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Supplementary Note 1 | Measurement principle to detect nonlinear vortex Nernst effect. 

The measurement of nonlinear thermoelectric voltages was performed based on a lock-in technique. 

When a temperature difference ∆𝑇 is applied to a material, the generated thermoelectric voltage 𝑉 can be 

expanded as  

𝑉 = 𝑎!"#∆𝑇 + 𝑎$%&(∆𝑇)$ +⋯ , (S1) 

where 𝑎'(#)	(𝑛 = 1, 2,⋯ )  is the 𝑛 -th order thermoelectric coefficient. When the input temperature 

difference oscillates at the frequency 𝜔/2𝜋, the 𝑛-th harmonic signal detected with a lock-in amplifier is 

given by 

𝑉'*(𝑡) =
1
𝑡+
4 sin(𝑛𝜔𝑡, + 𝜃+)𝑉(𝑡′)𝑑𝑡′
-

-(-!
, (S2) 

where 𝑡+ is a sufficiently large averaging time and 𝜃+ is a set phase for the amplifier. 

In conventional linear thermoelectric measurement, a temperature difference is generated by the Joule 

heating, ∆𝑇 ∝ sin$𝜔𝑡, due to the a.c. current ∝ sin𝜔𝑡 applied to a heater attached to an end of the sample, 

and a 2𝜔 lock-in voltage is measured. Similarly, one might think that a nonlinear thermoelectric effect ∝

(∆𝑇)$ can be measured via the 4𝜔 lock-in measurement. However, the 4𝜔 lock-in signal may include not 

only the second harmonic response but also the third harmonic one which may appear even without inversion 

symmetry breaking. To address this issue, the order of the lock-in detection should be lowered, which is 

achieved if the input temperature difference oscillates in a first-harmonic manner, ∆𝑇 ∝ sin𝜔𝑡. 

We have developed a method to create ∆𝑇 ∝ sin𝜔𝑡 and detect the second-order nonlinear thermoelectric 

voltage exclusively. Two heaters are attached to the top and bottom surfaces of the sample and the other sides 

of the heaters are connected to a heat bath (Supplementary Fig. 1). Then, a.c. and d.c. currents are applied to 

each heater: 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0! (𝐼.$	sin𝜔𝑡 + 𝐼/0$) to the Heater-1 (Heater-2). Due to the Joule heating, 

∆𝑇 is generated: 

∆𝑇 = 𝑅![𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0!]$ − 𝑅$(𝐼.$sin𝜔𝑡 + 𝐼/0$)$

= 	𝐼C/0!$ − 𝐼C/0$$ + 2𝐼C/0!𝐼C.! sin(𝜔𝑡 +𝜙) − 2𝐼C/0$𝐼C.$ sin𝜔𝑡 + 𝐼C.!$ sin$(𝜔𝑡 + 𝜙) − 𝐼C.$$ sin$𝜔𝑡, (S3)
 

where 𝑅! (𝑅$) represents the prefactor relating the Joule heating of the Heater-1 (Heater-2) to ∆𝑇, and 𝐼C.!,/0! 

(𝐼C.$,/0$) is defined as 𝐼C$.!,/0! = 𝑅!𝐼.!,/0!$  (𝐼C$.$,/0$ = 𝑅$𝐼.$,/0$$ ). When the power of each heater is the 

same (𝐼C/0! = 𝐼C/0$ = 𝐼C/0 and 𝐼C.! = 𝐼C.$ = 𝐼C.), Eq. (S3) becomes 

∆𝑇 = 2𝐼C/0𝐼C.[sin(𝜔𝑡 + 𝜙) − sin𝜔𝑡] + 𝐼C.$[sin$(𝜔𝑡 + 𝜙) − sin$𝜔𝑡]. (S4) 
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At	𝜙 = 0, ∆𝑇 vanishes all the time. In contrast, at 𝜙 = 𝜋, the first and second terms are enhanced while the 

third and fourth terms cancel out each other, and ∆𝑇 ∝ sin𝜔𝑡 is achieved.  

We give a procedure to optimize ∆𝑇 [from Eq. (S3) to Eq. (S4)] and apply it to the present system: a type-

II superconductor MoGe and a ferrimagnetic insulator Y3Fe5O12 (YIG) bilayer structure on a Gd3Ga5O12 

(GGG) substrate (see Supplementary Fig. 1). The essence is to find a value of (𝐼C/0!, 𝐼C/0$, 𝐼C.!, 𝐼C.$) where 

both the 1𝜔 and 2𝜔 lock-in voltages (𝑉!* and 𝑉$*, respectively) due to the “linear” vortex Nernst effect 

disappear, which corresponds to the situation of ∆𝑇 = 0 at an arbitrary time. First, we set the relative phase 

of the heater currents to be zero (𝜙 = 0). A possible phase shift 𝜙′ between the input a.c. current and the 

resultant temperature difference in the sample, if present, should be calibrated here, which can be done by 

measuring the 𝜙 dependence of the 2𝜔 lock-in voltage 𝑉$* due to the linear vortex Nernst effect (∝ ∆𝑇) 

arising from the fifth and sixth terms in Eq. (S3), followed by a sin$(𝜙 + 𝜙′) fit to the result. Under the 

situation at 𝜙 = 0, we minimize the experimentally obtained 𝑉$*	[∝ ∆𝑇 ∝ (𝐼C.!$ − 𝐼C.$$ )sin$𝜔𝑡 in Eq. (S3)] 

by tuning the values of 𝐼.! and 𝐼.$ to find the condition 𝐼C.! = 𝐼C.$ = 𝐼C.. After the calibration, ∆𝑇 is given 

by 

∆𝑇 = 𝐼C/0!$ − 𝐼C/0$$ + 2𝐼C.(𝐼C/0! − 𝐼C/0$) sin𝜔𝑡 . (S5) 

Next, we minimize the 1𝜔 lock-in voltage 𝑉!* ∝ ∆𝑇 ∝ 𝐼C.(𝐼C/0! − 𝐼C/0$) sin𝜔𝑡 [third and fourth terms in Eq. 

(S5)] by tuning the values of 𝐼/0! and 𝐼/0$, and find the condition 𝐼C/0! = 𝐼C/0$ = 𝐼C/0. Under these optimized 

conditions (𝐼C.! = 𝐼C.$ = 𝐼C. and 𝐼C/0! = 𝐼C/0$ = 𝐼C/0), the temperature difference across the sample is kept 

zero (∆𝑇 = 0) for 𝜙 = 0, and at an arbitrary value of 𝜙, the temperature difference given by Eq. (S4) is 

established. In particular, when 𝜙 = 𝜋, the temperature difference oscillating at 1𝜔 is produced across the 

sample without 2𝜔 components: ∆𝑇 = −4𝐼C/0𝐼C. sin𝜔𝑡, realizing the pure detection of the nonlinear vortex 

Nernst effect ∝ (∆𝑇)$ via the measurement of the 2𝜔 lock-in voltage (Fig. 2e in the main text). Furthermore, 

we found that the 2𝜔  lock-in voltage 𝑉$*$%&  due to the second-order nonlinear thermoelectric effect ∝

(∆𝑇)$ ∝ [sin(𝜔𝑡 + 𝜙) − sin𝜔𝑡]$  obeys a characteristic 𝜙  dependence [𝑉$*$%& ∝ 𝑎$%&cos𝜙sin$(𝜙 2⁄ ) ], 

which is distinct from the 𝜙 dependence of the 2𝜔 lock-in voltage 𝑉$*!"# due to the “linear” thermoelectric 

effect [𝑉$*!"# ∝ 𝑎!"# sin$ 𝜙] arising from ∆𝑇 ∝ [sin$(𝜔𝑡 + 𝜙) − sin$𝜔𝑡]. The characteristic allows clear 

separation between the nonlinear and linear thermoelectric voltages in terms of the 𝜙 dependence of 𝑉$*. 
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Supplementary Fig. 1 Schematic illustration of measurement setup. A MoGe/YIG/GGG sample was 

sandwiched by two heaters (Heater-1 and Heater-2). The a.c.	 and	 d.c. currents 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0!  

(𝐼.$sin𝜔𝑡 + 𝐼/0$) were applied to the Heater-1 (Heater-2). A temperature difference ∆𝑇 was generated along 

the 𝑦 axis by the Joule heating from the Heater-1 and the Heater-2. The voltage between the ends of the 

MoGe film in the 𝑥 direction was measured with a lock-in amplifier under the external magnetic field 𝐁 

along the 𝑧 axis.  
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Supplementary Note 2 | Theoretical model for nonlinear vortex Nernst effect. 

2.1 Free energy for a vortex string 

We consider a mobile vortex system in a type-II superconductor on a magnetic insulator, in which vortex-

string dynamics and its nucleation play a role (see Supplementary Fig. 2). 

 

Supplementary Fig. 2 Vortex system in type-II superconductor on magnetic insulator. Vortex strings are 

aligned along the magnetic field 𝐇 in the 𝑧 direction. 

 

Supplementary Fig. 3 Calculation model of vortex nucleation at superconductor surface. A magnetic 

insulator, a superconductor, and vacuum are occupied in −𝐷 ≤ 𝑦 ≤ 0, 0 ≤ 𝑦 ≤ 𝑑, and 𝑑 ≤ 𝑦, respectively. 

The magnetic field 𝐇 is applied in the 𝑧 direction. 𝐇", 𝐝2, 𝜃, and 𝜌2 denote a stray magnetic field from the 

vortex string endpoints, a unit tangent vector along the vortex string, the relative angle between 𝐝2 and the 𝑧 

axis, and the radius of a semicircle vortex, respectively. 

 

For simplicity, we assume that a vortex string is nucleated in a semicircle form at the superconductor 

surface (Supplementary Fig. 3). The free energy of the vortex in this case can be expressed as S1,S2 

𝐺 ∼
Φ+𝐻2𝜆
4𝜋 Y

𝜌2
𝜆 Z [\

𝜋
2 −

2𝐻
𝐻2
] +

2𝐻
𝐻2

4 𝑑𝜃cos𝜃exp
3
$

+
Y−

𝜌2
𝜆 cos 𝜃Za ,

(S6) 
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where Φ+ is the quantum flux, 𝜆 is the magnetic-field penetration depth, 𝐻2	~	Φ+/𝜆$ is the magnetic field at 

the vortex core, 𝜌2 is the radius of a semicircle vortex, 𝐻 is the external magnetic field, and 𝜃 is the relative 

angle between a unit tangent vector 𝐝2 along the vortex string and the 𝑧 axis (see Supplementary Fig. 3). 

Next, we consider the influence of the magnetic insulator on the free energy. The magnetization 𝐌 of the 

magnetic insulator interacts with the stray magnetic field 𝐇" from the vortex string at the interface. This stray 

magnetic field is assumed to satisfy the Maxwell equations with the boundary condition  

∇ ⋅ 𝐇" = 0, (S7) 

∇ × 𝐇" = 0, (S8) 

𝐇" = 𝐇2					(𝑦 = 0). (S9) 

In the limit of 𝑟 = l𝑥$ + 𝑦$ + 𝑧$ ≫ 𝜌2, the solution of 𝐇" is given by the dipole magnetic field generated 

from the endpoints of the semicircle vortex string at the interface S2: 

𝐇" = −∇𝑈&,				𝑈& = 2𝜌2Φ+
𝑧
𝑟4 .

(S10) 

The interaction between the stray magnetic field 𝐇" = ([𝐻"]5 , [𝐻"]6 , [𝐻"]7)	and the magnetization 𝐌 of the 

magnetic insulator contributes to the vortex free energy given by 

𝐹89: = −∫ 𝑑4𝑟𝐇" ⋅ 𝐌. (S11) 

Under an external magnetic field 𝐇 in the 𝑧 direction (|𝐇| ≫ |𝐇"|), the magnetization is decomposed into  

𝐌 = 𝐌∥ + 𝛿𝐌<, (S12) 

where 𝐌∥ = 𝜒∥𝐇 is the longitudinal magnetization parallel to the external magnetic field and 𝛿𝐌< = 𝜒<𝐇"< 

is the transverse magnetization due to the stray field 𝐇"< = ([𝐻"]5 , [𝐻"]6 , 0) . 𝜒∥  (𝜒< ) represents the 

longitudinal (transverse) susceptibility in the magnetic insulator. By substituting Eq. (S12) into Eq. (S11), 

we obtain 

𝐹89: = −𝑀∥∫ 𝑑4𝑟	[𝐻"]7 − ∫ 𝑑4𝑟	𝐇"< ⋅ 𝛿𝐌<	 (S13)	

= −𝑀∥∫ 𝑑4𝑟	[𝐻"]7 − 𝜒<∫ 𝑑4𝑟	u[𝐻"]5
$ + [𝐻"]6

$v = 𝐹∥ + 𝐹<. (S14) 

Substitution of Eq. (S10) into Eq. (S14) leads to the longitudinal term as S1 

𝐹∥ ∼ 𝑀∥Φ+𝜌2 \
𝐷
𝑊] , (S15) 

which scales with 𝐷/𝑊 , where 𝐷  and 𝑊  are the thickness (𝑦  direction) and width (𝑧  direction) of the 

magnetic insulator, respectively. In the present experiment, the 𝐹∥	term is negligibly small due to 𝐷/𝑊 ≪ 1 
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(𝐷/𝑊 ∼ 10(4 for the YIG substrate). By contrast, the transverse term is calculated as S1 

𝐹< ∼ −𝜒<Φ+
$ y
𝜌2$

𝜉4{
= −(Φ+𝐻2𝜆)𝜒<𝜅4 Y

𝜌2
𝜆 Z

$
, (S16) 

where 𝜉 is the coherence length and 𝜅 = 𝜆/𝜉. This term does not depend on the size of the magnetic insulator, 

and gives the dominant contribution to the vortex free energy 𝐹89: when 𝐷/𝑊 ≪ 1. 

 

2.2 Vortex nucleation at surfaces 

In the vortex-liquid phase in a type-II superconductor, vortex strings can move freely in the 

superconductor under a driving force. The vortex flow results in an electric field in the direction 

perpendicular to the vortex motion and magnetic field directions S3. For simplicity, we assume that the vortex 

flow is governed by the nucleation process of vortex strings at the surfaces of the superconductor S1. The 

nucleation rate 𝑃 of a vortex is determined by the temperature 𝑇 and the nucleation energy barrier  Δ𝐹 S4,S5, 

and given by 𝑃 = 𝛼𝑒(=>/@"A, where 𝛼 is the prefactor and 𝑘B is the Boltzmann constant.  

In the following, we focus on the MoGe/YIG system. The energy barriers for the vortex nucleation at the 

MoGe/vacuum and MoGe/YIG interfaces, Δ𝐹29C and Δ𝐹DEF respectively, are given by 

∆𝐹29C = max
G#/H

𝐺 (𝜌2/𝜆), (S17) 

∆𝐹DEF = max
G#/H

[𝐺(𝜌2/𝜆) + 𝐹<(𝜌2/𝜆)] . (S18) 

By substituting Eqs. (S6) and (S16) into Eqs. (S17) and (S18), the external magnetic field dependence of the 

energy barrier at each surface was calculated, as shown in Supplementary Fig. 4. The result indicates that the 

energy barriers at the MoGe/vacuum and MoGe/YIG interfaces are different from each other due to the 

interaction between the vortex and the magnetization. The difference of the energy barriers results in the 

difference in the vortex nucleation rate between the top and bottom surfaces of the MoGe. 
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Supplementary Fig. 4 Magnetic field dependence of energy barrier at interfaces. Energy barriers Δ𝐹29C 

at the MoGe/vacuum interface (black solid curve) and Δ𝐹DEF at the MoGe/YIG interface (blue solid curve) 

as a function of the external magnetic field 𝐻. We used 𝜆 = 	1.04 × 10(I  m at 4 K and 𝜅 = 83, whose 

values were estimated S6 from the experimental data. The value of 4𝜋𝜒< was set to 0.01.  

 

2.3 Nonlinear vortex Nernst effect 

We are now in a position to describe the nonlinear vortex Nernst effect in MoGe/YIG under the 

temperature gradient −∇𝑇. In the presence of −∇𝑇 in a vortex liquid phase, a vortex string feels a thermal 

force S7 

𝐟#) = −𝑆J∇𝑇, (S19) 

where 𝑆J is the entropy carried by a vortex. This thermal force drives a vortex string with the speed 𝐯, by 

which the vortex string feels a frictional force 

𝐟K = −𝜂𝐯, (S20) 

where 𝜂 is the viscosity. In a steady state, the thermal force is in balance with the frictional force, 𝐟#) + 𝐟K =

0, which leads to the terminal velocity of the vortex 

𝐯2 =
𝑆J
𝜂
(−∇𝑇). (S21) 

For simplicity, we assume a uniform temperature gradient in the MoGe along the thickness direction. When 

the temperature at the MoGe surface in contact with vacuum (YIG) is 𝑇 + Δ𝑇/2  (𝑇 − Δ𝑇/2 ) (see 

Supplementary Fig. 5a), −∇𝑇 is described as −∇𝑇 = Δ𝑇/𝑑(−𝐞6), where 𝑇, Δ𝑇, 𝑑, and 𝐞6 are the average 

temperature of the MoGe, the temperature difference between the top and bottom surfaces of the MoGe, the 

thickness of the MoGe, and a unit vector along the 𝑦 axis, respectively. Due to the application of −∇𝑇, the 

vortex flow 𝐉2(Δ𝑇) ∝ 𝐯2  appears in the −𝑦  direction. By contrast, when the temperature at the 
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MoGe/vacuum (MoGe/YIG) interface is 𝑇 − Δ𝑇/2  ( 𝑇 + Δ𝑇/2 ), where −∇𝑇 = −Δ𝑇/𝑑(−𝐞6)  (see 

Supplementary Fig. 5b), the vortex flow 𝐉2(−Δ𝑇) in the +𝑦 direction becomes finite. By using the vortex 

nucleation rate, we define 𝐉2(Δ𝑇) as 

		𝐉2(Δ𝑇) = �𝑃29C \𝑇 +
Δ𝑇
2 ]

+ 𝑃DEF \𝑇 −
Δ𝑇
2 ]

�
𝜏𝑆J
𝜂𝑑

Δ𝑇
𝑑
(−𝐞6) (S22) 

= 𝐽2(Δ𝑇)(−𝐞6), (S23) 

where 𝑃29C(𝑇) = 𝛼𝑒(=>#$%/@"A [𝑃DEF(𝑇) = 𝛼𝑒(=>&'(/@"A] is the vortex nucleation rate at the MoGe/vacuum 

[MoGe/YIG] interface and 𝜏 is the time constant for the vortex number change. The vortex flow generates 

an electric field according to 𝐄 = (Φ+/𝑙)𝐞7 × 𝐉2 ∝ 𝐁 × 𝐉2 , giving rise to the vortex Nernst effect 

proportional to (∆𝑇)$. Here, 𝑙 and 𝐞7 are the length of the MoGe film and a unit vector along the 𝑧 axis, 

respectively. We define the electric field due to the nonlinear vortex Nernst effect as 

𝐸L$ =
(Δ𝑇)$

2
Φ+

𝑙
𝜕$

𝜕Δ𝑇$ 	𝐽2
(Δ𝑇)�

=A→+
. (S24) 

By substituting the explicit form of 𝐽2(Δ𝑇)	 into Eq. (S24), the nonlinear electric field 𝐸L$ ∝ (Δ𝑇)$  is 

expressed as 

𝐸L$ = −
Φ+𝑆J𝛼𝜏
2𝜂𝑙𝑇 y

Δ𝐹DEF
𝑘B𝑇

𝑒(
=>&'(
@"A −

Δ𝐹29C
𝑘B𝑇

𝑒(
=>#$%
@"A {\

Δ𝑇
𝑑 ]

$

. (S25) 

When Δ𝐹DEF = Δ𝐹29C, 𝐸L$ becomes zero, which means that the nonlinear vortex Nernst effect results from 

the asymmetry of the magnetic environment. Δ𝐹DEF and Δ𝐹29C are obtained in the calculation and the other 𝐵 

dependent terms in 𝐸L$  can be estimated experimentally from the linear vortex Nernst signal 𝐸L! 

(Supplementary Fig. 6), which allows us to calculate the	𝐵 dependence of 𝐸L$ (Supplementary Fig. 7).  
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Supplementary Fig. 5 Schematic illustrations of vortex flow under temperature gradient. a When the 

temperature at the MoGe/vacuum interface (𝑇 + Δ𝑇/2) is higher than that at the MoGe/YIG interface (𝑇 −

Δ𝑇/2), a vortex string flows in the −𝑦 direction. b When the temperature at the MoGe/vacuum interface 

(𝑇 − Δ𝑇/2) is lower than that at the MoGe/YIG interface (𝑇 + Δ𝑇/2), a vortex string flows in the +𝑦 

direction. 𝐉2(Δ𝑇) denotes the vortex flow due to the application of the temperature gradient. 

 

 

Supplementary Fig. 6 Magnetic field 𝑩 dependence of electric field 𝑬𝐍𝟏 due to linear vortex Nernst 

effect. The data was experimentally obtained for the MoGe/YIG sample at 𝑇 = 4 K. Here, the Nernst signal 

(∝ 𝐵) in the normal-conducting state (𝐵 > 5.3	T) is subtracted. 

 

 

Supplementary Fig. 7 Magnetic field 𝑩 dependence of calculated electric field 𝑬𝐍𝟐 due to nonlinear 

vortex Nernst effect.  
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Supplementary Note 3 | Comparison of thermoelectric response between MoGe/YIG and MoGe/SiO2 

samples. 

We performed control experiments by comparing thermoelectric voltages for MoGe/SiO2 (without YIG) 

and MoGe/YIG samples (see Supplementary Fig. 8a). Due to the small magnetic susceptibility in SiO2, the 

electromagnetic asymmetry between the top and bottom surfaces of the MoGe on the SiO2 is so small 

compared to the MoGe/YIG, and the nonreciprocal vortex transport is suppressed in the MoGe/SiO2 S1. 

Supplementary Fig. 8b shows the 2𝜔 lock-in voltage 𝑉$* as a function of the phase 𝜙 of the temperature 

difference ∆𝑇 for the MoGe/SiO2 at each a.c. heater current 𝐼., where the background voltage (∝ cos2𝜙 and 

∝ cos3𝜙) that is irrelevant to the nonreciprocal thermoelectric response is subtracted. In the MoGe on the 

SiO2, no signal appears for all values of 𝐼. (grey dots in Supplementary Fig. 8b), while the 𝑉$* signal for the 

MoGe/YIG (blue dots in Supplementary Fig. 8c) is enhanced with the increase in 𝐼. and shows the clear 

cos𝜙sin$(𝜙 2⁄ ) dependence with the peak amplitude 𝐴$*. By plotting 𝐴$* as a function of the amplitude 

𝐴!*(∝ ∆𝑇) of the 1𝜔 lock-in voltage measured simultaneously, we confirmed that the value of 𝐴$* is much 

smaller for all values of 𝐴!* in the MoGe/SiO2 (grey dots in Supplementary Fig. 8d) than the value of 𝐴$* 

∝ 𝐴!*$  in the MoGe/YIG (green dots in Supplementary Fig. 8d), excluding the sample heating from possible 

origins of the 𝑉$* signal ∝ cos𝜙sin$(𝜙 2⁄ ) in the MoGe/YIG.  



 13 

 

Supplementary Fig. 8 Comparison between MoGe/YIG and MoGe/SiO2 samples. a A schematic 

illustration of the MoGe/(YIG or SiO2) bilayer system used in the measurement. b The 𝜙 dependence of 𝑉$* 

measured for the MoGe/SiO2 at each value of the a.c. heater-current amplitude 𝐼. = (𝐼.! + 𝐼.$), where the 

currents 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0!  and 𝐼.$sin𝜔𝑡 + 𝐼/0$  were applied to the Heater-1 and the Heater-2, 

respectively. c The 𝜙 dependence of 𝑉$* measured for the MoGe/YIG at each value of 𝐼.. 𝐴$* is the peak 

amplitude of the 𝑉$* signal at 𝜙 = 𝜋. d 𝐴$* as a function of the 1𝜔 lock-in voltage amplitude 𝐴!* for the 

MoGe/YIG (green dots) and the MoGe/SiO2 (grey dots). The black solid curve is a square fitting. The value 

of 𝜔/2π was set to 3.7 Hz in the measurement.  
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Supplementary Note 4 | Evaluation of uniform heating in MoGe/YIG sample. 

We estimated the influence of the sample heating by measuring the time-averaged temperature of the 

MoGe film. When the a.c. and d.c. currents 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0! (𝐼.$	sin𝜔𝑡 + 𝐼/0$) are applied to the 

Heater-1 (Heater-2), the temperature change ∆𝑇)Q9# due to the heating in the MoGe film is described as 

∆𝑇)Q9# = 𝑅′![𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0!]$ + 𝑅′$(𝐼.$sin𝜔𝑡 + 𝐼/0$)$ 

= 		𝑇/0! + 𝑇/0$ +
𝑇.!
2 +

𝑇.$
2 + 2l𝑇/0!𝑇.! sin(𝜔𝑡 +𝜙) + 2l𝑇/0$𝑇.$ sin𝜔𝑡  

−
𝑇.!
2 cos 2(𝜔𝑡 +𝜙) −

𝑇.$
2 cos 2𝜔𝑡 , (S26) 

where 𝑅′! (𝑅′$) denotes a prefactor relating the Joule heating of the Heater-1 (Heater-2) to ∆𝑇)Q9#. 𝑇.!,/0! 

(𝑇.$,/0$) is defined as 𝑇.!,/0! = 𝑅′!𝐼.!,/0!$  (𝑇.$,/0$ = 𝑅′$𝐼.$,/0$$ ). As shown in Eq. (S26), the amplitude 

of the a.c. components of ∆𝑇)Q9# is parametrized by 𝑇/0!,	𝑇/0$ 𝑇.!, and 𝑇.$. The same parameters also 

appear in the d.c. components of ∆𝑇)Q9#, and their values can be estimated by measuring the time-averaged 

temperature of the MoGe film, ∆𝑇)Q9#�������� = 		𝑇/0! + 𝑇/0$ + 𝑇.!/2 + 𝑇.$/2, enabling us to check the influence 

of the sample heating. We evaluated the sample heating in the MoGe film on the YIG at the values of the 

heater currents (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) = (3.00	mA, 2.20	mA, 1.00	mA, 0.75	mA), where the 𝑉$*  signal ∝

cos𝜙sin$(𝜙 2⁄ ) appears (see Supplementary Fig. 9a). 

To measure the temperature 𝑇 of the MoGe film, we utilized the upper critical field 𝐵C$ as a thermometer, 

since 𝐵C$ is very sensitive to the system temperature. As shown in Supplementary Fig. 9b, we obtained a 

𝑇(𝐵C$) curve for the MoGe (blue solid curve) from the resistance measurement. Supplementary Fig. 9c 

shows the magnetic field 𝐵 dependence of the normalized resistivity 𝜌/𝜌L for the MoGe film when the d.c. 

current is applied to the Heater-1 [(𝐼/0!, 𝐼/0$, 𝐼.!, 𝐼.$) = (3.00	mA, 0, 0, 0)] (black solid curve) at 4 K. 𝐵C$ 

is determined as ~	𝐵C$&C! = 4.65 T from the condition 𝜌/𝜌L(𝐵C$) = 0.95 S8, from which we estimated the 

temperature increase ∆𝑇)Q9#�������� = 𝑇/0! due to the d.c. current 𝐼/0! application to the Heater-1 to be 𝑇u𝐵C$&C!v −

4	K	~	0.26  K. When the d.c. and a.c. currents are applied to the Heater-1 [ (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) =

(3.00	mA, 0, 1.00	mA, 0)], the value of 𝐵C$  decreases to 𝐵C$&C!R9C!	~	4.60 T (red solid curve). From the 

values of 𝐵C$, we estimated the temperature increase ∆𝑇)Q9#�������� = 𝑇.!/2 due to the a.c. current 𝐼.! application 

to the Heater-1 as 𝑇u𝐵C$&C!R9C!v − 𝑇u𝐵C$&C!v = 0.02 K. By performing similar measurement by using the 

Heater-2 (see Supplementary Fig. 9d), we obtained the complete set of (𝑇/0! , 𝑇/0$ , 𝑇.!/2, 𝑇.$/2) 	=
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(0.26	K, 0.28	K, 0.02	K, 0.02	K), and estimated the amplitude of the 1𝜔- and 2𝜔-oscillating uniform sample 

heating as ~	0.01 K and ~	0.04	K at 𝜙 = 𝜋, respectively, which is too small to explain the observed 𝑉$* 

signal. We also concluded that the sample heating due to the magnetocaloric effects in GGG S9 is negligibly 

small.  

 

Supplementary Fig. 9 Evaluation of uniform heating in MoGe/YIG sample. a The 𝜙 dependence of 𝑉$* 

measured for the MoGe/YIG at (𝐼/0!, 𝐼/0$, 𝐼.!, 𝐼.$) = (3.00	mA, 2.20	mA, 1.00	mA, 0.75	mA), where the 

currents 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0!  and 𝐼.$sin𝜔𝑡 + 𝐼/0$  were applied to the Heater-1 and the Heater-2, 

respectively. b The relation between 𝑇 and the upper critical field 𝐵C$ (black dots) of the MoGe film on the 

YIG. The blue solid curve is a fitting. c The 𝐵 dependence of the normalized resistivity 𝜌/𝜌L for the MoGe 

film at (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) = (3.00	mA, 0, 0, 0)  (black solid curve) and (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) =

(3.00	mA, 0, 1.00	mA, 0) (red solid curve). Here, 𝜌L is the resistivity of the film in the normal conducting 

state at 𝐵 = 9  T. d The 𝐵  dependence of 𝜌/𝜌L  for the MoGe film at (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) =

(0, 2.20	mA, 0, 0)  (black solid curve) and (𝐼/0! , 𝐼/0$ , 𝐼.! , 𝐼.$) = (0, 2.20	mA, 0, 0.75	mA)  (red solid 

curve). The ambient temperature was set to 4 K.  
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Supplementary Note 5 | Influence of uniform heating in permalloy sample. 

To check the influence of the sample heating, we measured the Seebeck effect in a permalloy (Py) film 

on SiO2. As shown in Supplementary Fig. 10a, we applied the in-plane 1𝜔-oscillating temperature difference 

∆𝑇 along the 𝑥 axis by using the present method and measured the 1𝜔 (2𝜔) lock-in voltage 𝑉!* (𝑉$*) in the 

same direction. Supplementary Figs. 10c and 10d show the 𝜙 dependence of 𝑉!* (dark blue dots) at 𝑇 = 150 

K and 𝑇 = 300 K, respectively. 𝑉!* is proportional to ~	(cos𝜙 − 1) with the amplitude 𝐴!*, while no 𝑉$* 

signal appears (grey dots in Supplementary Figs. 10c and 10d). By measuring the 𝑇 dependence of the 

amplitude 𝐴$* of 𝑉$*, we confirmed that 𝐴$*	~	0 for all values of 𝑇 (100 K ≤ 𝑇 ≤ 300 K) (grey dots in 

Supplementary Fig. 10b), which is not related to the temperature dependence of the Seebeck coefficient in a 

permalloy film S10 (see also the 𝑇 dependence of 𝐴!* in Supplementary Fig. 10b). 

 

Supplementary Fig. 10 Measurement of Seebeck effect in permalloy. a A schematic illustration of the 

permalloy (Py) film on SiO2 used in the measurement. b The 𝑇 dependence of 𝐴!* (dark blue dots) and 𝐴$* 

(grey dots). c The 𝜙  dependence of 𝑉!*  (dark blue dots) and 𝑉$*  (grey dots) at 𝑇 = 150  K. d The 𝜙 

dependence of 𝑉!*  (dark blue dots) and 𝑉$*  (grey dots) at 𝑇 = 300 K. 𝐴!*  and 𝐴$*  are defined as the 

difference between the maximum and minimum values of 𝑉!* and 𝑉$*, respectively. The value of 𝜔/2π was 

set to 3.7 Hz in the measurement.  
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Supplementary Note 6 | Evaluation of temperature inhomogeneity in MoGe/YIG sample. 

We measured the spatial temperature inhomogeneity in the MoGe/YIG sample by using RuO2-based 

film-thermometers S11 and a lock-in method. As shown in Supplementary Fig. 11a, we attached the film-

thermometers (4 mm × 0.5 mm × 100 nm) near (~	1	mm) the right and left edges of the MoGe film. 

Supplementary Fig. 11b shows the typical 𝑇 dependence of the resistivity 𝜌STU) for the RuO2-based film, 

whose value drastically increases with the decrease in 𝑇 (≲ 5 K). The resistance measurement of the film 

enables the sensitive detection of local temperatures. As shown in Supplementary Fig. 11a, we applied the 

a.c. and d.c. currents 𝐼.!sin𝜔𝑡 + 𝐼/0!  to the Heater-1, and measured the 1𝜔-oscillating (2𝜔-oscillating) 

resistance component in the RuO2-based films by using a lock-in technique, from which we obtained the 1𝜔-

oscillating (2𝜔-oscillating) temperature 𝑇!*
VW:)# sin[𝜔𝑡 + 𝜃!*

VW:)#] and 𝑇!*XQK# sin[𝜔𝑡 + 𝜃!*XQK#] (𝑇$*
VW:)# sin[2𝜔𝑡 +

𝜃$*
VW:)#]  and 𝑇$*XQK# sin[2𝜔𝑡 + 𝜃$*XQK#]) at the position of the right and left RuO2-based films, respectively. 

Supplementary Fig. 11c shows the 𝐼.!𝐼/0! dependence of 𝑇!*
VW:)# (red triangles) and 𝑇!*XQK# (pink rectangles), 

whose values are proportional to 𝐼.!𝐼/0!. By comparing 𝑇!*
VW:)# and 𝑇!*XQK#, we confirmed that 𝑇!*

VW:)# and 𝑇!*XQK# 

are almost the same in the entire range of 𝐼.!𝐼/0!. As shown in Supplementary Fig. 11c, the phase of the 

oscillation is also the same, 𝜃!*
VW:)# = 𝜃!*XQK#, between the local temperatures near the right and left edges of the 

MoGe film (black triangles and grey rectangles). We also confirmed that 𝑇$*
VW:)# = 𝑇$*XQK# and 𝜃$*

VW:)# = 𝜃$*XQK# 

(see Supplementary Fig. 11d), and the same condition (𝑇!*/$*
VW:)# = 𝑇!*/$*XQK#  and 𝜃!*/$*

VW:)# = 𝜃!*/$*XQK# ) is satisfied 

when we used the Heater-2 (see Supplementary Figs. 11e and 11f), indicating that the temperature 

inhomogeneity is negligibly small along the sample length in the present method. 
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Supplementary Fig. 11 Measurement of local temperature in MoGe/YIG sample. a A schematic 

illustration of the measurement. Temperature difference was applied to the MoGe/YIG along the thickness 

direction by applying the a.c. and d.c. currents 𝐼.!sin𝜔𝑡 + 𝐼/0! to the Heater-1 or applying the currents 

𝐼.$sin𝜔𝑡 + 𝐼/0$  to the Heater-2. The 1𝜔 -oscillating (2𝜔 -oscillating) temperature components 

𝑇!*
VW:)# sin[𝜔𝑡 + 𝜃!*

VW:)#] and 𝑇!*XQK# sin[𝜔𝑡 + 𝜃!*XQK#] (𝑇$*
VW:)# sin[2𝜔𝑡 + 𝜃$*

VW:)#] and 𝑇$*XQK# sin[2𝜔𝑡 + 𝜃$*XQK#]) were 

measured by using the right and left RuO2-based film-thermometers, respectively. b The 𝑇 dependence of 

the resistivity 𝜌STU) for the RuO2-based film. c The 𝐼.!𝐼/0! dependence of 𝑇!*
VW:)# (red triangles), 𝑇!*XQK# (pink 

rectangles), 𝜃!*
VW:)#  (black triangles), and 𝜃!*XQK#  (grey rectangles). d The 𝐼.!$  dependence of 𝑇$*

VW:)#  (red 

triangles), 𝑇$*XQK#  (pink rectangles), 𝜃$*
VW:)#  (black triangles), and 𝜃$*XQK#  (grey rectangles). e The 𝐼.$𝐼/0$ 

dependence of 𝑇!*
VW:)#  (red triangles), 𝑇!*XQK#  (pink rectangles), 𝜃!*

VW:)#  (black triangles), and 𝜃!*XQK#  (grey 

rectangles). f The 𝐼.$$  dependence of 𝑇$*
VW:)# (red triangles), 𝑇$*XQK# (pink rectangles), 𝜃$*

VW:)# (black triangles), 

and 𝜃$*XQK# (grey rectangles). The value of 𝜔/2π was set to 3.7 Hz in the measurement.  
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Supplementary Note 7 | Out-of-plane and in-plane temperature gradients in MoGe/YIG sample. 

We measured the temperature difference generated by the present method in the MoGe/YIG sample. As 

shown in Supplementary Fig. 12a, we applied a.c. and d.c. currents to the two heaters, and measured the 1𝜔- 

and 2𝜔-oscillating components (∆𝑇!*9C  and ∆𝑇$*9C , respectively) of the generated temperature difference with 

three RuO2-based film-thermometers, each of which is located at the top-right, top-left, and bottom-right 

surfaces of the sample. Supplementary Figs. 12b and 12c show the 𝜙  dependence of the temperature 

difference amplitude ∆𝑇!*  of ∆𝑇!*9C  and the amplitude ∆𝑇$*  of ∆𝑇$*9C  along the sample thickness, 

respectively (black dots). Here, ∆𝑇!* and ∆𝑇$* are normalized by the thickness 𝑠 of the sample. When 𝜙 =

0 , ∆𝑇!*  and ∆𝑇$*  take the minimum values due to the cancellation of the 1𝜔 - and 2𝜔 -oscillating 

temperature differences generated from the two heaters, respectively. At 𝜙 = 𝜋 , the value of ∆𝑇!*  is 

maximized while ∆𝑇$*  is kept almost zero, which demonstrates that the 1𝜔-oscillating (2𝜔-oscillating) 

temperature difference is enhanced (remains cancelled out) between the heaters. We also confirmed that the 

observed 𝜙 dependence of ∆𝑇!* and ∆𝑇$* agrees with the formula expected from ∆𝑇!*9C ∝ [sin(𝜔𝑡 + 𝜙) −

sin𝜔𝑡] and  ∆𝑇$*9C ∝ [cos 2(𝜔𝑡 + 𝜙) − cos 2𝜔𝑡], respectively (red curves). The results demonstrate again 

that the amplitude of the temperature difference is controlled by tuning 𝜙 in the present method. As shown 

in Supplementary Figs. 12b and 12c, we also measured the 1𝜔- and 2𝜔-oscillating temperature gradients 

∆𝑇!*5 /𝑢 and ∆𝑇$*5 /𝑢 along the sample length (grey dots), whose values are much smaller than those of 

∆𝑇!*/𝑠 and ∆𝑇$*/𝑠, respectively (black dots). Furthermore, the Seebeck coefficient 𝑆 (≲ 0.05	µV/K) is 

much smaller than the Nernst coefficient (~	10	µV/K) in MoGe films S12, and the 𝑇 dependence of 𝑆 is also 

small. We confirmed this characteristic for the present sample (MoGe films fabricated on YIG). From the 

values of ∆𝑇!*5 /𝑢 and the amplitude (∆𝑇)Q9#)!* of the 1𝜔-oscillating component of ∆𝑇)Q9#, we estimated 

the contamination of the 𝑇 dependence of 𝑆 in 𝑉$*: 𝜕𝑆/𝜕𝑇 × (∆𝑇)Q9#)!* × ∆𝑇!*5 /𝑢 × 𝑙	 ≲ 10(Y	µV, which 

is too small to explain the observed 𝑉$* signal for the MoGe/YIG. Here 𝑙 is the length of the MoGe film. 
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Supplementary Fig. 12 Measurement of out-of-plane and in-plane temperature gradients in 

MoGe/YIG sample. a A schematic illustration of the measurement. The 1𝜔- and 2𝜔-oscillating temperature 

differences with the amplitude ∆𝑇!*  and ∆𝑇$* , respectively, were applied to the MoGe/YIG along the 

thickness direction (𝑦 direction) by applying the a.c. and d.c. currents 𝐼.! sin(𝜔𝑡 +𝜙) + 𝐼/0! (𝐼.$sin𝜔𝑡 +

𝐼/0$) to the Heater-1 (Heater-2), and measured with RuO2-based film-thermometers. The 1𝜔- and 2𝜔-

oscillating temperature differences along the sample length (𝑥 direction) with the amplitude ∆𝑇!*5  and ∆𝑇$*5 , 

respectively, were also measured simultaneously. 𝑠 is the thickness of the substrate and 𝑢 is the distance 

between the right and left RuO2-based films. b The 𝜙 dependence of ∆𝑇!*/𝑠 (black dots) and ∆𝑇!*5 /𝑢	(grey 

dots). c The 𝜙 dependence of ∆𝑇$*/𝑠 (black dots) and ∆𝑇$*5 /𝑢 (grey dots). Red solid curves are theoretical 

fittings. The value of 𝜔/2π was set to 3.7 Hz in the measurement.  
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Supplementary Note 8 | Out-of-plane temperature gradient in permalloy sample. 

By measuring the anomalous Nernst effect for a Py film on SiO2 as a reference sample, we checked the 

validity of the present method. We applied 1𝜔- and 2𝜔-oscillating temperature differences to the film in the 

thickness direction and measured the 1𝜔  and 2𝜔  lock-in voltages 𝑉!*  and 𝑉$*  along the film length, 

respectively. The in-plane magnetic field 𝐵 was applied perpendicular to the film length. Supplementary Fig. 

13a shows the 𝐵 dependence of 𝑉!* at 𝜙 = 0 (grey dots) and 𝜙 = 𝜋 (black dots).  At 𝜙 = 0, 𝑉!* is almost 

zero in the entire range of 𝐵. When the value of 𝜙 is changed from 0 to 𝜋, a clear anomalous Nernst signal 

appears in 𝑉!*. In contrast, as shown in Supplementary Fig. 13b, the value of  𝑉$* remains unchanged (~	0) 

between 𝜙 = 0  (grey dots) and 𝜙 = 𝜋  (black dots). The result supports that only the 1𝜔 -oscillating 

temperature difference is enhanced by changing 𝜙 = 0 to 𝜙 = 𝜋 in the present method. 

 

Supplementary Fig. 13 Measurement of Nernst effect in permalloy film. a, b The 𝐵 dependence of (a) 

𝑉!* and (b) 𝑉$* at 𝜙 = 0 (grey dots) and 𝜙 = 𝜋 (black dots). The value of 𝑇 was set to 5 K.  
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Supplementary Note 9 | Frequency dependence of thermoelectric voltage in MoGe/YIG sample. 

Supplementary Figs. 14a-14g show the 𝜙 dependence of 𝑉$* for the MoGe/YIG at 𝜔/2𝜋 = 1.7 Hz, 3.7 

Hz, 5.7  Hz, 7.7  Hz, 9.7  Hz, 11.7  Hz, and 13.7  Hz, respectively. 𝑉$*  exhibits the characteristic 𝜙 

dependence [∝ cos𝜙sin$(𝜙 2⁄ )] for all values of 𝜔, which indicates that the nonlinear thermoelectric effect 

∝ (∆𝑇)$ appears at the 𝜔 range. 

 

Supplementary Fig. 14 Frequency dependence of nonlinear thermoelectric voltage in MoGe/YIG. a-g 

The 𝜙 dependence of 𝑉$* at 𝜔/2𝜋 = (a) 1.7 Hz, (b) 3.7 Hz, (c) 5.7 Hz, (d) 7.7 Hz, (e) 9.7 Hz, (f) 11.7 Hz, 

and (g) 13.7 Hz.  
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