin[ω+ωm]|2

η+[ω]
Sâin [ω + ωm]. (A33)

We used the fact that the noise from the two input ports are not correlated, i.e.
〈
ĉ†in[ω]âin[ω + ωm]

〉
=〈

ĉin[ω]â†in[ω + ωm]
〉

= 0. An additional noise of 1
2η+[ω]

(
1− η+[ω]− |Sâout[ω+ωm]←âin[ω+ωm]|2

)
is introduced so that
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the output channel still respect the bosonic commutation relations [3]. The last approximation of Eq. A32 gives the
steady-state e�ciency of the transducer (ω → 0), which depends on anti-Stokes cooperativity C+ = 4g2

+/ (κ+κm) as
well as extraction e�ciencies of the antisymmetric supermode κex,+/κ+ and the acoustic mode κex,m/κm. Similarly,
the symmetrized power spectral density of the output photon number �ux at the microwave port is

Sĉout [ω] =
1

2

〈{
ĉout[ω], ĉ†out[ω]

}〉
=

1

2
+
〈
ĉ†out[ω]ĉout[ω]

〉
= η+[ω]

(
Sâin [ω + ωm] + S↓added,+[ω]

)
. (A34)

While the expressions for the conversion e�ciency are identical for both up- and down-conversion, the added noise
for down-conversion is instead

S↓added,+[ω] =
1

2η+[ω]

(
1− η+[ω]− |Sĉout[ω]←ĉin[ω]|2

)
+
|Sĉout[ω]←ĉin[ω]|2

η+[ω]
Sĉin [ω]. (A35)

b. Stokes con�guration

We follow the same recipe to derive the conversion e�ciency and added noise for the Stokes con�guration where
∆− = ωm and ∆+ = 0. We have the optical input-output relation

âout[ω] = âin[ω]−√κex,−â−[ω + ωm]−√κex,+â+[ω] (A36)

and the equations of motion

â−[ω] = ig−χ−[ω]
(
b̂[ω − 2ωm] + b̂†[ω]

)
+
√
κex,−χ−[ω]âin[ω − ωm]

≈ ig−χ−[ω]b̂†[ω] +
√
κex,−χ−[ω]âin[ω − ωm],

â+[ω] = ig+χ+[ω]
(
b̂[ω − ωm] + b̂†[ω + ωm]

)
+
√
κex,+χ+[ω]âin[ω]

≈ √κex,+χ+[ω]âin[ω],

b̂[ω] = ig∗−χm[ω]â−[ω + 2ωm] + ig−χm[ω]â†−[ω] + ig∗+χm[ω]â+[ω + ωm] + ig+χm[ω]â†+[ω + ωm] +
√
κex,mχm[ω]ĉin[ω]

≈ ig−χm[ω]â†−[ω] +
√
κex,mχm[ω]ĉin[ω].

(A37)
Using the signal �ow graph shown in Supplementary Fig. 1b, the transfer functions between the microwave �eld at
ωm and the optical �eld at ωL − ωm can once again be derived as

Sâout[ω−ωm]←ĉ†in[ω] = S∗
â†out[ω−ωm]←ĉin[ω]

=
−i√κex,−

√
κex,mg−χ−[ω]χ∗m[ω]

1− |g−|2χ∗−[ω]χm[ω]
, (A38)

Sĉout[ω]←â†in[ω−ωm] = S∗
ĉ†out[ω]←âin[ω−ωm]

=
i
√
κex,−

√
κex,mg−χ

∗
−[ω]χm[ω]

1− |g−|2χ−[ω]χ∗m[ω]
. (A39)

While the microwave-microwave transfer function is identical to Eq. A29, the optical-optical transfer function is

Sâout[ω−ωm]←âin[ω−ωm] = 1− κex,−χ−[ω]

1− |g−|2χ∗−[ω]χm[ω]
− κex,+χ+[ω − ωm]. (A40)

The photon number �ux at the optical output of the transducer has a symmetrized power spectral density

Sâout [ω − ωm] =
1

2

〈{
âout[ω − ωm], â†out[ω − ωm]

}〉
=

1

2
+
〈
â†out[ω − ωm]âout[ω − ωm]

〉
= η−[ω]

(
Sĉin [ω] + S↑added,−[ω]

)
.

(A41)

We de�ne the on-chip photon number conversion e�ciency for the Stokes con�guration as

η−[ω] = |Sâout[ω−ωm]←ĉ†in[ω]|
2 = |Sĉout[ω]←â†in[ω−ωm]|

2

=
κex,−κex,m|g−|2|χ−[ω]|2|χm[ω]|2

|1 + |g−|2χ−[ω]χm[ω]|2
≈ κex,−

κ−

κex,m

κm

4C−
(1− C−)2

(A42)
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as well as the added noise during up-conversion

S↑added,−[ω] =
1

2η−[ω]

(
1 + η−[ω]− |Sâout[ω−ωm]←âin[ω−ωm]|2

)
+
|Sâout[ω−ωm]←âin[ω−ωm]|2

η−[ω]
Sâin [ω − ωm] (A43)

where C− = 4g2
−/ (κ−κm) is the Stokes cooperativity. The output photon number at the microwave port for the

Stokes con�guration is given by

Sĉout
[ω] =

1

2

〈{
ĉout[ω], ĉ†out[ω]

}〉
=

1

2
+
〈
ĉ†out[ω]ĉout[ω]

〉
= η−[ω]

(
Sâin [ω − ωm] + S↓added,−[ω]

)
. (A44)

The photon number on-chip conversion e�ciency is again the same for both up- and down-conversion, but the added
noise for the down-conversion process is instead

S↓added,−[ω] =
1

2η−[ω]

(
1 + η−[ω]− |Sĉout[ω]←ĉin[ω]|2

)
+
|Sĉout[ω]←ĉin[ω]|2

η−[ω]
Sĉin [ω]. (A45)
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Supplementary Fig. 1. Signal �ow graphs of the frequency conversion processes. a E�ective beam-splitter process.
b E�ective two-mode-squeezing process. The bath operators are indicated by rectangles, the internal modes of the transducers
by circles and the coupling rates by arrows.

4. Estimation of correlated microwave-optical pair generation rates

Equations A41 and A44 suggest that entangled pairs of microwave and optical photons can be generated in the
Stokes con�guration since it gives rise to an e�ective two-mode squeezing Hamiltonian [4�6]. In order to verify that
the HBAR transducer can generate entangled pairs of microwave and optical photons, we compute the on-chip pair
generation rate, expected to be equal to the output photon �ux from the lower frequency optical mode as in standard
spontaneous parametric down-conversion (SPDC) scheme. Integrating over the transduction bandwidth, we have

R =

∫ ∞
−∞

〈
â†out[ω]âout[ω]

〉
dω ≈

∫ ∞
−∞

η−[ω]dω ≈ π

2

(
κ−1
− + κ−1

m

)−1
η−[0]. (A46)

In practice, the pump laser should be �ltered for the optical output to be dominated by heralding photons, and other
losses from the measurement setup can further reduce the e�ective rate. For ηoc = 7.9 × 10−5, κ− = 2π × 166 MHz
and κm = 2π × 13 MHz, this would corresponds to an on-chip pair generation rate of R ≈ 2π × 1.5 kHz. Losses in
the measurement chain have to be accounted for to estimate the count rate at the detector. In order to measure
entanglement between the microwave and optical �elds, the on-chip rate must be higher than the thermal decoherence
rate of the acoustic mode Γdec = κmnth,m(ωm), where the thermal occupancy is given by the Bose-Einstein distribution

nth,m(ω) = [exp (~ω/(kBT ))− 1]
−1

given a temperature T and Boltzmann's constant kB. For ωm = 2π × 3.5 GHz
and κm = 2π × 13 MHz, the decoherence rate Γdec/(2π) at 800 mK is 56 MHz and 0.7 Hz at 10 mK. Therefore, the
transducer needs to be operated in the mixing chamber of the dilution refrigerator, with a pulsed pump to reduce
heat load. The total rate of optical heralding is hence gated by the pump duty cycle.
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To evaluate the non-classical correlation required for the DLCZ protocol [6, 7], one can compute the second-order

cross-correlation function. Since no input signal needs to be sent to the transducer for SPDC, 〈âin〉 =
〈
â†in

〉
=〈

â†inâin

〉
= 〈âinâin〉 =

〈
â†inâ

†
in

〉
= 0 and

〈
ĉ†in[ω]ĉin[ω]

〉
= nth,m(ω), leading to

g(2)
ac =

〈
ĉ†outâ

†
outâoutĉout

〉
〈
ĉ†outĉout

〉〈
â†outâout

〉
≈

(
|Sâout←âin |2 + η−

)
(η− + |Sĉout←ĉin |2nth,m) (1 + nth,m)

+
nth,m

1 + nth,m

+

(
S∗âout←âinSâout←ĉ†in

S∗
ĉout←â†in

Sĉout←ĉin + Sâout←âinS
∗
âout←ĉ†in

Sĉout←â†in
S∗ĉout←ĉin

)
nth,m

η− (η− + |Sĉout←ĉin |2nth,m) (1 + nth,m)

(A47)

where the frequency dependences are omitted for readability. Non-classicality is expected to lead to violation of the

Cauchy-Schwarz inequality, given by g
(2)
ac ≤

√
g

(2)
aa g

(2)
cc . Therefore, it is desirable to minimize both microwave thermal

occupancy (cooling) and optical transmission (attaining critical coupling).

Appendix B: Fabrication process �ow
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Supplementary Fig. 2. Process �ow for the fabrication of piezoelectric actuators on top of the photonic circuitry.

a Sputtering of the metal and piezoelectric layers. b Patterning of the top metal, piezoelectric and bottom metal layers. c XeF2

etching of the bottom metal to avoid shorting the electrodes. d Sputtering of a second top metal layer to connect the top of
the actuators to a feedline. e Dry etching of the oxide cladding to de�ne the chip facets and the actuator holes. f Dry etching
of the silicon substrate to suspend the actuators. g Deep reactive ion etching of the substrate to facilitate chip release.

The piezoelectric actuators are monolithically integrated on Si3N4 waveguides, fabricated using the photonic Dam-
ascene process [8, 9]. The 850-nm-thick Si3N4 �lm is deposited using low-pressure chemical vapor deposition into
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the Damascene preform, with 2.8 µm thermal oxide below the waveguides. After annealing to drive hydrogen im-
purities out of the Si3N4 layer, 2.1-µm-thick TEOS oxide and 1.0-µm-thick low-temperature oxide top claddings are
deposited and subsequently annealed. The metallic and piezoelectric �lms�95 nm of Mo, 1.0µm of AlN and another
95 nm of Mo�are sputtered through foundry services provided by Plasma-Therm [10]. They are then patterned
using chlorine-based reactive ion etching to form the actuators, ground planes and integrated heaters. We employ
the same Band-Aid process as in Ref. [11] to localize the electrodes atop the suspended cladding. In particular, when
connecting the Al feedline to the top electrode by a lift-o� process, the bottom electrode is etched back using XeF2 to
avoid short-circuiting the electrodes. The process to suspend the cladding in the vicinity of the actuator is combined
with the chip singulation steps of the Damascene process. First, a hole is opened in the middle of the arc-shaped
actuator. The chip facets are simultaneously de�ned where trenches in the SiO2 are etched by C4F8 deep reactive
ion etching (DRIE) between neighboring chips. A second photolithography is performed to protect the facets while
leaving the etched holes exposed for further processing, resulting in narrower trenches between chips. The Si substrate
is then isotropically etched with SF6 until the SiO2 cladding below the actuator is suspended [12]. Following cladding
suspension, the Si substrate is etched anisotropically until the desired chip thickness of 250 µm is reached. A �nal
isotropic Si etch removes the parts of the substrate protruding from the SiO2 facet, providing proper access to the
bus waveguide nanotapers with lensed �bers, or even using the butt-coupling scheme. To facilitate this last step, we
employ ion-beam etching at a 20◦ tilt angle to remove the passivation layer formed on the hole sidewalls during the Si
DRIE. The chips are ultimately released by grinding the back side of the wafer. This convoluted process, summarized
in Supplementary Fig. 2, ensures that all the actuators on the wafer are fully suspended, while the chip facets do not
become exceedingly fragile from the undercut.

Appendix C: Optical characterization

1. Resonance linewidths

Fitting the hybridized transmission spectrum in Fig. 2c to the coupled mode theory presented in Appendix A 1 and
in Ref. [2] yields κr/(2π) = 154 MHz and κl/(2π) = 190 MHz, with κex,l/(2π) = κex,r/(2π) = 60 MHz.

2. Hybridization of optical resonances via integrated thermo-optic heaters

For the purpose of rapid characterization of the photonic molecules at room temperature, the bottom electrode
of the piezoelectric actuator also serves as an integrated heater to control the relative detuning between the micro-
rings by thermo-optic e�ect. As seen in Fig. 2a, we pattern Mo to make three electrical connections to the bottom
electrode. The top and bottom connections are connected to ground, whereas the central connection is biased to a
constant voltage. The �nite resistance of Mo at room temperature leads to Joule heating as current �ows through
the bottom electrode, modifying the refractive index of the Si3N4 waveguide buried directly underneath. The heaters
were only used for fast search of devices with adequate mode splitting.

3. Thermal response characterization through cavity-enhanced photothermal spectroscopy

For the purpose of programming the pulse sequence to alleviate thermal e�ects, we study the thermal response of the
present transducer due to optical pump heating. Speci�cally, thermally induced refractive index change causes a shift
in resonance frequency of the Si3N4 micro-ring, which is detected using cavity-enhanced pump-probe spectroscopy
[13]. The intensity-modulated pump addresses a TE resonance, while the probe measures the resulting side-of-fringe
modulation of another TE mode. To ascertain the physical mechanism of each cross phase modulation (XPM) process,
we sweep the pump modulation frequency to leverage the separation of time scales. Seen in Supplementary Fig. 3,
the response exhibits three plateaus. We associate the process at modulation frequencies & 1 MHz with Kerr-induced
XPM. The two slower processes at ∼ 100 kHz and ∼ 1 kHz are characteristic of photothermal XPM in quasi-free-
standing microresonators such as spheres [14] and toroids [15]. Here, the former �local� time scale can be attributed to
thermalization of the mode volume with the acoustic resonator, while the thermalization of the suspended structure
with the rest of the chip constitutes the latter �global� time scale. Therefore, it is expected that for future cryogenic
operations, employing a pulse-on time (τon) shorter than the local time scale to gate the optical pump will signi�cantly
reduce thermal occupancy in the cladding acoustic mode. The pulse repetition rate (frep) and hence pulse-o� time
can then be chosen based on the available cooling power.
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Supplementary Fig. 3. Thermal response measurement through pump-probe spectroscopy. a Schematic of the setup
used for optical pump-probe spectroscopy. A pump laser, addressing a micro-ring resonance and modulated by an intensity
modulator (IM), induces photothermal and Kerr cross-phase modulations. As a result, the frequency of a nearby resonance
is also modulated, which is detected by a probe laser. The power of the probe laser is adjusted by a variable attenuator
(ATT). The pump and probe polarizations are optimized with their respective �ber polarization controllers (FPC). The white
boxes represent �ber beam splitters. b Measured cross-phase modulation response of a micro-ring as detected at the �Probe�
photodetector with the pump �ltered. The dotted and dashed lines indicate the 3-dB response bandwidths of the �global� and
�local� photothermal processes, respectively.

Appendix D: Characterization of acoustic resonances

The microwave re�ection measurements (also known as S11) shown here were measured at room temperature
using custom probes (GGB industries nickel-alloy 40A-GS-135-PC-N Picoprobe) and a vector network analyzer
(Rhode&Schwarz ZNB-20). The spectrum shown in Fig. 2d is corrected using a calibration substrate (GGB in-
dustries CS-8) to remove the phase delay and attenuation introduced by coaxial cables and probes. However, this
calibration procedure was only used to get the S-parameter, and was not applied during the total conversion e�ciency
measurements shown in Figs. 3 and 4. In a previous version of the transducers and in Ref. [12] where the Band-Aid
process (Appendix B) is not employed, the piezoelectric actuator extends beyond the suspended cladding and covers
the electrical feedline, causing two detrimental e�ects for transduction. First, the resulting stray capacitance leads to
excess microwave insertion loss. Given the small size of the suspended area (∼ 1 000µm2) compared to that of the
feedline (& 10 000µm2), this e�ect is readily seen in Supplementary Fig. 4, where the spectrum without the Band-Aid
process exhibits reduced background re�ection. Second, the part of the actuator on top of the unreleased cladding
leads to resonant excitation of HBAR modes extending over the entire Si substrate. These modes have a smaller
free spectral range (FSR) of around 19 MHz and a lower microwave extraction e�ciency. The theory presented in
Appendix A does not correspond to the case of such a multimode system as it assumes being in the sideband-resolved
regime, implying the high density of substrate modes is inappropriate for low-noise frequency conversion. The feedline
Band-Aid, discussed in Appendix B and shown in Supplementary Fig. 4, enables the removal of the piezoelectric layer
above the substrate, leaving only HBAR modes well con�ned in the oxide cladding.
We �t the measured complex re�ection to obtain the mechanical quality factor Qm = 284 and microwave extraction

e�ciency κex,m/κm = 0.11 for the transduction mode [16]. This �t model comprises multiple Fano resonances, given
by

SEE[ω] = Aeiα−iωτ

(
1−

∑
r

eiφr
2Qrl /Q

r
c

1 + 2iQrl (ω − ωr)/ωr

)
(D1)

and the result is shown in Supplementary Fig. 5a. In addition, we simulate the microwave re�ection of the designed
stack geometry using �nite-element method (FEM). Fitting the simulated spectrum leads toQm = 205 and κex,m/κm =
0.61. The discrepancy is attributed to di�erence in clamping losses and piezoelectric coe�cients between the fabricated
and simulated devices that lift the degeneracy of electromechanical modes. We extract the e�ective mass of the
transduction HBAR mode from FEM simulations as

meff =
1

max(|x(r)|2)

∫∫∫
ρ(r)x∗(r)x(r)dV ≈ 6 ng, (D2)
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Supplementary Fig. 4. Elimination of substrate HBAR modes. Microwave re�ection spectra obtained with and without
applying the Band-Aid process. The respective stack compositions are indicated as insets.

where ρ(r) is the local mass density and x(r) is the mechanical displacement, corresponding to xZPF =√
~/(2meffωm) ≈ 2× 10−8 nm.

The admittance is obtained by �tting the microwave re�ection measurement to Y [ω] =
Z−1

0 (1− SEE[ω]) / (1 + SEE[ω]), Z0 being the characteristic impedance of the transmission line. Fitting the
admittance to a modi�ed Butterworth�van Dyke model yields a static capacitance of around 200 fF [17]. The
small static capacitance is advantageous for reducing microwave insertion loss but comes at the cost of a reduced
electromechanical transduction factor. Suspending the cladding decreases the acoustic mode volume, thereby
enhancing the electromechanical coupling to the microwave port by improving the con�nement in the piezoelectric
layer.

Resonance ω/(2π) [GHz] κ/(2π) [MHz] κex/κ [%] φ [◦]
1 3.479 13 11 5
2 3.495 27 6 5
3 3.463 28 6 11
4 3.440 40 4 −11
5 3.397 38 2 −11

Supplementary Table I. Parameters for the Fano resonance �t of the microwave re�ection corresponding to Eq. D1.

Appendix E: Characterization of bidirectional transduction

1. Non-Lorentzian transduction bandwidth

For an ideal transducer, the transduction lineshape is expected to be Lorentzian in the low-cooperativity limit.
Nevertheless, the measured lineshape (Figs. 3b and 3d) is evidently non-Lorentzian. We attribute this deviation
to the presence of a second mechanical mode contributing to the transduction process. Supplementary Figure 5b
shows the normalized susceptibilities of the principal mechanical mode, the auxiliary mechanical mode as well as
the susceptibility of the higher frequency optical mode, considering that the device is operated in the anti-Stokes
con�guration. Supplementary Figure 5c illustrates the transduction spectrum that would be obtained from the
theory exposed in Appendix A considering an additional mode and compares it with the experimental data shown
in Fig. 3b. The only free parameters for the �t are the vacuum optomechanical coupling rates (g1

0 ≈ 2π × 20 Hz and
g2

0 ≈ 2π×35 Hz), the other values being the same as in Appendix E 2. The di�erence with the vacuum optomechanical
coupling rate estimated in Appendix E 2 comes from the o�-resonant contribution of the second mechanical mode.
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a b

c

Supplementary Fig. 5. Spurious acoustic modes near the main resonance. a Fit of the measured microwave re�ection
using multiple Fano resonances. The top panel shows the amplitude of the re�ection, while the bottom panel depicts its
phase after removing the background electrical delay from the cables. The experimental data is shown in blue, the total �t
red, and the response of single Fano resonances in the other numbered curves. The parameters used for the �t are indicated
in Supplementary Table I. b Susceptibilities of the two acoustic resonances relevant for transduction (solid line for the main
resonance, dashed line for the secondary mode), as well as the higher frequency optical mode (dashed-dotted line). The absolute
value is normalized to the peak of the main acoustic resonance at 3.479GHz. c Simulated total transduction e�ciency in the
anti-Stokes con�guration using the two acoustic resonances from b. The triangles correspond to the experimental data from
Fig. 3b. The vacuum optomechanical coupling rates are the only free parameters of this �t, which gives g10 ≈ 2π × 20Hz and
g20 ≈ 2π × 35Hz.

2. Estimation of cooperavity and vacuum coupling rate

The up- and down-conversion spectra, described in the main text and illustrated in Supplementary Fig. 6, provide
the o�-chip e�ciency from which the vacuum coupling rate can be estimated. The o�-chip e�ciency is given by

ηtot = ηprobesη�ber-chipηoc, (E1)

where ηprobes and η�ber-chip denote the microwave and optical �ber to chip insertion e�ciencies, respectively. The
on-chip e�ciency can be written as

ηoc = ηextηint = ηoηmη
int. (E2)

The internal e�ciency

ηint =
4C

(1± C)2
≈ 4C (E3)
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Supplementary Fig. 6. Experimental dataset examples. a Optical heterodyne spectrum for a local oscillator set between
the carrier and the up-converted sideband, as indicated in the inset. b Microwave probes output measured with an electronic
spectrum analyzer. The input optical spectrum contains both the carrier and sidebands generated by an external electro-optic
modulator. In this example, the modulation frequency is set to 3.480GHz. c Acousto-optic response for di�erent laser-cavity
detunings on the same transducer.

in the low-cooperativity regime, where the plus and minus signs correspond to the anti-Stokes and Stokes con�gura-
tions, respectively. The optical and microwave extraction e�ciencies

ηo =
κex,o

κo
, (E4)

ηm =
κex,m

κm
. (E5)

The single-photon cooperativity C0 is enhanced by the intracavity photons

C = C0n̄, (E6)

nc = κex|χo|2
ηfiber−chipPin

~ωL

≈ 4κex

κ2
o

ηfiber−chipPin

~ωL
= ηo

4

κo

ηfiber−chipPin

~ωL
, (E7)

where the pump detuning is assumed to be small. The o�-chip e�ciency with respect to the microwave probe and
optical �ber is thus

ηtot ≈ ηprobesη�ber-chip × ηmηo × 4C0 × ηo
4

κo

1

~ωL
η�ber-chipPin

= 16ηprobesη�ber-�ber × ηmη
2
o ×

C0Pin

~ωLκo
, (E8)
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where the �ber-�ber coupling e�ciency η�ber-�ber = η�ber-chip × η�ber-chip. Calibration of the RF probes informed
about the probes collections e�ciency ηprobes ≈ −3 dB. A fraction of light is tapped just before and after the
coupling lensed �bers for power monitoring. We obtain a typical η�ber-�ber = −8 dB and hence η�ber-chip = −4 dB.
Fitting the microwave (optical) re�ection spectrum yields ηm = 11% (ηo = 35%). Given that the measured e�ciency
ηtot = −60 dB at Pin = 10 dBm, it follows that the single-photon cooperativity is

C0 =
ηtot × ~ωLκo

16ηprobesη�ber-�ber × ηmη2
o × Pin

≈ 8× 10−13. (E9)

The vacuum coupling rate between the acoustic and bare optical modes is then

g0 = 2×
√
κoκmC0

4
≈ 2π × 42 Hz. (E10)

Here κo = 2π × 170 MHz, κm = 2π × 13 MHz and the additional factor of two comes from the hybridization of the
optical modes (Eq. A16).

3. Estimation of on-chip and internal transduction e�ciencies

We have achieved ηtot = −48 dB at an input pump power of 21 dBm. With the losses quoted in Appendix E 2,
the on-chip and internal e�ciencies can be estimated. For conversion in either directions, the signal goes through the
respective input and output ports exactly once, acquiring an attenuation of ηprobesηfiber−chip = −7 dB. We therefore
have ηoc = 7.9×10−5. Knowing the extraction e�ciencies ηo = 35% and ηm = 11%, we further obtain ηint = 2×10−3.

Appendix F: Optimization of optical extraction e�ciency

An optimal optical external coupling can be chosen to maximize the total conversion e�ciency. Equation E8 can
be rewritten in terms of quality factors by using the relation κ = ω/Q, which yields

ηtot ≈ 16ηprobesη�ber-�ber × ηmη
2
o × g2

0

Qm

ωm

Qo

ωo
× Qo

ωo

Pin

~ωL
. (F1)

For the optics, we have Qo = Qint +Qext, where we separate the intrinsic quality factor Qint, oftentimes fabrication-
limited and hence not easily adjustable, from the external coupling quality factor Qex that can be readily engineered
through coupler design. The optical extraction e�ciency can thus be written in the form

ηo =
κex

κex + κ0
=
Qint

Qex

(
1 +

Qint

Qex

)−1

=
R

1 +R
, (F2)

where R = Qint/Qex and the total optical quality factor

Qo =
1

Q−1
int +Q−1

ex

= Qint
1

1 +R
. (F3)

The total e�ciency in the low-cooperativity regime is then given by

ηtot ≈ F R2

(1 +R)4
, (F4)

where

F = 16ηprobesη�ber-�ber × ηmg
2
0

QmQ
2
int

ωmω2
o

× Pin

~ωL
. (F5)

For a given F , the optimal e�ciency is achieved at the critical coupling condition Qex = Qint, or R = 1.
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Appendix G: Experimental setup and data acquisition

We employ two Toptica CTL 1550 external cavity diode lasers in our experimental setup, depicted in Supplementary
Fig. 7. The �rst laser (�science laser�), ampli�ed by an erbium-doped �ber ampli�er, is used to pump the device and
for generating the optical signal for down-conversion, whereas the second laser serves as the local oscillator for optical
heterodyne detection. The detuning between the two lasers is monitored from their beat note on a photodetector fed
to an electronic spectrum analyzer. Optical transmission spectra are acquired using an oscilloscope while the science
laser is scanned slowly. Their frequency axis is calibrated using a Mach-Zehnder interferometer with a long delay line
in one arm. Optical powermeters are inserted before and after the chip, while a variable optical attenuator is used
to control the power at the chip input. Fiber polarization controllers are used to ensure the science laser address the
TE modes of the microresonators.
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Supplementary Fig. 7. Experimental setup. The setup to measure the conversion e�ciency is divided in three parts.
First, part of the laser light is picked to calibrate its frequency using a Mach-Zehnder interferometer where a long delay line is
introduced in one of the arm. The second laser, which provide the local oscillator, is beaten with the science laser for frequency
calibration of the heterodyne signal. Finally, the science laser goes through the chip. Powermeters are placed before and after
the chip in order to measure the insertion loss. The vector network analyzer (VNA) is used during the CW measurements,
either for generating optical sidebands or for exciting the mechanics. During the pulsed measurements, the VNA is only used
during up-conversion, being replaced by the lock-in detection for the down-conversion. Abbreviations used: AOM: acousto-optic
modulator; ATT: variable optical attenuator; AWG: arbitrary waveform generator; BS: beam-splitter; EDFA: erbium-doped
�ber ampli�er; EOM: electro-optic modulator; FPC: �ber polarization controller; LO: local oscillator; OSA: optical spectrum
analyzer; PD: photodetector; RFA: radio frequency ampli�er; TTL: transistor-transistor logic.

For resonant transduction, the laser is tuned redward into the optical resonance from the blue side [18]. The laser-
cavity detuning is chosen to maximize the acousto-optic response, monitored on a vector network analyzer. Regarding
the acousto-optic response, one sideband is absorbed by the optical cavity, while the beating between the unsuppressed
sideband and the carrier on a photodiode provides the signal. For driving and probing the HBAR, the piezoelectric
actuator on the chip are connected to high-frequency RF probes (Picoprobe model 40A from GGB industries). We
observed that the microwave re�ection spectrum remains stable over the time scale of several months, provided the
probe contact condition are maintained. We did not observe any change in resonance or broadening within the
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range of microwave probe power up to 13 dBm and optical pump power up to 25 dBm. For the down-conversion
demonstration, an external electro-optic modulator creates sidebands on the science laser. Their amplitude is adjusted
using the optical heterodyne detection setup. A DC voltage source additionally enables optical mode hybridization
using stress-optic e�ects via the second actuator.
Pulsed pumping is implemented by driving an acoustic-optic modulator that is switched by a transistor-transistor

logic signal generated by an arbitrary waveform generator. The pulse sequence is chosen such that the optical resonance
does not drift signi�cantly within each pulse, as indicated by a constant steady-state �pulse-on� transmission. Pulsed
up-conversion is recorded utilizing the same heterodyne setup as continuous-wave up-conversion. During pulsed down-
conversion experiments, the microwave output from the RF probes are routed to a lock-in demodulation setup for
detection of weak pulses.
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