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Abstract

Here we provide details and proofs of the results given in The timing of cellular events: a stochastic vs
deterministic perspective.

Supplementary Note 1 - Computing moments of the FPT distribution

In the main text, we derive moments of the FPT distribution for any continuous-time Markov process
x(t). We here illustrate our approach by way of a simple example. Consider a simple birth-death process
with transcription rate K and degradation rate 4,

K
g =P (1)

Here P represents protein. An illustration of the simple birth-death process is given in Figure A). The
state of the system, S, is the set of non-negative integers, S = {0,1,2,...}. Fix some target protein number
N € S, and suppose we are interested in the average time that it takes for the birth-death process to reach
N given that the system is started in state n < N. In other words, we are interested in finding,

E[r,] = E[inf{¢ > 0 such that X(¢) = N}| X(0) = n].

To find E[r,], we begin by finding an expression for the average time that it takes to reach N from n,
conditional on the next state, which we will denote by n’. Letting D,, := nd and R, := nd + K, we may
observe some simple linear relationships between neighbouring values of E[7,,]. From a value of n, there are
just two neighbouring states n’ = n+1 (birth) or n’ = n—1 (death). And these occur with birth and death
probabilities K/R,, and D, /R, respectively. The time that it takes to get from n to N is the time that it
takes to get from n to n’ plus the time that it takes to get from n’ to N. Hence the expectation of the time
taken to get to N from state n, given the system transitions to n’, is R,;! 4+ E[7,/]. It then follows from the
Law of Total Expectation that,

E[ry] = Ry" [Du(Ry' +E[ro-1]) + K(Ry" + Elry])] -
Rearranging, we obtain the tridiagonal recurrence relation,

R,E[r] — DpE[r-1] — KE[141] =1, (2)

*Correspondence: mstumpf@unimelb.edu.au
TThese authors contributed equally to this work

Preprint submitted to bioRxiv May 31, 2024



with E[ry] = 0. We impose 7,, = 0 for n < 0 so that the recurrence relation is valid for n € {0,1,..., N —1}.
Taking this set as our state space Sy can write Equation in matrix form as,

AE(T) =1, (3)
where A is an N x N tridiagonal matrix defined by,

R;, fori=j
-D;, forj=i+1

Ai' = 4

! K, forj=i—1 (4)
0, Otherwise.

Here 1 = [1,1,...,1]7 is a vector of N 1’s, and E(1) = [E[r], ..., E[rx_1]]T is the unknown vector of mean

first passage times. Equation constitutes a finite system of linear equations which can solved numerically,
which is the basis of our modified FSP approach (see subsection ?? above), or analytically in some cases
(see Section {4| below).

Relationship to the Backward Master Equation

In the main text, we derive moments of the FPT distribution of arbitrary order (Equation (7) of the
main text). We here demonstrate how our result agrees with that obtained from the Backwards Chemical
Master Equation (BCME). We begin by observing the standard relationships between the FPT distribution,
fn(t) = P(t, = t), the cumulative distribution, F},(¢) = P(7, < t), and the survival function, S, (t) =
P(mp > t),

Fu(t) = /0 fn(s)ds and Sp(t) =1— Fu(t). (5)
‘We thus have that,
fu(t) = —diSu(t). (6)

It can be shown that the survival functions, Sy, for all initial states n € Y, evolve jointly according to the
backward CME on a truncated state space,

d,S(t) = AYS(t), (7)
where S(t) is the vector whose i*" component is Sj(t), and Ay is the state transition matrix of the CME
for the modified system where every state in Y is absorbing. Taking another time derivative, and using
Equation @, the FPT distributions f;,, for all n ¢ Y, can be seen to also satisfy the backward CME,

dif(t) = AYE(), (8)
where f(t) is the vector whose i*" component is f;(¢). The raw moments of the first passage time distribution,
E(rF) = / thE, (1) dt, (9)

0

can be computed by applying the backward master operator AL to both sides of Equation @D,

(A B = [ HIAD 0 d

0
:/ thdk fo(t) dt
0
=kI(—1)%. (10)



Here we integrated by parts k£ times in the last step and used the fact that fooo diSp(t) dt = —1. We can
write this concisely as,
(ADFE[TF] = EI(-1)*1. (11)

We can solve for E[T*] provided that the matrix AL is invertible. This occurs precisely when all initial
states have a nonzero probability of reaching Y'; in this case all states will eventually reach Y and therefore
Tn < 00 With probability 1.

The time-dependent FPT distribution
Using Equations @ and @ above, the FPT distribution f,(¢) can be recovered as

Falt) =~ 8n(t) = ~(AFS(O)n. (12)

or, in more compact vector notation,
fn(t) = =AY exp(tAY)1, (13)

where the entry f,,(t) is the probability density function of 7,,. The probability density functions, for all
initial states n ¢ Y, can be computed numerically by solving Equation and storing the computed time
derivatives at each numerical integration step. Julia’s DifferentialEquations.jl provides functionality
to access time derivatives of the solution, with interpolation. Importantly, we can compute the first passage
time distributions for all initial states in one go by using the backward form of the CME.

Supplementary Note 2 - Analytical solutions of mean first-passage times for general birth-
death process

In this section, we derive analytical solutions of mean first-passage times (MFPTs) for general birth-death
processes, where the rates of births and deaths at any given time depends on how many extant molecules
there are. This approach uses standard transformation techniques for reducing the order of recurrence
relations, and can be found in [IJ. We apply this general procedure to derive explicit solutions to three
examples of biological relevance: (1) a simple birth-death process, (2) a reduced model of a genetic feedback
loop, and (3) a birth-death process with Michaelis-Menten (MM) degradation. Note that examples (1) and
(2) appear in the main text, while (3) is used below in Section 4.

In the following subsections, we will use the simplified notation ¥ to denote the expected waiting time
to reach copy number N starting from n < N, and we will use Ty to denote the expected waiting time to
reach copy number N starting from n > N. This notation should not be confused with the Nt moment of
the waiting time distribution.

The general procedure

Consider a general birth-death process with reaction propensities for birth and death given by a™(n) and
a~ (n), respectively. Here n represents the number of molecules in the system. It follows from Equation
(or Equation (7) of the main text) that the expected waiting time to reach N starting from an initial number
of molecules n < N, satisfies the following recurrence relation,

(a*(n) +a™(n)7, —a” (M)rly —a(n)7ly =1, (14)
with 7§ = 0. There is no need to write special boundary conditions for these equations provided we impose

Tn = 0 for n < 0. We now observe that the recurrence equation (|14]) can be re-expressed in terms of the
forward discrete derivative of the sequence (7)), as follows:

) —at(n)(Ary) =1, (15)



where AT denotes T[f(_l N . As a first order equation, it is convenient to rearrange this as
AN = —at(n)~! (1- a_(n)(ATTJL\Ql)) , (16)

where a*(n) # 0 for 0 < n < N, and we impose A7, = 0 for n < 0. This is a first-order system and a
general formula can be easily extrapolated. Indeed, we can verify by induction that this recursion is solved

by, _
ArY = -y L WE (17)

= lat ()=

where for a one-variable function f(z), we let [f(x)]¢ denote a(x)a(x — 1)a(z —2)---a(x —i+1). Now using
the Fundamental Theorem of (discrete) Calculus, we have that,

Z AN == (N =m0+ (TN — TN )+ + (T — 7)) =78 — 7. (18)
i=n

Observe that while N appears throughout, we have not yet used N at any point; however as 7§ = 0 it
follows that

N-1
N =_ Z ATHN, (19)
and then that
=l . )

Note that Equation should be already expected for a memoryless system, as the time from 0 to N on
average should be the time from 0 to n plus the time from n to N. Using Equation and the formula in
Equation we have that,

N—-1 1
(21)
1=0

h

The dual case

Assume now that we are interested in the expected waiting time to reach a target IV starting from copy
number n > N, which we denote by 7x. As the state-space is now unbounded (or one-sided), we may
introduce an absorbing state J > N such that no transitions out of J are allowed. This enables us to
obtain an approximation to 73;. The recurrence relation for 75 continues to satisfy Equation . Finding
a solution for 7% is essentially the dual problem to solving 7.V, and so we can use the general procedure
presented above to find a solution for 75, as we now explain. If we consider J to be the left-hand boundary
and N to be the right-hand boundary (as opposed to 0 and N in the case for 7.¥), we can make the following
reinterpretation of the birth and death propensities. Defining a™(n) := a=(J —n) and a™(n) := a™(J —n),
the general solution is now,

=3 Yt X

i= =0 4=0 Z)]

'y a-<i>1i

e (22)

FEzxzample 1: the simple birth-death process

Consider again the simple birth-death process introduced above in reaction scheme ; an illustration of
the model can be found in Figure[I[A). Here we provide details of the analytical solution (Equation (9) of
the main text) used in the analysis given in the main text. From Equation (alternatively Equation (7)
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Supplementary Figure 1: A comparison of derived closed-form solutions for 7Y and T} of three birth-death models and the
corresponding waiting times obtained from our FSP approach. (A) An illustration of the simple birth-death (SBD) process is
given in the reaction scheme defined in Equation . (B) An illustration of the the birth-death process with Michaelis-Menten
elimination (MME) given in reaction scheme (30). (C) An illustration of the heuristic feedback model defined in (33). (A)-(C)
was created with BioRender.com. In (D)-(F) (top), we display the mean waiting time of the process to reach a target of N = 30
as a function of the initial protein number n (0 < n < N); this is the upwards case. The analytical solutions (orange) are
computed according to Equation , , and , respectively. The mean waiting times computed according to our FSP
approach are shown in purple. In (D)-(F) (bottom), we consider the dual case, that is, the mean waiting time of the process to
reach a target of N = 30 as a function of n > N; this is the downwards case. The parameters used in (D) for the SBD process
are K = 30 and 6 = 1. For (E) the parameters used for the MME model are K = 5, § = 6 and Kj; = 5. The parameters of
the HFB model in (F) are oy =5, op=1, L = 0y /o, =5, pu = 10, pp = 50, and § = 2.

of the main text), the expected waiting time to reach N proteins given the system is started from n < N,
can be described by the following recurrence relation,

(on+ K)rN —ontl | — K7l =1, (23)

with 7/ = 0 and base case at n = 0 of K7’ — K7{¥ = 1. From Equation it follows that,

s (E) B

i=0 j=0 i=0 j=0

We may remove the double sum by regrouping as a polynomial in terms of powers of %, which is equivalent
to reversing the order of the sums. The coefficient of (£)™ in Equation can be seen to be Zj\f: o

This is usually written in terms of an equivalent expression involving the sum of rising factorials: Zj\;—lm im,

which can be written as,

N—m
__ Nmtl

POFLEE— (25)

= m+1

5



Thus we have for example,
N—1
1 NEEL £ 5\
N
- N (). 2
70 Kz_%z—&—l(K) (26)

The solution for the mean first-passage time of the stochastic system is then given by,

N-1 ; i n—1 ;
1 Nl 75\ L/ 5\"
N
== himy () 2. 2
n K<§i+1<K> ;Hl(f{)) (27)

In the main text, we showed how the deterministic waiting time (Equation (11) of the main text) is a strict
upper bound for Equation when N is equal to pK/d for 0 < p < 1. On the other hand, we can see
the deterministic waiting time as the limit, by finding, for any (small) ¢ > 0 a similar lower bound that
converges to,

(1= (1-2)p)

3 .

To see this, take any positive 0 < & < 1 and consider the truncation of E(7y) (Equation with n = 0) by

i <eN + 1. As a truncated sum, this is a strict lower bound for the expected waiting time to N = pK/§

in the stochastic case. Observe that Nt > (N(1 — ¢))**!, and replacing N“L in the truncated sum by
(N(1 —¢))**! yields the lower bound,

(28)

1 eN-1 1 —¢)p)it!
3 (1 =¢)p)

= 29
i+1 ’ (29)

i=0
which for any fixed e (but in the limit of K/§ — o) yields the Taylor series for Equation as claimed.

Ezxample 2: Michaelis—Menten elimination

We now consider a birth-death process with Michaelis-Menten elimination. This prototypical reaction
network has reactions,
K
g+—P, (30)
o(n)
where K is a constant birth rate and the degradation o(n) is assumed to follow Michaelis-Menten kinetics
Kffn—&-n; here n is the number of protein molecules in the system, ¢ is the degradation constant and K, is
the Michaelis-Menten constant. This model has been employed to capture so-called active protein degra-
dation where proteins degrade according to some enzymatic reaction, as illustrated in Figure (B) Here
the birth and death propensities are a™(n) = K and a~(n) = o(n), and from Equation (alternatively,
Equation (7) in the main text), the expected waiting time to reach N from n < N satisfies the recurrence
relation,

on on
— 4 K)iN-— N KN =1 1
((KM+n) ! )T" (g +m) 7t 7T oy

with 78 = 0 and base case at n = 0 of K1Y — K7{¥ = 1. From Equation , we have the following solution
for the mean waiting time to reach N from n < N,

N 1 N-1 =1 Zl S J n—1 1 Zl 5 7
A\ mer (&) L wm (5) >
Ezxample 3: A reduced model of a feedback loop

Here, we consider one of the most prevalent heuristic stochastic model reduction approaches. As shown
in Holehouse and Grima [2], in the limit of fast promotor switching, the stochastic feedback model (reaction
scheme given in Equation (15) of the main text) reduces to just two reactions: an effective zero-order



reaction for the production of proteins, and a first-order reaction modelling protein degradation. The
effective propensities for the two reactions are defined as follows.

Lp, + ppn
L+n
where n is the number of proteins in the system and L := Z—: Refer to Figure C) for an illustration of the

model. From Equation (L1 (alternatively Equation (7) of the main text), we obtain a tridiagonal recurrence
relation for the mean waiting time 7.V of the heuristic model,

Lpy + ppn Lpy, +pon\ y
((571—1— EML> N —snTlN | — (luz—f-n Tny1 = 1, (34)

at(n) = and a” (n):=dn, (33)

w1 T = U. rom uation s € mean waltin 1me tO reac startin, rom n < 1S given s
ith 7y = 0. From Equation (21, th iting time t h N starting f N is given by,

7 j+1

(L +1) ' L
Z Z LPu"‘l;b J+1,Pb o ZZ Lpu'i"lpb j+1,pb o7, (35)

ZO]O 1=0 j=0

Turning to the deterministic regime, the reaction rate equation of the effective model in Equation is

given by,
X _ LputpX

= —0X
dt L+ X ’ (36)

with X (0) = 0. Solving for ¢ gives,

t= % [(;ﬁ + L) log (1 — /ji) — (0~ +L)log <1 — f)} , (37)

pt—p

where p* = 1 (pb —L+/(pp—L)2+ 4Lpu). Note that in [2], it has been shown that u* is the steady-

state mean of the deterministic system.
In Figure[1] (D)-(F), we verify the accuracy of the solutions given in Equation (27), (32), and (35)), and
their dual solutions, using comparisons with our FSP approach.

Supplementary Note 3 - Closed-form matrix solutions of FPT problems

In the previous section, we demonstrated how three-term (tridiagonal) recurrence relations arising from a
birth-death process can be solved by way of the discrete forward derivative. Here we provide a more general
approach that applies to any tridiagonal system of equations. Such systems of equations appear ubiquitously
across the sciences, and many approaches have been developed to solve them; see for example [3], and more
recently [4]. We illustrate below how our approach can be applied straightforwardly to solve systems with
more that one state such as the telegraph model (refer to the reaction scheme given in Equation (13) of the
main text, as well as the surrounding text for details of this model . Consider solving the following general
tridiagonal recurrence relation,

Cr—1%p—1 + ApTr + BpTre1 = Yn» (38)

for k € {0,1,2,...}. Rewriting Equation in matrix form, we have the following tridiagonal system of
equations,

Ay By xo Yo

Co A B T Y1

Ci Ay B 2 Y2
Cy As; Bs z3 [ = | vs |. (39)

An—l Bn—l Tn—-1 Yn—1

Cn-1 An Tn Yn



Using row operations, we can bring this into upper triangular form,

Al By 0 Yo
All Bl x yll
A/2 BQ i) 'yé
A, By zz [ = | s |, (40)
A, Bp Tn_1 Yn—1
A, Ty Yn

where the new entries are related to the old ones by the following recursive relations,

Al = A b= Ar — Cuo1(A}_1) ' By,
Yo = Yo Y = Uk — Co_1(Ay_ )"y,

(k> 1) (41)
(k> 1). (42)

Thus, we have reduced the original second-order system to two simpler recurrence relations of order one.
The system can then be solved by back substitution,

zn = (A7) yn, (43)
Tn—1 = (Afnfl)_l(ynfl - anlxn)v (44)
Tp—2 = (A{n—z)il(yn—Q - Bn—2$n—1)a (45)

and so on. As we will see in the following example, there are many cases where the reduced system can
be solved straightforwardly by iteration.

The telegraph model

The state of the system is given by the number of mRNA and the gene state. We arrange our states as
(0, off), (0,0n), (1,0ff), (1,0n), (2,0ff), .... Grouping them in blocks of two we obtain a block tridiagonal
system with

_ k + Oon —0Oon
A = ( —Ooft K+ oo + ,0) ’ (46)

- ). o

(49)
The entries A}, satisfy
AI —_ Oon —0Oon
0 (_Uoff Ooft + P ’ (50)
I k+ Oon —0Oon / -1
o= (e ) e (k> 1), (51)

We can verify by induction that this recursion is solved by

/ k + Oon —k - Oon
k ( —Ooff Ooff + P (5 )
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Supplementary Figure 2: Stochastic vs. deterministic waiting times to reach a target protein number for the bursty birth-death
process with fixed burst size r. (A) FPTs under deterministic (green) and stochastic (orange) modelling regimes as a function
of increasing K. The MFPT to reach a fixed target with n = 0 initial proteins, (70), is computed according to Equation (9) in
the main text, and the deterministic waiting time, 74, is computed according to Equation (11) in the main text. The standard
deviation (SD) of the MFPT is given by the orange shaded area, and is again computed according to Equation (9) in the main
text. Left panel: p = 0.8, K varies from 2 to 103, § = 1, and » = 1. Middle panel: p = 0.9, K varies from 2 to 103, § = 1, and
r = 10. Right panel: p = 0.2, K varies from 10 to 103, § = 1, and r = 10.

It will be convenient to compute the determinants and inverses of these:

dj, := det A}, = p(k + oon), (53)
_ 1 oot +p k+o
A1 off on 4
( k) p(k+00n) < Ooff k+0'on (5 )

The right-hand side of the MFPT equation is changed to

k
gh = (ST RG = 1) (b= DA Ay A ) G) (55)
=0

Our system of equations is thus

Ay 35, To Yo
AL 38 z1 Y1
A/2 8 Pp T2 y/2
A 65 e | = | W |, (56)
A/nfl 8 Bp Tp—1 Z/;L—l
A Ty Yn

Since we have the inverses of the Aj, this can be computed straightforwardly using backsubstitution.

Supplementary Note 4 - Variability in FPTs

The bursty birth-death process with fixed burst size

Consider the bursty birth-death model with fixed burst size r defined in reaction scheme 8 of the main
text; refer to Page 5 for a full description of the model. As expected, the variability in the FPT is highest
when the discrepancy between the deterministic FPT and MFPT is largest, which occurs when molecule
numbers are lowest; see Figure 2fA). This is observed across both high (left and middle) and low (right)
targets.
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Supplementary Figure 3: Stochastic vs. deterministic waiting times to reach a target protein number for the bursty birth-death
process with geometrically distributed burst sizes. (A-C) Top panel: The MFPT of the stochastic system (orange) to reach
a fixed target with n = O initial proteins, (70), as a function of increasing K. The standard deviation (SD) of the MFPT is
given by the orange shaded area. The corresponding deterministic waiting times, 74, are shown in green. Bottom panel: the
corresponding ratio of the MFPT to the deterministic FPT, given by n = (m9)/74, as a function of increasing K. The model
parameters are as follows: (A) p = 0.8, K varies from 10 to 1.5 x 103, § = 1, and b = 1. (B) p = 0.9, K varies from 1 to 1.5 x
103, 6 =1, and b = 10. (C) p = 0.2, K varies from 1 to 1.5 x 103, § =1, and b = 1.

The bursty birth-death process with geometrically distributed burst size

We next consider the bursty birth-death process where molecular species P is produced in bursts of size
m. Here m is a random variable sampled from a geometric distribution ¢(m) = p(1 — p)™, where p = %er
and b is the mean burst size. The reaction scheme is given by

o mp, PYo. (57)

By comparing the top panel of Figure |3| (A-C) with Figure A), we see that the results for a bursty
birth-death process with geometrically distributed burst sizes are qualitatively similar to those as for fixed
burst sizes. Although in the case of a low target value (p = 0.2), we see a larger discrepancy in the MFPT
and deterministic FPT when burst sizes are geometrically distributed. This can be seen by comparing the
ratio plots given in Figure [3[C) (bottom) and Figure 2(F) in the main text.

The telegraph model

For the telegraph model described by reaction scheme 13 in the main text, we show how the variance
changes as a function of the switching off rate u, for three different values of \; see Figure A). For high
and intermediate values (A = 10 and A\ = 1, respectively), we see that as p increases, resulting in longer
periods of gene inactivity, the variability in the FPT increases. However, for low values of A (A = 0.1), the
variance is relatively constant as p increases. These results are corroborated in (B) which shows the full
(time-dependent) FPT distribution for the telegraph model, computed using Equation , for the three
values of A (A = 10, A = 1, and A = 0.1 ). Additionally, we show (to the right of each distribution) the
corresponding noise, as measured by the coefficient of variation (CV). The results reveal low (CV = 0.27)
to moderate (CV = 0.68) noise in the distribution for high and intermediate values of A. While the noise is
higher (CV = 1) for the case of low A.

An autoregulatory feedback loop

Consider an autoregulatory feedback loop in which a protein produced by a gene either enhances or
suppresses its own expression; for details of the model refer to reaction scheme 15 in the main text. Again
we observe that the variability in the FPT (given by the orange shaded area) is highest when the discrepancy

10
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Supplementary Figure 4: Stochastic vs. deterministic waiting times to reach a target mRNA value for the telegraph model, as
given by reaction scheme (13) in the main text. (A) Deterministic FPTs, 74 (green), and stochastic MFPTs, (79) (orange), as
a function of the switching off rate p, for three different A\ values: A = 10 (left), A = 1 (middle), A = 0.1 (right). In each plot,
we vary p from 0 to 100, while keeping the steady-state mean mRNA number fixed at 100; this involves varying K accordingly.
The target N is set to 80% of the steady-state mean. The standard deviation (SD) of the MFPT is given by the orange
shaded area. (B) Time-dependent FPT distributions of the telegraph model for three different values of the switching-on rate
A considered in Figure 3(C) of the main text. The distribution for A = 10 is shown in purple, A = 1 in green, and A = 0.1 in
orange. In all cases, the switching-off rate p = 0.5, the transcription rate K is set so that the mean of the system is 100, § = 1,
and the distribution is solved at 7 = 100. The MFPTs are shown as the grey crosses, and the coefficient of variation (CV) for
each of the X values is shown to the right of each distribution. The noise in the FPTs decreases as the switching rate increases,
and the telegraph system becomes closer to a constitutive system.

between the deterministic FPT (plotted in green) and MFPT (plotted in orange) is largest, see Figure
This is observed for both positive (A) and negative (B) feedback.

Limiting cases

For all models considered so far, the FPT prediction of the deterministic model falls within one standard
deviation (SD) of the MFPT of the stochastic model. Here we consider cases where the deterministic predic-
tion falls well outside of this range. As mentioned in the introduction of the main text, if for a given initial
condition, the target molecule number is outside of the range predicted by the deterministic model in finite
time, the latter’s prediction for the mean time is undefined, whereas a stochastic model will typically predict
a finite value. In these cases, the deterministic model only approaches the target asymptotically. Therefore,
by choosing a target that is very close to the steady-state mean number of molecules, we expect the FPT
prediction of the deterministic model to be well outside of one, or even two, SDs of the MFPT. In Figure [f]
we demonstrate this with a model of the simple birth-death process. Here, we consider a target very close
to the steady-state mean number of molecules (p = 0.999) and indeed the deterministic FPTs lie outside
one SD of the mean (the orange shaded region). We emphasize that this is independent of the choice of model.
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Supplementary Figure 5: Stochastic vs. deterministic waiting times to reach a target protein value for auto-regulatory feedback
models. The MEFPT of the stochastic system (orange) to reach 90% of the steady-state mean, given the system is started from
0 protein molecules, (9), for increasing pp. The standard deviation (SD) of the MFPT is given by the orange shaded area.
The corresponding deterministic waiting times, 74, are shown in 8green. (A) A positive auto-regulatory feedback model with
parameters: p, = 10, pp varies from 1000 to 6500, o, = 0.03, and o, = 60 (top panel); p, = 10, pp varies from 300 to 6500,
op = 10, and oy, = 10 (bottom panel). (B) A negative auto-regulatory feedback model with parameters: p, = 3500, p; varies
from 10 to 3500, o, = 0.04, and o, = 0.1 (top panel); p, = 3500, p; varies from 100 to 3500, o, = 10, and o, = 10 (bottom
panel).

Supplementary Note 5 - Computational efficiency of the modified FSP

In this section, we present three applications of our FSP approach for computing MFPTs. We demon-
strate the versatility of the approach by applying the method to three exemplary models from the literature:
(1) a birth-death process with Michaelis-Menten degradation; (2) a compartmental model of disease spread;
and, (3) a Michaelis-Menten reaction scheme. Our approach is shown to be significantly more computation-
ally efficient than traditional Monte-Carlo simulations. All simulations were run on a 2.6 GHz 6-Core Intel
Core i7 processor with 32GB RAM.

FEzample 1: A birth-death model with Michaelis—Menten degradation

Consider again the simple birth-death system with Michaelis—Menten degradation given in Equation
above (see Figure [ A)). We are interested in the time that it takes for the protein number n to reach a
certain threshold value N. Here, we set N to be the steady-state mean of the system, and consider the
mean waiting time of the system to reach this threshold, conditional on the system starting from some initial
state ng. This information provides insights into the underlying biochemical processes and the timescales
associated with protein-enzyme interactions.

In Figure B), we display a representative time series of the protein number n. The vertical orange
lines indicate the times at which the protein count is n = 0 and when it has reached the steady-state mean
(N = 30). From the single trajectory presented, we observe that it takes approximately 78 time units for the
protein count to first reach the threshold N = 30, given the number of proteins in system is initially n = 0.
As this is a stochastic process, the mean of the first passage time is a more representative measure of the
process dynamics. One advantage of our approach for computing mean first passage times is that it allows
us to simultaneously determine the MFPT for all initial protein counts that are less than the threshold
value. In Figure[7[C), we plot the mean waiting time to reach the steady-state value (N = 30) for different
initial protein numbers. Here we let the initial protein n vary between 0 and 30. As expected, the lower the
initial protein count, the longer the system takes to reach the threshold value.
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Supplementary Figure 6: Stochastic vs. deterministic waiting times to reach a target protein number for the bursty birth-death
process with fixed burst size r: a limiting case. (A) The MFPT of the stochastic system (orange) to reach a fixed target with
n = 0 initial proteins, (70), as a function of increasing K. The standard deviation (SD) of the MFPT is given by the orange
shaded area. The corresponding deterministic waiting times, 74, are shown in green. The model parameters are as follows: K
varies from 1 to 500, § =1, p~ 1, and r = 1.
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Supplementary Figure 7: Computational cost of the FSP approach to compute the MFPT distribution using a one dimensional
birth-death system with Michaelis-Menten (MM) degradation kinetics. (A) An illustration of a birth-death system with MM
degradation kinetics. Protein is produced constantly at rate K and actively degraded by an enzymatic reaction with rate
on/(Kar +mn). (A) was created with BioRender.com. (B) The protein number as a function of time. The system is initialised
at n = 0 (first orange vertical line) and stopped when n first reaches the threshold value of N = 30. The grey dotted line
represents the threshold value and the second orange vertical line indicates the first time the system reaches the threshold
value. (C). The mean waiting time as a function of the initial protein number. (D) Comparison of the CPU time taken to
calculate the MFPT distribution using FSP (orange) and the SSA (green) as a function of the initial protein number. The
purple shading indicates the 95% confidence interval. The model parameters used are: K, = 5; K45 = 6; K); = 5. The SSA is
run for the number of trajectories it takes for the MFPT to agree with the MFPT given by the FSP, with an error tolerance
of 10%.

We next compare the computational time of computing MFPTs using our FSP approach with that of the
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Supplementary Figure 8: The deterministic and stochastic dynamics of an epidemic SIRS model. (A) An illustration of the
SIRS model where the population is divided into susceptible (S), infected (I) and recovered (R) individuals. The typical
trajectory is for an individual to move from S to I to R, where individuals in state R can again move to state S due to a waning
immunity. The chemical reactions are given in the left-hand side box and the associated reaction rate equations are shown in
the right-hand side box. (A) was created with BioRender.com. (B) The deterministic model (grey curve) predicts that the
number of infected individuals in a population reaches a non-zero steady-state. Stochastic trajectories obtained using the SSA
(orange and purple curves), however, are driven to the extinction state by random fluctuations. The ensemble average of 5 x
103 stochastic trajectories is shown in the green curve and differs distinctly from the deterministic prediction.

stochastic simulation algorithm (SSA). Figure D) shows the mean processing time required to obtain the
MFPT conditional on the initial protein number, using the stochastic simulation algorithm (shown in orange)
and our FSP approach (shown in green). The computation time for the MFPTs shown in Figure E(C) is on
average 0.26 milliseconds when using the FSP approach, and is approximately 53 seconds when using the
SSA. This difference in computation time is due to the fact that the FSP approach allows for the calculation
of the MFPT for all initial states n in a single computation, whereas the SSA requires the computation of
multiple trajectories for each initial condition n in order to construct the MFPT curve given in Figure E(C)

Ezxample 2: An epidemic SIRS model

We here consider one of the simplest compartmental models in epidemiology: the SIRS model [5] [@].
Here the population is partitioned into three compartments: Susceptible (S), Infected (I), and Recovered
(R) individuals. The total population size, N, is fixed such that S + I + R = N. Individuals in state S
are considered to be at risk of contracting the disease, but are currently uninfected. Individuals in state I
have been infected with the disease and are capable of transmitting it to others. Individuals in state R are
recovered, but are able to become susceptible again — modelling a waning immune response.

The SIRS model is defined by the following reaction equations,

S+158 or 1 Ko g g Ko g, (58)

where K1 /N is the transmission rate, K is the rate of recovery and K3 is the reinfection rate. An illustration
of the STRS model is shown in Figure A). The basic reproduction number, Ry, is equal to K7 /Ko; this ratio
is derived as the expected number of new infections from a single infection in a population where all subjects
are susceptible. Note that when solving Equation , we exploit the conservation law S = N — R — I,
giving us an effective two-compartmental model in I and R. The associated deterministic equations of the
two-compartmental model are,

dl _ Ki(N—TI-R)I

— = — Kol 59
dt N 24 (59)
dR
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Supplementary Figure 9: Computational cost of the FSP approach to compute the MFPT distribution using an epidemic SIRS
model of infection. (A) Heatmaps showing the mean time to extinction as a function of the parameters Ip, the initial number
of infected individuals, and Ry, the initial number of recovered individuals, for a population size of N = 10 (left panel) and
N = 100 (right panel). (B) Comparison of the median CPU time of the FSP approach (purple) and the SSA (orange) as a
function of the population size N. Note that for N = 10, we re-normalise the baseline CPU time for visualisation purposes.
Parameters used: K1 = 0.5, K2 = 0.5, K3 = 0.3, N = 10 (left panel). K; = 0.05, K2 = 0.3, K3 = 0.3, N = 100 (right panel).

When the basic reproduction number Ry > 1, the deterministic regime realises a so-called endemic equilib-
rium (a non-zero steady-state), and, as such, predicts that the disease will never die out. In comparison, the
stochastic regime is able to converge to the disease-free state. We illustrate this behaviour in Figure B),
where we plot the number of infected individuals over time. Trajectories of the SIRS model simulated us-
ing the SSA fluctuate around the deterministic steady-state mean for a period of time, before fluctuations
drive the trajectories to zero (orange and blue trajectories). The stochastic ensemble average (green curve)
converges to zero and thus disagrees with the deterministic prediction (grey curve). As such, it is necessary
to turn to a stochastic framework when modelling the extinction time of an infectious disease. Using a
stochastic framework, we can model the duration of the epidemic as a first passage time problem.

We define the extinction time as the expected waiting time of the system in Equation to reach
zero infected individuals, given it was initialised with a pre-specified number of infected (Iy), susceptible
(So = N — Iy — Rp), and recovered (Rp) individuals. We are interested in computing the mean time to
extinction only in the stochastic regime since the deterministic regime cannot achieve disease extinction. In
Figure EKA) we plot heatmaps of the extinction time, as a function of the initial number of infected Iy and
recovered Ry individuals, for population size N = 10 and N = 100, using our FSP approach. The extinction
time is greatly affected by the initial number of infected individuals. The larger the proportion of infected
individuals is at the start of the epidemic, the longer it takes the epidemic to die out, and vice-versa. It is
well-appreciated that the time to extinction, in SIR(S) models, is profoundly affected by the both the initial
number of infected individuals and the size of the population [7].

Next, we are interested in the average CPU time taken to achieve the results in Figure EKA)7 using our
FSP approach and the SSA. Figure EKB) shows the median CPU time in seconds for N = 10 and N = 100
for both the FSP (orange) and SSA (purple). The FSP is considerably more time efficient than the SSA,
approximately four orders of magnitude when N = 10 and seven orders of magnitude when N = 100.
Reasoning for the reduction in computational time follows the same logic as the birth-death model with
MM degradation.
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Supplementary Figure 10: The Michaelis-Menten equation in steady-state conditions. (A) An illustration of the Michaelis-
Menten reaction mechanism given by the reaction scheme in ; this was created with BioRender.com. In (B)-(D) (top
panels) we plot the substrate ratios ¢sto/@det (green circles) and the associated waiting time ratios Tsto/7qet (Orange stars), as
a function of the ratio a (a measure of the enzyme saturation). In the middle panels, we compare ¢ under deterministic (grey)
and stochastic (green) models. In the bottom panels we compare 7 under deterministic (grey) and stochastic (orange) models,
as a function of a. (B) When the volume Q2 is 1, the discrepancy between ¢ and 7 is largest, and increases as « approaches
1. As the volume 2 increases, from (C) 10 to (D) 100, the discrepancy decreases. Model parameters used: K1 = 4, Ko = 3,
K3 =37, Er =60 and Q2 € {1,10,100}. « is varied through Kj.

Example 3: Michaelis-Menten kinetics in steady-state conditions

We consider a generalised stochastic model of the well-studied Michaelis-Menten reaction mechanism [§],
where the enzyme kinetics are confined to a sub-cellular compartment of volume 2. The reactions are given

by,

K
o L% ms, S+Ei§ESE$E+R (61)
2

Here, a substrate molecule S is spontaneously created in bursts and continuously supplied to the sub-cellular
compartment at rate Kgy. In the sub-cellular compartment, S reversibly binds to a free enzyme molecule E
with rates K7 and K, respectively, to form the complex ES. The complex subsequently yields a product
molecule P, with rate K3. The parameter m represents the burst size, which for simplicity, we take here
to be a constant (see Figure [I0(A)). The total number of enzyme molecules Er is conserved such that
Epr = E+ ES. The system has a steady state in S if « = %ﬁg < 1, in other words, if the supply rate of S
is less than the maximum production rate of P. In this way, the ratio a provides a measure of how saturated
the enzyme is with substrate. Note that o > 1 implies that the substrate numbers increase unboundedly
with time.

We assess the validity of the deterministic description of the enzyme kinetics by comparing to exact
stochastic simulations of the MM reaction scheme (Equation ) Specifically, we are interested in the
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steady-state concentration of S, and the associated mean waiting time to reach the steady-state, given that
the system is started with zero substrate and all enzyme initially in the unbound, free state. Let ¢ be 90% of
the steady-state mean substrate concentration and 7 be the expected waiting time of the system to reach ¢.
To obtain ¢ in the deterministic regime, we solve the deterministic reaction rate equations at steady-state.
The associated expected waiting time 7 is computed by solving the rate equations and recording the first
time that S reaches ¢. In the stochastic regime, we obtain ¢ by way of SSA. We take the average over 1000
independent simulations of Equation for a time-span of 103, collecting every 20 time units. We utilise
our FSP approach to compute the associated mean waiting time, 7. All simulations are performed in the
Julia Programming Language [9].

In Figure B)—(D), we examine the effect of a sub-cellular compartmental volume on both ¢ and the
associated mean waiting time 7, between the stochastic and deterministic regimes. The two regimes are
compared for increasing volumes, € {1,10,100}. In the top panels, we consider the substrate ratio, given
as Ysto/Pdet, and the expected-waiting-time ratio, given as Tsto/Tdet, as a function of the saturation constant
a. Note that when the deterministic and stochastic regimes are in agreement, the value of these ratios is
unity. In the low molecular regime (B) & (C), the stochastic simulations consistently yield higher substrate
concentrations than those predicted by deterministic rate equations. This discrepancy becomes more sig-
nificant as « increases, and can also be observed in the remaining plots, which illustrate the dependence of
¢ (middle panel) and 7 (bottom panel) on a. As a approaches unity, the system becomes unstable, and
the fluctuations around the mean substrate concentration become increasingly large, causing significantly
higher ¢ values in the stochastic regime. This results in an infinite ratio between the two regimes in the
limit. Conversely, the waiting time for the system to reach ¢ is consistently lower in the stochastic regime,
despite higher substrate concentrations. This can be seen in the ratio plots (top panel), where the mean
waiting time ratio is always below one, despite the substrate ratio consistently being greater than or equal
to one. The bottom panel plots clearly show that the waiting time 7 in the stochastic regime (orange stars)
is always less than the deterministic regime (grey dots). Thus, increasing molecular noise in the system (by
decreasing the system size 2) decreases the waiting time to reach ¢, implying that intrinsic noise profoundly
affects the mean first-passage time. For larger systems (Figure D)), we observe convergence between the
stochastic and deterministic substrate concentrations. However, we can see that the waiting times converge
significantly more slowly, requiring a much larger system size for convergence.

Supplementary Table 1 - Parameters for Figure 4 of the main text

Model parameters used in Figure 4 of the main text

Fig. 4. Panel Parameters Mean
op ou Db Pu Deterministic Stochastic

(B) Top and middle 0.03 60 300-6500 10 11.68-4504.44  11.68-4487.80
Bottom 0.03 0.1-60 500-6500 10

(C) Top and middle 10 10 300-6500 10 300-6499.01 299.07-6498.60
Bottom 10 0.1-6  300-6500 10

(D) Top and middle 0.04 0.1 10-3500 3500 97.36-3500 44.36-3499.90
Bottom 0.04 0.1-10 10-1000 1000

(E) Top and middle 10 10 100-3500 3500 126.64-3500.64 126.24-3500
Bottom 10 0.1-10  100-1000 1000
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