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I. DWELL TIME DENSITIES 
Let 𝑌 = {𝑌': Ω ⟶ 𝑆|𝑡 ∈ ℝ01} be a random process, i.e., a family of random variables 𝑌' 
that map Ω, the "sample space," onto 𝑆, the "state space," which we assume is 
enumerable and finite, 𝑆	 = {1, . . . , 𝑛}.  We partition 𝑆 into two disjoint subsets, 𝐴 and 𝐵 
(ON and OFF), i.e., 𝑆 = 𝐴 ∪ 𝐵 and 𝐴 ∩ 𝐵 = ∅. We refer to elements of 𝑆 as "microstates", 
and to 𝐴 and 𝐵 as "mesostates." The lifetime of 𝐴 (the dwell time of the process in 𝐴) is a 
continuous random variable, 𝐻" (1).  

 Let 𝑚 < 𝑛 the number of microstates that pertain to 𝐴 ("𝐴 states"). The number of 
microstates that pertain to mesostate 𝐵 ("𝐵 states") is therefore 𝑛 −𝑚. We assume that 𝑌 
is a time-homogeneous Markov process, i.e., the probability current from state 𝑖 to j is 
given by 

 𝑣BC(𝑡) = 𝑤BC𝑝C(𝑡)	 1, [1] 

 
(1) We use 𝐻" (the "holding time" in 𝐴) instead of 𝑇 (the lifetime, cf. main text) to avoid confusion with the 
transpose, 𝑇 (cf. Footnote 2). 
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where 𝑝C(𝑡) is the probability that the process resides in state 𝑖 at time 𝑡 and 𝑤BC is a rate 
constant. The column vector 𝒑(𝑡) = (𝑝J(𝑡), . . . , 𝑝K(𝑡))L is called the probability mass 
function at time 𝑡 (2). Provided the graph of the process is "strongly connected" ¾ i.e., 
every state may be reached from any other state by a string of transitions ¾ the process 
approaches a uniquely defined distribution (independently of the initial distribution) 2. 
This limit distribution is called the "stationary distribution," 𝒑 of 𝑌. The process, then, is 
in "steady state," i.e., 𝑑𝑝C(𝑡)/𝑑𝑡 = 	0 for all 𝑖 ∈ 𝑆. 

 The "generator" of the process is the square matrix of rate constants: 

W = Q
𝑤JJ ⋯ 𝑤JK
⋮ ⋱ ⋮
𝑤KJ ⋯ 𝑤KK

U	, 

where 

 	𝑤BB ≡ −W𝑤BX
XYB

	; [2] 

in words, the diagonal element 𝑤BB is the negative sum of the remaining elements in 
column 𝑗. The generator determines the time-evolution of probability mass across the 
state space 3, according to 

𝑑𝒑(𝑡)
𝑑𝑡 = W𝒑(𝑡)	, 

the "master equation" of the process 4. 

 We enumerate the elements of 𝑆 such that states 1, . . . , 𝑚 are 𝐴 states and states 𝑚 +
1, . . . , 𝑛 are 𝐵 states. Correspondingly, we partition the generator into the following sub-
matrices:  

   W"" = ]𝑤BC^ where  𝑖, 𝑗 ∈ 𝐴;  	W"_ = ]𝑤BC^ where 𝑗 ∈ 𝐴, 𝑖 ∈ 𝐵;  etc.  

The generator, then, is 

W = `W"" W"_
W_" W__

a	. 

(Note that the diagonal elements of W are the diagonal elements of W"" and W__.) Other 
matrices, including vectors, are partitioned accordingly ¾ e.g., 𝒑 = (𝒑", 𝒑_)L. The 
vectors 𝒖" and 𝒖_ designate the row vectors (1, . . . ,1) of length 𝑚 and 𝑛 −𝑚, 
respectively. 

 For the probability that the process leaves 𝐴 no earlier than	𝑡 but no later than 𝑡 + ℎ, 
given that the process started in 𝑖 ∈ 𝐴 at 𝑡 = 0, we write 

𝑃(𝑡 ≤ 𝐻" < 𝑡 + ℎ|𝑌1 = 𝑖 ∈ 𝐴)	. 

 
(2) The superscript 𝑇 indicates the transpose, the exchange of columns with corresponding rows. 
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To find this probability, which is given by the integral over the density function of 𝐻" 
between 𝑡 and 𝑡 + ℎ, we follow Colquhoun and Hawkes and consider the modified 
process in which all 𝐵 states are absorbing 5. Thus, 𝑗 ∈ 𝐵 is reached from 𝑖 ∈ 𝐴 by 
crossing the boundary between 𝐴 and 𝐵 no more than once (i.e., W"_ = 𝟎), and 
probability mass does not disperse between 𝐵 states (i.e., W__ = 𝟎). (3) 

 For the modified process, let 

𝐹BC(𝑡) = 	𝑃(𝑌' = 𝑗|𝑌1 = 𝑖) 

be the probability that the process is in state 𝑗 at time	𝑡, given that the process was in 
state 𝑖 at time 0 for 𝑖, 𝑗 ∈ 𝑆. Furthermore, let 𝐹 = (𝐹BC) be the matrix of all "transition 
functions" 𝐹BC. 

 In the following, let 𝑗 ∈ 𝐵 and 𝑖 ∈ 𝐴. For time homogenous processes, 

𝑃(𝑌'hi = 𝑗|𝑌i = 𝑖) = 	𝑃(𝑌' = 𝑗|𝑌1 = 𝑖) 

for all ℎ ≥ 0, and we may thus write 

 	𝐹BC(𝑡 + ℎ) =W𝐹BX(ℎ)𝐹XC(𝑡)
X∈k

	. [3] 

(Eq. [3] is called the "Chapman-Kolmogorov equation 6.") Since 𝐵 states are absorbing, 
𝐹BX(ℎ) = 0 for all 𝑘 ∈ 𝐵 with 𝑘 ≠ 𝑗 ∈ 𝐵, whereas 𝐹BX(ℎ) = 1 for 𝑘 = 𝑗. Hence, 

 														𝐹BC(𝑡 + ℎ) = W𝐹BX(ℎ)𝐹XC(𝑡)
X∈"

+ 𝐹BC(𝑡)	. [4] 

 Note that 
 														𝐹BC(𝑡 + ℎ) − 𝐹BC(𝑡) = 𝑃(𝑡 ≤ 𝐻" < 𝑡 + ℎ, 𝑌'hi = 𝑗|𝑌1 = 𝑖 ∈ 𝐴	) [5] 

is the probability that the transition from 𝐴 to 𝑗 ∈ 𝐵 occured within the interval (𝑡, 𝑡 + ℎ], 
given the process started in state 𝑖 ∈ 𝐴. 

 Since 𝐹BX(0) = 0 for all 𝑘 ∈ 𝐴, 𝑗 ∈ 𝐵, we may rewrite Eq. [4]: 

 														𝐹BC(𝑡 + ℎ) − 𝐹BC(𝑡) = 	Wn𝐹BX(ℎ) − 𝐹BX(0)o𝐹XC(𝑡)
X∈"

	. [6] 

Division by ℎ and taking the limit for ℎ → 0 gives 

 
𝑑𝐹BC(𝑡)
𝑑𝑡 = W𝑤BX𝐹XC(𝑡)

X∈"

	, [7] 

since 

 
(3) Here and in the following, 𝟎 is the zero matrix; its dimensions will be clear from the context; for 
instance, 𝟎 may be a column or row vector. 
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𝐹BX(ℎ) − 𝐹BX(0)
ℎ ⟶ 𝑤BX 

for ℎ → 0; i.e., the rate constants are the time-derivates of the transition functions at time 
0	3. 

 Summing Eq. [5] over all 𝑗 ∈ 𝐵, we obtain  

 𝑃(𝑡 ≤ 𝐻" < 𝑡 + ℎ|𝑌1 = 𝑖 ∈ 𝐴) =Wn𝐹BC(𝑡 + ℎ) − 𝐹BC(𝑡)o
B∈_

	. [8] 

The conditional density function for 𝐻", given the process started in 𝑖 ∈ 𝐴, is now 
obtained by dividing Eq. [8] by ℎ and taking the limit for ℎ → 0: 

 𝑓C(𝑡) =W
𝑑𝐹BC(𝑡)
𝑑𝑡

B∈_

=WW𝑤BX𝐹XC(𝑡)
X∈"B∈_

 [9] 

for all 𝑖 ∈ 𝐴, where the second equality follows with Eq. [7]. 

 Let 𝒇"(𝑡) be the row vector whose 𝑖'i component is 𝑓C(𝑡), where 𝑖 ∈ 𝐴. Thus, we may 
write equations [9] in matrix form: 

 𝒇"(𝑡) = 𝒖_W_"𝐹""(𝑡)	. [10] 

The transition matrix 𝐹(𝑡) is determined by the differential equation: 

 						
𝑑𝐹(𝑡)
𝑑𝑡 = `W"" 𝟎

W_" 𝟎a `
𝐹""(𝑡) 𝐹"_(𝑡)
𝐹_"(𝑡) 𝐹__(𝑡)

a = `W""𝐹""(𝑡) 𝟎
W_"𝐹_"(𝑡) 𝟎a	(

4) [11] 

which implies 

 𝑑𝐹""(𝑡)
𝑑𝑡 = W""𝐹""(𝑡)	. [12] 

The solution of the last equation is 6 

 𝐹""(𝑡) = 𝑒'stt = W
(𝑡W"")X

𝑘!

v

Xw1

	. [13] 

 The process begins its sojourn in 𝐴 only in states that are accessible from 𝐵. The 
probability that the process begins in 𝑖 ∈ 𝐴, given that it begins in 𝐴, is the probability 
that the unmodified process, when it leaves 𝐵, enters 𝑖. This probability is equal to the 
probability current (i.e., probability mass per unit times) from 𝐵 into 𝑖 ∈ 𝐴, 

𝑣C(𝑡) =W𝑤CB
B∈_

𝑝B(𝑡)	, 

 
(4) Note that for the modified process, 𝐹"_(𝑡) = 𝟎, 𝐹__(𝑡) = 𝟎 for all 𝑡. 
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divided by the total probability current from 𝐵 to 𝐴, 

𝒖"𝒗(𝑡) =W𝑣C(𝑡)	
C∈"

, 

where 𝒗(𝑡) = (𝑣J(𝑡), . . . , 𝑣y(𝑡))L. Thus, the probability that the process begins in state 
𝑖 ∈ 𝐴, given that it begins in 𝐴, is 

𝑟C(𝑡) = 	𝑣C(𝑡)/	𝒖"𝒗(𝑡)	. 

With 𝒓(𝑡) = (𝑟C(𝑡), . . . , 𝑟y(𝑡))L	it follows that 

 𝒓(𝑡) =
𝒗(𝑡)
𝒖"𝒗(𝑡)

=
W"_𝒑_(𝑡)
𝒖"W"_𝒑_(𝑡)

		. [14] 

The density function of 𝐻", then, is given by 

 𝑓"(𝑡) = 𝒇"(𝑡)𝒓(𝑡)	. [15] 
Insertion of Eqs. [10], [13] and [14] into Eq. [15] gives 

 𝑓"(𝑡) = 𝒖_W_"𝑒'stt
W"_𝒑_(𝑡)
𝒖"W"_𝒑_(𝑡)

		. [16] 

 To calculate 𝑒'stt, and thus 𝑓"(𝑡), we now assume that W"" is diagonalizable ¾ i.e., 
W"" has 𝑚 linearly independent eigenvectors. (5) According to the spectral 
decomposition theorem of linear algebra, W"" may then be written as a linear 
combination, 

 W"" =W𝜆CAC
C∈"

	, [17] 

where the coefficients 𝜆C are the eigenvalues of W"" and the AC are (𝑚 ×𝑚) matrices, 
which are calculated as follows 3. Let B be the matrix whose 𝑖'i column vector, 𝒃C =
(𝑏JC, . . . , 𝑏yC)L, is the eigenvector corresponding to eigenvalue 𝜆C of W"". Let C = B�J be 
the inverse of B and 𝒄C = (𝑐CJ, . . . , 𝑐Cy) its 𝑖'i row vector. Now, 

 AC = 𝒃C𝒄C	. [18] 

With Eq. [18], it follows that 

 ACAB = � 	𝟎			𝑖𝑓		𝑖 ≠ 𝑗
			AC		𝑖𝑓	𝑖 = 𝑗		. [19] 

Relationships [19] imply 

 (W"")X =W(𝜆C)XAC
C∈"

	. [20] 

Insertion of Eq. [20] into [13] gives 

 
(5) Distinct eigenvalues is a sufficient (but not necessary) condition for diagonalizability. 
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𝑒'stt = W
(𝑡W"")X

𝑘!

v

Xw1

 

																					= WW
(𝜆C𝑡)X

𝑘! AC
C∈"

v

Xw1

 

																											= WQW
(𝜆C𝑡)X

𝑘!

v

Xw1

UAC
C∈"

 

												= W𝑒��'AC
C∈"

	. 

[21] 

Insertion of Eq. [21] into Eq. [16] gives 

 𝑓"(𝑡) = 𝒖_W_" QW𝑒��'AC
C∈"

U
W"_𝒑_(𝑡)
𝒖"W"_𝒑_(𝑡)

		. [22] 

Since the diagonal elements of W""	are non-positive (cf. Eq. [2]), it follows with 
Gershgorin's disc theorem 2 that the real part of the eigenvalues of W"" is non-positive: 

 𝑅𝑒(𝜆C) ≤ 0	. [23] 

In summary, we may state:  

THEOREM 1.   If W"" is diagonalizable and all its eigenvalues are real, the density 
function of 𝐻", the dwell time of the random process 𝑌 in 𝐴, is given by the linear 
combination of decaying exponentials, 

 		𝑓"(𝑡) 	= W𝑐C(𝑡)𝑒��'
C∈"

	, [24] 

for	all	𝑖 ∈ 𝐴, where the 𝜆C′𝑠 ≤ 0	are the eigenvalues of the generator submatrix W"", and 

 𝑐C(𝑡) =
𝒖_W_"ACW"_𝒑_(𝑡)

𝒖"W"_𝒑_(𝑡)
	. [25] 

 Theorem 1 was proved before under the more stringent assumption of 
nondegenerate (i.e., distinct) eigenvalues of W""	5, which implies diagonalizability (cf. 
Footnote 3). 

 For the sake of calculating 𝑓", the internal topology of 𝐵 is irrelevant; what solely 
matters is the pattern in which probability currents reach 𝐴 states from 𝐵, i.e., 𝒓(𝑡) ¾ cf. 
Eq. [14]. 𝐵 states may therefore be combined into a single microstate with probability 
𝑝_(𝑡) = 𝒖_𝒑_(𝑡) as long as the probability currents between 𝐵 and all 𝑖 ∈ 𝐴 are 
preserved, i.e., 
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𝑤C_𝑝_(𝑡) =W𝑤CB𝑝B(𝑡)
B∈_

	. 

Thus W"_ becomes a column vector (if it wasn't a column vector already) with elements 

𝑤C_(𝑡) =W𝑤CB𝑝B(𝑡)/𝑝_(𝑡)
B∈_

 

for all 𝑖 ∈ 𝐴. Since 𝑝_ is a number, it cancels out in the numerator and denominator, and 
Eq. [25] becomes 

𝑐C(𝑡) =
𝒖_W_"ACW"_(𝑡)

𝒖"W"_(𝑡)
	. 

In steady state, the time dependence may be dropped, 𝑐C(𝑡) = 𝑐C. 

COROLLARY 1.   The dwell time of a Markov process in a single microstate is 
exponentially distributed. 

Proof: Let 𝐴 = {1}. Then, 𝒖_W_" = −𝑤JJ, W"" = 𝑤JJ, AJ = 1, 𝜆J = 𝑤JJ, and	𝒖" = 1. With 
Theorem 1 it follows that 

𝑓"(𝑡) = −𝑤JJ𝑒���', 

the density of the exponential distribution 3,6. ∎ 

II.  THREE-STATE GRAPHS 
A collection of nodes representing states and directed edges (arrows) that indicate 
possible transitions between them is called a "directed graph." In this section, we limit 
our discussion to processes on graphs with three nodes 𝑆 = {1,2,3}, 𝐴 = {1,2} and 𝐵 =
{3} (cf. Fig. 3A). The generator of the process is  

W = Q
𝑤JJ 𝑤J� 𝑤J�
𝑤�J 𝑤�� 𝑤��
𝑤�J 𝑤�� 𝑤��

U	. 

Thus 
W"" = n

𝑤JJ 𝑤J�
𝑤�J 𝑤��o. 

where 
𝑤JJ = −𝑤�J − 𝑤�J 
𝑤�� = −𝑤J� − 𝑤�� 

(cf. Eq. [2]). The eigenvalues of W"", the roots of its characteristic polynomial, are given 
by 

 
𝜆J = −

1
2
(𝑤J� + 𝑤�J + 𝑤�J + 𝑤��) 

											−
1
2
�(𝑤J� + 𝑤�J + 𝑤�J + 𝑤��)� − 4(𝑤J�𝑤�J + 𝑤�J𝑤�� + 𝑤�J𝑤��) 

[26] 
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and 

 
𝜆� = −

1
2
(𝑤J� + 𝑤�J + 𝑤�J + 𝑤��) 

										+
1
2
�(𝑤J� + 𝑤�J + 𝑤�J + 𝑤��)� − 4(𝑤J�𝑤�J + 𝑤�J𝑤�� + 𝑤�J𝑤��) 

[27] 

The eigenvalues 𝜆J and 𝜆� are real, and distinct if at least one of the rate constants that 
define the eigenvalues of W"" is > 0. To show this, we prove: 

LEMMA 1.   For 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ�1 and 𝑎 + 𝑏 + 𝑐 + 𝑑 > 0, 

(𝑎 + 𝑏 + 𝑐 + 𝑑)� − 4(𝑎𝑐 + 𝑏𝑑 + 𝑐𝑑) > 0	. 

Proof:   

(𝑎 + 𝑏 + 𝑐 + 𝑑)� − 4(𝑎𝑐 + 𝑏𝑑 + 𝑐𝑑) = (𝑎 − 𝑐)� + (𝑏 − 𝑑)� + 2𝑎𝑏 + 2𝑎𝑑 + 2𝑏𝑐 − 2𝑐𝑑 

																																																																							≥ (𝑎 − 𝑐)� + (𝑏 − 𝑑)� − 2𝑎𝑏 + 2𝑎𝑑 + 2𝑏𝑐 − 2𝑐𝑑 

																																																								= (𝑐 − 𝑎)� + (𝑏 − 𝑑)� + 2(𝑐 − 𝑎)(𝑏 − 𝑑) 

																													= (𝑐 − 𝑎 + 𝑏 − 𝑑)� > 0	. ∎ 

 With Lemma 1, 𝑤J� = 𝑎, 𝑤�J = 𝑏, 𝑤�J = 𝑐, 𝑤�� = 𝑑, and Eqs. [26] and [27], it follows 
that the eigenvalues of W"" (𝜆J and 𝜆�) are real and nondegenerate. The nondegeneracy 
of the eigenvalues implies that W"" is diagonalizable (cf. Footnote 3). Thus, with 
Theorem 1, we obtain for the density function of 𝐻": 

 𝑓"(𝑡) = 𝑐J𝑒��' + 𝑐�𝑒��'	. [28] 

 The coefficients 𝑐J and 𝑐� are cumbersome expressions of the rate constants 𝑤BC. 
However, the sum of the two is surprisingly simple: 

 𝑐J + 𝑐� =
𝑤J�𝑤�J + 𝑤��𝑤��

𝑤J� + 𝑤��
	. [29] 

 Unless the graph is strongly connected, some states will have zero probability in 
steady state. We therefore admit only strongly connected graphs. Two types of strongly 
connected "trees," i.e., non-cyclical graphs, stand to reason: 𝑤J�, 𝑤�J = 0 and 𝑤J�, 𝑤�J =
0 (cf. Fig. 3A). 

THEOREM 2.   For trees, 𝑐J, 𝑐� ≥ 0, i.e., 𝑓" is monotonic. 

To prove this claim, we need the following: 

LEMMA 2.  For  𝑤�J = 0, 𝑤�� and 𝑤�J, are bounded by 𝜆J and 𝜆�: 

−𝜆� < 𝑤��, 𝑤�J < −𝜆J	. 

Proof: To simplify notation, let 𝑎 = 𝑤J� , 𝑏 = 𝑤�J, and 𝑥 = 𝑤��. Since 𝑎, 𝑏 > 0, 
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𝑏 < 𝑎 + 𝑏	, 
which implies the following inequalities: 

4𝑏𝑥 < 4(𝑎 + 𝑏)𝑥 

0 < 4(𝑎 + 𝑏)𝑥 − 4𝑏𝑥 
−2(𝑎 + 𝑏)𝑥 < 2(𝑎 + 𝑏)𝑥 − 4𝑏𝑥 

(𝑎 + 𝑏)� − 2(𝑎 + 𝑏)𝑥 + 𝑥� < (𝑎 + 𝑏)� + 2(𝑎 + 𝑏)𝑥 − 4𝑏𝑥 + 𝑥� 

(𝑎 + 𝑏 − 𝑥)� < (𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 

𝑎 + 𝑏 − 𝑥 < �(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 

𝑎 + 𝑏 + 𝑥 < �(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 + 2𝑥 
1
2
(𝑎 + 𝑏 + 𝑥) −

1
2
�(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 = −𝜆� < 𝑥	, 

where the equality follows from Eq. [27] and 𝑤�J = 0. 

 Likewise, with (𝑎 + 𝑏 − 𝑥)� = (𝑥 − 𝑎 − 𝑏)� it follows from the fifth line above that 

𝑥 − (𝑎 + 𝑏) < �(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 

2𝑥 − (𝑎 + 𝑏) < 𝑥 + �(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 

𝑥 <
1
2
(𝑎 + 𝑏 + 𝑥) +

1
2
�(𝑎 + 𝑏 + 𝑥)� − 4𝑏𝑥 = −𝜆J	, 

where the equality is due to Eq. [26] and 𝑤�J = 0. Thus, 

−𝜆� < 𝑤�� < −𝜆J. 

Multiplication of the last inequality with 𝑤�J > 0 yields 

−𝜆�𝑤�J < 𝑤�J𝑤�� < −𝜆J𝑤�J 

and with 𝜆J𝜆� = 𝑤�J𝑤�� it follows that 

−𝜆� < 𝑤�J < −𝜆J	. ∎ 

Proof of Theorem 2:  For 𝑤J�, 𝑤�J = 0, 

𝒓(𝑡) =
1

𝑤J� + 𝑤��
n
𝑤J�
𝑤��o	, 

𝐴J = n1 0
0 0o	, 

𝐴� = n0 0
0 1o	, 

𝒖_ = 1, W_" = (𝑤�J, 𝑤��), 𝜆J = −𝑤�J and 𝜆� = −𝑤��	(cf. Eq.'s, [26] and [27]) 

𝑐J = 𝒖_W_"AJ𝒓 = −𝑟J𝜆J > 0	, 

	𝑐� = 𝒖_W_"A�𝒓 = −𝑟�𝜆� > 0	. 
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The inequality sign follows with Eq.'s, [26] and [27]. This proves Theorem 2 for 
𝑤J�, 𝑤�J = 0. 

 For  𝑤J�, 𝑤�J = 0, 
𝒓(𝑡) = n01o	, 

𝐴J = −
1

𝜆� − 𝜆J
`𝜆� + 𝑤�J 𝑤J�

𝑤�J 𝜆J + 𝑤�J
a	, 

𝐴� =
1

𝜆� − 𝜆J
`−𝜆J − 𝑤�J 𝑤J�

𝑤�J 𝜆� + 𝑤�J
a	, 

𝒖_ = 1 and W_" = (0,𝑤��). Thus, with 𝜆J𝜆� = 𝑤��𝑤�J, it follows that 

					𝑐J = 𝒖_W_"AJ𝒓 = −
𝑤��(𝜆J + 𝑤�J)

𝜆� − 𝜆J
= −

𝑤�� + 𝜆�
𝜆� − 𝜆J

𝜆J 

and 

𝑐� = 𝒖_W_"A�𝒓 =
𝑤��(𝜆� + 𝑤�J)

𝜆� − 𝜆J
=
𝑤�� + 𝜆J
𝜆� − 𝜆J

𝜆�	. 

With Lemma 2 it follows that 𝑤�� + 𝜆� > 0 and 𝑤�� + 𝜆J < 0. Since 𝜆� − 𝜆J > 0 and 𝜆J <
0, we obtain 𝑐J, 𝑐� ≥ 0. This proves Theorem 2 for 𝑤J�, 𝑤�J = 0. ∎ 

THEOREM 3.   Only cyclical graphs with unidirectional entry into and exit out of 𝐴 
allow for 𝑐J + 𝑐� = 0. 

Proof: With Eq. [29] it is seen that 𝑐J + 𝑐� = 0 if and only if 𝑤J�𝑤�J + 𝑤��𝑤�� = 0. Only 
two strongly connected graphs fulfill this requirement: first, the graph with 𝑤J�, 𝑤�� = 0 
and 𝑤�J, 𝑤�� > 0; second, the graph with 𝑤�J, 𝑤�� = 0 and 𝑤J�, 𝑤�� > 0. In either case, 
entry into and exit out of 𝐴 are unidirectional (cf. Fig. 3A). In contrast, 𝑤J�, 𝑤�J, 𝑤�� = 0 
satisfies 𝑤J�𝑤�J + 𝑤��𝑤�� = 0, but the graph is neither strongly connected nor cyclical. 
The same is true for all remaining possibilities that satisfy 𝑤J�𝑤�J + 𝑤��𝑤�� = 0. ∎ 

 By integration of Eq. [28], we obtain the distribution for the dwell time in 𝐴: 

𝐹"(𝑡) = 1 +
𝑐J
𝜆J
𝑒��' +

𝑐�
𝜆�
𝑒��'	. 

With 𝑐J + 𝑐� = 0 and 𝐹"(0) = 0, it follows that 

𝑐J = 𝜆J𝜆�/(𝜆J − 𝜆�) 
and 

			𝑐� = 𝜆J𝜆�/(𝜆� − 𝜆J)	. 

 Since the eigenvalues of W"" only depend on rate constants for transitions within 
and out of 𝐴, the dwell time density for 𝐴 is independent of the rate constants for entry 
into 𝐴 (𝑤J� or 𝑤��). (The transformation of a maximally peaked into a non-peaked dwell 
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time density, as in the case of the activator mutant, cannot be explained, therefore, by a 
decrease in the rate constant for entry into 𝐴.) 

III.  TU'S THEOREM 
We prove that the monotonicity of dwell time densities is a Hopfield barrier, in other 
words: 

THEOREM 4.  If 𝑌 is reversible ¾ i.e., the detailed balance conditions for equilibrium 
are fulfilled ¾ 𝑓", the probability density for the dwell time of 𝑌 in mesostate 𝐴, is the 
sum of decaying exponentials with non-negative weights 𝑐C 7,8. 

Proof: That 𝑓" is the weighted sum of decaying exponentials if W"" is diagonalizable and 
its eigenvalues are real was proved above (Theorem 1). Here, we show that the 
generator of a reversible process is similar (conjugated) to a symmetric matrix, which 
implies all we need: real eigenvalues, diagonalizability, and non-negative exponential 
weights. (The latter, then, implies the monotonicity of 𝑓".) 

 The following proof follows Skinner and Dunkel (2021)8; the only difference, beside 
nomenclature, is that our probability mass function is a column and not row vector ¾ 
corresponding matrices are therefore related to each other by transposition ¾ and that 
we lay out the argument in more detail, hoping to increase accessibility without 
obfuscating the proof's central idea. 

 First, we recast Eq. [16] on the assumption that 𝑌 is stationary, i.e., 

W𝒑 = `W"" W"_
W_" W__

a n
𝒑"
𝒑_o = n𝟎𝟎o	, 

where 𝒑 = (𝒑", 𝒑_)L is the stationary distribution of 𝑌. The previous equation implies 
that 

W""𝒑" +W"_𝒑_ = 	𝟎 
and thus 

 −W""𝒑" = W"_𝒑_	. [30] 
Furthermore, by virtue of Eq. [2], 

(𝒖", 𝒖_) `
W"" W"_
W_" W__

a = 	 (𝟎, 𝟎)	; 

whence 
 −𝒖"W"" = 𝒖_W_"	. [31] 

Insertion of Eqs. [30] and [31] into Eq. [16] yields 

					𝑓"(𝑡) = −
𝒖"W""𝑒'sttW""𝒑"

𝒖"W""𝒑"
		. 
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Since W"" and 𝑒'stt commute ¾ this may easily be seen by writing out the Taylor 
expansion of the latter (cf. Eq. [13]) ¾ we may write 

 𝑓"(𝑡) =
𝒖"𝑒'sttW""

� 𝒑"
𝑣"_

		, [32] 

where 𝑣"_ = −𝒖"W""𝒑" = 𝒖"W"_𝒑_; this is Lemma 1 in Skinner and Dunkel, where it is 
stated without proof 8. 

 We now assume that the process is not only stationary but reversible ¾ i.e., the 
detailed balance conditions are fulfilled9: 

 𝑤CB𝜋B = 𝑤BC𝜋C [33] 

for all 𝑖, 𝑗 ∈ 𝐴, where 𝝅 = 𝒑 is the equilibrium distribution of 𝑌. We define a new matrix, 

 𝐷 = Λ�JW""Λ	, [34] 

where Λ is the diagonal matrix with (diagonal) elements 𝜋J
J/�, . . . , 𝜋y

J/� (from the top to 
bottom row). The diagonal elements of its inverse	Λ�J, therefore, are 𝜋J

�J/�, . . . , 𝜋y
�J/�. 

 Two matrices that are related to one another by virtue of an invertible matrix in the 
form of Eq. [34] are said to be "similar" or "conjugated." Similar matrices have the same 
characteristic polynomial and thus identical eigenvalues (although not identical 
eigenvectors): 

𝑑𝑒𝑡(𝜆𝐼 − 𝐷) = 𝑑𝑒𝑡(𝜆Λ�J𝐼Λ − Λ�JW""Λ) 

																			= 𝑑𝑒𝑡(Λ�J(𝜆𝐼 −W"")Λ) 

																										= 𝑑𝑒𝑡(Λ�JΛ)𝑑𝑒𝑡(𝜆𝐼 −W"") 

							= 𝑑𝑒𝑡(𝜆𝐼 −W"")	, 

where 𝑑𝑒𝑡(𝑋) is the determinant of matrix 𝑋 and 𝐼 is the identity matrix. Importantly, 
𝐷 = {𝑑CB} is symmetric, since 

𝑑CB = 𝜋C
�J/�𝑤CB𝜋B

J/� = 𝜋B
�J/�𝑤BC𝜋C

J/� = 𝑑BC	, 

where the second equality sign is due to the detailed balance condition, Eq. [33].  

 Symmetry has important implications. First, the eigenvalues of a symmetric real 
matrix are real: Let 𝜆 be a potentially complex eigenvalue of 𝐷 with corresponding 
eigenvector 𝒛, i.e., 𝐷𝒛 = 𝜆𝒛. With 𝐷 = 𝐷L = 𝐷¦, where the overbar indicates the complex 
conjugate, follows 

𝜆𝒛§L𝒛 = 𝒛§L𝜆𝒛 = 𝒛§L𝐷𝒛 = (𝐷L𝒛§)L𝒛 = (𝐷¦𝒛§)L𝒛 = ]𝜆̅𝒛§^L𝒛 = 𝜆̅𝒛§L𝒛	. 

Thus, 𝜆 = 𝜆̅, since 𝒛§L𝒛 ≠ 0  i.e., 𝜆 is real. Second, a symmetric (𝑚 ×𝑚) matrix, 𝐷, has 𝑚 
orthonormal eigenvectors: Let 𝒛J and 𝒛� be two eigenvectors of 𝐷 and 𝜆J and 𝜆� their 
corresponding eigenvalues, i.e., 𝐷𝒛J = 𝜆J𝒛J and 𝐷𝒛� = 𝜆�𝒛�. Then, 
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𝜆J𝒛�L𝒛J = 𝒛�L𝐷𝒛J = 𝒛�L𝐷L𝒛J = (𝒛JL𝐷𝒛�)𝑻 = (𝜆�𝒛JL𝒛�)L = 𝜆�𝒛�L𝒛J	. 

It follows that either 𝒛�L𝒛J = 0, i.e., 𝒛J and 𝒛� are orthogonal, or 𝜆J = 𝜆�, i.e., 𝒛J, 𝒛� belong 
to the same eigenspace. With Gram-Schmidt, an orthogonal basis may be constructed 
for any linear space. It thus is possible to find an orthonormal basis of eigenvectors of 𝐷. 

 If 𝑍 is the matrix whose column vectors 𝒛C are orthonormal eigenvectors of 𝐷, then 
𝑍L𝑍 = 𝐼. Thus, the inverse of 𝑍 is equal to its transpose, 

 𝑍�J = 𝑍L	. [35] 

 Since orthonormal vectors are linearly independent, 𝐷 is diagonalizable. By virtue 
of the spectral decomposition theorem (cf. Eq. [17] to [19]), we may write 𝐷, therefore, as 
a linear combination of square matrices, 

 𝐷 =W𝜆C𝐸C
C∈"

	, [36] 

where the 𝜆C are the (real) eigenvalues of W"" (and thus of 𝐷) and 𝐸C is the square matrix  

𝐸C = 𝒛C(𝒛C)L = Q
𝑧JC𝑧JC ⋯ 𝑧JC𝑧yC
⋮ ⋱ ⋮

𝑧yC𝑧JC ⋯ 𝑧yC𝑧yC
U	, 

where the first equality sign is due to Eqs. [18] and [35]. 

 Eq. [34] implies that W"" = Λ𝐷Λ�J	. Insertion of this latter expression into Eq. [32] 
gives 

	𝑓"(𝑡) =
𝒖"𝑒'­®­

¯�(Λ𝐷Λ�J)�𝝅"
𝑣"_

 

													=
𝒖"Λ𝑒'®Λ�J(Λ𝐷Λ�J)�𝝅"

𝑣"_
 

 =
𝒖"Λ𝑒'®𝐷�Λ�J𝝅"

𝑣"_
	. [37] 

For the second equality sign we used (Λ𝐷Λ�J)X = Λ𝐷XΛ�J for all 𝑘 ∈ ℕ. Now, 

 𝐷� =W𝜆C�𝐸C
C∈"

 [38] 

(cf. Eq. [19]), and 

 	𝑒'® =W𝑒��'𝐸C
C∈"

 [39] 

(cf. Eq.'s [13] to [21]). With Eq. [19], we obtain from the previous two equations 

𝑒'®𝐷� =W𝜆C�𝑒��'𝐸C
C∈"

	. 
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Insertion of the last equation into Eq. [37] gives 

𝑓"(𝑡) =
1
𝑣"_

𝒖"ΛQW𝜆C�𝑒��'𝐸C
C∈"

U Λ�J𝝅" 

							=
1
𝑣"_

W𝜆C�𝑒��'𝒖"Λ𝐸CΛ�J𝝅"	.
C∈"

 

With 

Λ𝐸CΛ�J = ±
𝜋J
J/�𝑧JC𝑧JC𝜋J

�J/� ⋯ 𝜋J
J/�𝑧JC𝑧yC𝜋y

�J/�

⋮ ⋱ ⋮
𝜋y
J/�𝑧yC𝑧JC𝜋J

�J/� ⋯ 𝜋y
J/�𝑧yC𝑧yC𝜋y

�J/�
² 

follows 

													Λ𝐸CΛ�J𝝅" =

⎝

⎜⎜
⎛
W𝜋J

J/�𝑧JC𝑧XC𝜋X
J/�

X∈"
⋮

W𝜋¶
J/�𝑧¶C𝑧XC

X∈"

𝜋X
J/�

⎠

⎟⎟
⎞
	. 

Multiplication from the left with 𝒖" gives 

𝒖"Λ𝐸CΛ�J𝝅" = W 𝜋B
J/�𝑧BC𝑧XC

B,X∈"

𝜋X
J/� 

																																							= ±W𝜋B
J/�𝑧BC

B∈"

² QW𝜋X
J/�𝑧XC

X∈"

U 

											= n]𝝅"
J/�^

L
𝒛Co

�
, 

where 𝝅"
J/� = ]𝜋J

J/�, . . . , 𝜋y
J/�^. By inserting this last equation into Eq. [37], we obtain 

𝑓"(𝑡) =W
𝜆C�

𝑣"_C∈"

n]𝝅"
J/�^

L
𝒛Co

�
𝑒��'	, 

With 𝑣"_ ≥ 0, since all the coefficients of W"_ are non-negative,  n]𝝅"
J/�^

L
𝒗Co

�
≥ 0, and 

𝜆C� ≥ 0 for all 𝑖 ∈ 𝐴 follows the claim.	∎ 

IV.  ENTROPY PRODUCTION OF COARSE-GRAINED PROCESSES 
THEOREM 5.   The entropy production of any coarse-grained process provides a lower 
bound to the true entropy production 8,10. 

Proof: We shall need the following "log-sum inequality:" 
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W𝑎B𝑙𝑛 »
𝑎B
𝑏B
¼

B

≥ ±W𝑎B
B

² 𝑙𝑛 »
∑ 𝑎BB

∑ 𝑏BB
¼	, 

for all 𝑎B, 𝑏B > 0, 𝑗 = 1,… , 𝑛.11 

 Let 𝑖, 𝑗, 𝑘 be microstates where 𝑖, 𝑗 are indistinguishable to the observer, who 
combines them to mesostate 𝐴 = {𝑖, 𝑗}. Let 𝑣BX(𝑡) be the current of probability mass from 
microstate 𝑘 ∉ 𝐴 to microstate 𝑗 at time 𝑡; 𝑣BX(𝑡), then, is the corresponding 
countercurrent, from 𝑘 to 𝑗. In the following, we shall omit the time-dependence for 
simplicity's sake. The probability currents between 𝐴 and microstate 𝑘 are 

		𝑣X" = 𝑣XB + 𝑣XC	, 
			𝑣"X = 𝑣BX + 𝑣CX	. 

The true entropy production, 𝜎, is the sum of the entropy production along all edges 
between microstates 12, 

𝜎 =
𝑘_
2 W (

B,X∈k

𝑣BX − 𝑣XB)𝑙𝑛 »
𝑣BX
𝑣XB

¼	. 

If none or only one microstate of 𝐴 is connected to microstate 𝑘, the coarse-graining (the 
combination of microstates 𝑖 and 𝑗 to a single state 𝐴, simply eliminates the edge 
between 𝑖, 𝑗 ∈ 𝐴; this can only reduce entropy production but does not change the 
entropy production along the edge that connects 𝐴 to 𝑘. If both 𝑖, 𝑗 ∈ 𝐴 are connected to 
𝑘 ∉ 𝐴, the true entropy production contains the partial sum 

																							]𝑣XB − 𝑣BX^𝑙𝑛 »
𝑣XB
𝑣BX

¼ + (𝑣XC − 𝑣CX)𝑙𝑛 `
𝑣XC
𝑣CX
a 

																						= 𝑣XB𝑙𝑛 »
𝑣XB
𝑣BX
¼ + 𝑣XC𝑙𝑛 `

𝑣XC
𝑣CX
a + 𝑣BX𝑙𝑛 »

𝑣BX
𝑣XB

¼ + 𝑣CX𝑙𝑛 `
𝑣CX
𝑣XC
a 

																							≥ ]𝑣XB + 𝑣XC^𝑙𝑛 »
𝑣XB + 𝑣XC
𝑣BX + 𝑣CX

¼ + ]𝑣BX + 𝑣CX^𝑙𝑛 »
𝑣BX + 𝑣CX
𝑣XB + 𝑣XC

¼ 

																									= ]𝑣XB + 𝑣XC^𝑙𝑛 »
𝑣XB + 𝑣X�C
𝑣BX + 𝑣CX

¼ − ]𝑣BX + 𝑣CX^𝑙𝑛 »
𝑣XB + 𝑣XC
𝑣BX + 𝑣CX

¼ 

= n]𝑣XB + 𝑣XC^ − ]𝑣BX + 𝑣CX^o 𝑙𝑛 »
𝑣XB + 𝑣XC
𝑣BX + 𝑣CX

¼ 

= (𝑣X" − 𝑣"X)𝑙𝑛 `
𝑣X"
𝑣"X

a	, 

where the inequality is obtained by applying the log-sum inequality to the first and 
second pair of summands of the sum above the inequality sign. The final term (last line) 
is the entropy production of the coarse-grained process (microstates 𝑖 and	𝑗 combined to 
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𝐴) due to probability currents between 𝐴 and 𝑘. This calculation may be repeated for all 
𝑘 ∉ 𝐴. Any level of coarse-graining may be reached by successively combining 
microstates to mesostates, which may decrease but not increase entropy production. 
Thus, the entropy production of any coarse-grained version of the original process 
provides a lower bound on the true entropy production. ∎ 

 We note that the above proof does not invoke the Markov assumption; the proof 
does not require that probability currents are linear functions of microstate probabilities 
(cf. Eq. [1]). It does depend, however, on the validity of stochastic thermodynamics, 
specifically the postulate that entropy production is a logarithmic function of the ratios 
of forward and corresponding reverse probability currents 12, the proof's starting point. 

EXTENDED DATA FIGURES 

 
Extended Data, Fig. 1. Exponential and biexponential fits to survival curves of internal 
ON periods. Measurements are indicated by blue dots, fitted model graphs by 
continuous blue line; top row: one-exponential fits, 𝑒��'; bottom row: two-exponential 
fits, −𝑎𝑒���' + (1 + 𝑎)𝑒���'. First column: wild type; second column: isw2∆; third 
column: pho4 mutant. For wild type we analyzed 218 sample paths (i.e., cells over a time 
window of 20 minutes); for isw2∆, 291 sample paths, and for pho4∆[75-90], 158 sample 
paths. 
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Extended Data, Fig. 2. Nearly all ON bootstrap-densities were manifestly peaked for 
wild type but not activator mutant. Density functions (300), generated by bootstrapping 
of internal ON-period lengths, were ordered according to decreasing density at 𝑡 = 0.01 
seconds. (Density were evaluated close to zero, 𝑡 = 0.01 s, and not at zero, because 
some bootstrap density functions were virtually discontinuous at 𝑡 = 0 with a large 
negative density at 𝑡 = 0, due to a large 𝜆J, but positive density for 𝑡 > 𝜀, where 𝜀 is a 
number close to zero.) (a) The first 60 of 300 bootstrap densities for wild type. (b) The 
first 270 of 300 bootstrap densities for the pho4 mutant. 

 
Extended Data, Fig. 3. Internal OFF-period densities were peaked, except the activator 
mutant. Survival curves and corresponding densities of internal OFF-period lengths for 
wild type (a), chd1∆ (b), isw2∆ (c), and pho4 (d). Measurements are represented by blue 
dots, two-exponential fits by blue curves. Many fewer internal OFF periods were 
observed for the activator mutant, pho4, which explains the less smooth appearance of 
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the measurements. For wild type we analyzed 218 sample paths (cells); for chd1∆, 205 
cells; for isw2∆, 291 cells, and for pho4∆[75-90], 158 cells. 

 
Extended Data, Fig. 4. Activator and chromatin remodeler mutations increase promoter 
nucleosome occupancy. Promoter nucleosome configurations from EM analysis of 
psoralen-crosslinked PHO5 molecules. Left panel: Plot of R-value across the PHO5 gene 
for PHO80 (black, PHO5 is repressed), pho80∆ (gray, PHO5 is fully active), pho4∆[85-99] 
pho80∆ (blue) , and chd1∆ pho80∆ (green). The R-value indicates the relative frequency of 
finding a nucleotide position single-stranded after psoralen-crosslinking of isolated 
PHO5 molecules and DNA denaturation; the R value, thus, may be seen as a measure of 
nucleosome occupancy, for psoralen crosslinks linker DNA, and not core particle 
DNA14. A diagram of the PHO5 gene is shown on top. Right panel: Statistical 
frequencies of eight distinct nucleosome configurations for all four strains. The 
promoter is represented by a rectangle, occupied nucleosome positions by black dots. 
The 5'-terminal nucleosome is at the bottom, the 3'-terminal nucleosome at the top. Note 
that the PHO5 promoter nucleosome distributions for chd1∆ and pho4∆[85-99] (analyzed 
earlier15) were closely similar. In contrast, PHO5 expression remained nearly five-fold 
stronger in the chd1∆ strain than in pho4∆[85-99] cells 13, suggesting that Pho4 controlled 
PHO5 expression not only via the recruitment of chromatin remodelers, in agreement 
with our finding that Pho4 controlled both the frequency and duration of burst runs. 
EM analyses were performed as detailed earlier14,15. 
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Extended Data, Fig. 5. ON periods correspond to bursts of transcription. Single 
molecule FISH (fluorescence in situ hybridization) analysis of PHO5 expression. Left 
panel: Probability, 𝑃(𝑁 > 𝑖), that the number of nascent transcripts 𝑁, given that the 
gene is transcriptionally active, exceeds 𝑖 = 0, 1,⋯. The number of nascent transcripts 
was determined by dividing the fluorescence intensity of the nuclear punctum by the 
average intensity of cytoplasmic puncta, which we assumed represented single 
transcripts. The closest integer to this ratio is the number of nascent transcripts. A large 
fraction, 45%, of PHO5 genes bore more than one nascent transcript, suggesting that the 
PHO5 gene is transcriptionally active at least 45% of the time. In contrast, MFM 
suggested that PHO5 was transcriptionally active only 22% of the time. Notably, this 
latter percentage almost exactly equals 𝑃(𝑁 > 2) = 0.21 obtained from FISH, suggesting 
that at least 3 nascent transcripts were required to observe PHO5 transcription by MFM. 
Right panel: The number of nascent transcripts (abscissa) is plotted against the number 
of cytoplasmic transcripts (ordinate) for 546 cells (each one of which is represented by a 
single blue dot). The poor correlation between nascent transcript number and 
cytoplasmic transcript number points to a markedly shorter lifetime of the nascent 
transcript compared to the cytoplasmic transcript, as expected: the half-live of the PHO5 
transcript is 10 minutes 15, 20 times longer than the lifetime of the nascent transcript, 
assuming a transcription rate of 50 nucleotides per seconds. 
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